VITALI RETSNOI

Vector fields and
Lie group representations

DISSERTATIONES
MATHEMATICAE
UNIVERSITATIS
TARTUENSIS

82




DISSERTATIONES MATHEMATICAE UNIVERSITATIS TARTUENSIS
82






DISSERTATIONES MATHEMATICAE UNIVERSITATIS TARTUENSIS
82

VITALI RETSNOI

Vector fields and
Lie group representations

c
Z
<
m
=
22
o
-
—
%
|
c



Faculty of Mathematics and Computer Science, University of Tartu, Tartu, Estonia

Dissertation has been accepted for the commencement of the degree of Doctor of
Philosophy (Ph.D.) in mathematics on October 1, 2012, by the Council of the
Institute of Mathematics, Faculty of Mathematics and Computer Science, University
of Tartu.

Supervisor:
Prof. Emer. Maido Rahula, D.Sc.
University of Tartu,
Tartu, Estonia

Opponents:
Prof. Vladimir Balan, Ph.D.
University Politehnica of Bucharest
Bucharest, Romania
Assoc. Prof. Emer. Kaarin Riives-Kaagjarv, Cand.Sc.
Estonian University of Life Sciences
Tartu, Estonia

Commencement will take place on November 16, 2012, at 14.15 in Liivi 2-403.

Publication of this dissertation has been granted by the Estonian Doctoral School
of Mathematics and Statistics.

* X %
* *
* *
* *

* 5 *

European Union
Regional Development Fund  Investing in your future

ISSN 1024-4212
ISBN 978-9949-32-144-5 (print)
ISBN 978-9949-32-145-2 (pdf)

Copyright: Vitali Retsnoi, 2012

University of Tartu Press

www.tyk.ee
Order No. 517



Contents

[Acknowledgments|

[List of original publications|

(Introduction|
(General background| . . . . .. ... o
Short review and technical notes . . . . . . . . . ... ... ... ... ..

(1 Prerequisites|
(1.1 Preliminaries from linear algebral] . . . . .. .. ... ... ... ...
(1.2 Vector fields, Lie brackets, flows and invariants|. . . . . . . . ... ..

[L3_ Differential formsl . . . . . . . . . ...

5 Tic derivah; . hol basis
2.1 p-related tensor fields|. . . . . . .. ... ...
[2.2  Basic properties of p-related tensor fields| . . . . . .. ... ... ...
2.3 a-related tensor fieldsl . . . . . . . ..o

[3 Lie group representations|
3.1 Generalized Leibniz rulel . . . . . .. .. ... 00000
[3.2  Tangent group T'G| . . . . . . . . . ...
[3.3  Basic formula of Lie group representation|. . . . . . . . . ... .. ..
[3.4 Action of Lie grouponitself| . . . . . . ... ... ...

[4 The structure of Jet space]

4.1 Jet space Jia| - - .o oo oo
42 Jetspaces Joyand Tna| - - - . oL
1.3 Jet spaces Jio and Tl - -« o o o oo




CONTENTS 6

4.4 The general case Jm| - - - - . . ..o 72
4.5 Total differentiation under jet composition| . . . . . . . ... ... .. 73
[4.5.1 Statement of the problem| . . . . . ... ... ... ... ... 73

[4.5.2  'T'he intermediate space| . . . . . . . .. ... 76

[4.5.3  Composition of pure jets| . . . . . . . . . ... ... ... ... 7

[4.5.4  Chain rule for double jet composition| . . . . . . . .. ... .. 79

[4.5.5 Invertible jets| . . . . . ... .o o 82

M6 Conclusionl. . . . . . . . . . 82
[Bibliography| 85
[Summary (in Estonian)| 87
Index] 89
[Attached original publication| 91
[Curriculum vitae (in English)| 103

[Curriculum vitae (in Estonian)| 104




Acknowledgments

First and foremost, I would like to express my deepest gratitude to my supervisor
professor Maido Rahula for his permanent support, guidance and fruitful academic
cooperation throughout all these years of my university studies in mathematics. His
lectures and scientific consultations helped me to realize the beauty and charm of
mathematics.

I would also like to acknowledge all academic personnel in the Faculty of Math-
ematics and Computer Science at the University of Tartu for an excellent scientific
and teaching activity on different grade levels.

I would like to thank my colleagues in the Centre of Real Sciences at the TTK
University of Applied Sciences, who have shown good support and understanding
to my studies during the last two years.

The highest gratitude goes to my family, especially to my beloved wife Kersti
and our most beautiful daughters Kristina and Maria Victoria for their support,
patience and love.

This research was undertaken with the financial support of the Estonian Ministry
of Education and Research (target finance grant SF0180039s08), Estonian Science
Foundation (grant nr. 5281), Centre for Nonlinear Studies (Tallinn), and the Esto-
nian Doctoral School in Mathematics and Statistics.






List of original publications

This Thesis is based on the following papers:

1. M. Rahula, V. Retsnoi, Adjoint representations and movements, Proc. AGMP,
Springer-Verlag, Berlin, Heidelberg, 2009, 161 - 170.

2. M. Rahula, V. Retsnoi, Total differentiation under jet composition, Proc.
AGMP, Journ. of Nonlin. Math. Ph., 2006, 102-109.

3. V. Retsnoi, Integration of tensor fields, BSG Proc., edited by Balkan Society
of Geometers (to appear).

Other publications by the author:

4. M. Rahula, V. Retsnoi, Dual structures: floors and jets, Proc. Intern. Geom.
Center, 1(1-2) (2008), 131-154 (in Russian).

5. V. Retsnoi, Existence theorems for commutative diagrams, Lobachevskii Jour-
nal of Mathematics, 17 (2005), 211-228.






Introduction

General background

One of the most significant tools in differential geometry and global analysis, in
continuous environment mechanics and dynamical systems is the notion of vector
field. The following concepts are related to vector fields (some of them more studied
others less):

1.

2.

10.

11.

12.

13.

14.

trajectories and flows, interaction of flows;

phase portrait, gas-liquid flow, curls, turbulence, shock waves, separatrices
and attractors;

. dragging of tensor fields (including functions, vector fields and differential

forms) along a flow;

coordinate-free differentiation of tensor fields, Lie derivatives, Lie-Cartan cal-
culus;

. linear vector fields, linear approximation of non-linear flows;

. projective and projectable vector fields;

Lie groups and their representations, group operators;

. nonholonomic object and nonholonomic basis, derivation formulas;

. connections in bundles, curvature theory;

integration of tensor fields, differential equations with Lie derivatives;
symmetries and invariants, stability and conservation laws;
exponential law in jet space;

operators of total differentiation and map composition;

the study of motions: transformations of motions, motions of higher orders.
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The topics 1-7 have been widely researched, cf. [1]-[14], [23]-[25], but the topics
8-14 are investigated a little. A systematical study of them is undertaken in [I5]
and [I6], and in the monograph [2]. The author of this thesis took part in the
preparation of the monograph. His contribution is contained in the topics 10, 12
and 13, see [17]-[20]. The paper [17] is attached to this thesis.

Let us introduce some well-known facts in the form convenient in what follows.
Any vector can be interpreted as a stop-frame of a point moving along own its
trajectory through space, and any vector field as a stop-frame of a flow generated
by this field. Let M be a smooth manifold, and let X be a smooth vector field on
M. Therefore a flow a; = exptX as a one-parameter group of transformations of
M is associated with X. Choosing local coordinates u' on a neighborhood U C M,
the flow a, is determined by the system of first-order ordinary differential equations

(ODEs) ' '
(u') = *(u), (1)

where the prime denotes differentiation with respect to a time-parameter ¢, and '
are components of the vector field X at a point u € U. More precisely, the flow
a; is a local pseudogroup of local transformations of M, because the theorem of
uniqueness and existence of solutions of the system has a local character. Such
a relation between the local and the global should be kept in mind.

In the flow a; points move along their own trajectories, and functions are dragged
according to the composition law:

[~ fi=[foa.

Under some conditions of smoothness and convergence a dragged function f; can be
expanded in a Maclaurin series in terms of the powers of a parameter ¢:

[e.e]

tk
ft = Zf(k)ﬁa
k=0 '

where f®) = X*f k = 0,1,2,.... Moreover, one can consider a dragging of a
smooth tensor field S of a general type (p, q) along the flow a; of X, described by a

Lie-Maclaurin series
_ (k)
S, = E S ik
k=0

with Lie derivatives S = Eg];)S as coefficients, where £ =0,1,2,....

The notion of Lie derivatives is coordinate-free, but it is possible to calculate
them in any local coordinate system. Such calculations are carried out in a natural
basis, i.e., in a frame and coframe consisting of partial derivative operators and
differentials of coordinate functions, respectively. Therefore, the aim of this thesis is
to develop Lie derivatives of tensor fields and their applications in a nonholonomic
basis. The nonholonomy object (J. A. Schouten, [24]) appearing in the calculation
formulas allows us to apply this technique to the theory of Lie groups. In particular,
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the structure constants are precisely the nonholonomy object of the left- or right-
invariant basis in a Lie group.

The nonholonomy object is also important in the theory of connections in fiber
bundles. The connection in fiber bundle 7 : M; — M, with a smooth manifold M
as its base, is determined by defining an n-dimensional horizontal distribution A,
supplemental to a r-dimensional vertical distribution A, = kerT'r on a manifold
My, where dim M = n and dim M; = n+r. It means that in M; there is defined the
structure Ay, & A,, and the nonholonomy object in this structure are decomposed
on subobjects. In the adopted basis are defined two subobjects — one of them deter-
mines transferring of fibers (an object of connection) and another one a curvature
of the space (an object of curvature). In the case of a tangent bundle this structure
underlies in the tensor analysis and covariant differentiation.

In this work the following situation is considered. Let X be a smooth vector field
with canonical parameter s on a smooth manifold M, and suppose f is a smooth
function on M. Let us form an infinite sequence F' = (f, f', f”,...) consisting of f
and its derivatives of all orders with respect to X. Then there is defined a triplet
(X,s, F) on M. All possible triplets of such kind on manifolds form a category. In
particular, two triples (X, s, F') and (Y5, F ) on manifolds M and M , respectively,
are linked together by a morphism ¢ : M — M that is a smooth map for which
s=s50p, F'=Fop, and X and Y are p-related vector fields, i.e., for any smooth
function g on M the equality X (goy) = (Yg)op is valid. In the category of triplets
(X, s, F') the terminal object is precisely the triplet (D,t,U), where D is the total
differentiation operator (TDO) in the space of infinite jets Jy 1, t is a parameter
(time) and U is a set of fiber coordinates u,u’,u”, . ... Recall that the term terminal
object refers that there exists exactly one morphism from each object (X, s, F') to
(D,t,U).

In the jet space [Jy, there is defined an exponential law that appears in the
following three implications (in matrix notations):

U =CU — U, = U — =70, (I)

W' =Cw — w; = eCw —  dl =e "%, (II)

2\ 0 0 0 _,o 0 0 o

(aU) =t = (6U)t “au¢ — a0 W
The implication (I) determines invariants I of the TDO D that are transformed by
¢ to the invariants [ o ¢ = e *“F of X on M. The implication establishes the
connection between the differentials dI and Cartan forms w defined in J;;. The
forms w = dU — U'dt are transformed by ¢ to the forms w o Ty = dF — F'ds on
M. The implication determines infinitesimal symmetries of the operator D
and thus gives the rule for construction of corresponding infinitesimal symmetries
for the vector field X on M. All implications ([)-(III) can be naturally extended on
a jet space J,,, by using multi-indices technique.

Finally, the following situation is considered: analogously to the process when
a smooth map induces an infinite jet, the composition of smooth maps induces a
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composition of jets. The problem is how to define a recurrence formula for jet
composition in such a way that the definition does not depend on a choice of maps.
The problem leads to another question — how the corresponding TDOs and Cartan
forms are related under the jet composition. The answer is given in Chapter 4, see
Propositions [4.1H4.12] in the form of convenient recurrence formulas.

Short review and technical notes

In Chapter 1 some basic notions from tensor algebra and global analysis are intro-
duced for the purpose of having a complete picture of the subject . In particular,
for a linear map f : V7 — V5 from one vector space to another contravariant tensors
of a type (p,0) (including vectors) are transformed from V; to V4 (from left to right)
and covariant tensors of a type (0, ¢) (including covectors) from the dual space V5’
to the dual space V|* (from right to left). It means that for a (p,0)-tensor in V}
or (0,¢g)-tensor in V5" the corresponding tensors f-related to them are determined
uniquely. But for f-related tensors S and S of a mixed type (p,q) this claim is
not true, because we can not express the coefficients of S in terms of coefficients
of S, and vice versa. The notion of f-related tensors allows us further to define
p-related tensor fields for a smooth map ¢ between smooth manifolds, and then Lie
derivatives. Some basic properties of vector fields and differential forms on smooth
manifolds are also presented.

In Chapter 2, a special attention is paid to the notion of ¢-related tensor fields
on smooth manifolds, which allows us to define a dragging of tensor fields (including
vector fields and differential forms) in a flow a; = exptX of a vector field X. Then
there are can be defined Lie derivatives of tensor fields with respect to the vector
field X. Also Lie differentiation in nonholonomic basis is developed, where an im-
portant role is played by derivation formulas together with the nonholonomy object.
Finally, the integration of tensor fields as a reverse process to the Lie differentiation
is introduced. A few geometrical examples included in the text clarify the topic
being discussed.

Chapter 3 is devoted to the theory of Lie group representations. Considering
vector fields as infinitesimal generators of flows on a manifold M, the Lie derivative
is an infinitesimal version of a representation of a diffeomorphism group on tensor
fields. In this Section the basic properties of a tangent group T'G of a Lie group G
are considered. The formulas for left- and right-invariant bases, and for operators of
adjoint representations are derived. Some of these formulas are discussed for linear
group GL(2,R) in the original publication [I7] attached to this thesis, see page [01]

Chapter 4 is devoted to the structure of jet space 7, of infinite jets of smooth
maps R" — R™. We begin with the case [J; 1, where TDO D and Cartan forms w
are defined. The emergence of implications (), and is explained. Then the
notions of TDO and Cartan forms together with these implications are naturally
generalized to the general case J,,, by using multi-indices. A special attention
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is paid to the coupling of TDOs and Cartan forms under a jet composition. The
above-mentioned Propositions containing recurrence formulas are proved.
We will use the following conventions for the rest of the thesis.

1. We use the FEinstein summation, i.e., the convention that repeated indices
are implicitly summed over. Every time when the summation in an expression must
be made over an index which occurs twice, once as a superscript and once as a
subscript, we use the Einstein summation convention. Unless we specify otherwise,
any index that is to be summed over we write in the upper position. For example,
using Einstein summation,

eiﬂ:i e;x"  or %G;?ZE aZaf.
i k

2. The row index of a matrix is written as a superscript while the column index
is written as a subscript, so that the general term @ in matrix A = (a}) denotes the
element in the i-th row and j-th column in A.

3. The smoothness of functions, vector fields and any tensor fields means that
the relevant objects occurring will be assumed to be differentiable of sufficiently high
class C? or, if it is necessary, even C* or C*. It is assumed that tensor fields are
sufficiently smooth so that derivatives can be taken.

4. When it does not lead to misunderstandings, we use a prime in order to denote
the Lie derivative with respect to the fixed vector field X: S’ = Lx.S, where S is an
arbitrary smooth tensor field on a manifold.

5. We use the following rule: summation excludes differentiation. This means
that the expression X;2’/ denotes the differentiation of a function 2’/ with respect
to a vector field X;, while the expression X;z" denotes, according to the Einstein
summation convention, the linear combination of vector fields X; with the coeffi-
cients z'.

6. The most essential formulas for the theory are framed in the text.






Chapter 1

Prerequisites

We begin with some basic concepts from multi-linear algebra (vectors, covectors,
general tensors of a mixed type, their transformations under a linear map f between
vector spaces, f-related tensors etc.), which allow us further to define @-related
tensors on manifolds for ¢ being a smooth map between smooth manifolds. The
notion of y-related tensors is important in the definition of the Lie derivative on
manifolds, which is the key concept for this thesis. Then smooth manifolds are
considered, and some basic properties of vector fields and differential forms are
introduced in such notations that turn out to be very useful in what follows (cf.
[10], [111).

1.1 Preliminaries from linear algebra

Suppose V' is an n-dimensional vector space over the field R, and let V* be its dual
space. Let in V and V* a dual basis (e, e*) be given. The frame e is an n-dimensional
row-matrix, i.e., e = (¢;), i = 1,...,n, and coframe e* is an n-dimensional column-
matrix, i.e., ¥ = (¢/), 7 = 1,...,n. The duality of the basis (e,e*) means that
e*(e) = E, where F is a unit matrix, or, what is equivalent, ¢’ (e;) = (5{ , where 6{ is
the Kronecker delta, i.e.

5 { 1, if Q=

10, if i#£y
Any Ves({:ﬂtor X € V and any covector ® € V* can be presented in terms of the given
basis a

X = e, D = pjel.

In matrix notation, X = er and ® = @e*, where z = (2') is an n-dimensional
column matrix of components of the vector X in the frame e and ¢ = (p;) is an
n-dimensional row matrix of components of the covector ® in the coframe e*. The
action of ® on X is ®(X) = ¢;2" or ®(X) = .

! According to the Einstein summation convention, see Introduction.

17



1.1. PRELIMINARIES FROM LINEAR ALGEBRA 18

A g-covariant and p-contravariant tensor (briefly, a (p, ¢)-tensor) S is defined as
an element of the tensor space
V)@V =V - VeV '® - V"

TV VvV
p times q times

Let in the spaces V and V* a dual basis (e, e*) be given. Then a frame in the space
of all (p, ¢)-tensors (®”V) ® (®7V™) is given by

€, ® ®e, @ ®- e, 1<y, ..., 0p oy Jg ST

i1.0p

and any tensor S is determined by its coefficients s; """

as

= e, Gt gt o Ja
S=e;Q - Qe,s; Pl ® - ®e.

This is a real-valued multi-linear form. Its value on p covectors ®! = cpill e,

P = gpfpeip and ¢ vectors X; = ejlxil, Xy = ejqxgq is defined by
S(@, .. PP Xy, X)) = R Ll
Moreover, the coefficients of S are given by the action of S on the basis:

il...ip _ i1 ip.
Sj = S(e™, ..., eme,...,€5,).

For instance, a vector X and covector ® are tensors of the type (1,0) and (0, 1),
respectively. The expressions ®(X) and X (®P) are equivalent.

Let (e,e*) and (€,€*) be dual bases in the space V, and let the transformation
of one to the other is determined by a regular matrix A = (aj-) of order n and its
inverse A~ = (a}), such that

€=eA e’ = Ae".
Then the coefficients of S are transformed according to the rule
fvil...ip i ip kl...kp_ll _lq
Sj = Ay g s Ay ag (1.1)

For instance, for coefficients of a vector X = ex and covector ® = pe* we have the
following transformation formulas:

T = Ar, @ =A™l
For an affinor (tensor of type (1,1)) S = ese” the rule (1.1]) implies
5= AsA™L.

Note that, in general, it is impossible to write transformation formulas for coefficients
of tensors of a mixed type (p, ¢) in matrix notations.
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Let Vi and V5 be vector spaces of dimensions n and m, respectively, and let
f Vi — V5 be a linear map. Then under f vectors from V; are being transformed
to V4 (from left to right), X — Y = f(X), and covectors are being transformed
from V5 to V" (from right to left), ® — ® o f. So the comap f* is induced:

Ve = ViU =0of

Now suppose (e,e*) and (g,e) are dual bases for the vector spaces Vi and V5,
respectively. In these bases f can be presented by some (m x n)-matrix F' = (f{),
1=1,...,n;a=1,...,m, such that

f(e) =¢F, ¥ o f = Fe*.

Given a linear map f, there exists a covector with vector values in the space V5,
briefly vector-covector, defined by

F=cFe* or F=c¢,fe. (1.2)

Let X =ex € V; and U = e € V. Then F(X)=cFz € Vo and V(F) =y Fe* €
Vi lff: X=er—Y =cyand f": U =" — & = pe*, then y = Fr and
¢ = F. So the components are related by y* = f2" and ¢; = VYo f

The notion of the vector-covector F is independent of a choice of a basis, so F
can be identified with the map f, although the matrix F', that depends on a choice
of a basis, is presented in (L.2).

Let S and S be tensors of a type (p, ) in (27V1) @ (@7V;") and (&PV5) @ (29Vy),
respectively.

Definition 1.1. Two tensors S and S are said to be f-related if for any set of p
covectors ', ... WP € V7 and ¢ vectors X, ... , X4 € Vi the equality

S(Whof,...,WPo fiXy,...,X,)=S(U,..., 0 f(Xy),...,f(X,) (1.3)
is valid.

Coeflicients of f-related tensors S and S are related according to the formula

T A 0 LA (1.4)
Note that in general f transforms contravariant (p,0)-tensors from V; to V, (from
left to right) and covariant (0, ¢)-tensors from V5" to V)" (from right to left). It means
that for a (p,0)-tensor in Vj or (0, ¢)-tensor in V;" the corresponding f-related to
them tensors are determined uniquely. But for f-related tensors S and S of a mixed
type (p,q) this claim is not true, because we can not express coefficients of S in
terms of coefficients of S and vice versa. This follows from ({1.4)), where the matrix

F = (f") is in general not invertible. The correspondence S <+ S is one-to-one only
under an isomorphism of vector spaces.
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Nevertheless, the same tensor operations (tensor product, contraction, sym-
metrization, alternation and linear combinations with constant coefficients) over
f-related tensors lead again to f-related tensors.

Let, for instance, f be an isomorphism between vector spaces V; and V5. Then
there exists a one-to-one correspondence between f-related tensors S and S:

’é’ilu-ip — fil .fip Soq...ap_ﬁl 7 q

J1---Jq o "t Joap®BrBe g Ja’

where the matrix F = (f) is regular and matrix F~* = (f;

;) is its inverse.

1.2 Vector fields, Lie brackets, flows and inva-
riants

Let M be a smooth manifold and let f be a smooth function on M. Then any
vector field X on M is defined as a linear differential operator which assigns to f
the function X f which is the derivative of f with respect to X. As it was mentioned

in Introduction, we use prime in order to denote the derivative with respect to the
fixed vector field X: f' = X f. By definition X satisfies the Leibniz rule

(f9)' = fg+fd,

where f and g are arbitrary differentiable functions on M. The differential of f as
a 1-form on M is defined by
af(X) = Xf.

The vector field X is called smooth if for any smooth function f its derivative f’ is
also smooth.

For any two vector fields X and Y their compositions X oY and Y o X or, briefly,
XY and Y X do not in general satisfy the Leibniz rule and, thus, cannot be vector
fields. But the operator

(X, Y]=XY -YX (1.5)

is a vector field called a Lie bracket of the vector fields X and Y.

Any one-parametric group of transformations (diffeomorphisms) a;, : M — M
induces a flow in M — all points move along own trajectories and functions are
dragged according to the composition law:

M9u0—>ut:at(u), f’-)ft:ant.

For any smooth function f on M the flow a; gives rise to a smooth vector field X
as follows:

Conversely, with any smooth vector field X on M a local one-parametric group of
transformations a; of M is associated. It is said to be the flow of X. In both cases
we denote

a; = exptX.
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Under some conditions of smoothness and convergence, the dragged function f; can
be expanded in a Maclaurin series in terms of the group parameter ¢t powers:

ft:Zf(’“)E, fO =XFf k=01,2,.... (1.6)
k=0 '

For instance, if f; = f, i.e., f/ = 0, then the function f remains constant on the
trajectories of X and is called an invariant of X. In the case of n-dimensional
manifold M the vector field X has n — 1 independent (basic) invariants. All other
invariants of X can be presented as functions of the basic ones.

If f, = f+1t,1ie., f =1, then the function f is an antiderivative of 1 and is
called a canonical parameter of X.

It can appear that in 1) the derivatives f® are somehow related and form
an ordinary differential equation (ODE). Then the solution of an ODE gives the
dragged function f; immediately.

For example,

f"+f=0 = f,= fcost+ f'sint.

So if the parameter ¢ changes, then f; describes the pulsation of f.

1.3 Differential forms

Let M be a smooth manifold of dimension n. Any skew-symmetric p-linear function
on p vector fields on M is called an exterior differential form of degree p or simply
p-form.

In-particular, a 1-form ® on M is defined as a linear function ®(X) with vector
field X as its argument, or just as a covector field on M.

An exterior derivative of 1-form & is a 2-form defined by

do(X,Y) = X(2(Y)) - Y((X)) — (X, Y]), (1.7)

where X and Y are arbitrary vector fields on M. A wedge product of two 1-forms
® and V¥ is a 2-form defined by

O(X) @(Y)
(X)) w(y)|
A wedge product of three 1-forms ®, ¥ and © is a 3-form defined by
O(X) oY) @(2)
PAVAOX,Y, Z)=|V(X) V(YY) V¥ (2), (1.9)
0(X) o) e(2)
where X, Y and Z are arbitrary vector fields on M. In such a way we can define
the wedge product of any number of 1-forms.

Let X1, Xs,..., Xk, k < n, be a set of linearly independent vector fields on M.
Then a set of 1-forms &, ®,, ..., P, is said to be linearly independent if

Dy APy AL A DX, Xa, ..., Xi) £ 0.

DAV(X,Y) = (1.8)







Chapter 2

Lie derivatives in nonholonomic
basis

The notion of the Lie derivative is coordinate-independent, but particular calcula-
tions are carried out in local coordinates. However, defining a Lie derivative of a
tensor field, the following problem arises. As it was mentioned in the previous Chap-
ter, any linear map f : Vi — V5, transforms contravariant tensors from the vector
space V] to the vector space V5 (from left to right) and covariant tensors from V5 to
V1 (from right to left). Unfortunately for tensors of a mixed type this claim is not
true. Nevertheless, the key is f-related tensors in the spaces V; and V5. Therefore
we begin by defining ¢-related tensor fields on smooth manifolds M; and M, where
© : My — M, is a smooth map. Then we consider the dragging of tensor fields along
a flow of a vector field X and define the Lie derivatives.

We also develop Lie differentiation of tensor fields (including vector fields and
differential forms) in a nonholonomic basis, where an important role is played by
derivation formulas together with the nonholonomy object. The nonholonomy object
appearing in computation formulas is a consequence of interaction of non-commuting
basis operators, and allows us to apply this technique to the theory of Lie groups.
In particular, in the case of a Lie group the structure constants are precisely non-
holonomy objects of left-invariant and right-invariant bases, cf. Chapter 3.

In the end of the present Chapter is introduced the idea of integration of tensor
field as a reverse process to the Lie differentiation. A few geometrical examples
included in the text clarify the topic being discussed.

2.1 -related tensor fields
Let M; and M, be smooth manifolds, and let ¢ : M} — My be a smooth map.

Definition 2.1. Two functions f and fon M, and M, respectively, are said to be
p-related, if

f=Ffoe

23
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Definition 2.2. Two vector fields Y and Y on My and My, respectively, are said to
be p-related, if for any ¢-related differentiable functions f and f their derivatives
Y f and Y f are p-related, i.e.,

Yf=(Yf)og,
or, equivalently, if for any smooth function g on Mo,
Y(gow)=(Yg)op.

Definition 2.3. Two 1-forms ® and ® on M, and My, respectively, are said to be
o-related, if for any p-related vector fields Y and Y the values ®(Y) and ®(Y) are

p-related, i.e., o
oY) = (2(Y)) o ¢

Definition 2.4. Two tensor fields S and S of a mixed type (p,q) on My and My,
respectively, are said to be p-related, if their values on any set of go—related 1-forms
o' ... ®P and <I>1 (IDP, and p-related vector fields Y;,...,Y, and Y7, .. Y are
np—related, ie.,

S(®',..., 0% Yy,...,Y,) :(g(&)l,...,&)p;ﬁ,...,f/}]))ogp.

Example 2.1. Let us consider a map ¢ : R* — R?: (u,v) — (x,%) defined by

1
xowzﬁ(u2+02),
Yy o = 2uv.

Let two functions f = (u — v)? and f = 22 — y be given on the uv and xy planes,
respectively. Then

fop=02r—y)op=2@op)—yop=u’>—2uv+v>=(u—0v)=f
Thus, from the Definition it follows that f and fare p-related.

Counsider two vector fields

9, 0 0 0
Y = v%—l-u% and Y = y%—i-élxa—y

on the uv and zy planes, respectively. Then from
Yf=2u—-v)?=-2f and Yf=-202z—y)=—-2f

it follows that Y f = (EN/f) o . But the last condition is not enough for Y and Y to
be ¢-related, because f and fare not arbitrary functions.

The flow a; of Y is defined by solutions of the corresponding system of differential
equations:

Y

v=1u v; = usinht + vcosht

{ Uw="uv { u; = ucosht + vsinht
—
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and the flow @, of Y is defined by

{ x:i — $t2x008h2t+§y81nh2t ‘
e Y = 2z sinh 2¢ 4 y cosh 2t

The functions I = u2 — v? and [ = 422 — y? are invariants of Y and EN/, respectively,

and related by I? = Io ¢. Thus, the trajectories of Y (hyperboles) on the uv plane
are mapped by ¢ onto the trajectories of Y (hyperboles too) on the zy plane.
Consider two 1-forms ® and ® given on the uv and xy planes, respectively:

~ 1
¢ = (u+v)(du + dv), <I>:dx—|—§dy.

From
O(Y) = (u+v)? ®Y)=y+2c and (y+2z)o¢ = (u+0v)

it follows that ®(Y) = (213(17)) o ¢. But again the last condition is not enough for

® and @ to be p-related, because first we need to show that Y and Y are p-related
(see Example [2.2).

2.2 Basic properties of p-related tensor fields

A number of non-obvious properties of ¢-related tensor fields follows immediately
from the Definitions 2.4l Let us list these properties with some proofs.

P. 2.1. The differential of the map ¢ at a point u € M is defined as a linear map
T.¢ between tangent spaces as follows:

T : TuMy — Ty My 1 Yy 5 Yy,

where v = ¢p(u) € M;. The vector 371, € T,M,, as an image of Y, € T, M, at the
point v € Ms, acts on arbitrary differentiable function f defined on a neighborhood
of v according to the rule

Yof =Yu(foe).
This means that if vector fields Y and Y given on M; and M,, respectively, are
p-related, then the tangent mapﬂ
TSO : TM1 — TMQ,

which acts at each point u € M; as T,p, maps all vectors of Y to the vectors of Y
on the image p(M;) C M. In this case Y is called a @-projectable onto the image
o(My), e, Y =Tp(Y) on p(My) C M.

'The detailed description of the tangent functor, tangent map and levels is introduced in [2].
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Over neighborhoods U € M; and V' C ¢(U) C M, with local coordinates u’
and v, i =1,...,dim My;a = 1,...,dim M, respectively, the map ¢ is determined
by functions ¢p® p-related to v*, i.e. v¥ o = ¢* Then the tangent map Ty is

determined locally by the Jacobi matriz (f') = (8690 )
ul

Locally, the vector fields Y and Y can be written as Y = yzﬁi and Y
ul

= @’O&_7
. , v
where ' and y* are smooth functions of coordinates u' and v®, respectively. Then
Y and Y are p-related if and only if y* o o = Y¢* or
7 op =iy
Indeed, suppose that Y and Y are p-related, then for any differentiable function f
0 ~
on M, with partial derivatives f, = 8_f the equality Y (f o @) = (Y f) o ¢ is valid.
Ua

The last equality is also valid for coordinate functions v®, i.e. Y (v¥o¢) = (f/vo‘) op
or Y% =y o w. On the other hand, suppose that y® o p = Y is valid. Then
from

Y op=(fal) op = (fao @)(J* 0 9) = (fa 0 p)Y* =
=Y(foyp)

it follows that the vector fields Y and Y are p-related.

P. 2.2. The map Ty from the Property [2.1] transforms any 1-form ® on M, into a
1-form ® on M, which is ¢-related to ®. Therefore the p-related 1-forms & and ¢
as real-valued functions on T'M; and T'M, are T'e-related, i.e.

CIDZ(TDOT@.

Locally, suppose ® = &du' and P = gadva, where &; and £, are smooth functions on
corresponding neighborhoods on M; and My, respectively, and ¢« = 1,...,dim Mj,
a=1,...,dim Ms. Then 1-forms ¢ and ¢ are p-related if and only if their compo-
nents are related by

fi = (ga © @)9010[7
where (") is the Jacob matrix of ¢.
Indeed, suppose that 1-forms & and ® are ¢-related. Then for any p-related

9 -9 o .
vector fields Y = yZT and Y = yo‘a— we have (V) = &(Y) o p, &(Y) = &y,
o _ u’L Ua
O(Y) = &,y” and

&Y' = (L) 00 = (Ca0 @) (" 0 0) = (§a 0 )90y
Example 2.2. Let us consider the situation from the Example 2.1 The Jacobi

matrix of the map ¢ is
u v
S = (21) 2U) '
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It is easy to see that the components of the vector fields Y and Y are related by

Yy _fu v (v
4x - \2v 2u u)’
op
Thus, from the Property it follows that Y and Y are p-related.
Analogously, the components of the 1-forms ® and ® are related by

1 u v
(u+wv u—l—v):(l 5)(@-(21} 2u>’

and from the Property it follows that ® and ® are p-related.

P. 2.3. For any ¢-related tensor fields S and S their tensors at the points u € M,
and v = p(u) € Ms, respectively, are T, p-related.

P. 2.4. For any functions f and g on Mo,
(fEg)op=(fop)E(goyp),
(f-g)op=(fop) (gov),

() er-L22 weo

It means that the same arithmetic operations (addition, substraction, multipli-
cations and division) over ¢-related functions lead again to ¢-related functions.

P. 2.5. The same linear combinations of (p-related tensor fields with ¢-related coeffi-
cients are p-related. For instance, let a and 8 be p-related functions, i.e., a = Bo .
Then for any ¢-related vector fields Y and Y (1-forms ® and ®, affinor ﬁelds (tensor

fields of type (1,1)) S and S) vector fields oY and BY (1-forms a® and 3P, affinor
fields S and 8S) are also ¢-related, i.e.,

Y(fop)=(Yfloy = (a¥)(fop)=[(BY)f] o,
=[2()]oy = (a®)(¥)=[(B)(V)] o9,
S(@;Y) = [S(®:Y)]op = (aS)(®;Y) = [(BS)(®;Y)] o,

where f is an arbitrary function on M,. Thus, it is possible to form the same linear
combinations of any number of p-related vector fields, 1-forms and, in general, tensor
fields of a type (p, q) with corresponding -related coefficients, and in the result we
have ¢-related tensor fields.

For instance, for any ¢-related functions o' and &', functions §; and ﬁz vector
fields Y; and Y;, and 1-forms ®° and &', where i = 1,2,...,n, n € N, we hav

ai=dop, Yi(fop)=iflop = mai)(foso):[(%ai)f}w
Bi=Biop, (Y)=(@¥)op = (BO)(Y)=[BP)Y)] oy

2Here we use the rule: summation excludes differentiation, see Introduction.
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P. 2.6. The same tensor operations (tensor product, contraction, symmetrization
and alternation) over ¢-related tensor fields on M; and M lead again to p-related
tensor fields. o
For instance, the wedge products ® A W and & A ¥ of p-related 1-forms on M;
and My are g-related. Indeed, from (1.8) and Property it follows
(eAW)Y, 2) = 2(Y)U(Z) - D(Z)T(Y) =
0@)(¥(Z)op) = (B(Z) 0 p) (¥(Y) 0 p) =
V(Z)) oo = (B(Z2)U(Y)) o =
b(Y ‘P(Z) S(Z2)U(Y)) 0 p =
)

where Y, Z and }7, Z are p-related vector fields on M; and Ms, respectively.

P. 2.7. The differentials of ¢-related functions f and f, as 1-forms on M; and Mo,
respectively, are p-related and, as scalar functions on T'M; and T'Ms, respectively,
are T'p-related,

f:fogo — df:dfngo.
The differential of a function f is defined by

df(X) = X f,

where X is an arbitrary vector field on a manifold M. Thus, for any p-related vector
fields X and X we have

f=Ffop, Xf=(XHop = df(X)=[df(X)]oe,

which implies that df and df are indeed (-related.
Note that the same result follows from the chain rule of the composition of
tangent maps:

f=fop = Tf=TfoTy.

Example 2.3. Consider the p-related functions f = (u — v)* and f: 2z — y from
the Example , where the Jacobi matrix of the map ¢ is J = (212} 22) The
differentials of the functions f and fare

df =2(u—v)(du—dv),  df =2dz— dy.

Thus, from the equality

(2(u—v) 2u=-v))=(2 -1) (;U 22)

and from the Property it follows that df and df are p-related.
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P. 2.8. For any ¢-related vector fields Y, Y and Z, Z on M and Mo, respectively,
the Lie brackets [Y, Z] and [V, Z] are also p-related.

Indeed, for o-related functions f and f on M; and M2, respectwely, and by

assumption we have f = foop, Y f = (Yf) opand Zf = (Zf) o . From and
Property [2.4] it follows

(YZ-2ZY)f=Y(Zf)—Z(Y[)=Y((Zf)op) = Z((Y[)op) =
= (}7(2]7)) op— (2(37]?)) op= ((}72 — Zf/)f) op =
(Y, 21f) o ¢.

P. 2.9. The exterior differentials of ¢-related p-forms © and O are p-related.
For instance, for ¢-related 1-forms ® and ® the equality 1} Property and

Property 2.8 imply

Y, Z1f

where Y, Y and Z , 7 are arbitrary pairs of ¢-related vector fields on M; and M,
respectively.

P. 2.10. For any p-related differentiable functions f and ]7,
df =0 = df =0,

but the opposite is not true. B

More precisely, if the function f is constant on a manifold M,, then also the
function f is constant on a manifold M;. But if f is constant on M, then f is
constant on the image ¢(M;) C My, not necessarily on the whole manifold Ms.

P. 2.11. For any ¢-related p-forms © and o,
d6=0 = do=0,

ie., if Q is closed p-form, then O is also closed. But it is possible that not closed
p-form © on M, is transformed into a closed p-form © on M, as the next Example
shows.

Example 2.4 (see [2], p. 60). Suppose a map ¢ : R* — R? is defined by

1
(u,v,w) 0 = (§(x2+y2 — 22,y — k2,1 —kg),

where k£ € R. Consider two 1-forms

O =zxdx + (y +2)dy — (2 + 2k)dz and O = du + 2dv — vdw
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in the spaces xyz and uvw, respectively. From the equality

T Yy —z
(z y+2 —(z+2k)=(1 2 —v) |0 1 —k
00 0

it follows that the local condition from Property for 1-forms © and ) being -
related is fulfilled, i.e. © = © o T'p. The exterior derivatives are d© = dv A dw # 0
and dO© = 0, which mean that © is not closed 1-form and © is closed. Thus, it is
possible, that the tangent map Ty transforms not closed 1-form into the closed one.

P. 2.12. For any submersion ¢ and for any pair of p-related vector fields Y, Y and
Z, Z we have

Y, Z]=0 = [Y,Z]=0,

and for any immersion ¢ we have
Y,Z|=0 = [Y,Z]=0.

Example 2.5 (From the Connection theory, see [2], p. 82). The horizontal vector
fields

Xi - 81 + F?@a

are m-projectible onto the base into commuting partial differentiation operators 0;,
ie., TnX; = 0;. We have [0;,0;] = 0, while the Lie brackets of X; determine the
curvature of connection, which is in general non-zero:

P. 2.13. After we have defined the Lie derivative, the following important property
will be added to this list: The Lie derivatives LxS and L3S of p-related tensor

fields S and S with respect to p-related vector fields X and X are p-related.

2.3 a-related tensor fields

Let M be a smooth manifold and a : M — M be a diffeomorphism. Then for any
functions, vector fields, 1-forms and, in general, for any tensor fields defined on M
there exist uniquely defined functions, vector fields, 1-forms and tensor fields on M
that are a-related to the first ones, respectively. Let f be a smooth function on M.
Let us denote a function which is a-related to f by the symbol af, i.e., af = f oa.
Analogously, let a vector field Y, 1-form ® and tensor field S be a-related to a vector
field aY, 1-form a® and tensor field a5, respectively. From the Definitions
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and Properties 2.1H2.13| we obtain the following ten formulas:

af = foa, (2.1)

a(Y f) = (aY)(af), (2.2)

a(®(Y)) = (ad)(aY), (2.3)

a(Yiy') = (aY;)(ay'), (2.4)

a(p; @) = (ap;)(a®"), (2.5)

a(df) = d(af), (2.6)

a(de) = d(a®), (2.7)

aly, Z] = [aY, aZ], (2.8)

a(Ly S) = Lay (aS), (2.9)

a[S(@', ..., 2" Yy, ..., Y,)] = (a9)(ad', ...,ad";aYs, ..., aYy) (2.10)

2.4 Lie derivative

Now we are in a position to define Lie derivatives on a manifold.
Let X be a smooth vector field on M. With X there is associated a flow a; =
exptX as a one-parameter group of transformations

Qg . M — M.
In the case of the family of diffeomorphisms a;, the expressions
dtfa dt}/a &tcb7 dt(}/;yl)’ dt(spl(PZ)’ dt(df)a dt<d@)7 dt[K Z]’ dt<£YS)7 dtS

in — have sense and describe the dragging of the corresponding tensor
fields along the flow of X. Therefore, each tensor field S of a type (p,q) on M may
be dragged along by the flow a; for each value of ¢t to define a one-parameter family
of tensor fields, indicated by the abbreviation

S'—> St :dtS

The last relation describes the change of the tensor S; at each point v € M. Thus,
it is possible to value the velocity of this change according to the formula

S'zlimSt_S

t—0 t ’

(2.11)

called a Lie derivative of S with respect to X. The tensor fields S and S’ are of the
same type.

The Lie derivative of S along the flow of X is usually denoted by the symbol
LxS. But for the sake of convenience we use primes in order to denote the Lie
derivative with respect to the fized vector field X.
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Now one can consider the operator
oo

=3 (tX)"

ay = kj' .
k=0

Being applied to S, this operator determines the dragging of S along the flow a, byE|

oo

tk
Si=>_ S(’”H (2.12)
k=0

The series expansion given by is called a Lie-Maclaurin series with Lie deriva-
tives S*) = Eg’?S, k=0,1,2,..., as coefficients.

If the derivatives S, S’, S”, ... are somehow interconnected, then one can speak
about ordinary differential equations (ODEs) in the flow a;. For a such ODE, the
solution is . On the other hand, the solution S; of ODE describes the dragging
of the field S along the flow of X. If in the series (2.12) S™ is an invariant of X,
i.e. St =0, then S behaves along the flow a, as a polynomial of the order n. For
instance, for n = 1 the field S behaves as a linear function: S; = S + tS5’, for n = 2

t2
— as a quadratic one: S; = S +tS" + ES”’ and s.o.
Example 2.6. Consider the ODE
S"+ S =0.

Let us compute the solution of this ODE using Lie-Maclaurin series (2.12)). Note
that

S — —S, S — —S,, S(IV) — S, S(V) — S/, S(VI) — S,
Thus, the series (2.12) is

Si=S+5t+stsort gt gl
t 2 3! 4! 500
t2 t3 t4 t5 t6 t7
o ! _ - /_ - /__ - /_ .
=S+ 5 52 53!+S4!+S5! 56! S7l+"'_

3150 7!
00 Lt 00 $2k41

=S) (-1) o s’ k:o(_l)k(%—ﬂ)! _

= Scost + S sint.

2ttt ¢S A A
= O——+———+”>+§G——+———+”>:

It means that the field S exhibits oscillation, i.e., at the fixed point u € M one can
consider a periodic change of the field S.

3The convergence is assumed.
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From (2.1)—(2.10]) one can obtain the main computation formulas for Lie deriva-

tives. We summarize them in the following Proposition.

Proposition 2.1.
Lxf=Xf,
LxY =[X,Y],
X[®(Y)] = (Lx®)(Y) + D(LxY),
Lx® = dd(X,.)+d[P(X)],
Lx(Yiy') = (LxYa)y' + Yi(Xy'),

Lx (i) = (X))@ + @i (Lx D),
Lx(df) =d(Xf),
Lx(dO) = d(Lx0O),

Lx[Y,Z]=[LxY,Z]+ Y, LxZ],
Lixy) = LxLy — LyLx,
LxS@,.. 0" Y, Y,) = X[S(D',.. a%Y,,.. . Y,)]-

p
=) 8@ LxD PR
=1

q
=) S(@,. Y, Ly
j=1

Proof. From (2.1) or f; = f o a; and from({2.11)) it follows that

Mo (foaya=xXr

Cxf = Iy

Yo)—

20

(2.22)

Thus, the Lie derivative of a function f is the ordinary derivative (2.13) along the

vector field X.

(2.14) is obtained by differentiating (2.2]) with respect to t and setting ¢ = 0.

Thus, from (2.11) and (Y f); = Yif: we have

i Yeft = Ve f AV f VS
t—0 t

= lim t(ft_f)+lim< t_Y>f:
t—0 t t—0 t

= (L)Y [ +Y(X)).

The last equality can be rewritten as

Y ) =Y'f+Y/f,
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which means that the Lie derivative of Y f satisfies the Leibniz rule. Since f is an
arbitrary differentiable function, it follows immediately that

LxY =XY -YX.
Thus, the Lie derivative of Y with respect to X is equal to the ordinary Lie bracket

LxY =[X,Y].

The formulas (2.15)), (2.16)) and (2.17)) can be proved in the analogous way. Namely,
using the equality (®(Y)); = ®4(Y;) we compute

(@(Y)), — 2(Y) Dy(Y;) — (Y)

Lx(®(Y) = fimy t = t -
B0 R (Y) £ B(Y) (V)
150 t o
o = Y) (@ B)(Y)
t—0 t
= lim —(I)t(Y; —Y) + lim —<(I)t — ) =
t—0 t t—0 t

= (Lx®)(Y) + ©(LxY),
which means that the Lie derivative of ®(Y') satisfies the Leibniz rule
(@(Y)) = @' (V) + (V).
Comparing with formula for the exterior differential of 1-form &:

(Lx®)(Y) = X(2(Y)) — (X, Y]),
do(X,Y) = X(&(Y)) = Y(2(X)) - ([X, Y]),

and taking in account, that Y (®(X)) = d(®(X))(Y), and omitting an arbitrary
argument Y, we obtain the computation formula (2.15) for the Lie derivative of
1-form:

Lx® = dO(X,.) + d(D(X)).

In the same way from and one can derive the formulas ([2.16]) and (2.17))
for Lie derivatives of linear combinations of vector fields and 1-forms, respectively.

The formula follows from (df); = df;, i.e., Lie derivative and differential
(of a function) commute. Briefly, (df)’ = df’. This formula can be also obtained
from by setting ® = df, ®(X) = f’ and d® = 0.

Analogously, from or (dO); = dOy it follows that Lx(dO) = d(LxO).
Thus, the Lie derivative and exterior differential (of p-form) commute, i.e.,

Lxd=dLx.
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The formula (2.20) can be calculated using (2.11]) and the equality [Y, Z], =
D/h Zt]:

t—0 t t—0 t
o VG- Z2Y,-YZ 1 2Y
150 t N
. YW -YZ . 4Y,—ZY
= hm _— — hm —_— =
t—0 t t—0
. Y -+ YZ-YZ | Y=Y+ LY - ZY
= lim — lim =
t—0 t t—0 t
o NZ =D+ (M -V)Z | Z(Y-Y)+ (Z - 2)Y _
t—0 t t—0 t
i YiZ—2) L (M-V)Z L Z(Y-Y) | (Z=2)Y
t—0 t t—0 t t—0 t t—0 t

=Y (LxZ)+ (LxY)Z — Z(LxY) — (Lx Z)Y.
Using , the last equality is
(X, [V, Z]] =Y[X, 2]+ [X,Y]Z - Z[X,Y] - [X, Z]Y = [Y,[X, Z]] + [[X,Y], Z],
which is the Jacobi identity for vector fields X, Y and Z:
(X, [V, Z]] + [Z,[X,Y]] + [Y.[Z, X]] =0.

The formula (2.21)) is obtained by using (LyS); = Ly,(S;), (Ly,S);_o = Ly+S and
the fact that the map X — Lx is additive and homogenous with respect to the
scalar multiplication:

Lx(LyS) = lim (LyS) = LS = lim Lv.5 — LyS =

t—0 t t—0 t
. Ly,S; — Ly, S+ Ly,S — Ly S

= lim _
t—0 t

iy £xi 05 = ) + (Lyi = Ly)S _
t—0 t

e w M= w — Ly (LxS) + Loy S

= ﬁy(ﬁ)@S) + E[Xy]s.
Since S is an arbitrary differentiable tensor field, it follows immediately that
L[X’y] =LxLy — LyLx.

Omitting an arbitrary argument Z in , it is easy to see that the formulas
and are equivalent.

The last formula is obtained by applying the Leibniz rule to the Lie deriva-
tive of S(®', ..., ®7;Y;,...,Y,). As the result we obtain p+q+1 terms in . |
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Remark 2.1. Let Y be a vector field on a manifold M, and let b, be its flow. Then
for any differentiable function f on M,

by =exp7Y <= Yf=(fob)

Let a : M — M be a diffeomorphism of M. Then the flow b, is transformed into
the flow ab,a™! and Y is transformed into TaY’, i.e.,

abra”' =expr(TaY) <= TaYf= (foaba™')

7=0

Indeed, from

(Joaba™Y._y=(foaob,),yoa = (Y(foa)oa

it follows that
TaYf=(Y(foa))oa™".

The last equality determines the vector field T'aY .
Geometrically, two points on the trajectory of Y are moved by a into the points
on the trajectory of TaY:

(u, by (1)) = (a(uw), abra™ (a(u))).

It means that the flow b, is affected by an interior automorphism of the group of
diffeomorphisms on M, i.e.,

b, — ab,a™t.

2.5 Nonholonomic basis

Let M be an n-dimensional smooth manifold. Suppose that on M there given a
nonholonomic basisﬂ consisting of n vector fields R; and n 1-forms ¢’, that form a
frame and dual coframe in a tangent space T,M, Yu € M, i.e., 0;(R’) = 5f Denote
by

91

92

R:(Rl R2 Rn), @:

en
Then the nonholonomic basis in matrix notations is (R, ©) with condition ©(R) = F,
where F is the unit matrix of order n.

With the basis (R, ©) a nonholonomy object cj.k, which appears in the structure

equations

, ) 1. .
Ry, Ri) = Ricyy, 0 = —ci9 A0, (2.23)

4The term nonholonomic basis means non-coordinate basis. Such a basis can be determined on
a completely parallelizable manifold M. If M is not completely parallelizable, we assume that our
formulas hold on a completely parallelizable domain of M.
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is associated. From skew-symmetry of the Lie brackets follows the skew-symmetry
of the nonholonomy object:
¢ = .
Using and , we have
c;qep NOYR;, Ry) = c;q (Hp(Rj)Gq(Rk) - Gp(Rk)Gq(Rj)) =
= (3000 — 870) = iy — iy =

and duality of the equations (2.23)) follows from

do'(R;, Re) = B; (0" (Ri)) — Rie(0'(Ry)) — 0" ([R;, Ril) =
= —0'([Rj, Ri]) = =y =

1,
= —5Ch0” NO(R;, Ry).
In the dual basis (R, ©) a general tensor field S of a type (p, q) is defined by

11...0p j1 . Jq
j1-~~jq0 ® ® 0 ’

S=Ry® - ®R,s

where the coefficients s; """ are determined by

Jq
Sil---ip — S(Hil, 707'107 le’ ceey qu)

jl---jq

For further needs we write two vector fields X and Y, and a 1-form & in the basis
(R,©) as follows:

X = Ria', 2'=0'(X),
o = @iei, PYi = ®<Ri)'

It is also convenient to present these formulas in matrix notation:
X =Rx, Y=Ry o&=ypoO,

where & and y are column-matrix of components z* and y', respectively, and ¢ is a
raw-matrix of components ;.

In the case of holonomic basis the nonholonomic object cék in (2.23) is equal to
zero. Then 1-forms #° are closed and locally exact. Moreover, on some coordinate
neighborhood U € M 1-forms 6" are equal to the differentials of some functions u’,
which can be declared as coordinate ones. Thus, we obtain a natural basis related
to a coordinate system u’. Then R; coincide with operators of partial derivatives:

0

C;k =0 — 0 = dU,Z, R] = %
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2.6 Derivation formulas

Let X be a smooth vector field on M, and let a; be its flow. The infinitesimal
transformation of any differentiable tensor field S in the flow a; is determined by
its Lie derivative S’ = LxS. If we want to calculate a Lie derivative of S along a
vector field X in a nonholonomic basis (R, ©), we should know how this basis itself
changes in the flow of X.

Proposition 2.2. Let a nonholonomic basis (R,0) be given on M, and suppose
X = R;x" in this basis. The change of (R, ©) in the flow a; of X is described by the
derivation formulas

R = _RC, 6 =C0O| (2.24)

where the matrixz C' determines an infinitesimal turn in the direction of X of a frame
and coframe at each point u € M.

The matriz C' = (C']’) is determined by the nonholonomy object of the basis (R, ©)
and by the components of X in this basis,

C! = cla’ + Ry’ | (2.25)

Proof. Suppose that the matrices in are different, i.e., B = RC and ©' = CO.
Then differentiating the equality ©(R) = E we have ©'(R) + O(R') = 0, which
implies C' + C =0or C = —C. The formula is obtained by straightforward
calculating of the Lie brackets of the fields X and R;, and using and ([2.23)):

= —Ri(cia") — Ri(R;x’) = —Ri(c}ya® + Rja'). |

Proposition 2.3. Let a transformation of a nonholonomic basis (R,©) — (ﬁ, é)

is presented by a reqular matriv A = (a*) and its inverse A™' = (@'):

J J

Then C and the nonholonomy object cé-k are related to C' and E;k by

C=(XA+AC)A™Y,

k.s _~k P4 Sk p Sk
asCr; = Cpatiay + Riaj — Rja;.

In the particular case of holonomic basis (E, (:)) the non-holonomy object of the basis
(R,©) has a local expression in terms of nonholonomic frame

cfj = Ef(Riaj — R;aj).
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Proof. From the equalities © = A0, ©' = CO and ©' = CO it follows that

O = (XA)O + A/,
CO = (XA)O + ACO,
CAO = (XA)O + ACO,
CA=XA+ AC,
C=(XA+AC)A™".

The connecting formula for nonholonomy objects c;'-k and E;k follows from the equa-
lities
[Ri, Rj] = Ryc! R, éj] = Elﬁfj

i)

Namely, from R = RA™" we have R = RA and straightforward calculation leads to

[Ri, Rj] = Ry, Ryaf) = [Ri, Ryla? + Ry(Ra?) =
= —[Ry, Ri]a] + Ry(Ria]) = —[Ry, Ryailal + Ry(Riaj) =
= —([Ry, Rpla] + Ry(Rqa})])aj + Ry(Riaf) =
= [R,, Rq]afa? + Rq(Ria;’-) — Rp(Rqaf)a;’-.

Thus

chfj = ékﬁﬁqafa? + Eq(Ria‘j-) — Ep(ﬁiqap)aq-.

Taking in account that chfj = éSQZij and

R,((Ra)a?)al = R,((Ryab)aial) = R,((Ryab)ds) =
Ep(Rjazp)a

ép(éqaf)a?

and after rearranging indices we have

Riabct, = R aPal + }NQ;C(RZ’@?) — ﬁk(Rjaf).

sij Pqgi g
Reducing by Ry from the left we obtain the desired formula

a];cfj = Ei;qafa? + Riaé? — Rjak.
Putting E;q = 0 in the last equality, we obtain the local expression for nonholonomy
object

ol = a‘(R;al — Rjaj). |

ij
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2.7 Lie derivatives in nonholonomic and holono-
mic bases

Now, using the derivation formulas (2.24)) for a nonholonomic basis (R, ©), it is easy
to calculate the Lie derivatives of a vector filed Y = Ry and 1-form ® = ¢© with
respect to the vector field X = Rx. These formulas in matrix notation are

Y'=Ry+ Ry =—RCy+ Ry = R(y — Cy) (2.26)
P = 'O+ 0 = 'O+ pCO = (¢ + pC)0O. (2.27)

The Lie derivative of a tensor field S of an arbitrary type (p, ¢) is defined by

LxS(O",... .07 R;,...,R;)=Xs"" ’P—ZG% ilp Z ner O (2.28)

.71 Jq ]1 ] j1...l...j

The formulas (2.26]) and (2.27) are particular cases of (2.28) for (p,q) = (1,0) and
(p,q) = (0, 1), respectively.
In the holonomic case, the basis (R, ©) becomes natural and consists of the frame

0 .
R; = Ei and coframe ¢° = du’. Then the derivation formulas (2.24) are

0 0 ox' axi

_ J
X oui out oud’ du

where the matrix C' is just the Jacobi matrix of components of X:

. Ox
Ci = VR
The computing formulas (2.26)) and (2.27) in natural basis for Lie derivatives of a
vector field Y = —" and 1-form ® = ¢;du’ with respect to X = —=x* are
ou’ out
/ 9 7
Y =[X,Y]= 8 (Xy Ya'), (2.29)
uZ

What is the difference between nonholonomic basis (R, ©) and natural basis?

1) All formulas written in terms of (R, ©) are invariant in the sense that they
are independent on any choice of local coordinates.

2) If (R,0) is invariant under the flow a; of the vector field X, then in the
derivation formulas C' = 0 and all other formulas become simpler. Taking the
canonical parameter s, s’ = 1, and independent invariants of X as coordinate func-
tions, the natural basis becomes invariant on some neighborhood U. In this basis

0 .
X coincides with —. However, the invariant basis (R, ©) for X can be constructed

s
without any references to local coordinates.
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Example 2.7. Consider two linear vector fields

0 0 0
X=—y—+ov—, Y =—
Y or x@y ox
on the xy plane. The field X is a rotation operator and Y is a translation one.
Using ([2.29)), let us compute the Lie derivatives of Y with respect to X:

0 9,
Y=[X,Y]=——, V'=[XY]|=— =
XY= g V=XV = —F
Thus we have the similar situation as in the Example [2.6] for S =Y

Y'"4+Y =0 = Y,=Ycost+ Y sint.

-Y.

Let us perform the same calculations in the polar coordinates. The Cartesian
coordinates in terms of the polar ones are

T =rcosy, Y =rsiney,

where r is the radial distance from the origin, and ¢ is the counterclockwise angle

from the z-axis. The coordinate transformation (z,y) — (7, ¢) naturally induces
o 0 o 0

the transformation of the frame (| —, — | — | =—, =— | defined by the inverse of
ox’ Jy or’ Oy

the Jacobi matrix as follows:

9 9N _ (9 0O\ [cosp —rsing 71_
or dy) \or 0 sing  rcosp -

12
o 0 cos ¢ sin
= (= = 1 1 :
<0T &O) ——singp —cosyp
r

r
Then
B 1. 0
i coscpa — ;Slng()%,
0 o 1 0

oy = smgog + ; COSQO%,

and the vector fields X and Y in polar coordinates are

0 o 1 0
X =— Y = — — —sinp—.
95’ cos o — —sing 9

Calculating the Lie derivatives of Y with respect to X:

J 1 g,
Y =[X,Y] = —sinng - ;cong%,

g 1 0
Y'=[X,Y'] = —cospa + ;sing)% =-Y

we obtain the same result in polar coordinates:
Y'"4+Y =0 = Y,=Ycost+ Y sint.

It means that differential equations with Lie derivatives are invariant, i.e., do not
depend on a choice of local coordinates.
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2.8 The case of constant matrix C in derivation
formulas

Suppose that in the matrix C' is constantﬂ. Then X is a linear operator in
terms of the basis, i.e., an operator of the affine group of transformation.

Consider this situation in the context of Lie groups. Suppose G is an n-dimen-
sional Lie group. Then one can construct a nonholonomic left-invariant or right-
invariant basis (R, ©) in G. In such a basis left-invariant and right-invariant tensor
fields have constant components. The matrix C' remains constant under a flow a; of
a left-invariant or right-invariant vector field X, and in the tangent space T'G the
flow T'a; is determined by the exponential of the matrix Ct:

R =—-RC =— R,=Re ™, (2.30)
=00 = 06,=c""6. (2.31)

The left equalities are ODEs and the corresponding solutions are presented by the
right ones. The dragging of the basis (R, ©) along the flow of X is determined by
the exponential of the matrix tC. In this case C' is an element of Lie algebra gl(n, R)
and the exponential e“! is understood as a one-parametric subgroup of the linear
group GL(n,R).

The draggings of a vector field Y and 1-form & in the flow of X are described by

Y =Ry = Y,=Ruy =Re %y,
= 90(") — (I)t = thq)t = SOtGCt@.
Let us consider the following two cases.

Case 1. Let Y and ® be invariant under the flow a; of X. Then their components
are dragged according to the rules

Vi=Y = vy =¢",

D=0 — = pe

Case 2. On the other hand, let the components y and ¢ be constant under the
flow a; of X. Then Y and ® are dragged according to the formulas

y=y = Y,=Re %y,
=9 = 0= 90€Ct@-

For instance, let C' be of the order n = 2, i.e. X is a linear vector field on a
plane. Then C' satisfies the Hamilton-Cayley formula

C? —trC-C +detC-E=0

SThere is enough, that the matrix C' is constant on the trajectories of X, i.e., ¢’/ = XC = 0.
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and for (R, ©) we have

R=-RC = R'+trC-R +detC-R=0,
=00 =— O'—tr-0+detC-0=0.

Thus, in the Case 1 we obtain the similar ODEs for the components of ¥ and P,
and in the Case 2 we obtain the similar ODEs for Y and ® themselves, i.e.,

V=0 = ¢ —trC -y +detC-y=0,

=0 = " +trC- - +detC-p =0,

Y =0 = Y'+txC-Y +detC Y =0,
_—

¢ =0 O —trC - +detC - P =0.

Solutions of these ODEs correspond to the classification of linear flows on a plane,
see [2], p.197, [16], p.69. Namely, the exponential ¢“* depends on the solutions \;
and Ay of the characteristic equation

A2 —trC - A+ det C = 0.

Depending on the sign of the discriminant A = tr?C' — 4 det C, the eigenvalues may
be either real \; o = o & 8 or complex conjugate \; o = a £ 43 or, either different
(B8 #0), or equal (8 = 0), where o and /3 are given by

trC = A\ + A = 20, det C = My = a® + 52

Here the plus sign corresponds to the case of complex eigenvalues and minus to the
case of real ones. Thus

A = tr’C — 4det C = (A — )\2)2 = :|:4ﬁ2
and €* can be written as

sin St

(eat[Ecosﬁt—l—(C’—aE) ], if A<O,

Ct — sinh St

eat{Ecoshﬂt+(C—aE) ], if A>0,

( e [E+(C—aBE)t], if A=0.

The various possible flow patterns on the plane can be summarized as follows:

if A <0 and det C < 0, then one has elliptic flow with focuses;

if A <0 and detC' > 0, then one has hyperbolic flow with saddles;

if A > 0, then one has hyperbolic knots;

if A =0, then one has parabolic knots.
Depending on the sign of « the knots and focuses may be stable (o < 0) or unstable
(e > 0).
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2.9 Integration of tensor fields

The main purpose of this Section is to introduce the idea of integration of tensor
field as a reverse process to the Lie differentiation. In the previous Sections we have
defined a Lie derivative of a tensor field in the flow a; = exptX of a vector field
X. The dragging of any smooth function f along the flow of X is described by
fi = f oa;. Thus one can speak about a derivative of f in the flow of X:

F'=XF = (f o aig =lim 2(fi — )

Analogously, one can speak about an integration of f. In particular, we need to
recover a function from its known Lie derivative with respect to the vector field X.

An indefinite integral of a function f; with respect to the parameter ¢ is defined
as the set of all antiderivatives of f/ along the flow a; of X, symbolized by

/ft’dt = fi + fo, (2.32)

where fy is an invariant of X, i.e., X fo = 0.
A definite integral of f; on a closed interval [a, b] is defined by the Newton-Leibniz

formula
b
[ st = 5[ = 50) - (@) (233)
If in (2.32)) and ([2.33) f is a tensor field, then along with the Lie differentiation one

can speak about an integration of tensor fields along the flow of X.
Let S and @ be smooth tensor fields of the same type on M.

b
a

Definition 2.5. A tensor field @) is said to be an antiderivative of S along the flow
a, of X if
Q'=LxQ=2S.
Let @1 and @2 be tensor fields of the same type and suppose one of them is

an antiderivative of S. Then the second one is an antiderivative of S if and only
if Q1 — Q2 = Qo, where @)y is an invariant tensor field along the flow of X, i.e.

LxQo = 0.

Definition 2.6. An indefinite integral of the tensor field S with respect to t is
defined as the set of all antiderivatives of S along the flow a; of X, symbolized by

/Stdt — Qt + Q07 (234)

where () is an antiderivative of S and LxQy = 0.

Proposition 2.4. Let Q be an antiderivative of S along the flow a; of X and suppose
S is continuous on a closed interval [a,b]. Then a definite integral of S is defined by

b
/ Sydt = Qy — Q. (2.35)
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Proof. Let the closed interval [a, b] be partitioned by points
a:t0<t1<...<ti_1<ti<ti+1<...<tn_1<tn:b.

Then the definite integral of S is defined by taking a limit of a sum

b n
dt = i At
L St maxlAn;-—m Zl S& ’

where Sg, is a value of S at an arbitrary point & € (¢;-1,t;) and At; = ¢, —t,_; is
the length of the subinterval, i = 1,2, ..., n. According to the Mean Value Theorem
there is a one point &; in each open interval (¢;_1,t;) such that

SﬁiAti - Qti - Qti—l'
We have

n

Qv —Qu=> (Q,— Q)

=1

which can be rewritten as .
Qv — Qu =Y SeAt;.
i=1
Then taking a limit of the sum in the right-hand side of the last equality as n — oo

we obtain (2.35)). |
Let Y be a differentiable vector field on M. Then ([2.35) yields

b
/ﬂxmm:n—n. (2.36)

Example 2.8. Let us consider the linear vector field

on the xy plane. The flow a; of X is a uniform circular motion around the origin:
a; : (z,y) — (xcost —ysint,ycost + zsint).

The indefinite integral of a function along the flow a; is defined by (12.32)), where
fo = fo(I) is a function of invariant I = 2? + 3 of X.

From ([2.34)) it follows that an indefinite integral of a vector field [ X, Y], is of the
form

ﬂxwm:m+m
where Y is a differentiable vector field on the xy plane and Y} is of the form

0 0
YOZC%+778—y-
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According to the condition

0 0

the functions ¢ and n must satisfy the system of linear ODEs

"+(=0
77”—|—’I7:O ’

where prime denotes the derivative with respect to X.

Suppose two functions f = x and g = y be given on the zy plane. The draggings
of these functions and the function f + g = x 4+ y along the flow of X are described
by fi = x4, g¢ = ye and (f + g)¢ = (x + y)s, respectively. Let us calculate the

corresponding definite integrals on the closed interval [a, b] = [O, g} By ([2.33]) we

have
bl 3 x
0 0 0
/QQth:/ngdt:yt =y,
0 0 0
2 b1 g
/ (f + g)pdt = / (v¢ +ye)'dt = (v + ye) 0 —2y.
0 0
0
Consider the vector field Y = Em The Lie derivatives of Y with respect to X are
Y
0 )
YI:XY:— Y//:XY/:——:—Y.
A= XYl="3

Thus, we have Y” +Y = 0 and the dragging of Y along the flow of X is described
by the vector-function

0 0
Y,=Ta,Y =Y cost+Y'sint =sint— 4+ cost—.
ox oy

0
Then using (2.36) we obtain the definite integral of the field Y’ = — on the closed

ox
(0
~ -V
/0 <ax>tdt '

2 —costﬁ—sintﬁ
ox ), Ox oy

The Figures [2.1 illustrate the meaning of the definite integral of a vector field
on the 1st quarter of the zy plane.

interval [0, g]
3 0 0

o Oz oy’

where
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y A yA 8;
A

X -

S
>

I
>
X

Figure 2.1: The flow of X is the uniform circular motion around the origin in the coun-

0
terclockwise direction. The Lie derivative of Y = — (south wind) with respect to X is

Jy

the field Y/ = aa (west wind).
x

Figure 2.2: The field Y is rotated in moving frame according to the law Y; = Y cost +
Y’sint (the wind changes own direction rotating clockwise). The calculating of definite

2 o 0
integral /2 [X,Y]dt yields the field — — — (north-west wind).
0 or Oy
90°
1

0°

Figure 2.3: The summands for the integral sum are defined by the Mean Value Theorem.
Taking a limit of the integral sum we obtain the closing line to the hodograph of Y;.
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The hodograph is a plot of the velocity as a function of time. The hodograph of
the vector-function Y; has the same trajectory as X but with opposite direction. The

0 0
integral sum Z Yg.Ati is a broken line to the hodograph and the integral 9 Bu
X2 a«: y

is a straight line closing this broken line, see Figure [2.3|

0
Consider the dragging of the natural frame 92 90 and coframe (dx,dy) in the
T oy
flow of X. The derivation formulas (2.24)) are

(5 &) =G ) (5o) () =0 3) ()

where C' = _1) is the Jacobi matrix of the components of X. From this it

1 0
follows, using (2.30]) and (2.31)), that

ﬁ 2 B g ﬁ [ cost sint
or dy), \Or Oy —sint cost)’
dr\ _ (cost —sint . dx
dy), \sint cost dy )’

Thus, the definite integrals on the closed interval [O, g} of the corresponding vector

Remark 2.2. Note that the formulas in the Example can be obtained as follows.

fields and 1-forms can be calculated as follows:
9 0N _ (0 0N (o 2\ _ (0 9\ (-1 1
ox oy), \Ox 0y z or dy/), \Ox 0y -1 -1)’
dx 2 _ [dx _ dz\ (-1 -1 _ dx
dy), \dy). dy), \1 -1 dy )’

Example 2.9. Let three vector fields

0 0 0 0 0 0

be given in the space xyz. The flows of X, Y and Z are rotations about three axes
x, y and z, respectively.

Let us consider the dragging of Y in the flow of X, the dragging of Z in the flow
of Y and the dragging of X in the flow of Z, respectively:

YV=[X,Y|=2, Y'+Y=0 = Y,=Ycost+ Zsint,

Z'=W,Zl=X, Z'+7Z=0 = Z;=Zcost+ Xsint,
X'=[ZY]=Y, X'+X=0 = X,=Xcost+Ysint.
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Let us calculate the integrals of X, Y and Z on a closed interval [a, b]:
b b a—>b a+b a+b
/ tht:/ [X,Y]dt =Y, — Y, =2sin 5 (Ysin 5 — Z cos 5 ),
b b
—b b b
/ Xtdt:/ Y, Z)dt = 7, — Z, = 25in (Zsm“; —Xcosa;L )
b b

) b b
/Y}dt:/[Z,X]tdt:Xb—Xa:2sina2 (Xsina;_ —Zcosa; )

Taking a = 0 and b = g we have three vector fields

2 ) ) )
Zdt = —_— —r— — T 2.
/0 pdt = (y + z)ax xay Toos (2.37)
3 0 0 0
2 d ) )
Y,dt = y— — — —. 2.
/0 Lt Yo (x+ z)ay + Yo, (2.39)
The flow of ([2.37) is
x4 xcosﬂt\;—_(ijz)Sln\/\_git p
sin v/ 2t 1 —cosv2t
> =y— - —
z—z—xsjn\/ﬁt—( +z)1—COS\/§t
L V2 Y 2

From the equalities i, — 2z, = y — z and 227 + (y; + 2)* = 20 + (y + 2)* we obtain
two invariants

I =22° + (y + 2)?, Iy=y—z.
It means that the level surfaces of trajectories of the field (2.37)) are elliptic cylinders

. . . =0 . . . . .
with axis of rotation Z—{_—% . The trajectories are ellipses on the intersections

of the cylinders I; = ¢ > 0 with planes Iy = ¢ > 0 perpendicular to the axis.
The flow of the field (2.38)) is

( sin /2t 1 — cos /2t
r=x—y 7 —(:L’—i—z)T
i 2t
<I7y7z> = t — COS\/§t+ T+ z Sln\/_ )
Yy Yy \/5
sin\/§t 1—COS\/§t
==y (o )
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and the invariants are
I =2y + (x + 2)%, L=x—z

The level surfaces of trajectories of the field (2.38)) are elliptic cylinders with axis
of rotation { ayctg: 0 . The trajectories are ellipses on the intersections of the
cylinders I1 = ¢ > 0 with planes I, = ¢ > 0 perpendicular to the axis .

From ’ Y,dt = — ’ X.,dt it follows that the flows and invariants of the fields

aund0 are thg same, but the trajectories of these field are opposite di-
rected.

In the Example the definite integral on the zy plane is a straight line that
closing the integral sum Z YE’Z_ At;, see Figure . In the xyz space we have analo-
gous situation, but the closing line is a part of an ellipse.

2.10 Conclusion

In the present Chapter the dragging of tensor fields in a flow of vector field X is
studied, and the basic formulas of the Lie-Cartan calculus are derived. The formulas
of Lie derivatives are presented in nonholonomic basis (R, ©), taking in account that
the basis itself may be dragged along the flow of X. In this case the derivation
formulas

R' = —RC, 0'=Coe

for the frame R and coframe © are used. In the case of nonholonomic basis the matrix
C is determined by components of the vector field X and by the nonholonomy object
of the basis. In the case of a holonomic basis the matrix C' is just the Jacobi matrix
of components of X. If X is a linear vector field, then C'is a constant matrix.
Note that in this Chapter appear differential equations with Lie derivatives,
that represent a quite new topic in mathematics. In order to find solutions of such
differential equations we introduce the idea of integration of tensor fields as a reverse
process to the Lie differentiation. As we have seen, the definitions of indefinite
and definite integrals for tensor fields are similar to the analogous definitions for
integrable functions in undergraduate differential calculus. In our definition the
definite integral of a function is also a function, not a number, and the definite
integral of a general tensor field is also a tensor field of the same type. Our main
purpose has been to explain the geometrical meaning of integrals by simple examples.



Chapter 3

Lie group representations

The present Chapter is devoted to the theory of Lie group representations. In par-
ticular, considering vector fields as infinitesimal generators of flows on a smooth
manifold, the Lie derivatives are infinitesimal versions of representation of a diffeo-
morphism group on tensor fields.

In this Chapter the basic properties of a tangent group T'G of a Lie group G is
considered, cf. [II], [23]. The formulas for left- and right-invariant bases and for
operators of adjoint representations are derived. Some of the formulas considered in
this Chapter are discussed in the case of the linear group GL(n,R) in the original
publication [17] attached to this thesis, see page [01]

3.1 Generalized Leibniz rule
Let My, My and M be smooth manifolds, and let

A My x My — M, (u,v)—w=u-v

be a smooth map. For any fixed elements v € M; and v € M, there are two smooth
maps

A My — M, u—w=u-v, Yvé& M,
A My —- M, v—w=u-v, Yuée M

associated with A. Their tangent maps

TNy : TMy —TM, u;+— up-ov,
T)\UITMQ—)TM, V1= U0

determine the tangent map T'\ as follows:

TX: T(M1 X MQ) = (TMl X MQ) X (M1 X TMQ) — TM,

(up,v1) = wy =uy -v+u-v.
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Namely, two vectors vy € T,, My and v, € T,Ms at u € My and v € M,, respectively,
are mapped to the vectors TA,(u;) = uy - v and TA,(vy) = u-v; at w € M, see
Figure . The sum of these images is equal to the image of (uy,v;) under T'A:

’w:u-v — wlzul-v—l—uml‘. (3.1)

The formula (3.1 generalizes the ordinary Leibniz rule.

M, xM,
A

Figure 3.1: Leibniz rule:
w=Aw=AN0w)=u-v = wy=TN(u1)+TA(v1) =01 -v+u-uv.

Locally, w = u - v can be presented as the system
w” o X = N (u’,v*),

where u’, v* and w” are coordinates of u, v and w, respectively, on corresponding
neighborhoods Uy C My, Uy C My and U C M,i=1,....,dim My, a = 1, ..., dim M,
p=1,...dim M. Then T\ is determined by

ON oN

P _ 2 A R e
dw? o T\ B du® + B dv

p p @
dwP o TX = <8A, ai) : (dua) .
out  Jv™ dv
Here the Jacobi matrix of T'\ is the block matrix in which the left block corresponds

to T\, and the right one to T\,. Let v}, v} and w{ be components of u;, v; and
wy, respectively. Then

or in matrix notation,

N . 0N

14 7 a
wy; = Uy + ——V
V7w ™ gV

where the partial derivatives are fixed at the point (u,v) € My x M.
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Remark 3.1. The notation of tangent vector u; at a point u € M follows from
the notion of higher order tangent bundles, cf. [2], [6], [21], [22], [26]. Namely,
kth order tangent bundle is induced by k iterations of covariant tangent functor T,

which assigns to a smooth manifold M its tangent bundle TM = U T, M and to

ueM
a smooth map ¢ its tangent map T'¢. Thus we have k levels of M:

TM, T*M, T*M, TFM.

ey

The element of the first level T'M is a pair (u,u;), where u; is a tangent vector at
a point u € M. The element of the second level T*M is a quadruple (u, uy, us, u12),
where (ug,u12) is a tangent vector on TM at a point (u,u;). The element of the
third level T3M isa tuple (U, Uy, U2, U2, U3, U13, W23, U123), where (Ug, Uui13, U23, u123) is
a tangent vector on T2M at a point (u,wu;, g, u12) and s.o. Thus, the dimension of
kth order tangent bundle T%M is

dimTFM =2dim M, k=1,2,....
Due to the formula we have
TX: ((u,ul), (v,vl)) > (w =u-v,w =U -V+U- vl),
and the second tangent map T2\ is determined by the Leibniz rule as follows:
T2\ ((u,ul,u2,u12), (U,U17U2,U12)) = (w, wy, wa, wia),
where

w=1u-v,
wy =Up -V +Uu- v,
’LU2:U2'U+’LL'U2,

Wig = Ujg -V 4+ Uy - Vg + Uy - V] + U - V9.

In the same way one can express all higher order tangent maps 7"\, k = 3,4, .. ..

3.2 Tangent group TG

Let G be a Lie group endowed with a composition lasxﬂ
v:GxG—=G, (ab)— c=ab,
where v is a smooth map. The group G acts on itself by right and left translations

r:G—G, a—ab, VbeGq,
lo :G— G, bw—ab, VacedG.

!The group operation in an arbitrary Lie group will be denoted by juxtaposition ab. In other
cases will be used the notation - v or a - u.
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The tangent bundle (first level) TG becomes automatically a Lie group with the
composition la

Ty:TGxTG —= TG, (a1,b1)— c1 =ab+ aby,

where a1b = Try(ay) and aby = Tl,(b1). Two vectors a; € T,G and by € T,G are
mapped by T+ to the vector ¢; € T.G"

’c:ab ~ ¢ = a1 b+ aby | (3.2)

The group T'G is called a tangent group of G.
Let us list the main properties of the group T'G.

P. 3.1. The unity of T'G is precisely the zero vector at the unity e € G.

P. 3.2. The inversion map p : G — G given by a — a™' yields the inversion map
in TG:
Tp:TG - TG, a;+— al’l = —atajah

Indeed, from (3.2]) we have

e=aa' = 0= ala_1+aa1_1 = aal_l =—aat = al_1 = —a taya .

The same result can be obtained by applying (3.2)) to the equality e = a 'a. Thus,
two vectors a; at a € G and —a taa ! at a7t € G are mutually inverse elements
in TG.

P. 3.3. Left and right translations [, and r,, and inner automorphism A, : G — G
defined by b + aba™' are transformations (diffeomorphisms) of G. Their tangent
maps T'l,, Tr, and T A, are transformations of T'G. More precisely, they are mor-
phisms of the tangent bundle T'G. Thus, the following maps are homomorphisms of
G to the groups of diffeomorphisms of G and T'G, respectively:

a—lg, b 1y, ar Ag,
a—Tl,, b Try, a— TA,.

Let us show, that the last two maps a — A, and a — T A, are homomorphisms.
Indeed, from

Ag(c) = (ab)e(ab) ™' = (ab)e(b™'a™) = a(beb Ma™' = ady(c)a™ = Au(Ay(c)) =
= (A, 0 Ap)(c)

it follows that ab— A, = A, 0 Ay and ab— T Ay =TA, 0o TA.

2 Although the notation a; for a tangent vector at a can lead to confusion with the notation of
one-parametric group of transformations a;, the context typically eliminates any such ambiguity.
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P. 3.4. The following relations hold in G:

lo—1 = l;17 Ty—1 = Tb_lu P_l =P
laorb:rbolm pola:Ta—lopa pora:la—lopa
Aa%:A;la Aa:laor;17 poAa:Aaop'

These relations yield the corresponding relations in T'G.
Let us show, that A,-+ = A" and po A, = A, o p. The first relation holds due
to the result from the Property [3.3}
AgoAg-1 = Ayg—1 = A, = id,
Ag-10A, = A, = A, =id.
The second relation follows from
(poAd)(b) = p(Au(0)) = (aba™") " = a(ab)™ = ab~la™ = A,(b7") = Au(p(b)) =
= (Ao p)(b).
P. 3.5. Any vector a; € TG has two representatives at the unity e € G — the left
representative a”*a; and right representative a;a”' in T,G. Then
Tp(a tar) = —a tay, TA(a " ay) = ara™?,
Tplaia™) = —aja™?, TA, 1 (aa™h) =a ta.

The relations with A, are valid due to the straightforward calculations

TAa(a_lal) =(Tl, 0 Trgl)(a_lal) = Tla(TTa—1(a_1a1)) = Tla(a_lala_l) =

= ala_l,

TA,-1(ara™") = (Tly-1 0 Tro)(ara™") = Tly-1 (Tro(ara™)) = Tly-1(ara” " a) =

= a’lal.

P. 3.6. Systematically applying left and right translations [, and r, to any vector
e; € T.G one can obtain left-invariant and right-invariant vector fields ae; and e;a,
respectively. Left-invariance and right-invariance mean that b(ae;) = (ba)e; and
(e1a)b = eq(ab), Vb € G, respectively. The following relations take place:

Tplae) = —eja™ !, TA.(e1a) = aeq,

Tp(era) = —a ey, TA,-1(aey) = eya,
since left-invariance and right-invariance of the fields ae; and eja, respectively, and
TA, =Tl,0Try—, TA_y =Tr,oTl,-+ imply
Tplae)) = —a '(ae))a ' = —(a ta)ea”
1 1

L= el

Tp(eia) = —a '(era)a™ = —aer(aa™) = —a ey,
TAu(e1a) = (Tly 0 Tro)(era) = Tly(Tro,1(e1a)) = Tly((e1a)a™) = aei(aa™) =
TAg 1 (aer) = (Try o Tly-1)(aer) = Tro(Tly-1(aey)) = Trq(a " (aer)) = (a 'a)era =

= €1a.
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Let Z C G be a center of G, ie., Z ={a € G :ab=ba for all b € G} . Then for
a € Z,ae, = ea.

P. 3.7. With any one-parameter subgroup a; of G is associated one-parameter
groups of translations r,,, l,, and A, of G that in their turn are generated by
left-invariant vector field X, right-invariant vector field X and the field X — X,
respectively, i.e.,

o, = exptX, lo, =exptX, A, =expt(X — X).

This follows from the formulas

Xf=(fora)izg Xf=(ola)img (X =X)f =(f0Au)iso,
where f is an arbitrary smooth function on . Namely, from Remark and
equalities [, o 1, = 1, 0 [, it follows that
(TLX)f = (folyraly g = (fora)ieg=Xf = TLX=X,VbeG,
(TrX)f = (f orplayry Vicog = (fola)ico = Xf = TrX=X,Ybed.

. -1
Since A, =1, o1,

(f © Aat);:O = (f © laraft);:O =
= lim %(f © latra—t - f) =

t—0

1
=lim—(folyre,—fore,+fore,—f) =

t—0 ¢t

:]im%«folat—f)?“at) hmi(forat—f):

t—0 —

= (]:O lat);:O - (f © T(lt)t:() =
— (X - X)f.

and a; ' = a_, the straightforward computation leads to

Note that from por,op™ =1;' and pol,0p ' =7, it follows that
TpX =X, TpX=-X, Tp(X-X)=X-X.
IfatEZCG,VtER,thenX:)N(.

P. 3.8. Let (R., ©.) be a dual basis (frame and coframe) in 7.G. Then applying left
translations 7'/, (right translations 7'r,) to this frame and coframe one can obtain
a left-invariant basis (R, ©) (right-invariant basis (R,©)). In the case of a non-
commutative group G these two bases are nonholonomic. On the center Z C G
they agree.

There exists a non-degenerate matrix A = A(a), such that

R=RA!, ©=46.

The map a — A(a) is a homomorphism of G into the linear group GL(p,R), where
p = dim G. The kernel of this homomorphism is precisely the center Z C G, and
according to the First Isomorphism Theorem its image in GL(p, R) is isomorphic to
a quotient group GG/Z that is a group G of inner automorphisms of G.
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P. 3.9. Any tensor field S is a left-invariant (right-invariant) if and only if its com-
ponents are constant with respect to the left-invariant basis (R, ©) (right-invariant
basis (R, 0)).

For example, let Y = Ry be a vector field with components y in the left-invariant
frame R. Then applying a left translation [, to Y, we obtain the field T1,Y =
R(yol,). Assume that Y is left-invariant. Then T7,Y =Y and yol, = y. The last
equality implies y(a) = y(e) at e € G. Since a € G is an arbitrary element, y are
constant in GG. The opposite is obvious. o

For instance, the nonholonomy objects associated with (R,©) and (R, ©) are
constant in G. From the structure equations

; i L,
[ij Rk} = Ricjka do* = _5 jkej N Qka
o D D i ni L5 7
[Rja Rk} = _Ricjka do* = écjkej N ek7

it follows that the nonholonomy objects for (R, ©) and (R, ©) are equal up to a sign.
The formulas in the second raw are obtained by applying T'p (see Property to
the formulas in the first one and vice versa.

3.3 Basic formula of Lie group representation

Suppose G is a Lie group and M is a smooth manifold.
Definition 3.1. Any smooth map

AM:GXM—M, (au)—v=a-u,
is said to be a left action of G on M if each map

A M — M, u—a-u VaéeQaG,

is a diffeomorphism, and each map a — )\, is a homomorphism of GG into the group
of transformations of M.

Any left action satisfies (ab) -u =a- (b-u), Va,b € G.

A right action of G on M is defined analogously as a map (a,u) — v = u - a
satisfying u - (ab) = (u - a) - b.

The homomorphism a — A, for a left action read \,, = A\, 0 Ay, while for a right
action Ay = Ap 0 A,

Definition 3.2. An action of G on M is said to be an effective if a — A, is a
monomorphism, i.e., if e € GG is the unique element of its kernel.

Definition 3.3. For any fixed point u € M, the image of the map
M G—=> M, a—a-u

is called an orbit of u under the left action.
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Analogously, one can define an orbit of u € M under the right action, i.e., the
image of the map A\, : G — M,a — u - a.

Thus, M is divided into orbits A\,(G). An action is said to be transitive if the
orbit of any point uw € M is all of M, i.e., \,(G) = M. A transitive action is said
to be simply transitive if dimG = dim M. Simply transitive action determines an
exact representation of G.

For instance, G acts simply transitively on itself by left and right translations.
An adjoint representation a — A, is not transitive because its kernel Z C G is not
trivial and G itself is divided into orbits.

Definition 3.4. Given a point u € M, an isotropy group of u under the action of
G is a subgroup of GG defined by

H={heG|h u=u}.
H is also called a stabilizer of wu.

Any left action \ yields a left action of the tangent space T'G on the first level
TM

Y

TN:TGXxTM —TM, (aj,u1)— v =a;-u+a-u.

Thus, we have

’v:a-u ~o vlzal-u—i—a-ul‘. (3.3)

For instance, for a; = 0 (3.3]) determines an action of G on T'M:

ap=0 = wu+—v=a-u,
while for u; = 0 an action of TG on M:
w=0 = e =aqal—muvy=a -u=aat-v=e 0.

The formula
v =aa v, (3.4)

called the basic formula of a Lie group representation, assigns to any vector e; =
aja”t € T.G, as an element of Lie algebra g, the vector v; € T,M at an arbitrary
point v € M. This assignment determines a vector field called an operator of G or
simply group operator on M. All these operators are tangent to the orbits.

Suppose v; = 0 and let v € M be fixed. Then determines a Pfaffian system
aia”' v =0or e -v = 0. One of the solutions of this system is precisely the
stabilizer H C G of v.

For a right action v = u - a we have

vl:ul-a+u-a1:u1-a+v-a_1a1,

and ((3.4) is replaced by

v =0 - a_lal.
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Given local or global coordinates v* on M, a = 1,2,...,dim M, there are two
formulas 5

ove’
associated with . Here w' are 1-forms of a left-invariant coframe in G, and X;
are basic group operators on M tangent to orbits. Suppose dv® = 0 and let v € M
be fixed. Then the Pfaffian system ¢*w’ = 0 is completely integrable and determines
the stabilizer H C G of v.

We can do no more then touch on the theory of group representations here. But
some of these formulas are discussed in the case of linear group GL(2,R) in the
original publication [17] attached to this Thesis.

dv® =&w', X, =&

i=1,2,..,dimG,

3.4 Action of Lie group on itself

Let us consider actions of Lie groups G and T'G on itself by left translations:
b c=ab, b+ c, =ab+ab; = (a0 )c+ ab;.
For by = 0 the last formula gives the basic formula of a left action
c1 = (ara e (3.5)
If we let G and T'G act on itself by right translations, then
b c=ba, b+ c =ba+ba; =ba+cla " a),
and the basic formula of a right action is
c, = claay). (3.6)
Finally, let G and T'G act on itself by an inner automorphism A,:

b ¢ =aba?,

by — c1 = arba™ + aba; ' + abia = (aya e — c(ara™t) + abja .

Taking b; = 0 we obtain the basic formula of an adjoint representation of G:
c1 = (apa e — claa™). (3.7)
Example 3.1 (see [2], p.203, [17]). Consider the linear group GL(2,R). Let

A= (al “2) € GL(2,R).

as Qq
The group GL(2,R) is a 4-dimensional manifold with coordinates a;, i = 1,2, 3, 4.
0
Then the group operators X; = f?a— associated with (3.5)) and (3.6)) can be deter-
/UOZ

mined by the linearly independent left-invariant and right-invariant vector fields

X1 XQ (a1 as ) 81 62 )Z'l 5(:2 . (91 (92 ) a; as
Xs Xy) \az a4 O3 04) X3 X,]  \0s 04 az ag)’
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0
respectively, where 0; = P 1=1,2,3,4.
a.

Let GL(2,R) acts on it;elf by inner automorphisms. Then there exist four op-
erators Y; = X; — X;, ¢ = 1,2, 3,4, of the adjoint representation of GL(2,R),

Y1Y2_3132_a1a3_a1a3_3132
Y3Y4_83 O4 Q2 Q4 Gy Q4 83 Os)’

associated with (3.7)). These operators are not linearly independent and their com-
mon invariants are precisely the trace and determinant of A, i.e.,

trA = a1 + ay, det A = aja4 — asas.

Indeed,
Yi 1/2 o 10 a; as o ay das ) 1 0 o
vt ) (G )= 0 )=
Vi Yo\ qwae (@ —@) (o as)_ (4 as) (as —az) _ 4
Y; Y, —a2 Qg A4 Qg a4 —a2 a4



Chapter 4

The structure of Jet space

The present Chapter is devoted to the jet space first introduced by Ch. Ehresmann
in [7]. In this thesis we consider only infinite jets, introduced by A. Vinogradov,
cf. [12]. The reason of it is that in the case of finite jets the corresponding Cartan
distributions are not involutive and are of growing dimension when passing to higher
order jet spaces, but when passing to the space of infinite order jets this distribution
is involutive and finite dimensional.

The set J,,,, of infinite jets of smooth maps R" — R™ is a trivial bundle space
R™ x R* with n-dimensional base R" and infinite dimensional fibers R*. In 7, ,,
total differentiation operators (TDOs) D and Cartan forms w are defined. At the
same time the additive group R" acts in 7, ,,, along orbits that are integral manifolds
of distribution spanned by D. In 7, ,, the operators D are linear vector fields and
their flows and invariants are determined by the common exponential law, see [2],
[16], [18] and [19]. The present Chapter is based on results published in [19].

4.1 Jet space J;

Let us begin with the case n = m = 1, which corresponds to the jet space J1;. A
pure jet as an element of J; ; is an infinite sequence of symbols

tu,u . (4.1)

In general, these symbols are not connected with each other. [J;; is a bundle space
R x R* with time axis R as its base and infinite dimensional fibers R*. The
symbols are considered as coordinates in J; 1, where ¢ is a base coordinate and
u,u’,u”, ... are fiber ones.

If the symbols u®, k = 0,1,2,..., in are replaced by a smooth function
u = u(t) of one independent variable ¢ and its derivatives, then becomes a jet
of the given function, a section of the bundle R x R*. Any relation between the
quantities in (4.1)) can be interpreted as an ordinary differential equation (ODE).
After prolongation this ODE can be considered as a surface in J; ;. For instance,

61
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being prolonged, an ODE of order n

u™ = F(t,u, o o, umY)

allows to express «™, "™V ... by means of n + 1 quantities ¢, u, v, u”, ..., u™ V.

One can speak about parametric equations of an (n+ 1)-dimensional surface in 7 ;.
If the jet of the function u(¢), being considered as the section of the bundle R x R,
lies entirely on this surface, then u(t) is called a solution of the ODE.

Note that in the present Section we study pure jets which are in general
not connected with a certain map.

Let us define in J; ; the following infinite matrices:

t2
100 01 0 Lo
E=10 01 - C=10 0 0 » €= 00 1 ’
u u Uy ()
u ) u” u, i1
U = |, U = W Ut— AR [ = ,

C

where F is the unit matrix, C is the shift matriz, " is the exponential of Ct, i.e.,

12 13 = (Ct)k
Ct 2 3
e +C+C2+06+ ;0 o

and U,U’, Uy, I are infinite column-matrices. The matrices U, U’ and U, are points
in fibers R*. Define also the infinite matrices

du

/

) and dU = du”

i:(i 9 9
oU ou ouw ou"

Then the infinite sequence of symbols (4.1) in matrix notation is (¢,U) € J;1. Note
that U’ = CU can be considered as a system of ODEs and the solution of this system
in matrix notation is U, = e“*U. Thus, we have the following implication

U=CU = U=¢"U (4.2)

called the exponential law in jet space Jy 1. In (4.2]) we have

o

> th . th
ut:Zu(’“)E, ne :ZU(HZ)E, 1=0,1,2,.... (4.3)
k=0

k=0
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For instance, if u = u(¢) is a smooth function of ¢, then the series expansions u; and
ugl) in are the Maclaurin series of u and its derivatives u¥), where [ = 0,1,2, ...,
respectively. A one-parametric group of transformations a; : (0,U) — (¢t,U;) in J11
induces a flow of a linear vector field

n a +

0 0
D:——l—u——i—u”%—i—u 8u” ey

(4.4)

called the total differentiation operator (TDO). (4.4) in matrix notation is

o 0., (8 0 1

The occurrence of TDO (4.4) can be explained as follows. Let v = u(t) and f =
f(t,u(t),u(t),i(t),...) be smooth functions. From

df(t,U(t) _of of.  of. (0 .0 .0
i =7 au“+au“+'“_ at+“au+“au+“' f

it follows that f' = Df. Here we use primes in order to denote derivativesﬂ with
respect to D.

Remark 4.1. Note that v’ = Du, v = Du/, ..., or in matrix notation: U’ = DU,
i.e., D acts on fiber coordinates as an endomorphism, that allows us to replace
differentiations by algebraic operations.

The TDO is a linear vector field, i.e., its components are linear and homo-
geneous functions of . The correspondence U +— U, determines a flow on the
initial fiber R*. The point U; for t = 0 is situated in the initial position U = Uj,. As
t changes the point moves along its trajectory. The vector field D is not tangential
to the fibers and its trajectories are curves (¢, U;). A point which moves on the fiber
according to the law U, = e“'U is transported simultaneously with the fiber and
forms the trajectory of D, see Figure [4.1]

The time t is a canonical parameter of D, i.e., Dt = 1. The next Proposition
determines invariants of D.

Proposition 4.1. The infinite system of functions

(4:6)

Tn order to denote differentiation of any function or, in general, of any tensor field with respect
to D (Lie differentiation), we use ordinary primes.
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\4

0 t

Figure 4.1: Jet bundle 7, 1; U; is a curve on a fiber and (¢, U;) is a trajectory of the
operator D.

0o ¢ 1
or in the detailed form: iy = Zu(’”l)%, E=0,1,2,...,
1=0 '

/ t2 t3
w=u—ut+u'——u"—+ ...
2 ) 6
il _ u/ —U//t—i—umt— . u(IV)t_ 4.
2 6
2 3
io :u”—u'"t—l—u(lv)%—u(v)%+...

\
consists of invariants of the operator D.

Proof. The equality (4.6]) is obtained from (4.2) by the substitution t ~» —t, i.e.,
I =U_. From
I'=e U - Ce™ U = e “H(U' — CU) =0

it follows that I remains constant on the trajectories of the operator D. |

The formula U, = e“'U in (4.2) determines an action of the additive group R on

a fiber. The exponential e“* is understood as 1-parameter subgroup of the infinite
linear group GL(R) and C' as the element of the corresponding Lie algebra gl(R).
0

B %) and coframe (dt, dU).

The natural basis in J; 1 consists of the frame (
The next Proposition determines an adapted basisﬂ in J 1.

Proposition 4.2. The adapted basis in Jy 1 is defined by the frame (D, %) and

dual coframe (dt,w), where

\w=dU —U'dt] (4.7)

?The concept of the adapted basis is coming from the theory of connections, see [2], [15] and
[16].
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1s the family of Cartan formﬂ
W’ = du — u'dt,
w' = du' —u"dt,

w2 — du" . u'"dt,

0
Proof. Let us replace the operator — in natural frame by the operator D. Then

ot
using we have
0 g 0 1 0 o 0 1 0
D, — | = - = | r1sar7 ) — | 5057 | ! 5 4.
( ’8U> <(8t aU) (U) 8U> <8t 8U> <U E) (48)

where the regular infinite matrix determines the transformation of nat-

1 0
U FE
ural frame to the adapted one. Thus, the transformation of the dual coframe is
determined by the inverse matrix

1 0\ (1 0
U FE - \-U" E
as follows

(b 2) ()= (o 2 () = () - () o

The duality follows from

0
D i
dt 0 (D) dt (8U>
D — | = =F. [
“ ou w(D) w 9
oU
Proposition 4.3. The dragging of the Cartan forms w along the flow of D in J1

15 described by the law

Ww=0w = w=c%. (4.10)

The forms w considered as a whole become exact differentials as follows:
dl = e “'w). (4.11)

Proof. Note that in the infinite sequences w’ = Cw each form is the Lie derivative
of the previous one with respect to D, i.e.,

wl = EDwo, Cdz = Ele = L’D(L'Dwﬂ), UJS = EDw2 = ﬁD(ﬁp(ﬁpwo)),

3In literature they are often called contact forms.
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Using U’ = CU and U"” = CU’ in matrix notations we have

W = Lpw = Lp(dU — U'dt) = dU' — U"dt = C(dU — U'dt) = Cw.

Ct

Consider ' = Cw as an ODE. Then the solution of this equation is w; = e“*w and

(4.10)) holds.

({4.11]) is obtained by calculating of differential of (4.6]):

dl = d(e C'U) = e “'dU — Ce “'Udt = e 1 (dU — U'dt) = e “'w.

The forms w are not exact: dw = —dU’ A dt # 0. From (4.11)) it follows that the

exponential e~? is an integrating matriz, so the Cartan forms considered as a whole
become the exact differentiald’] |

0
Proposition 4.4. The dragging of the vertical frame Flii along the flow of D 1is
determined by the law

o\ 0 0\ 0 o

0
Proof. The derivation formula for the vertical frame — is obtained by the straight-

forward calculation of the Lie derivative with respect to D:

oY ) o 9 _, 0
<%):[D 8U} { oot 8U]

- [ a0 * oo ) -
0 0
— =-C U)| = =
~ el 20l
= ——C
ou
Considering the left equality in (4.12)) as ODE, the solution is presented by the right
one and, thus, (4.12) is valid. [ |

Proposition 4.5. In the jet space J1,1 there is defined an invariant basis by

b D626 @68 w

Proof. In the formula (4.6)) the matrix e~ is invertible. Thus, the fiber coordinates
U can be expressed by means of the invariants /. Note that the replacement of
U with I is accompanied by the corresponding transformation of the frame and

4This is a good reason to study infinite jets instead of finite ones, because in the finite case there
is not such an integrating factor that allows inexact Cartan forms to be made into exact ones.
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coframe. From (4.11)) it follows that the transformation of the adapted coframe

0
(dt,w) is defined by (4.13)). Thus, the transformation of the adapted frame (D, @)

is defined by the inverse matrix

-1
(1 OCt) = (1 gt) . u
0 e 0 e

The first four operators in the infinite sequence

J 0 4
are
9_9
82’0 N 8u7
0 0 0

9, ou " ou

0 t2 0 0 0

Bis  20u  ou = o'’

o 0 0 0 0
Qis  60u 20 ou ' ou’

These operators commute pairwise and each of them commutes with D, i.e.

0 0o 0

Consider a vertical vector field P in J;;. Denote by p and v its components
(infinite columns) in the natural and invariant frames, respectively. Calculate the
Lie derivative with respect to D:

:% :%V = P’:%(u'—c,u):%y’.
The vector fields P and D commute, i.e., P' = 0, iff

— either the components of v are invariant with respect to D, i.e., v/ =0,

— or, equivalently, the components of p satisfy the condition p' = Cp.
The last condition x4 = C'u means that in the sequence of functions g, p1, a2, - - .
(the elements of the column ) each function is the derivative of the previous one,
ie.

P

l’Lk:,u;ch or /“Lk:,u(()k)7 k:1727

The function g is said to be a generating function for P, and the vector field P
with the condition P’ = 0 is said to be a vertical Lie vector field.
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Note that the operators a7
2

ating functions 1, ¢, CRRRE respectively.

, see (|4.14)), are vertical Lie vector fields with gener-

In general, a vector field P is said to be a Lie vector field iff P is an infinitesimal
symmetry of the operator D, i.e., P’||D, where || means equality up to a coefficient
of proportionality that is some matrix. Such a vector field has both vertical and
horizontal components.

Example 4.1 (see [2], p.245). Consider the linear group GL(3,R). Taking elements
of an arbitrary matrix

a; ag das
A= as QA Qg S GL(3, R)
a7 ag Qg
as coordinates the group GL(3,R) can be identified with R?. In GL(3,R) there are
defined the left-invariant and right-invariant frames by

X 1 X2 X3 a; agq ay 81 (92 (93
Xy X5 Xe|=|a2 a5 ag]| - |04 05 06|,
X7 Xg Xg a3 ag Q9 87 88 69
)E 1 )E2 )E3 O Oy O ap as ag
Xy X5 Xe| =104 05 06| a2 a5 ag],
X7, Xg Xg 07 O 0Oy as aeg Qg
. 0 .
respectively, where 0; = —, i1 =1,...,9.

8ai

Let GL(3,R) acts on itself by inner automorphisms. Then the corresponding
adjoint representation of GL(3,R) is determined by the operators Y; = X@ - X,
i =1,...,9 (we do not write them out). The common invariants of the adjoint
representation| are

1 ay asg as
U= = (a4 as ag|,
ar ag dag
u_} ay az|  |a1 az|  |as ag
6\ |as as ar ag ag ag| )’

u = §<a1 + a5 + ag).

The center of GL(3,R) consists of diagonal matrices, i.e., Z = {7E : 7 € R}, and
the operator of Z at the unity £ € GL(3,R) is

p_ 0,00
(9@1 8a5 8(19
®The general linear group GL(n,R) acts on itself by inner automorphisms A — BAB™'. The
invariants of this action are precisely the sums of diagonal minors of the matrix A.
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with the flow a; : A — A, = A+ tE. Note that Pu = o/, Pu' = 4", Pu” =1, and
P can be expressed in the coordinates (u,u’, u”) as follows:
0 0

0
P: /_ //_ )
Y ou T ou’ + ou’

Taking ¢t = u” the operator P can be connected with the total differentiation operator
D in Ji 1, because Pu” = 1 and Dt = 1. Then one can obtain the flow and invariants

of P by (4.2) and (4.6)), respectively,

2 3

t t
— / "> v w3
Ut u—l—ut—l—ut22—|—6 aozu—u’u”—l—( )
/ / " ) \2
U =u +ut+ — oy (u")
no__,n 2 aL=u= 2
u =u +t

The invariants oy and o; are not stable, they can be perturbed by infinitesimal
symmetries of P such as the operators

0 0 0
a QZ = u//_ +
ou

Ql = ou %7

0 0
cf. (4.14), that correspond to o and . respectively. From [Qq, P] = [Q2, P] =0
0o (o]

it follows that (); and ()5 are indeed infinitesimal symmetries of P. Being projected
by the map R* — R? : (u,u’,u”) + (00, 01) these operators yield the natural frame

in ogo; plane, i.e.,
Qo9 Q107 _ 10
Q200 Q201 01/

The invariants oy and oy are not stable, but the cubic discriminant of the polynomial
uy gives the stable invariant

I = (300)* + (201)°
with respect to infinitesimal symmetry of P, which is the operator

Q = 407Q1 — 300Qs,

0 0
that corresponds to 40%8— —3008—. Indeed, dI = 6(30doy—40idoy) and QI = 0.
0o 01

4.2 Jet spaces Jo1 and J,

Let us consider the case n = 2, m = 1, that corresponds to the two-dimensional
time ¢ = (t',#*). Then the quantities in the sequence (4.1)) can be rewritten as

u' = (Ul,uz), u" = (Ull, U2, U22)a u" = (U111,U112, U122,U222)7 <y
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and the coordinates in J>; are
1 42
U, %, u, uy, ug, U, U2, U2, Uril, U112, U122, U222, - - - - (4-15)

For instance, if u is a smooth function of two independent variables u = u(t*,t?),
then

ou 0%u u
U; = —=, Uis = =7 Uiik = e e Ce
oti’ 7 arar’ P T ariatior
where 4,7, k,... = 1,2, and (4.15)) becomes a jet of the given function, which is the

section of the trivial bundle R? x R*®. The sequence (4.15)) can be presented briefly
s (t,U), where the infinite matrix

Uu Usg U2 U222

Uy U12 U122 U1222

U= | uir w2 Uiz Uiz
U1 Uiriz Urii22 U111222

consists of fiber coordinates.
In J5,1 there are defined two TDOs

D 0 + 0 + 0 + 0 + 0 + 0 + 0 +
U U= +Uo=— +u U U e
1= 8 15 9u 11au1 12 Oty 111 Dy 112 Dty 122 iy
D 0 +u 0 +u 0 +u 0 + 0 +u +
= — U109 =—— e
2 o2 8 128 U2 7> Dtin 1125 Dy 122 E 222 Dty
or
0 0 0 0
Di=— +u— + u; + u; + Ui =—— + .. . |, 4.16
ot 6 J 8 Jkauw dkl 8uijk ( )
where 4,7, k,[,... = 1,2. The action of D; and Dy on the fiber coordinates is
determined by
Uy U2 U2 - Ug Uz2 U222
U, = DU = Uy Uiz Uiz .- Uy = DyU = Uiz  Uiz2  U1222
U1 Uiz U2 - - Uiz U122 U11222
U2 U222

Uy Uiz U122

o Uy22  U1222 .-
U =DiUp = [ win wine v - |, Uxp = DyUs = )
Uy122 U11222

U2 U122 U1222

U112 Uiize  U11222
Uip = D1Uy = DU, =
U112 Ur1122 U111222
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or Uy =D;U, U;; = D;D;U, ..., where,j,...=1,2.

TDOs D; and Dy are linearly independent and commute: [Dy, Dy] = 0. Thus,
Dy and D, span a two-dimensional completely integrable distribution D = (Dy, D,).
A flow of D is determined by the correspondence U +— U, where

1
Uy =U+ Uit + Ust® + E(Uu(tl)Q + 2U1t't? + Uno (7)) +
1
+ E(Um(tl)?’ + 3U112(t")* 8 + 3Unaat' (£2)* + Usno (7)) + ... (4.17)

The first element u; in can be obtained as a Maclaurin series of a smooth
function u = u(t', #*) in two variables, and the others elements are the corresponding
partial derivatives of all orders of u; with respect to t' and t*, respectively.

The Cartan forms in J5; are elements of the following infinite-dimensional ma-
trix:

w = dU — Uydt* — Uydt?*|, (4.18)
or in the detailed form
wo = du — updt' — uadt?,
W = d'U,l — undtl — 'LL12dt2,
“o W2 W22 Wy = d’LLQ — Ulgdtl — Uggdt2,
W= | WY Wiz Wiz o ., where wi = duyy — updtt — ugidt?
Wi Wi Wiz wiy = dugy — ugyadt' — uigndt?,
.................... Woy = du22 _ Ulgzdtl _ Uzggdtz,

These forms can be rewritten as follows:
Wy = du — Uzdtl7 Ww; = duz - Uijdtj7 Wi = duij - Uz‘jkdtk, N
or, using Lie derivatives,
Ww; = ,CDZ.LUO, wij == EDZ-/:'D]-W& wijk = EDiEDjﬁDka, ey (419)

where 7,7, k, ... =1,2.
Let us generalize this situation to the case of n-dimensional time

t= ('t ... "),
Then the corresponding coordinates in jet space 7,1 are
ti,u,ui,uij,uijk,..., i,j,k,...:1,2,...,n. (420)

In 7, there are defined n linearly independent TDOs Dy, Ds, ..., D,. It is easy
to see that these TDOs are of the form for all indices 7,7, k,... run over
1,2,...,n. Analogously, we have the same patterns and for the se-
quence of Cartan forms in 7, for ¢,7,k,... =1,2,...,n.
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4.3 Jet spaces J12 and Ji,,

Suppose in 7, , we have n = 1 and m = 2. Then the time ¢ is one-dimensional and
in addition to the function u we have one more function v. The coordinate functions
in Ji 2 form the infinite sequence

tu,v,u 0w " W " (4.21)

The sequence (4.21)) can be considered as a jet of a smooth vector-valued function

; i Z((f)>7 t € R. In Jy 2 there are defined one TDO
D=g tug-+tvg +um s+ o+ 4.22
8t+uau+vav+u 8u’+v 6UI+ ( )

and two infinite sequences of Cartan forms

t— (u,v) or

wy = du —u'dt wy = dv —v'dt (4.23)
Wy =du —u"dt wy = dv' —v"dt
Wi =du" —u"dt wy = dv" —v"dt

Being in the space Ji,, it is easy to rewrite (4.21)), (4.22) and (4.23) in the case of
vector-valued function t +— (u',u?, ..., u™) with (m+ 1)-dimensional range. In 7 ,,

we have one TDO D and m infinite sequences (4.23)) of Cartan forms wy,ws, ..., wn,
and their Lie derivatives of all orders with respect to D.

4.4 The general case [,

Let us consider the general case [, ,, — the space of infinite jets of smooth maps
R" — R™. In J,., the time ¢ is n-dimensional: ¢ = (¢',...,#"), and v in the
sequence (4.1)) is a system on m quantities u = (u',...,u™). Thus, the coordinate
functions in 7, ., form the infinite sequence
ti,uo‘,uf‘,u%,u%k,..., (4.24)

where 7,7, k,...=1,2,...,nand a =1,2,...,m.

Combining (4.16)), (4.18)), (4.22) and (4.23)), we obtain the formulas for TDOs
and Cartan forms in J,, m:

0 0 0 0 0
D, = — @ + Ul —— o — =+, 4.25
i aue T gug T kg T ik e (4.25)
wh = du® —ufdt’, w = duf —uldt! | Wi = duf; — uf‘jkdtk, . (4.26)

where ¢, 7, k,0,...=1,2,....,.nand o« = 1,2,... ,m.
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Proposition 4.6. The TDOs (4.25) commute pairwise, i.e.,
[D;,Dj] =0, Vi,j=12,...,n, (4.27)
and form in J, ., an n-dimensional completely integrable distribution
D = (Dy,Ds,...,D,).
Proof. Using we have

0 o) 0
[D;, Dj] =0+ — + (Dju§ — Djuit) =— + (Djufy, — Djug) 75— + - . ..
! otk I T Que 7k TR ug

Due to

6 o [0 o (03 o (0% (03 _

where 4,7, k,... = 1,2,...,n, we have [D;, D;] = 0. The TDOs (4.25)) are linearly
independent and indeed form an n-dimensional completely integrable distribution
D = (Dy,Ds,...,D,). |

From Proposition [4.6|it follows that in 7, ,,, there is defined an action of the addi-
tive group R" with orbits that are n-dimensional integral surfaces of the distribution
D.

From (4.27)) it follows that the derivatives

a
17

«

a _ o«
Diu® = u; TR

i D =u Diufy, = u
where 7,7, k,...=1,2,...,n;a=1,2,...,m, are symmetric in all subscripts. Since
in the sequence of Cartan forms (4.26]) each subsequent form is the Lie derivative of
the previous one with respect to the corresponding TDO and the TDOs commute

pairwise, the symmetry in all subscripts in (4.26]) holds.

4.5 Total differentiation under jet composition

4.5.1 Statement of the problem

Let four smooth manifolds A, B, C and D be given with dimensions dim A = n,
dim B = ny, dimC = nz and dim D = ny. Suppose that local coordinates (¢'), (u®),
(v*) and (w”) are given on corresponding local neighborhoods in the spaces A, B,
C and D, respectively. For the sake of convenience assume that

1,7,k run over 1,2, ..., nq;

a, B,y run over nq + 1,n7 + 2,...,n1 + no;

A, v run over ny +ng + 1,ng +ne + 2,...,ny + Ny + ng;

p,orun over Ny +ng +nsg+ 1,0y +no+n3+2,...,n1 +ne +ng + ny.

Consider three smooth maps

f:A—=B, ¢g:B—C, h:A—C,
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where h = go f. Then f,g and h are presented locally by the functions
uo f=[% vrog=g", v'oh=h"

Hence, the function ¢* and h* are related by h* = ¢* o f. According to the chain
rule the infinite sequence of partial derivatives of all orders of h* with respect to the
coordinates t' begins as follows:

h = (g2 0 ))IF, (4.28)
hly = (gag o D)FEFD + (gh o IS,
Wi = (Gagy © D)FCEL R+ (ahs 0 FYFEfh + £ 10+ £ F0) + (g 0 ) Fos

In the present Section the following problem is considered. Analogously to the
process, when a smooth map induces an infinite jet, the map composition h = go f
induces a composition of jets denoted symbolically by J, = J, o J;. The problem
is how to define a jet composition without any mention of concrete maps in such a
way that the definition does not depend on the choice of maps. The problem leads
to other questions — how the corresponding TDOs and Cartan forms are related
under the jet composition and how to derive the convenient recurrence formulas.
The following scheme illustrates this situation:

A h C A C
N A N e
B B
h=gof ~ Jp = Jg0 J;

(Dnywn) = (Dg,wg) * (Dg, wy)-
For the composition of smooth maps

A—-B—=C—=7D

there are defined jet spaces J (A, B), J(B,C), J(C,D), J(A,C) and J (A, D). Pro-
vide them with coordinates:

inJ(A,B) : ti,uo‘,u?,u%,u%k,...;
inJ(B,C) : ua,vA,vg,véﬁ,vgm,...;
inJ(A,C): ti,v’\,v{\,vf‘j,vf‘jk,---;
inJ(C,D) : v)‘,wp,wﬁ,wﬁu,wiw,...;
inJ(A,D) : ti,wp,wf,wfj,wfjk,...,
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define the TDOs:
inJ (A, B) :
inJ(B,C) :
inJ(A,C):
inJ(C,D):
inJ(A,D) :

and Cartan forms:
inJ(A,B) :
w® = du® — uo‘dti

wi' = dug — ug dtj

_ k

wiy = dugy — gy dt”,
inJ(C,D):
VP = dw’ —
V8 = duwf]

P P P v
19)\M—dw>\u w)\de,

PO A A S +
ot " oux T P oue R ouy
0 0 0 0
Y, = A A A
gus  Yager T lasgex T las vy, T
0 y 0 y 0 , 0
i 8t”+ 18A+UZ]8U;‘+Uijk8U3\k+ ;
0 0 0 0
Ix=g5tw Aa P+w§“_a p+wﬁwa Zu+" ;
0 0 0 0
7, = — p f e ——t+ ..
ot " g T er T ke, T
inJ(B,C) : inJ(A,C):
0* = dv* — v)du®, 0 = dv* — v)dt’,
0) = dv — v’\ﬁduﬁ 0} = dv} — v?jdtj,
A A A AN 1k
inJ7(A,D):
wh dv?, 9 = dw” — wldt’,
— wy, dv*, 07 = dwf — wlidt,
k
07 = dwj; — wiydt”,

Note that in each sequence of Cartan forms each next form is the Lie derivative of
the previous one with respect to the corresponding TDO:

wi = Lyw® =Ly, 0% 0} =Ly0, =LV, =LV
wh = Lxw, Oy =Ly,00, 05 =Ly,0), 95, =Lz, 95 =Ly,
wijk = ‘CXk ijo Qaﬂfy = ‘ny‘ggﬂv ezyk = LYk91]7 ?91))\#” = ,Czyﬁiu, ﬁZk = ‘Czkﬁfﬁ

In the case of multi-variable formulas it is convenient to use the multi-index notation.

Recall that a multi-indez of range m is an ordered m-tuple a = (ay, ag,
non-negative integers. Thus, for multi-indices

= ﬁlﬂ?-'

(4) = Jij2 - - - Jps

(5)

, Q) Of

'6pﬂ (M):MIMZ"'Mpa p:071a27"'7
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the coordinates, TDOs and Cartan forms in the corresponding jet spaces can be
rewritten in the compact form as follows:

. i« a a o a « e i
mIAB) - (). Xi=gE pug o @l = duly — wi
J
jBC a A Y_a 9 A 9)\ _d)\ )\da,
mn ( s ) (u 7U(ﬁ))7 a — 8u—a +—av()\6)’0a(5), B) = U(ﬁ) _UQ(B) u-;
inJ(A,C): (t', v y= 2y 9 05 = dvlyy — vy dt’;
nJ(AC): (), o0 o, 0 G) = dvg) — iyt
j
ing(C,D): (v, Z —i—i— 0 w? 0 =dw’ | —w?, dv;
e P AT G owf, A T T W) A=Y
I
inJ(AD): (t'w') Z~—3—|— 0 w? 00 = dw’, — w’ . dt’
) W) T oE T ul, or () G) — Wi
j

4.5.2 The intermediate space

In order to define a composition of jets first we need to determine the intermediate
space J (A, B,C) with coordinates

a a A A

i, ,Q
U Wy Wi, Wty -+ Vs Vg Uy - - -

or in the compact form (ti,u%),vg\ﬁ)). The spaces J (A, B) and J(B,C) have the
common coordinates u®, and are, as it were, gluedﬂ along the common axes u® to
get the space J (A, B,C). As distinguished from the Cartesian product J (A, B) x
J(B,C), where u® appears twice, in J (A, B,C) it appears only once like in a sum
of two intersecting vector spaces.

One has a generalization of the following situation here. The usual composition
of two binary relations can be obtained by taking their join, leading to a ternary
relation, followed by a projection that removes the middle componentﬂ. Thus, the
composition of jets is defined by taking the join of two sequences of coordinates
(ti,u‘(lj)) and (ua,v(\ﬂ)), leading to the sequence (ti,u?j),v(\ﬂ)), followed by the map
(the projection)

v:J(AB,C)— J(AC),

that removes the components u*, cf. Proposition [£.7] below.
Define in J (A, B,C) the following operator:

o 0
My — 2 a7 a_Z A R
X; o + ug S + ug ous + ugyy, 8u;¥k +...+

6Tt is similar to the situation when in the Euclidian zyz-space the zz and yz coordinate planes
are glued along axis z.
"For the rule of the third projection in the theory of binary relations, see [2], p.3, or [20].
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or in the compact form

o . 0 9
my =9 o Al 4.29
oF " Gug, 0 T gur @ (4:29)

One can see that

0 0
Ox = X, Y, - — Jur= (X, — Y,
) z+( « 8Ua>uz ( ) za + U

e., (M) X, is similar to the sum X; + Y, ui', but one term is omitte — the first term

of Y, or, what is the same, the second term of X;. The projection of VX, onto
J(A,B) is X; and onto J(B,C) is Y,us'.

4.5.3 Composition of pure jets

The space J (A, B) is extended to J (A, B,C) and the operators X; are prolonged to
the operators V' X;. In the beginning of this Chapter it was mentioned that if one
applies X; to a function of the form F (¢, u(é)) in the space J (A, B), then one extends
the differentiation rule for composite function on pure jets. Indeed, assuming that

0
the quantities u(; depend on t', one has — = X,F. Analogously, if one applies

ot
the operator X to a function of the form F(#, Uy, v ) in the space J (A, B,C),

then the chain rule for composite function is naturally generahzed i.e., assuming

OF
that u(; depend on t' and v(ﬂ) depend on u®, one has T WX, F.
The operators (4.29) generalize the differentiation rule for composite functions

and are said to be the total differentiation operators of map compositions.

Proposition 4.7. A composition of pure jets from the spaces J (A, B) and J(B,C)
1 determined as the map

v:J(AB,C)— J(AC) (4.30)
by relations t' o o = t' and recurrence relations
(Vi) o p = DX 0, (4.31)

where Yo =Y,

i1 e

Yi, (I)X() = )X .a )Xz ,p=20,1,2,..., denote the conse-

quent derwatwes with respect to'Y; cmd WX, respectively.

8The analogous situation appears in the zyz-space, where the vector i+ j+k has the projection
i+ k and j + k onto the zz and yz coordinate planes, respectively, but is not equal to the sum of
these projections.
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Proof. Two first relations t* o ¢ = t* and v o ¢ = v are valid because jets in the

spaces J (A, B,C) and J (A, C) have the common source space A and common target

space C. For p=1,2,... (4.31)) gives the system

A

_ «@
Vi 0 p = vuy,

> Q>

A o o A«
U 0 @ = U4, U + VUi,

A A a, B~ A a B a. B a, B Ao
Uik O @ = Vg Uy Uj Uy + vaﬁ(ui Wy, + U Wy, + ukuij) + Vo Wik

which corresponds to the differentiation of a map composition (4.28)). |

Proposition 4.8. Under the map ([£.30) the operators VX, in J(A,B,C) and Y;
in J(A,C) are p-related for each i.

Proof. The proof is based on the Property 2.1 from the Section[2.2] In general, if the
map ¢ : My — M, is locally determined by the functions ¢* on the manifold M,
that are p-related to coordinates functions v® on the manifold M, i.e., v* o = ¢,
then two vector fields Y and Y defined on M; and My, respectively, are said to be
p-related if and only if the derivatives Y ¢ are p-related to components y* of Y,
ie., y"op =Y

For the operators (X, and Y; one has exactly the same situation. The map
[130) is determined by the functions ¢, v*, M X0, (1)Xi(1)va)‘, ...on J(A,B,C)
that are p-related to coordinates (¢, v()‘ﬁ)) in J(A,C), ie.,

t'o = ti’ U)‘ op = UA7 v{\ oY= (1)Xiv’\, Uf\j oY= (1)Xi(1)XjU>\a

The derivatives

Wxt =6, VXt =vdue, OXp) = Uéﬂuf, (I)Xivgﬂ = Vg, U7,

are p-related to components of Y;. Thus, the operators VX, in J (A,B,C) are
p-related to Y; in J (A, C) for each index 1. |

Proposition 4.9. The map (4.30) transforms the Cartan forms Qz\j) from the space
J(A,C) to the space J(A,B,C) according to the recurrence formula

A AL A
(ﬁy(z)e ) oTyp = E(l)X(i) ((9 + v w ), (4.32)
where Ly, = Ly, .../;yip, E(l)X(i) = E(I)Xil ...,Cu)Xip, p=20,1,2,..., denote the
consequent Lie derivatives with respect to the p-related operators Y; and WX, re-
spectively. (4.32) in the explicit form is
0* o T = 0* + v)w®,

9?0T¢:92uf+vg\lwf‘+0)‘ P

apW Uy,
95\3' o Ty = rus + Hgﬁu?uj + Vw+

aij aij

A a o a, B A a, B,
+ vas(wiy + wiuy + wug;) + vy wuyug,
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Proof. Consider the Cartan forms 0* = dv* —v)dt' in J(A,C). Taking in account
that t' o @ = 1, v* 0 o = v*, v} 0 = VX u, the forms #* are transformed by (4.30))
to the forms in J (A, B,C):

0% o T = (dv* — v}dt') o T = dv* — v)udt! = (4.33)
= dv* — VM du® + vddu® — v uldt =
= 0* + v)w?,

where 0% = dv* — v)du® and w* = du® — u$dt' are forms in J(A,B,C). (.33
corresponds to for p = 0. From it follows that 0* 4+ v w® in J(A, B,C)
are p-related to 6* in J(A,C), cf. Section , Property . Note that the Lie
derivatives in the left-hand side in form the sequence of Cartan forms 9()\]')'
The forms in the right-hand side in are @-related to these forms, since the
Lie derivatives of ¢-related tensor fields (including differential forms) with respect
to p-related vector fields are g-related, cf. Section 2.2 Property Thus, the
recurrence formula is valid. [

4.5.4 Chain rule for double jet composition

Given a double composition of smooth maps A — B — C — D, the interme-
diate space J(A,B,C) is extended to the space J(A,B,C,D) with coordinates
(t, u?}), v()‘ﬂ), w(pu)) and the operators V' X; are prolonged to the operators

0 0 0 8

@Dy = — 4 7 o 4~ uf + ——wh viud (4.34)
i = A5 - UiG) Vas) A Valli' | :
ot'  Oufy, vy, G,

In the assumption that the quantities u® depend on t*, v* depend on u® and w”
depend on v* the usual chain rule for coordinate functions gives

p, A P Py

A A« P __ e}
cus,  wh =whvy,  wi = wiviug

The operators (4.34]) determine the chain rule for double jet composition.
The next three Propositions are consequences of the Propositions [1.7], and
4.9, respectively.

Proposition 4.10. The double composition of pure jets from the spaces J (A, B),
J(B,C) and J(C,D) is determined as the map

v:J(AB,C,D) = J(A,D) (4.35)

by relations t' o p = t' and recurrence relations
(Z(i)wp) (0] @ = (2)X(i)wp, (436)
where Ziy = Z;, ... Z;,, (2 )X() = (2)X )le, =0,1,2,..., denote the conse-

quent derwatwes with Tespect to Z; and X,, respectively.
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Proof. The first two relations t' o ¢ = t' and w” o ¢ = w” are valid because jets
in the spaces J(A,B,C,D) and J(A, D) have the common source space A and

the common target space D. For p = 1,2,... (4.36)) gives the infinite sequence of
relations

P P A

w; = WV Uy,
wh; = wh vavhulu; + wh (vl gudul + vpuss)
i = W ValplU; Uj A Vaply Uy + Vo lys),

P Ao B o[ B e, B Ao, By
Wyjg, = Wy, VU Ug Vs Uy U Uy + Wy, [Uavmui U Uy, + V3Uqn Uy Uj U+

+ v;\vgﬂugu?u’g + (vév’g + véﬁ)(u?ujk + ufuy, + u,‘jufj)] +

Pl o, B, A, o
+ w)\(vaﬁ'yui Ujuy + Uauijk)v

that correspond to the differentiation of a double composition of smooth maps f; :
A—=B, fo: B—=C, f3:C — D and g : A — D defined locally by the functions

A A
utofi=f1, viefi=[fy, wlofs=ff, wog=g

that are related by g = f§ o fo0 f1 (we do not write out the corresponding sequence
of partial derivatives). [

Note that the associativity of map composition
A—-B—-C)—-D=A—(B—~C—D)
leads to the associativity of jet composition as follows:

wh(vauf) = (whvg)uf,

wiuvgvguf‘uj - wﬁ(viﬁuf‘uj + véu%) = (wﬁuv;\vgu?uj + wﬁvéﬁ)uf‘uj - wﬁvgu%,
wf\wvg\tvgvsu?ufuz +wi, [vgvgvuf’ufuz + vgvgvufuguz + v;‘vgﬁuzu?ug+

+ (vgvg + Ugﬂ)(uf‘ujk + u§uy, + ugufj)] + wf\(vgmu?u]@uz + vgufjk) =
= (wh, vavhvY + wf vavh, + wlvp g utulu] + wﬁuvgvgvufu?uzjt

PN MY, o, B P A P oA @ @ a, B P,
T W)y, VU g, Uy Uy + (w)\uvav,é’ + wxu%ﬁ)(ui Ujp, + Uy Uy + ukuij) T WEUL U,

etc.

Proposition 4.11. Under the map [@.35) the operators P X; in J(A,B,C,D) and
Z; in J(A,D) are p-related for each i.

Proof. The proof is analogous to the proof of the Proposition . The map (4.35))
is determined by the functions

£, w', DX, (2)Xi(2)ijp’
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in J(A, B,C,D), which are p-related to coordinate functions (¢, wé’j)) in J(A,D),
ie.,

top=t, wop=uw’ wop=®Xur, wi;op = DX, X0,

The derivatives

DX =6/, DX =wiodud, @Xwf = wh v, (2)Xiw§# =Wk, Uty
are -related to components of Z;. Thus, the operators @) X, and Z; are p-related
for each index 1. [ |

Proposition 4.12. The map (4.35)) transforms the Cartan forms ¥ from the space
J (A, D) to the space J(A,B,C, D) according to the recurrence formula

(Lz,0") 0T = Lo g, (0 + WO + whviw?®), (4.37)
where ’CZ(i) = £Zi1 "'EZip7 ;C(Q)X(i) = £(2)Xi1 ...£(2)Xip, p=0,1,2,..., denote the
consequent Lie derivatives with respect to the p-related operators Z; and @ X, re-
spectively. (4.37) in the explicit form is

W oTp =19+ wp9A + wkvkwa
97 0 T = Hojud +wh 9’\v§ui +wlOiu a—l—w/\uvévgw uf + whvdgwul + whvaws,
etc.

Proof. Consider the Cartan forms v* = dw” —wy Pdt" in J (A, D). Taking in account

that t' o p = ', w” o p = w’, W o p = w/\v’\ua the forms ¥” are transformed by

([1.35) to the forms in J(A,B,C D)
Vo Ty = (dw” — widt") o Ty = dw’ — whviuldt' =
= dw” — widv* + whdv* — whvidu® + wivdu® — wiviuddt' =
= 9° + wi0* + whviw®,
which corresponds to for p = 0. Thus, 9* + w0 + wiviw® in J (A, B,C,D)
are p-related to ¥’ in J(A,D), and the Lie derivatives in the left-hand side in

- that is the sequence of Cartan forms 19p ) are p-related to the forms in the
right-hand side, cf. Section [2.2 Property - |

Remark 4.2. Note that the sequence of smooth maps
A—-B—-C—>D—...
is accompanied by natural extensions of the corresponding intermediate spaces
J(A,B) ~ J(A,B,C) ~ J(A,B,C,D) ~
and prolongations of operators
X; ~> (I)XZ- ~ (Z)XZ- ~

But the answers to the questions put in the beginning of the present Section are
received on the first two prolongations.
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4.5.5 Invertible jets

Let us consider a transformation (diffeomorphism) a : M — M of a smooth manifold
M and its inverse a ™' : M — M, aoa ' =a ' oa =1, Two infinite jets
(t, a?, a;k, aékl, ...) and (t' ,a], a]k, a]kl, )y gk =1,2,.0 ,dim M,

induced by a and a™ ', respectively, are mutually inverse. It means that the corre-

sponding Jacobi matrices (a}) and (a}) are mutually inverse, i.e., a; k = 07, and the
composition of these jets gives the Jet (t, 5;, 0,0,...) of the 1dent1ty map 1 M-

In the jet space J (M, M) there are defined two sets of coordinates (', aéj)) and
(¢, Eﬁ@), and two TDOs

0 0 9, 9,
Xi= i oGy Y= gt 50
ot aa(j) ot' — Oag;,
For the multi-index (j) = ji...J, assume that p = 1,2,.... Consider the interme-

diate space J (M, M, M) with coordinates (t', ajys (J)) and operator

8 0 k O 5
o0 (9 k a;; + aa’;)a“ﬂ')“i' (4.38)
J

Zi= -

The repeated application of Z; to the equalities aééf = 5{ gives the relations between
the jet and its inverse:

1=k _ 5J
apa; = o,
apq J L+ asajk 0,
pP-q ~P-q _
apqsa]akal + a Jasag, + apayj; + ay jk) + asajkl =0,

Thus, the components of the inverse jet are expressed recursively in terms of the
components of the initial one as follows:

T
—i __ =1(.h h =s t h \=P=q=r
A = ah(apsata -+ a ata + Ay gy Ay — apqr)ajakal,

4.6 Conclusion

Summarizing, let us repeat the text fragment from Introduction on page (13| In the
beginning of the present Chapter we introduced an algebraic scheme for calculation
of invariants and symmetries of TDO D in [J;,. This scheme is universal in the
following sense.
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Let X be a smooth vector field with canonical parameter s, i.e. Xs = 1, on
a smooth manifold M, and suppose f is a smooth function on M. Let us form
an infinite sequence F' = (f, f', f", f",...) consisting of f and its derivatives of all
orders with respect to X. Then there is defined a triplet (X, s, F') on M. All possible
triplets of such kind on smooth manifolds form a category. In particular, two triplets
(X,s,F) and (Y5, F ) on manifolds M and M, respectively, are linked together by
a morphism ¢ : M — M that is a smooth map for which s =sop, F = Fo v, and
X and Y are ¢-related. In the category of triplets (X, s, F) the terminal object is
precisely the triplet (D, ¢,U) in J;1, where D is the total differentiation operator, t
is a parameter (time) and U is a set of fiber coordinates (u,u’,u”,u”,...).

Since TDO D is a linear vector field in 7 1, the flow generated by D is determined

by the common ezponential law, that appears in formulas (4.2 . - -,
and (| - Let us summarize these formulas as follows

U =CU — U, =e“U —  I=¢"U, (4.39)

W =Cuw — wy = eCw —  dl =e ",

A o\ 0 . o 0 .
(w)‘ ot = (8U>t_8Ue — vt - @A

The implication determines invariants I of D that are transformed by ¢ to
the invariants I o ¢ = e *“F of X on M. The implication establishes the
connection between differentials dI and Cartan forms w defined in J; ;. The forms
w = dU — U'dt are transformed by ¢ to the forms wo Ty = dF — F'ds on M.
The implication determines infinitesimal symmetries of the operator D and,
thus, gives the rule for construction of corresponding infinitesimal symmetries for a

vector field X on M. All implications (4.39)—(4.41) can be naturally extended on a
jet space J,,,, by using multi-indices technique.

The described universal scheme is applicable to prolongations of differential equa-
tions and group operators, and to classification of singularities of smooth maps, see
[4], [9], [12], [13], [14].
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Vektorvaljad ja Lie rithma esitused
Kokkuvote

Kaesoleva vaitekirja uurimisobjektiks on vektorvali, mis on iiks olulisematest mois-
tetest diferentsiaalgeomeetrias ja globaalanaliiiisis ning mis leiab rakendust pideva
keskkonna mehaanikas ja diinaamilistes stisteemides. To60s on uurimisel vektorvalja
kolm omapéra. Esiteks, vektorvali on diferentsiaaloperaator ja me tolgendame vek-
torvalja liikumise stopp-kaadrina. Teiseks, vektorvali projetseerib muutkonna in-
variantide ruumi ja sellega kaasneb singulaarsuste klassifitseerimine. Kolmandaks,
vektorvali voib ise olla projetseeritav ja see voimaldab teistest struktuuridest (néit.
I6pmatute dzettide ruumist) saada vajalikke invariante ja siimmeetriaid.

Viitekirja esimene peatiikk sisaldab liihitilevaadet f-seotud tensoritest kahe vek-
torrumi vahelise lineaarkujutuse f korral ning nende tensorite pohiomadustest. Hil-
jem kasutatakse seda Lie tuletiste defineerimisel. Tutvustatakse vektorviljade ja
diferentsiaalvormide pohiomadusi.

Viitekirja teises peatiikis defineeritakse ¢-seotud ja seejarel a-seotud tensorval-
jad sileda kujutuse ¢ ja difeomorfismi a korral. Tugenedes a-seotud tensorvéljade
moistele defineeritakse tensorvéljade (vektorviljad ja diferentsiaalvormid kaasar-
vatud) Lie tuletised ning tuletatakse Lie diferentsiaalarvutuse pohivalemid mitte-
holonoomses (koordinaatidevabas) baasis (reeper + koreeper). Lie tuletiste abil
kirjeldatakse, kuidas vektorvélja voos muutub mitteholonoomne baas (derivatsiooni-
valemid).

Teise peatiiki viimases paragrahvis defineeritakse tensorvéljade integreerimine.
Siin vaadeldakse integreerimist kui Lie diferentseerimise poordoperatsiooni. Nimelt,
tavalise integreeritava funktsiooni méaaramata ja maaratud integraali moisted on
laiendatud iildisema tensorvalja juhule, kus valemites esinevad Lie tuletised. Liht-
samatel juhtudel on antud tensorvalja integraali geomeetriline tolgendus. Nimelt, on
arvutatud nihete ja poorete operaatorite integraalid poorete voos tasandil ja ruumis.

Kolmas peatiikk on piithendatud Lie rithma esituste teooriale. Selles peatiikis
on uurimisel Lie rithm G ja selle puutujariihm 7T'G. Rithma T'G toimet esitus-
ruumis M kirjeldatakse tildistatud Leibnizi reegli abil. Esitatud materjal on sisse-
juhatavaks teoreetiliseks osaks artiklile [I7], kus, kasutades infinitesimaalmeetodeid
(S. Lie mottes), on néidatud, kuidas lineaarrithm GL(n,R) toimib iseendal vasak-
ja paremnihetega ning siseautomorfismidega (adjungeeritud esitus). Adjungeeritud
esituse invariantideks on vastava maatriksi diagonaalmiinorite summad ning orbii-
tideks vastavad kvadrikud. Selle artikli taistekst on lisatud vaitekirja lopus.

Viitekirja neljas peatiikk pohineb artiklil [19]. Peatiiki alguses uuritakse sile-
date kujutuste lopmatute dzettide ruumi 7, ,,, struktuuri. Ruumis 7, ,, defineeri-
takse taisdiferentsiaaloperaatorid (TDO) D ja Cartan’i vélisdiferentsiaalvormid w.
TDO-id D on lineaarsed vektorvaljad ning nende voog ja invariandid maaratakse
cksponentsiaalseadusega. Léhemalt uuritakse ruumide Ji1, J1,2, J2.1, Jim ja Tn1
struktuuri.
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Neljanda peatiiki pohiteemaks on jarmine probleem. On teada, et analoogiliselt
protsessile, kuidas sile kujutus tekitab lopmatu dzeti, tekitab siledate kujutuste
kompositsioon lopmatute dzettide kompositsiooni. Seoses sellega tekivad jargmised
kiisimused: kuidas defineerida lopmatute dzettide kompositsioon rekurrentse valemi
abil nii, et definitsioon ei soltuks konkreetsete kujutuste valikust, ja kuidas vas-
tavad téisdiferentsiaaloperaatorid ja Cartan’i diferentsiaalvormid on seotud dzettide
kompositsioonil? Vastused piistitatud kiisimustele on sonastatud lausetena koos
toestustega. Tuletatud rekurrentsed valemid maaravad lopmatute dzettide kom-
positsiooni suvaliste kujutuste puhul. Kahekordne kujutuste kompositsioon tekitab
kahekordse dzettide kompositsiooni ning ahelreegelit siledate kujutuste puhul on
voimalik iile kanda lopmatute dzettide kompositsioonile. Kujutuste kompositsiooni
assotsiatiivsus indutseerib dzettide kompositsiooni assotsiatiivsuse. Difeomorfismide
korral on voimalik defineerida vastava lopmatu dzeti poorddzett.
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Chapter 15
Adjoint Representations and M ovements

Maido Rahula and Vitali RetSnoi

Abstract The aim of this paper is to develop the theory of higher ordevements
by using the structure of multiple tangent bundles. In thistext the meaning of
invariants of polynomials and of matrices is explained. €benection with central
and raw moments appearing in probability theory is estabts

Introduction

Let M be a smooth manifold arta: M — M be a smooth map. When a transforma-
tion (diffeomorphismp: M — M is given b is transformed td = aba ! so that the
following diagram commutes:

o

M ——

Supposes is a group of transformations & andb € G. Then one can speak about
the interior automorphism and adjoint representatio@.dh particular, given a vec-
tor field X and its flowa, bis continuously transformed as follovis:~ by = aba L.
Any other vector field( is transformed t& = Ta Y, and the flow of is transformed
according to the ruleg ~~ atbsafl. Thus one can speak aboutn@vement of move-
mentand aboutmovements of higher ordersr as we say movements in higher
floors, see [4], [5], [8]-

Maido Rahula, Vitali RetSnoi
Institute of Mathematics, University of Tartu, J. Liivi St2-613, 50409 Tartu, Estonia,
e-mail:mai do. rahul a@t . ee, vitali @t . ee
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162 Maido Rahula and Vitali RetSnoi
15.1 Generalized Leibnitz Rule
Let M1, M2 andM be smooth manifolds. The tangent funcioassigns to a Carte-
sian producM; x M, a vector space
T (Mg x M2) = (TMy x M2) ® (My x TMy),

and to a smooth map : M1 x My — M, (u,v) — w=u-V, its tangent map

TA:T(M1xM2) = TM,  (ug,v1) — Wy =Ug-V+U-Vy.
There are two smooth maps

AviMp—M, u—w=u-v, YWeMy,
A:My—M, vi—w=u-v, Yue My,
associated with\. Namely, two vectors; € TyM; andv, € TyM, atu € M; and

v € My, respectively, are mapped into vectdrd,(u;) = u;-vandTAy(vi) = u-vy
atw € M. The sum of these images is equal to the imageigfv,) underTA:

W=Uu-V — W;=U;-V+U-Vy. (15.2)

This formula generalizes the ordindrgibnitz rule
Locally, (15.1) can be presented as the system

_awe, onr

Wod =AP(U V) = w= vy

u -
au T gy L

whereu', v@,wP are coordinates af, v, w, anduil,vf ,Wf are components @f, vi, Wy,
respectively, on corresponding coordinate neighborhdfids M;,U, C M, and
UcM,i=1....dimMg,a=1,...,dimM,, p=1....dimM.

15.2 Tangent Group

Let G be a Lie group with the composition lay. (a,b) — ¢ = ab. This group acts
on itself by right and left translations:

n:G—G, ar—ab VbegG,
la:G—G, bw—ab VaeG.

The tangent bundlefi(st floor) TG becomes automatically a Lie group with the
composition law

Ty:TGxTG—TG, (al,bl)n—>clza1b+ab1.
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Two vectorsa; € T,G andb; € TyG are mapped by y to the vectoraib + ab; =
Trp(a) + Tla(by) € TcG:

c=ab =— ci=ab+ab. (15.2)

The groupT Gis called atangent groumf G. The unit of T G is precisely the zero
vector at the unie € G. The inverse element faq € T,G is defined by

at=-alyalteT, G
Systematically applying left and right translatidgsandr, to any vector; € T.G
one can obtain left-invariant and right-invariant vectetds ae, ande;a, respec-
tively. The interior automorphismy, =150 rgl yields the transformatiofcAg : €1 —
aeia ! in TeG. Let a basis (frame) be given G. Then there exists a homomor-
phisma— A(a) from G to the general linear groupL(dimG,R) with center ofG
Z C G as a kernel. An adjoint representationlds is defined as follows:

c=abal! — ¢ =(malc—c@al)+amal (15.3)

Forb; = 0 this formula determines an action DG on G, and fora; = 0 — an action
of G on the grougl G.

With any one-parameter subgroapof G we associate one-parameter groups of
transformations,,, |5, andA,, of G thatin their turn are generated by a left-invariant
vector fieldX, a right-invariant vector fiel& and the fieldX — X, respectively, i.e.

Fa = exptX, la =exptX, Ay =expt(X —X).

This follows from the formulas

Xf=(fora)o, Xf= (fola)i=o, (X*X)f = (foAq)i—os

wheref is an arbitrary function o, and from the fact that left and right transla-
tions commute.

15.3 Linear Group GL(2,R)

Consider the linear grouL = GL(2,R) and its Lie algebral = gl(2,R). Let

A= (al az) € GLandC = (Cl C2) € gl. The exponential map : gl — GL takes
ag a4 C3 C4

each additive subgrou@t,t € R, to the one-parameter subgragip, called the expo-

nential ofCt. The left-invariant basi§X;, w') and right-invariant basigX;, '), i.e.

the corresponding fields of frames and coframeSlin can be defined as follows:
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X1 X2\ (a1 a3\ (010 w' w?\  (aa 1 /da; dap
XsXs)  \azas)\0301) \w? ') \agay dag day )’
X1 X2\ (6102 (& ag @' @?\  (da dap) (&g &\ "
Xz Xa) \030s)\@as)’ \& @) \dasday)\azau)
whered, = [,%, i=1,234.
LetGL acts on itself by interior automorphisms. Then there ewist basic oper-
atorsY; = Xi — X, i = 1,2, 3,4, that are corresponded to the adjoint representation of

GL. Actually, they are linearly dependelit+ Y, =0, (a1 —aa) Y1+ @2Y2+a3Yz =0.
Note that the functions

detA=ajay —aaz, trA=a;+a

are common invariants of;, i = 1,2,3,4. Thus the integral distribution spanned
by Y; is two-dimensional and its integral surfaces are precisgty-dimensional
quadrics (the family of hyperboloids). The operator in gahtorm

Y =cC1Y1 4+ CoYo + C3Y3+ C4Ya,

as a linear vector field iGL, determines the system of ODEs and the flow (see [5],
p.49, [6]):
A=CA-AC — A=eAe™

The corresponding table of commutators looks as follows:

riYi| Yo Ys (Y4
Y1| O Yo -Y3 |0
Yo|=Y2| O [Y1—Ya|Y2
Ya[ Y3 [Ya—Yi| O |Y3
Yaf O | —Y> Ys |0

It allows to describe the dragging ¥fin the flow ofY (primes here denote the Lie
derivative with respect t¥):

A AN A A AV E AN CEAYAARY
Y3 Yy " \YaYs/) \czcy C3Cs/ \Ya3Ys)’
" /
Y1 Yo _ ucC Y1 Yo
Y3 Yy Y3Yy) '’
Y1 Yo -1/ Y.\ MY
trC#£0 =—
70= (Ys Y4>t trC Y3 Y4 * Y3VY)’
Y1 Yo Y1 Yo ' Y1 Y,
trC=0— =t .
(Y3 \(4>t <Y3 Y4) A
Proposition 15.1. For each operatord%, i=1,2,3,4,in gl there is defined a one-
parameter subgroup of GL such that there are operatersxand Y, i = 1,2, 3,4,
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associated with it and induced by the corresponding left@giat translations, and
interior automorphisms, respectively:

ﬁicl s Xy = a0 +asds, Xo=a101+axdy, Yi=apd—azds;

dicz ~ Xo=a10p+agdy, Xo=agdi+auds, Yo=ag(d1—0ds)— (ay—aq)d2;
a% v X3 = ap01 +auds, Xa=ard3+apds, Ys= —a(d1—0s)+ (a1 —as)05;
0104 v Xy = a0+ auds, Xq=agd3+auds, Ya=—ads+ agds.

The proof of this proposition is based on the exponential map

15.4 The Operator of Center

Consider the vector field
0 0

~ o6, aca’
which corresponds to the center of the Lie grgliprhe image oP underTk is the
homothety operator

TKP = a101 + ax0> + a303 + a40s

in GL. Lets= % tr C be the canonical parameter Bf Then using the implication
U =CU = U =€U = | =e U, see [5], p.49, [6], we obtain its flow and
three basic invariants of P:

C=E = G=C+tE = |=C-sE,
whereE is the unit matrix. Define the projection: gl — R3 by

1
Xo TT = 5(C1 — Ca),
Yo TT = Cp,
Zo Tl = C3.

Thusgl is projected byrr onto thexyzspace of invariants d?. Using the fact that
tr | = 0 together with des® = € © we obtain de¢ = 1. It means that thryzspace
is the tangent space to the subgroup of matrices with det@mbil. From

P(detC) =trC, P?(detC)=P(trC) =2

it follows that deC behaves in the flow d? as a quadratic polynomial drand trC
as a linear one, i.e.
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(detC) = detC+trC-t+t2 (trC) =trC+2t.

The substitution of = —sinto (detC); gives us the important invariant
1.2
A= Z(tr C—4de(C).

After regrouping of terms we get = (x?> 4 yz) o 1. Note that 4\ is the discriminant
of the quadratic polynomigldetC);. The eigenvalues df are equal up to a sign
to the roots of the polynomiddetC);. Consider the dragging of a hyper-quadric
detC =k, k € R, along the flow of P irgl = R*. Then we obtain a one-parameter
family of hyper-quadrics defined bigletC); = k. The intersection of d& = k with
the plane tiC = 0 corresponds to the characteristic which consists of painthat
the trajectories oP are tangent to d€ = k. The image of this intersection iyz
space is a hyperboloid +yz= —k, which is either hyperboloid of one shekt< 0)
or two sheetgk > 0), or the light condk = 0). The envelope of the family of sur-
faces is defined by = —k, which is the projecting cylinder with the trajectories of
P as generating lines tangent to the characteristic. Onencagine an illumination
of the surface d&@ = k along the trajectories d&® and a shadow on theyz-screen,
the border of which is precisely the hyperbolefd+ yz= —k. In this case we deal
with the cusp singularity of the first type calléald, see [1], p.157.

The hyperboloids? 4 yz= const inxyzspace are precisely the orbits of a gener-
alized group of rotations (see [5], p.77) with operators

- 7} 17 7} J < 17}
Yir=Y— 22—, Yo=Z— —2X—, Yz3=-—-Yy— +2X—.
! yay 97 27 %x Xdy’ 3= Vox T X5z
HereY, andY; have parabolic flows and has a hyperbolic one. The fie¥d is an
infinitesimal symmetrjor Y, andYs. This way we have described the structure of
the quotient grou®s; = G/Z.

15.5 Discriminant Parabola

. _ ) uol = 3detC,
Define the mag : gl — R? by { Wol — gtr C.
nates inR?. The operatoP is projected byT { to the vector fieldl {P = u’% + %.
Thus the flowC; = C+tE of P is mapped by to the flow of T {P determined by

the system

where(u,u’) denote the coordi-

noy t2

U =u+ut+s,
u =u +t.

From ((u')2—2u) o { = A it follows that the discriminant of the quadratic function

W is {—related to the invariam. Being mapped by, the generating lines of the
cylinderA = 0 lay down onto theliscriminant parabolgu’)?2 — 2u = 0 in R2.
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The classification of linear flows in dimension 2 takes plactaeuu’ plane with
respect to the discriminant parabola, see [2], p.86, [3]3pFromU’ =CU =
U = €X' it follows that a linear flow is determined by the exponengfdl The
eigenvalues of satisfy the quadratic equation

A2 —trC-A +detC=0.

Depending on the sign df, the eigenvalues may be real;, = a + 3, or complex
conjugateA; » = a £if3, or equalA; = A; = o, wherea, 8 € R are given by

trC=A1+A=2a, detC=AA=a’+p2

Here the plus sign corresponds to the case of complex rodtsnamus to the case
of real ones. Thus

A=t C—4deC = (A — Ap)? = F4pB?
ande® depends on the sign @ as follows:

et [EcosBt+ (C—aE)*], ifA <0,
Ct

€' = { e [EcoshBt+ (C— aE)*H2], if A >0,

e [E+ (C—aE)t], if A=0.

The various possible flow patterns can be summarized asvigllo

A < 0,detC < 0 -U-elliptic flow with focuses;

A < 0,detC > 0 -Uhyperbolic flow with saddles;

A > 0 U-hyperbolic knots;

A=0 —Uparabolic knots.

Depending on the sign af the knots and focuses may be stafate< 0) or unstable
(a>0).

15.6 Relationsto Momentsin Probability Theory

Consider the raw and central moments
Ve=EX¥,  pe=E(X—EX)X,

where X is a random variable anH denotes the expectation value. The central
momentsyy, k= 1,2, ..., can be expressed in terms wf. The first few cases are
given by
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p1 =0,

Hp = Vo — V127

Uz = vz —3vpvp 4 2V3

Us = V4 —4vav1 + 6vov2 — 3v7,

Let us show forkk = 2, 3,4 that if we identify (up to a constant multiplier) the co-
efficients inu; with raw moments, then the invariants @fagree with the central
ones.

Thecasek = 2. Denote

1 1 1
= ZE(X +1)? u=-EX?=Zv
U =5 (X+1)7, 5 5V2:
u =E(X+t1), U=EX=vj.
Then

ot
=u+Uut+—
U= u+ut+ =,

u=u+t.

The substitutiont = —u’ gives us the fiber invariant that is equal (up to the coeffi-
cient) to the central momepk:

1 1
A:u—é(u’)z, A=
Thecasek = 3. Denote
1 3 1_.5 1
1 1 1
/= 2 I = 2:_
u = 2E(Xth) ) u 2EX 5V2:
u =E(X+t), U =EX=vy.
Then
L
Ut:U+Ut+U E+§,
/ / /1. t2
u=u +Ut+§,
W=t

The substitutiort = —u” gives us two fiber invariants equal (up to the coefficients)
to the central momenis; and i, respectively:
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1 1
i :ufu’u” _u//3 in= —
0 +3( )%, 0= 3Hs,
1 1
o T2 P
iL=u 2(u )%, i1 2”2'
Note that the cubic discriminant of expressed in terms of andiq is
| = (3ig)? + (2i1)3.
The casek = 4. Denote
L&:EE(X—F[) ’ UZEEX :Ev‘b
1 1 1
/I 3 /= 3_ =
utfs!E(Xth), ufs!EX =3V
u{’:}E(X—i—t)z u”_}EXZ——vz
2 ’ 2 27
U’ =E(X+1), U =EX=v

Then
4

—u+u’t+u”t2+u’”t3+

= R TR
’:u’+u”t+u’”§+—3
U 2 3

"o t2
u =u +u '[“1‘5,

/1

W= u" .

The substitutiort = —u”’ gives us three fiber invariants, I1,1, equal (up to the
coefficients) to the central moments, s andpy,, respectively:

1 1 1

lo=Uu— U/Um _u// u/// 2 - Um 4 ln= —
0 +5 (u™) 8( )7 0= Z7Ha:

1 1

[P U/ - u//u/// = u/// 3 1 = —
1 + 3( )% 1 3!Ll3,

1 1
I :u//__u///z lo = = Lo,
2 5 U075, 2= 5He

These three cases are united by the common schexpergential lay

U=CU =— U=€U — I=¢eCy

for calculating invariants of total differentiation op&sa

PR P P
D=2 I n Y m_ Y
ot Yau T aw Y aw T
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taking into account/ = 1,u” = 1,u” = 1,..., respectively, see [5], p.49, [6].

15.7 Conclusion

In the previous section we have shown that the central masfesrn probability
theory are invariants of polynomials given by the raw mormaefihe analogous situ-
ation can be observed with moments appearing in mechardicé$tance, the sta-
tistic moment in mechanics corresponds to the raw momentE X, the moment of
inertia to the central momepk = E(X — EX)? (dispersion) and so on. Rewrite the
discriminant of the quadratic functian in the formA = uu” — 3(u')2, and suppose
thatu, U andu” denote initial path, velocity and acceleration, respetyivThen
the first summand idd is understood as a potential energy and the second one as a
kinetic energy. Thus the equality = 0 presents the conservation law of energy.

Any matrix C is understood as a linear element of movement. Any pertiorat
of a movement leads to an interior automorphisnCof he coefficients appearing
in Hamilton-Cayley formula fo€ gives us the matrix invariants under interior auto-
morphisms, including d& and trC. The invariants of the next perturbation caused
by the vector fieldP (or D after the map{) are precisely the discriminaut in
dimension 2k = 2) and the discriminaritin dimension 3k = 3), and so on.

In general, a tangent vector as an element of a tangent buindlief a manifold
M is understood as a stop-frame of a movement of order 1, aniérest of ak—th
order tangent bundi€M as a stop-frame of a movement of oréer
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