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1. INTRODUCTION

The study of integro-differential equations is a large branch of mathematics
that connects various fields within and outside mathematics. Usually, when
we talk about derivatives of a function y = f(¢), we think of the derivatives
of the integer order, i.e. 3y = %f(t), Yy = C‘Ii—;f(t), .... However, the question
arises - can the order of a derivative be a positive real number or even a
complex number? It turns out it is possible (see e.g. [34]), and then we
are talking about fractional derivatives. The concept of fractional derivatives
has a rich historical background dating back to 1695 when 1'Hospital posed
the fundamental question about the meaning of a fractional order derivative
to Leibniz. When Leibniz proposed the symbol j%f(t) for the n-th order
derivative of a function f(t), I’'Hospital asked, what does %; f(t) meanifn = 1.
Leibniz’s reply concluded with the remark “This is an apparent paradox from
which, one day, useful consequences will be drawn.” [61]. Because I'Hospital
specifically asked for the case n = 1/2, which is a fraction, the term fractional
derivative became common use.

L’Hospital’s inquiry initiated the investigation into extending classical dif-
ferential operators to non-integer (fractional) orders. For nearly three cen-
turies, the development of fractional calculus remained predominantly theo-
retical, with limited application in real-world problems—thus, it was largely
confined to pure mathematics. However, in recent decades, this perspective has
shifted significantly, as fractional-order derivatives, and equations containing
them (i.e. fractional differential equations), have demonstrated strong poten-
tial in accurately modelling memory-dependent and hereditary behaviours in
complex materials and dynamic systems. For instance, fractional derivatives
have shown great promise in biomedicine [30, 52, 55|, fluid dynamics |3, 22|
and modelling chaotic systems [6, 15, 32, 54]. For a broader overview of appli-
cations and usages to fractional derivatives, we refer the reader to |7, 23, 48,
53, 70, 71].

Since closed-form solutions for fractional differential equations are rarely
available [51, 60] the analysis and development of numerical methods for frac-
tional differential equations has become a very active area of research. For the
fundamental theory of fractional derivatives and equations containing them,
we refer to the monographs [16, 34, 60, 63| and comprehensive works [17, 18,
19, 45, 68, 76]. Some other recent studies on fractional differential equations
can be found in [1, 7, 8, 9, 14, 31, 44, 77].

Fractional differential equations present significant analytical and numeri-
cal challenges due to their inherent nonlocality and possible singular behaviour
of their solutions. The nonlocality leads to long-range dependencies, making
standard discretisation techniques inefficient or inaccurate. Furthermore, the
presence of singularities of the solution near domain boundaries results in a



low regularity of solutions, demanding careful treatment in both theoretical
analysis and numerical schemes [57, 62, 67, 68|. Therefore, meticulous an-
alytical approaches for obtaining high-order numerical methods are needed
to overcome those obstacles. One strategy involves reformulating fractional
differential equations as integral equations. This strategy is often helpful in
investigating the existence, uniqueness and regularity of exact solutions. Fur-
thermore, integral equations are often more practical in the construction of nu-
merical approximations [4, 10, 11, 74|. In particular, for fractional differential
and integro-differential equations, several studies have used collocation-based
techniques, see, for example, 25, 26, 27, 36, 43, 47, 59, 78|.

Motivated by these observations, in the present dissertation we investigate
various fractional differential and integro-differential equations and study the
existence, uniqueness, and regularity of their solutions. Based on the informa-
tion obtained, we construct and analyse numerical approximations of underly-
ing problems. Throughout this thesis, we study different fractional problems
applying the following steps.

Integral equation reformulation: Each fractional problem under consider-
ation is converted into corresponding integral equation.

The study of existence, uniqueness and regularity: Rigorous theoretical
analysis establishes conditions under which solutions to these integral equations
exist uniquely and are of sufficient regularity. Such analysis is vital for ensur-
ing the validity and reliability of subsequent numerical solutions.

Numerical approximation via collocation methods: Employing collo-
cation-based numerical methods, we provide systematic and reliable numerical
approaches to solve the integral formulations of fractional equations.
Convergence and error analysis: Comprehensive convergence analyses and
precise error estimations are performed to assess the accuracy of the numerical
methods.

Comparison of theoretical results with numerical experiments: Theo-
retical findings are validated through carefully constructed numerical examples.
These examples illustrate the effectiveness of our methods and offer practical
insights into their performance.

The present dissertation is organised into several chapters. Chapters 1
and 2 have an introductory character. In Chapter 2 we present the prelimi-
nary results that form the basis of the research by defining necessary functions,
spaces, operators and presenting some of their properties. For next chapters
we target specific classes of fractional differential equations which in Chapters
3 and 4 involve Caputo fractional differential operators and in Chapter 5 the
inverse of Riemann-Liouville integral operators (for the exact definitions of the
fractional differential operators, see Section 2.3).

In Chapter 3, we investigate a class of boundary value problems for Caputo
fractional weakly singular integro-differential equations. We first reformulate



the underlying problem into an equivalent integral equation. This reformula-
tion facilitates a clearer understanding of the problem structure. It lays the
foundation for high-order numerical methods tailored to handle the solution’s
potential singular behaviour near the origin.

Then, we establish theoretical aspects such as the existence, uniqueness,
and regularity of the equation’s solution under general conditions based on the
equation’s coefficients and data. Leveraging Fredholm theory we show that
the associated operator is compact and that the integral equation has a unique
solution under quite general assumptions. Furthermore, we characterise the
solution’s smoothness by suitable weighted spaces, which provide insight into
the nature of possible singularities of the exact solution and how they affect
numerical approximations.

Next, we develop and analyse a numerical scheme based on collocation
with piecewise polynomial approximation. The method accommodates non-
uniform mesh refinement to resolve singularities effectively. Then, we provide
a detailed convergence analysis and derive error estimates, demonstrating how
the method’s accuracy depends on mesh grading, the smoothness of the data,
and the choice of collocation points. The chapter concludes with numerical ex-
periments validating the theoretical error bounds and showcasing the method’s
high-order accuracy. The main results of this chapter are given by Theorems
3.3, 3.5 and 3.6. Obtained results complement the corresponding results of the
previous work of [56, 58, 78|.

Chapter 4 introduces and analyses a numerical approach for solving the
time-fractional sub-diffusion equation, a mathematical model that describes
anomalous diffusion where particles spread more slowly than in classical diffu-
sion. The governing equation includes the Caputo fractional derivative in time,
making the problem nonlocal and capturing memory effects inherent in many
real-world processes, such as transport in disordered media or diffusion in bio-
logical systems. The chapter begins by motivating the study through physical
intuition and classical diffusion theory, then formulates the sub-diffusion model
with appropriate initial and boundary conditions.

The method of lines is employed by discretising the spatial variable, leading
to a system of fractional differential equations in time to solve the problem nu-
merically. We reformulate this system as a system of weakly singular Volterra
integral equations of the second kind. We study the existence, uniqueness and
regularity of this system’s solution. Then, we apply a collocation method, us-
ing piecewise polynomial basis functions, to approximate the solution of the
underlying problem.

We analyse the convergence of the proposed numerical method. The re-
sults show that the error depends on both the spatial discretisation and the
choice of collocation points in time. The method achieves optimal convergence
rates despite possible singular behaviour of the solution near the initial time,
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a common feature of fractional models. Finally, we present a final error es-
timate combining spatial and temporal discretisation effects, confirming that
the method is accurate and reliable for a broad class of sub-diffusion problems,
which illustrate our findings with some numerical examples. The main results
of this chapter are given by Theorems 4.4, 4.6, 4.7 and 4.8. The results en-
able us to construct a high-order numerical method, despite the fact that the
temporal partial derivatives of solutions of time-fractional diffusion equations
sometimes have weak singularities at the initial time. It is also worth mention-
ing that we can achieve a sufficiently high convergence order even when using
polynomials of low degree.

Chapter 5 presents a rigorous study of a class of singular fractional integro-
differential equations with non-constant coefficients, using cordial Volterra-
type integral operators. The model equation incorporates the inverse of the
Riemann—Liouville fractional integral operator and features integral operators
that complicate the analysis due to their possible non-compactness. The refor-
mulation of the equation into a cordial Volterra integral form allows for deeper
analysis of the existence and uniqueness of the exact solution to our underly-
ing problem. Due to the possible non-compactness of the integral operators,
traditional approaches like the Fredholm alternative can not be applied.

We use these integral operators’ spectral properties to study the existence
and uniqueness of the problem’s solution. We show that the spectrum of
cordial Volterra-type integral operators with varying coefficients depends only
on their values at the origin. We formulate the conditions for the existence
and uniqueness of exact solutions of the underlying problem.

In the final part of the chapter, we develop a collocation-based numerical
scheme. Rigorous convergence analysis is provided, including error estimates.
And we include practical remarks to ease the verification of key assumptions
in applied settings. Also, we present numerical examples to illustrate the key
findings. The main results of this chapter are given by Theorems 5.13, 5.17
and 5.18. The results presented in this chapter extend the approach proposed
in [38] to a wider class of equations with non-constant coefficients. Gener-
alising to equations with non-constant coefficients presents several significant
challenges since both the investigation of the unique solvability of the equation
and the study of collocation based numerical methods require new ideas and
auxiliary results compared with the constant case. The results of this chapter
also complement and generalise [41] where only the unique solvability of sin-
gular fractional differential equations was considered.

In conclusion, Chapters 3—5 illustrate a unified approach to studying frac-
tional differential and integro-differential equations—bridging theoretical solv-
ability with numerical methods.

The results obtained in this thesis are published in articles [39, 40, 65], and
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they have also been presented by the author at four international scientific
conferences.
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2. PRELIMINARY RESULTS

In this chapter we introduce basic notations and results which we use through-
out this thesis. For a thorough overview we refer the reader to [5, 37, 66|,
more precisely for fractional analysis, we recommend the following sources |7,
16, 34, 60, 63].

2.1. Notations

Throughout this work ¢, cg, ¢1, . .. denote positive constants that may have dif-
ferent values in different occurrences. We denote the set of natural numbers by
N=1{1,2,...} and Ny = {0} UN, by Z the set of all integers {...,—1,0,1,...},
the set of real numbers is denoted by R = (—00,00). The set of all complex
numbers is defined by C = R + iR, where A = ReA + iImA for A € C and
i = /—1 is the imaginary unit.

By C[0,T], for T € (0,00), we denote the space of continuous functions
f:]0,T] — C and by C™[0,T], for m € N, the space of m-times continuously
differentiable functions f : [0,T] — C (for m = 0 we set C°[0,T] = C[0,T)).
The space C[0,T] equipped with the norm

Iflleror = 1fllee = s lf®],  feClo,T],

becomes a Banach space. And the space C™[0,T] with m € N is a Banach
space if it is equipped with the norm

I flemomn = max [fPlcpay, f€Cm0,T)

where f() denotes the k-th derivative of function f € C™[0,T].
We will also use the space of m-times (m € N) continuously differentiable
vector functions C™[0,T], n € N; for m = 0 we set C2[0,7] = C,[0,T].
Namely for

Si(t)
foy=1{ : | =M. ... )", telo,T],

fn(t)
the notation f € C™[0,T] means that f; € C™[0,T] for every i = 1,...,n
Note that C[0,T] is a Banach space with respect to the norm

Fll o (k) Fe Cmo, T
1 llogory =, max krﬁl?’fmtgﬁ?%'f t)], fedcyo,T].

By LY(0,T), we denote the Banach space of measurable functions f :
[0,T] — C equipped with the norm

T
wmmﬂzwmaévmw<m.
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By L*°(0,T), we denote the Banach space of measurable functions f :
[0,7] — C such that

inf sup | f(t)] < oo, 2.1
AC[O,T];M(A):Ote[O,T]\A| ()l 21)

where p(A) is the Lebesgue measure of the set A. The space L*°(0,T) is
equipped with the norm

1f oo 0,1y = [ flloo = inf sup | f(2)]-

AC[0,T];1(A)=0 ¢e[0,T]\ A

f:(ﬁV”JM?ﬂmwmmgfeL?@Jﬁm%thﬁﬁGLWQTL
=1,...,n. The space L3°(0,T) is a Banach space with respect of the norm

1l = max | fille: € (0,7,

Let T' € (0,00). A function f : [0,7] — C is said to be absolutely continuous
on [0,7] (and we denote it by f € ACI0,T]), if for every € > 0 there exists a
¢ > 0such that if {(a;, b;) }7_;, is a finite pairwise disjoint family of subintervals
of [0, T satisfying

n

> (bj—a;) <6, then Z|f flaj)| < e.

Jj=1

By AC™[0,T], where n € N, we denote the set of functions with an ab-
solutely continuous (n — 1)-st derivative. That means that f € AC™[0,T] if
f=1 e AC[0,T]. If f € AC™[0,T], there exists a function g € L'[0, 7] such
that

f(n—l)(gg) — f(n—l)(()) + /:C g(t)dt.
0

In this case we call g the generalised n-th derivative of f, and we simply write
g=f.

In order to characterize the existence, uniqueness and regularity of a solu-
tion of a fractional differential equation under consideration, we introduce a
weighted space C%(0,T] of functions on (0, 7.

More precisely, due to [13] (see also [74]), for given ¢ € N, v, T € R where
T > 0 and v < 1, by C?”(0,T] we denote the set of continuous functions
f:[0,7] — R which are ¢ times continuously differentiable in (0, 7] such that
for allt € (0,7] and i = 1,...,q, the following estimates hold:

1 for i<1—v,
17O @) < ¢ 1+ |logt| for i=1-v,
v for i>1—-w.
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Here ¢ = ¢(y) is a positive constant. The set C%¥(0,7] becomes a Banach
space if it is equipped with the norm

q
1 llcar oy = Iflloo + D sup wiipu(@IfD ()], f € C¥(0,T),
5 0<t<T

where, for t > 0, A € R,

1 for A <O,
1
B — f =
wy(t) 1 [log{] or A=0,
A for A > 0.

Note that
c"o, 7] c c™(0,T] c C™*(0,T] C C[0,T], n>m>1, v<p<l.

For f = (f1,..., fn), the writing f € CZ*(0,T] means that f; € C9*(0,T]
for every i = 1,...,n. The set C2”(0,T] is a Banach space with respect to the
norm

I llegrom = max [fillcaror, feCR"(0,T].

2.2. Gamma, beta and Mittag-Leffler functions

Having established the function spaces, we now define special functions es-
sential to fractional calculus. More details can be found, for example, in [16,
60].

The gamma function I'(x), where x € (0, 00), is defined by

I'(x) :/ e 't dt, 2 € (0,00). (2.2)
0
The beta function B(z,y), where x,y € (0,00), is defined by the formula

1
Bley) = [ 709 lds, ny e (0.0)
0
Gamma and beta functions are related by the equality

I'()T'(y)

B(.%',y) - F(l’—i—y)’

The function E, defined by

0o .
xJ
E = — R

z,y € (0,00).

where I' denotes the gamma function, is called the Mittag-Leffler function with
parameter o > 0. Note that the series converges for all values of x € R.
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2.3. Fractional differential operators

For a thorough overview of fractional differential operators we refer the reader
to [16, 34, 60, 63|. By I we denote the identity mapping and by D" = (%)n
the classical differential operator.
Let T' € (0,00). The Riemann-Liouville fractional integral operator J¢ of
order v > 0 is defined by
1 x
0@ = fay [ @ =0 0 € 0.0, 2 0.7) f € L¥O.T)
@) Jo
We also set J° = I. Note that for any f € L>°(0,T), we have the semigroup

property
JOJnf=J1J°0 f = J%tf §>0, n>0, (2.3)

and
DI fY e Cl0,T), (D*J7f)(0)=0, >0, k=0,...,[n] -1, (2.4)

where [n] denotes the smallest integer greater than or equal to real number 7.
The Riemann-Liouville differential operator Df ; of order a € (n — 1,n],
for n € N, is determined by the formula

D?{-Lf — Dan_af, Jn—af c Cn(O,T], f c Cn_l[O,T].

If « € Nand f € C*[0,T], then (D& f)(t) = (1), t € [0,T).
Let n € N. By @Q,—1[f] we denote the Taylor polynomial of degree n — 1
for the function f € C™~1[0,T] at the point 0:

i (0) sj
it

n—1
(Quaalf)(s) = (2.5)
7=0

We can define the Caputo fractional differential operator Dg.p of order a €

(n — 1,n], n € N, via Riemann-Liouville fractional differential operator as
follows:

( %apf)(t) - (DIQ{—L (f - Qn—l[f]))(t)v te (O7T]7 f € Cnil[ovT]' (2'6)

Observe that in (2.6) Caputo fractional derivative is defined for functions f for
which the Riemann-Liouville fractional derivatives exists.

If a € Nand f € C%[0,T], then (Dg,,f)(t) = f@(t), t €[0,T]. Also note,
that for any f € L°°(0,b) we have

D" f = f, DgapJ”f =f neN, n>0 (2.7)

In Chapter 3 we study differential equations with Caputo-type fractional
differential operator defined by (2.6) of order o € (1,2). Note that in [76]
necessary and sufficient conditions for the existence of Dg, f € C[0,T] have
been derived.

16



Lemma 2.1 (Theorem 5.2 in [76]). For m < a < m + 1, m € Ny, and
f € C™[0,T] the following conditions are equivalent:

(i) the fractional derivative Dg, f € C[0,T] exists;

(ii) a finite limit limy o t™= (£ (t) — £(™)(0)) exist, and

sup
0<t<T

/t(t _ symmaml(fm () — f)($))ds| 50, asf 1. (2.8)
0

t

The following lemma from [16] shows that the Caputo derivative is not in
general the right inverse of the Riemann-Liouville integral and therefore in
general z = D%apf does not imply that f = Jz.

Lemma 2.2. (Theorem 3.8 in [16]) Assume that n € N, a € (n — 1,n] and

f € AC™[0,T]. Then

(J"D%apf) () = f(z) — T € [0,T]. (2.9)

We have also the following result.

Lemma 2.3 (Theorem 2.1 in [34]). Let « € (n—1,n], n € N. If f € AC™[0,T]
then the Caputo fractional derivative D@, f exists almost everywhere on [0, T
and

Dgoof = J"D"f. (2.10)

Sometimes (for example in [60]) this formula is used for the definition of the
Caputo fractional derivative. In Chapter 4 we use this definition and we will
adopt the notation D®f for the Caputo fractional derivative of f € AC™[0,T].
In particular, in the case 0 < o < 1, we have

(D*f)(t) = ! ] /0 (t—s)"“f'(s)ds, t€(0,T], «a€(0,1), (2.11)

'l -«

where f is an absolutely continuous function on [0, 7).

In Chapter 5 we study equations containing fractional differentiation oper-
ators D of order « € [0, 00), which are defined as the inverse of the Riemann-
Liouville integral operator J* on J*(C[0,T7), i.e.

Dgv = (J*) ', weJ¥C[0,T]), a>0; D§:=1I. (2.12)

Note that (2.12) is well defined. Indeed, we know, that for « = ¢ € N, the
range of the operator J7 is the set

Cd0,T) = {u € 0, T) : u®(0) =0, k=0,...,q—1} c C[0, T,
and J? is invertible on it: (J9)"lv = Dfv, v € CZ[0,T], where the operator

D{ : CE10,T] — C[0,T) is the restriction of the classical differential operator

17



D1 = (%)q : C1]0,T] — C[0,T] to the subspace CZ[0,T] of C[0,T]. Due to the
semigroup property (2.3), the operator J* is invertible on its range J*(C[0, T)
also for fractional a > 0. Indeed, if J%u = 0 for some u € C[0,T], then taking
aq€Ngqg>a, wehave JIu=J"*J =0, u=0.

In theoretical considerations the use of D§ is often preferable to Riemann-
Liouville and Caputo fractional differential operators that are more popular in
literature. In particular, due to (2.3), operator D has the property

D$DY = DIDg = DY, a>0,8>0, (2.13)

whereas for Riemann-Liouville and Caputo fractional differential operators this
property is lost.

To describe the class of fractionally differentiable functions (i.e. the range of
J*(C10,TY)), we present the following result.

Lemma 2.4. (Theorem 2.2. in [76]) For m < a < m + 1, m € Ny and
v € C[0,T], the following conditions are equivalent:

(i) v € J*(CI0,T1]), i.e. the fractional derivative Dfv € C0, T exists,
(ii) v € C[0,T], a finite limit lim;_,o ™~ *0(™)(t) exists, and

sup

t
/ (t — )™ L (W™ (1) — ™) (5))ds| — 0 for 6 — 1.
0<t<T |Jo

t

2.4. Linear operators

We present the following results from the classical theory of operators, see,
e.g., |5, 37, 64].

Let E and F be vector spaces. An operator B : ' — F' is called a linear
operator if

B(ax + By) = aB(x) + 6B(y), Vx,ye E, «,p€cC.

Definition 2.5. Let F¥ and F be normed spaces. A linear operator B : E — F
is called bounded if there exists a constant M > 0 such that

|Bz||r < Ml|z|g, VYze k.

For Banach spaces E, F, by L(E, F'), we denote the Banach space of linear
bounded operators A : E' — F with the norm || A7z r) = sup{||Az[|F : z €
E,|lz||p <1}. We also denote L(E) = L(E, E).

Lemma 2.6. [37] Let E,F be Banach spaces. If A,B € L(E,F), A™! ¢
L(F,E) and || B|| z(g,p)|A" | z(rp) < 1, then operator A+ B has an inverse
operator (A+ B)~! € L(F,E) and

[ | 2(F.E)
L= 1Bllze,m A7 2r,m)

1A+ B) ewr < (2.14)
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Let E and F be normed spaces. A linear operator B : A — F' is said to be
compact if for every bounded sequence (x,)n>1 C E the sequence (Bxy,)n>1 C
F has a convergent subsequence in F.

Lemma 2.7. [5] Let E, F and G be normed spaces and let A : E — F and
B : FF — G be bounded linear operators. Then the product BA : E — G is
compact if one of the two operators A or B is compact.

Theorem 2.8. [5] (Fredholm alternative theorem). Let E be a Banach space
and let A € L(E,E) be a compact operator. Then the equation z = Az + f,
f € E has a unique solution z € E if and only if the homogeneous equation
z = Az has only the trivial solution z = 0.

Lemma 2.9. [13] Let n € (—o0,1), A = {(t,s) : 0 < s < ¢t < b} and
U € C(A). Then operators S; and Sz defined by

(S1y)(t) = /0 (t — )" (¢, s)y(s)ds, te€[0,b], (2.15)

(S2y)(t) = /0 [14 log(t — 9)|U(t,s)y(s)ds, te€]0,b], (2.16)

are both compact as operators from L*°(0,b) into C[0,b]. If in addition U €
C1(A), g € N, then S is compact as an operator from C'%¥(0, b] into C%¥(0, b],
where n < v < 1, and S is compact as an operator from from C?¥(0,b] into
C%7(0,b] for 0 < v < 1.
Lemma 2.10. [13] If y1,y2 € C?7(0,b], ¢ € N, v < 1, then y;,y2 € C?"(0, b]
and

ly192llcar 0,4 < cllyillcar o llyv2llcar 04

with a constant ¢ which is independent of y; and ys.

2.5. Graded grids and interpolation operators

Throughout this dissertation we have chosen collocation based techniques as
part of our numerical approach.

Let N € N, first we introduce a graded grid Iy = {¢to,...,tn} of the interval
[0, b] with the grid points

tj:b<]‘<7>, j=0,1,....,N, NeN. (2.17)

The so called grading exponent r belongs to [1,00). If » = 1, then we have a
uniform grid; for » > 1, the points (2.17) are more densely clustered near the
left endpoint of the interval [0, b].

Next, for a given integer k € Ny, by S,i_l)(HN), we denote the space of piece-
wise polynomial functions

S}i_l)(HN) ={v: U|[tj—17tj] €mej=1,...,N}. (2.18)
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Here v|; ;¢ (4 = 1,..., N) is the restriction of function v : [0,5] — R onto
the subinterval [t;_1,¢;] C [0,b] and 7y denotes the set of polynomials of de-
gree not exceeding k. Note that the elements of the space S,gfl) (ITx) may have

jump discontinuities at the interior points t1,...,tx—1 of Ily.
We will also fix m € N collocation parameters 7y, ..., 7y, which satisfy in-
equality

0<m<...<nm <L (2.19)

Using those collocation parameters we define m collocation points for every
subinterval [t;_1,t;]:

tjk:tj_l—l-?]k(tj—tj_l), k=1,....m, j=1,...,N. (2.20)

For given N, m € N and collocation points (2.20) we define for any function
v € C0,b] the interpolation operator Py = Py, : C[0,b] — an__lg (I1x) by

Pav € SC (TN, (Pav)(te) = v(tjn), j=1,...,N, k=1,...,m. (221)
If m = 0, then by (Pyv)(t;1) we denote the right limit limg ¢, 1>¢., (Pyv)(£).
If nm = 1, then by (Pnv)(tjm) we denote the left limit limy ; 1<¢; (Pnov)(t).

Let ty be defined by (2.17) and ty, defined by (2.20). If 9 > 0 or 5, < 1,
(-1)

we can use the Lagrange basis in the space S,, 1 (Ily). Lagrange fundamental

polynomials are defined as follows:

0 for 7 ¢& [ta_1,tr]
m
_ . 2.22
Iau(T) H T g 1€ [ta—1,10]. (222)
i1z P T PN
) M

for p=1,...,mand A =1,...,N. If m = 1, then we take I, ;(7) = 1 for
T € [t)\,l,t,\] and l/\,l(T) =0if 7 ¢ [t,\,l,t)\].

We now present few lemmas about the interpolation operator Py, N € N
given in (2.21).
Lemma 2.11. [13] Let A : L*°(0,b) — C|0,b] be a linear compact operator
and Py defined by (2.21). Then

||A — PNA”E(LOO(OJ)%LOO(O’{,)) —0as N — oo. (2.23)
Lemma 2.12. [13] The operators Py, N € N, defined by (2.21), belong to
the space L(C[0,b], L>(0,0)) and [|Pn|lz(clop),z0p) < ¢ Wwith a positive

constant ¢ which is independent of N. Moreover, for every u € C|0, b] we have

||u _,PNUHLOO(O’[,) —-0 as N — oo.
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Lemma 2.13. [13, 35] Let z € C"™*(0, b], where m € N and p € (—o0,1). Let
Pn be the interpolation operator defined in (2.21) using piecewise polynomials
on the graded mesh Il with grading parameter r € [1, 00).

Then there exists a constant ¢ > 0, independent of N, such that

12 — Pr2lloo < ceTH7),

where
(N—™ for m<1l—p, r>1,
N1 +1logN) for m=1—p, r=1,

8%”’“’7") =N for m=1—-p, r>1, (2.24)

N-—(1-p) for m>1—pu, 1§7’<%,
N—™ for m>1—u,r2%.

This estimate holds for arbitrary collocation parameters 71, ...,m, € (0,1) as

defined in (2.19), and quantifies the interpolation error in Sﬁn__li (Iy).

Lemma 2.14. [35] Let z € C™"17(0,8], m € N, v € (—o00,1), a € (0,1].
Let N € N, r € [1,00), and assume that the mesh points are defined by
relation (2.17) and the collocation points by relation (2.20). Assume that
the collocation parameters 71, ..., 7y, defined in (2.19) are chosen so that the

quadrature formula
1 m
/ F(z)dz = Zka(nk) +Rn(F) 0<m<..<nmn<1) (2.25)
0 k=1

is exact for all polynomials F of degree m (this means that the remainder term
R, (F) is zero if F is any polynomial of degree m).
Then for a € (0,1) we have

N« for m<l4+a-—v, r>1,
N™™"*(1+log N) form=14+a—-v, r=1,
17 Py ) oo < N for m=1+a-v, r>1,
2=PNnZ)||cc L cC 1
NT(t+ay) for m>14+a—v, 1<r< L,
l+a—-v
1
NTmTe for m>1+a—v, TZL,
l+a—-v
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and for o« = 1 we have

mefl
N1 4 log N)?
N~""Y(1 4 log N)

[ 7 (z=Pn2) oo < &
N—r(2—u)

mefl

where ¢, ¢ are some positive constants independent of N.
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m=2-—v,
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1§1"<m+
2—v
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3. A CLASS OF FRACTIONAL BOUNDARY VALUE
PROBLEMS

Fractional boundary value problems frequently arise in modelling physical and
engineering processes. Solving these equations numerically is challenging due
to the inherent singular behaviour of their solutions. In this chapter, we study
a class of fractional integro-differential equations with weakly singular kernels.
Here we provide a rigorous analysis of existence, uniqueness, and numerical
approximation, using appropriate integral equation reformulation, for a case,
where the highest order of the underlying fractional differential operator be-
longs to (1,2). This chapter is based on the article [65].

3.1. Problem formulation

We will study a class of boundary value problems for Caputo fractional integro-
differential equations with weakly singular kernels. For the following problem
we assume that the order a of Caputo differential operator D¢, is between
(1,2) and y is the unknown function. We are interested in solutions y € C[0, b]
of problem (3.1)~(3.3) such that D@,y € C[0,b]. Note that in [76] necessary
and sufficient conditions for the existence of Dg, y € C[0,b] for a function
y € C1]0,b] have been derived (see Lemma 2.1 in Chapter 2).
The equation under consideration is in the form

(DEapy)(t) + h(t)y(t) +/0 Ly(t, s)y(s)ds = f(t), t€[0,b], aec(l,2),

(3.1)
subject to conditions

a11y(0) + a12y(b1) = 11, (3.2)
a21y'(0) + az2y(b1) = 2.

Observe that for aj2 = ags = 0 the problem (3.1)—(3.3) takes the form of an
initial value problem for equation (3.1) and for b = b a two-point boundary
value problem for equation (3.1).

The function L(t,s), for 0 < s < t < b, is defined by the formula

Lo(ts) = {[1 + log(t — s)|K(t,s) for k=0, (3.4)

(t—s)""K(t,s) for 0<k <1,
where K € C(A) and

A={(t,s):0<s<t<b}.
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Finally, we assume that functions h, f, K and constants ai1, a1, a12, a2, b, by
satisfy the following conditions:

h,fGC[O,b], KEC(A), a1, a21,0a12,a220 € R, b€ (0,00), b € (O,b]

(3.5)
In some theorems we have a little bit stricter conditions for functions h, f and
K where g e Nand p < 1

h,f € C"““(O,b], K e Cq(A), a1, as1,a12,a29 € R, b€ (O, OO)7 b1 € (O,b]

(3.6)
The Caputo fractional derivative Dg, y of order o € (1,2) for function y is
defined by the formula (see (2.5) and (2.6))

(D2apy)(t) = (DRL(y — Quly))(1), t€ (0,0, yeCto,0], (3.7)

where @1[y] is the Taylor polynomial for the function y of degree 1 at the point
0.

3.2. Existence, uniqueness and smoothness of the solution

In general (see [16]), we cannot expect that a solution of a fractional differential
equation with Caputo differential operators will be smooth on the closed inter-
val of integration and this is a challenge for constructing high order methods
for the numerical solution of such equations. Therefore we will reformulate the
problem (3.1)-(3.3) as an integral equation to construct a high order method
for solving the aforementioned problem which takes into account the possible
singular behaviour of its exact solution.

Let y € C*0,b] be an arbitrary function such that its Caputo derivative
Dg,,y € C[0,0], where a € (1,2). Denote
z = D¢upy- (3.8)

Using Lemma 2.2, we see, that for a € (1,2) and z = Dg.py function y can be
presented by the formula

y(t) = y(0) + ¢/ (0)t + (J*2)(t), te][0,b]. (3.9)

Proposition 3.1. For a € (1,2), the function y of the form (3.9) satisfies the
conditions (3.2)—(3.3) if and only if

y(t) = (J%2)(b1)k1 + ko + [(J2)(b1)ks + kalt + (J%2)(¢), t€[0,b]. (3.10)

where z = D%apy and

—a21012 —a22011
kl == 3 k3 - y
biaiiaze + ariaz + arzaz biaiiaze + ariazr + ajzaz (3.11)
ey = Y1(brazs + az1) — y2a12b1 oy = 1922 + y2(a11 + ai2) '

- 9 - 9
biaiiage + ari1a21 + ar2a21 biaiiage + aii1a21 + a2a2
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for biai1age + ar1a21 + arzaz # 0.

Proof. We begin by observing that by (3.9), we have
y(b1) = y(0) + 3/ (0)by + (J*2)(by). (3.12)
By rewriting conditions (3.2)-(3.3) we obtain:

any(O) + a2 {y(O) + y’(O)b1 + (Jaz)(bl)] =71, (313)
az1y'(0) + az[y(0) +y'(0)br + (J72)(b1)] = 7. (3.14)

Thus we get the following system for unknown variables y(0),3/(0):

(au +taiz  anh > (9(0)> _ <71 - alz(JaZ)(b1)> (3.15)
a2 ag1 + azeby ) \y'(0) Y2 — aga(J¥z)(b1)) '
. . . . . a1 +a a12b

We see that this system is uniquely solvable if the matrix 4 = < “m 2 - f{l;b)

is invertible (determinant is not equal to 0):

ail + a2 a12b1

Al=1"", b
22 ag1 + a2201

= biaiiaz + ajjaz; + ajpaz # 0. (3.16)

Then the inverse A~! of matrix A is given by the formula

A1 = 1 <a21+a2261 —ai12by )

(3.17)
—a92 a1 + aig

Therefore,

(@21 + a22b1) (1 — a12(J*2)(b1)) — a12b1(y2 — a22(J*2)(b1))
Al
y1a21 + Y1a22b1 — a127201  —az1a12
(J%2)(b1)
Al |4
= ko + kl(JO‘z)(bl),

vy —@22(71 — a12(J2)(b1)) + (a11 + a12)(y2 — a2 (J%2)(b1)
y (0) = |A|

y(0) =

—a2271 + a117Y2 + a127y2 —a220a11
= (J*2)(b1)
|A| |A|
=ks+ kg(JaZ)(bl).

where k1, ko, k3, kg are given by (3.11). We see, that the function y of the form
(3.9) satisfies the conditions (3.2)—(3.3) if and only if (3.10) holds. |
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Let y € C1[0,b] be the solution of problem (3.1)—(3.3) such that Dcapy €
C10,b]. Next we substitute (3.10) into (3.1) and obtain that z = D@,y is a
solution of the integral equation in the form

z2=Tz+y, (3.18)

where, for ¢t € [0, b],
(Tz)(t) == h(t)[(J*2)(t) + (k1 + kst)(J*2)(b1)]

—kl(Jaz)(bl)/O Ln(t,s)ds—kg(JaZ)(bl)/o sLy(t,s)ds (3.19)

- 1*(104) /Otz(s)(t e </01 Li(t, (t — 5)o + s)aa_lda) ds,

g(t) = f(t) — h(t)[ka+ kat] — k2 /Ot x(t,8)ds — ky /Ot «(t,s)ds.  (3.20)

If z € C|0,b] is a solution to (3.18) then y determined by formula (3.10) be-
longs to C1[0,b] and is a solution to (3.1)—(3.3). In this sense equation (3.18)
is equivalent to problem (3.1)—(3.3).

We conclude this section by presenting two theorems that characterise ex-
istence, uniqueness and regularity properties of the solution to (3.1)—(3.3)
Theorem 3.2. Assume that a € (1,2), k € [0,1), L is defined by (3.4) and
conditions (3.5) are satisfied with biajiase + a11a91 + a12a91 # 0. Moreover,
assume that the problem (3.1)~(3.3) with f =0 and y1 = v2 = 0 has in C[0, b
only the trivial solution y = 0.

Then the problem (3.1)~(3.3) possesses a unique solution y € C1[0,b] such that
Dg,v € C[0,0].

Proof. We begin by observing equation (3.18). For the proof we are going to
use Theorem 2.8 (Fredholm alternative theorem), therefore we need to show
that operator T defined by (3.19) is a compact operator from C|0, b] into C'[0, b]
and homogeneous equation z = T’z has in C[0, b] only the trivial solution z = 0.
Operator T can be written in the form

T=-HJ*+G)— MG - B.
Here G, H, M and B are defined by the following formulas:

(G2)(t) 1+k3t)(J°‘ )(b1),
(Hz)(t) )2(t),

(
h(t
0= [ Latt (s,
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t 1
(B2)(t) = 1/ (t—5)° (/ Lu(t, (t — s)o + s)aa1d0> +(s)ds,
I'(a) Jo 0
with ¢ € [0,0] and z € C[0,b]. All these operators are bounded linear op-
erators from C[0,b] into C[0,b]. We can show with the help of Lemma 2.9,
that operators J* and B are compact from C[0,b] into C[0,b] and clearly
G : C[0,T] — C]0,T] is compact. Therefore with the help from Lemma 2.7
operator T is compact from C0, b] into C[0, b].
Since f,h € C[0,b] and K € C(A) we get g € C[0,b] and thus, we need to
show that homogeneous equation z = Tz has in C|0,b] only trivial solution
z=0.If f=0and y; =2 =0 then ks = k4 = 0 and g = 0. Since problem
(3.1)—(3.3) with f = 0, 91 = 72 = 0, has only trivial solution in C]0, b], also
the problem z = T'z has only the trivial solution z = 0.
Now according to Theorem 2.8 we see that the equation z = Tz 4+ g possess
a unique solution z € C]0,b]. Therefore the problem (3.1)-(3.3) has a unique
solution y € C1[0, 4] such that its Caputo derivative belongs to C[0, b]. |

The next theorem characterises the unique solution, if we demand that
functions h, f belong to the weighted space C%#(0,b] and function K is g-
times continuously differentiable on A. The proof of the theorem follows the
same ideas presented in Theorem 3.2.

Theorem 3.3. Assume that o € (1,2), k € [0,1), Ly is defined by (3.4),
conditions (3.6) are fulfilled for ¢ € N, u < 1 and byajiaze+aj1az1 + ai2a91 #
0. Moreover, assume that the problem (3.1)—=(3.3) with f =0 and vy =2 =0
has in C10,b] only the trivial solution y = 0.

Then y, the solution of problem (3.1)—(3.3), and its derivative D¢,y belong to
C?¥(0,b], where

(3.21)

~Jmax{p,1—a}, if K =0 (K vanishes identically),
- max{u, K}, if K # 0.

Proof. We begin our proof by showing that operator T is a compact operator
from C?¥(0, b] into C9¥(0,b]. Since 1 —a < v, it follows from Lemma 2.9 that
J% is compact operator from C?%¥(0,b] into C?¥(0,b]. Also G is a compact
operator from C?¥(0,b] into C%¥(0,b]. Furthermore, H and M are bounded
as operators from C?¥(0,b] into C%”(0,b] (see Lemmas 2.9 and 2.10) and we
obtain with the help from Lemma 2.7 that operators —H(J* + G) and MG
are compact operators from C'%”(0,b] into C?¥(0, b].

If K in L, vanishes identically then B = 0. Otherwise (if K # 0) based on our
definition (3.21) we get that kK — o < v and therefore operator B is compact
from C'%(0, b] into C%¥(0, b]. Thus T is compact as an operator from C%" (0, b]
into C?¥(0, b].

Function ¢ also belongs to C%¥(0,b]. Indeed, h, f € C?*(0,b] and p < v. If
K vanishes identically, then it follows from (3.4) that L, (where k € [0,1))
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vanishes identically and therefore fot (k2 4 kas)Ly(t,s)ds = 0 for any ¢ € [0, b]
and thus g € C?(0,b]. If K # 0 then it follows from Lemma 2.9 that f(f(kg +
kas)Ly(t,s)ds € CT¥(0,b] and therefore g belongs to C'9¥ (0, b].

Since the homogeneous equation z = Tz has in C?¥(0,b] C C]0,b] only the
trivial solution it follows from Fredholm alternative theorem (see Theorem 2.8)
that equation z = T'z 4+ g has a unique solution z € C?"(0, b] and the problem
(3.1)—(3.3) possesses a unique solution y € C?%¥(0,b] such that its Caputo
derivative z belongs to C'%" (0, b]. [

3.3. Numerical approach for the problem (3.1)—(3.3)

For solving problem (3.1)—(3.3), we use notations and results described in Sec-
tion 2.5. Let m, N € N and r > 1 be the parameters for our graded grid
IMy.

We find approximations zy € Sﬁn__l{ (ITx) to the exact solution z of equation
z =Tz + g by collocation conditions

where the collocation points {t;,} are defined by (2.20). Using operator Py
defined by (2.21) conditions (3.22) take the form

2N = PNTzn + Png. (323)

Conditions (3.22) lead to a system of linear equations to uniquely determine
zy. Using Lagrange fundamental polynomial representation (see (2.22)) we

obtain
N m
=3 enbl(r), TE0,1]. (3.24)
A=1p=1

Then zy € S( %(HN) and zy(tji) = ¢ji forevery k=1,...,m, j=1,...,N.
To determine approximation zy in the form (3.24) we have to solve a system
of linear algebraic equations with respect to {c;}:

N m

=Y (Thy)tir)era +9(tw), k=1,...,m, j=1,...,N. (3.25)
A=1p=1

Note that in Section 2.5 we defined the basis of S, (- )(H ~) using Lagrange
fundamental polynomials in the case where n; > 0 or 1, < 1 in (2.19). How-
ever if 71 = 0 and 7,, = 1, we have due to (2.20) that t;;, = tj111 = tj,
cjk = ¢jy11 = 2n(tj), ( =1,..., N —1), and hence in the system (3.25) there
are (m — 1)N + 1 equations and unknowns.
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Having found {c;} from (3.25) we get that for o € (1,2)

N m N m
yn(7) =k > ) eI ) () + e+ | D0 ean(T) (b)ks + ka | T+
A=1p=1 A=1p=1
N m
D) enIh)(T), T e,
A=1p=1

(3.26)
It follows from (2.4) and (2.7) that function yy defined by (3.26) is continuous
on [0,0].

3.4. Convergence analysis

In this section we will analyse the convergence of the proposed numerical
method by presenting three theorems describing the convergence and conver-
gence order of our method.

Theorem 3.4. Assume that « € (1,2), k € [0,1), Ly is defined by (3.4) and
conditions (3.5) are satisfied for biajiage + airaz + ajzaz; # 0. Moreover,
assume that the problem (3.1)—(3.3) with f =0 and 1 = v2 = 0 has in C[0, D]
only the trivial solution y = 0. Let m, N € N and assume that the collocation
points (2.20) with arbitrary parameters ny, ..., N, satisfying 0 < np < ... <
Nm < 1 and grid points (2.17) are used.

Then:

(i) problem (3.1)—(3.3) possesses a unique solution y € C*[0,b] such that its
Caputo derivative D¢,y € C10, b];
(ii) there exists an integer Nog > 0 such that for N > Ny, equation zy =
PNTzn +Png possesses a unique solution zy € Sﬁn__li(HN), determining
by (3.26)a unique approximation yy € C0,b] to y, the solution of (3.1)—
(3.3) and
ly — ynlloo = 0 as N — oo. (3.27)

Proof. The first part (i) is proven with Theorem 3.2. To prove part (ii) we
first need to show that operator (I — PyT) is invertible in L>°(0,b). To do
that we observe that I — PyT = (I = T) + (T — PnyT) and we study (I — 7))
and (T'—PnT) separately . Firstly we show that operator (I —T') is invertible
in L>°(0,b) and (I —T)~! € L(L>(0,b), L>=(0,b)). Similarly as in the proof of
Theorem 3.2 we can show that operator 1" is a compact operator from L>(0, b)
into C0, b] and because C[0,b] C L°(0, b), operator T is also compact operator
from L*°(0,b) into L*°(0,b). Furthermore, g € C[0,b] C L*(0,b) and the
homogeneous equation z = Tz has in C|0,b] only a trivial solution z = 0.
Because T' € L(L*>(0,b),C[0,b]), equation z = Tz possesses only a trivial
solution in L*>°(0, b) and with the help from Fredholm alternative theorem (see
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Theorem 2.8) we see that equation z = Tz + g, where g € L°°(0,b) has only
one solution in L*°(0, b). Therefore, operator I —T is invertible in L>°(0,b) and
because (I—T) € L(L>®(0,b), L°°(0,b)) also (I-T)~ € L(L>(0,b), L°(0,b)).
Using Lemma 2.11 and the boundedness of operator (I —T)~! in L>(0,b) we
obtain that there exists Ny € N so that for every N > Ny the following
inequality holds

I =T) "l ezoeop).o00m) 1T = PNT |z (0,6),Lo0 (0,6)) < 1- (3.28)

From (3.28) and Lemma 2.6 we see that for N > Ny operator I — PnT is
invertible in L*°(0,b) and

I(T=PNT) " |l 2z 0.5),2%0.6)) = I (T=T)+(T=PNT)) M| £ (15 (0,6),L5 (0,6)) < &

(3.29)
where N > Ny and c¢ is a constant independent of N. Therefore for every
N > Ny equation (3.23) has only one solution zy in S’T(n__lg(HN). We have
shown that operator (I — PyT)~! exists. Next we need to show that

z—z2y = (I —PNT) 2z — Pn2). (3.30)
Indeed due to z =Tz + g and zy = PyTzy + Png, we have

(I =PnT)(z—2n) =2 — 2y — PNTz+ PnTzy
=z — (PNTZN + PNg) — PnTz+ PnTzn
=2 —PnTz—Pnyg
=z—Pn(Tz+9)
=z —Pnz,

and therefore 3.30 holds for every N > Ny. With the help from inequality
(3.29) we see that
|z — 2N |loo < ]|z — PN 2||oo- (3.31)

To evaluate ||y — yn||oo We need to show that ||y — ynl|leo < ||z — 2N]|co. For

that we fix ¢ € [0,b] and use (3.10). We then see that for ¢ € [0, ]

ly(t) —yn ()] = [(J*(z — 2n))(b1) k1 + (T (2 — 2n)) (b1)ks + (J¥(2 — 2n)(2))]
(3.32)

Therefore
[y = ynlloo < c1llz = 2nlloo < c2]l2 = Pr2l|co- (3.33)

Here c¢1, ¢y are constants independent of N. Based on Lemma 2.12 and (3.33)
the convergence (3.27) holds. [

Under additional regularity conditions, we can evaluate the error of our
numerical approximation.
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Theorem 3.5. Let the assumptions of Theorem 3.4 hold, and conditions (3.6)
be fulfilled, where ¢ = m and p € (—oo,1). Then the problem (3.1)—(3.3)
has a unique solution y € C1[0,b] such that y, D2,y € C™¥(0,0]. The norm
ly — yn|loo is bounded from above for sufficiently large N € N as follows:

||y_yN||OO < CEN(m7 v,r, Oé), (334)

where ¢ is a positive constant independent of N, v is defined by (3.21), r is the
grading exponent of the mesh (2.17) and

(N~ for m<1l—uv, r>1,

N™™(1+1ogN) for m=1-uv, r=1,

N or m=1-uv, r>1,
EN(mv v, T, Oé) = f m

N—T=Y) for m>1-—uv, 1<r< 1 )

—v
NT™ for m>1-—uv, r> L
\ 1—v

Proof. Let K € C™(A), h,f € C"™*(0,b], m € N, and p € (—o0,1). Then
from Theorem 3.3 it follows that the problem (3.1)—(3.3) has a unique solution
y € C1[0,b] such that y and z = Dg,,y belong to C™ (0, b], where v is defined
by (3.21). From the proof of Theorem 3.4, we know that for sufficiently large
N,

1y = ynlloo < cllz = Pnz|loo-

Now it follows from Lemma 2.13, that the estimate (3.34) holds. [

Note that in Theorems 3.4 and 3.5, the collocation parameters are freely
chosen quantities that satisfy the condition 0 < n; < ... <, < 1. The last
theorem of present section (Theorem 3.6) shows that if we refine the choice of
collocation parameters and require that the functions f, h, and K are slightly
smoother than in Theorem 3.4, we can refine the error estimate (3.34).
Theorem 3.6. Let the assumptions of Theorem 3.4 hold, and conditions (3.6)
be fulfilled, where g = m+1 and p € (—o0,1). Additionally, let the collocation
points be defined by (2.20), where the collocation parameters ni, ..., N, are
chosen such that the quadrature formula with appropriate weights {wy}

1 m
/0 F(a)de =3 whF () + Bn(F) (0<m < ... < < 1)
k=1

is exact for all polynomials F of degree m (that means R,,(F) =0).
Then the problem (3.1)-(3.3) has a unique solution y € C[0,b] such that
Y, D%apy € C™*TL(0,b]. For sufficiently large N € N, there exists a unique so-

lution zy € Sﬁn__lz(HN) for the equation (3.23), which defines a unique approz-

imation yn of the solution y to the problem (3.1)—(3.3) based on the relation
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(3.26), and the following error estimate holds:
1y = ynlloo < cExN(m,v,1, ), (3.35)

where ¢ is a positive constant independent of N, v is defined by (3.21), r is the
grading exponent of the mesh (2.17) and

Nl form<2—-—v, r>1,
N~ 11 4+1logN)?> form=2—-v, r=1,

N Y141logN) form=2-v, r>1,
Ex(m,v,ra) =

1
N—@v) for m >2—v, 1§r<72n+,
—v
1
Nl for m>2—v, T2m+.
2—v
(3.36)

Proof. We only need to prove the error estimate, the rest follows directly from
Theorem 3.5. If we can show that ||y — yn|lec < c||J' (2 — Pn2)||oo it follows

directly from Lemma 2.14 that inequality (3.35) holds. It follows from the proof
of Theorem 3.4 that there exists an Ny € N so that for every N > Ny equation

zn = PnTzn + Png possesses only one unique solution zy € 57(7;1% (ITx) and
the estimate (3.29) holds. Denote

iNn=Tzy+g, N >Ny (337)
Until the end of the proof let N > Ny. From (3.23) and (3.37) we see that
ZN = PN(TZN + g) =PnNZiN. (3.38)

If we substitute zy with PyZy in (3.37) we get an equation with respect to
ZN

ZNn=TPnzZn+9g, N > Np. (3.39)
If we apply operator (I —TPy) to the Zy — z we get that (I —TPn)(Zy —2z) =
T(Pnz — z). Indeed,

(I —TPN)(2nv —2)=2v —2—TPNnin + TPnz
=inv—(Tz+9)—TPnNiN +TPnz
=in—(Tz+9)—(2n—9)+TPnz
=-Tz+4+TPnz
=T(Pnz— 2).

Therefore
in—z2=I—TPn) T (Pyz — 2).
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Due to existence of the inverse (I — PyT)™1 € L(L%°(0,b),L%°(0,b)) there
exists also the inverse (I — TPy)~t € L(L%°(0,b), L>°(0,b)) and we have

(I-TPN) ' =1+T(I—PNT) 'Py. (3.40)
For N > Ny and using Lemma 2.12 we can now evaluate
128 = 2lloc = I = TPN) ' T(Pnz = 2)lloo < | T(Pnz = 2)]loc,  (3:41)

where c is a positive constant independent of N. Further, on the basis of the
definition of operator T' (see (3.19)), we have

IT(Pnz — 2)|loo < cl|[J*(PNz — 2)||oo, N > N, (3.42)

where ¢ is a positive constant not depending on N. It follows from (3.42) and
(3.41) that
128 = Zlloe < 1| J*(Pyz = 2)[loe, N = No, (3.43)

where ¢y is a positive constant not depending on N. Since zy = PyZy, we
have zy — 2 = Pyiny — 2 = Py(2n — 2) + Pnz — z. This leads to the following
estimate:

lyn (t) — y(&)|=1(J*(en = 2))(b1) k1 +1(J* (2n — 2))(b1)ks+(J* (2n — 2))(1)]
S’(JO“PN(ZN Z))(bl)kl—i—t(JaPN(?:’N—Z))(bl)kg-i-(JapN ZN— Z))(t)‘

+[(J*(Pnz — 2))(b1) k1 +t(J*(Pnz — 2))(b1)ks+ (J*(Pnz — 2))(t)],
with ¢ € [0,b]. Thus, it follows from Lemma 2.12 and inequality (3.43) that
lyn —ylloo < c1ll2n = zlloo + 2l J*(Pn2 = 2)|loo < 3]l J*(Pnz —2)llo0, (3.44)

where ¢, co and c3 are some positive constants not depending on N > Nj.
Since « € (1,2) we get from (3.44), (2.3) and the boundedness of operator
Jo=L: C[0,b] — C[0,b] that

lyn —ylloo < crll T T (Prz—2)lloo < c2ll T (Pyz—2)lloos N = No, (3.45)

where c1, co are some positive constants independent of N. With the help of
Lemma 2.14 we now see that the inequality (3.35) holds. |

3.5. Numerical examples

In this section we present two numerical examples to illustrate our theoretical
findings. In the examples below N € N, y is the exact solution to the problem
(3.1)-(3.3) and yn defined by (3.26) is the approximation found using our
numerical approach. The error estimates e are calculated as follows

EN = jzr?ffN k:%?i(m ly(Tix) — yn (Tjx)|,
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where
Tik = tj—1 +k(t]~ —tj_l)/lo, k=0,...,10, j=1...,N, (3.46)

with the gridpoints ¢; defined by (2.17). In our examples we use collocation
points (2.20), where

3-V3 .
m=—(c—" m=1l-m (if m = 2) (3.47)
and /i
5— /15 1 ,
Mm=—7p M™m=3 m=1-m (if m = 3) (3.48)

are collocation parameters that satisfy the conditions of Theorem 3.6. The
ratios £/
Oy =2

EN

characterising the observed convergence rate, are also presented.

3.5.1. Example 1

Consider the following problem:

(DO + () + [ (¢ =97 K u(s)ds = 1(0). te0.1). (349

Jun
[

0 L Ly 3.50
y()+y<1()>_<1()> ) (3.50)
11
0 +y (L) = b (3.51)
vO+v{) = 10 '
with
() + a2 T(HI(H) e
ht)=t, K(t,s)=ts, [f(t)=—0%t2w +ti0 4 —2- 10745
I'(%) T (%)
where ¢t € [0,1] and s € [0,¢]. We see that (3.49)-(3.51) is a problem of the form
(3.1)—(3.3) With a = %, = %, b1 = %07 b = 1, all = a2 = a1 = agy = 1,

11
"N =" = (1—10) 10 and that

11

y(t) =tw, te]0,1],

is its exact solution. Clearly, f,h € C?#(0,1] with p = % and arbitrary ¢ € N.

Therefore, by (3.21),
19

v =max{k, u} = 20"
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In the case m = 2 it follows from the error estimate (3.36) with v = 12

20
that, for sufficiently large N,
N—(5) for 1<r< @,
ey < c 21 (3.52)
N3 for r> 60
- 21’

where ¢ is a positive constant not depending on N. Due to (3.52), the ratios O
forr =1, =2, r =60/21 and r = 4 ought to be approximately 255 A 2.07,
2% A 4.29, 23 = 8 and 23 = 8, respectively. These values are given in the last
row of Table 1. We see that the numerical results are in accordance with the
theoretical estimates given by Theorem 3.6.

r=1 r=2 r =60/21 r=4
N EN @N EN @N EN @N EN @N
4 8.35E-04 1.79E-04 2.47E-04 2.94E-04

8 5.18E-04 1.61 | 4.90E-05 3.65 | 2.64E-05 9.37 | 4.07E-05 7.22
16 | 2.15E-04 2.41 | 1.03E-05 4.74 | 2.50E-06 10.55 | 5.57E-06 7.31
32 | 9.78E-05 2.20 | 2.13E-06 4.84 | 3.12E-07 8.02 | 6.63E-07 8.40
64 | 4.50E-05 2.17 | 443E-07 4.82 | 5.53E-08 5.64 | 8.04E-08 8.25
128 | 2.06E-05 2.18 | 9.35E-08 4.73 | 4.62E-09 11.96 | 9.82E-09 8.18
256 | 9.41E-06 2.19 | 2.16E-08 4.32 | 6.08E-10 7.60 1.21E-09 8.12
2.07 4.29 8.00 8.00

Table 1. Numerical results for problem (3.49)—(3.51) with m = 2.

In the case m = 3 it follows from the error estimate (3.36) with v = %
that, for sufficiently large N,
N—(%) for 1§r<@,
en < w0 (3.53)
N for r>—,
21

where c¢ is a positive constant not depending on N. Due to (3.53), the ratios
Opn for r=1,r =2, r =80/21, r = 4 ought to be approximately 250 A 2.07,
2% ~ 4.29, 2* = 16 and 2* = 16, respectively. These values are given in the
last row of Table 2.
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r=1 r=2 r =80/21 r=4

N EN ®N EN @N EN @N EN ®N
4 4.85E-04 8.77E-05 4.21E-05 4.73E-05

8 2.01E-04 242 | 2.03E-05 4.31 | 3.06E-06 13.77 | 4.18E-06 11.33
16 9.55E-05 2.10 | 4.07E-06 5.00 | 1.94E-07 15.77 | 1.77E-07 23.65
32 4.37TE-05 2.19 | 8.42E-07 4.83 | 1.47E-08 13.16 | 1.07E-08 16.49
64 2.00E-05 2.19 | 1.73E-07 4.87 | 5.93E-10 24.83 | 6.64E-10 16.12
128 | 9.11E-06 2.19 | 3.77E-08 4.58 | 3.78E-11 15.69 | 4.13E-11 16.10
256 | 4.15E-06 2.19 | 8.80E-09 4.29 | 2.33E-12 16.23 | 2.61E-12 15.84
2.07 4.29 16.00 16.00

Table 2. Numerical results for problem (3.49)—(3.51) with m = 3.

We see that the numerical results are in accordance with the theoretical
estimates given by Theorem 3.6.

3.5.2. Example 2
Consider the following problem:

3

(D& w)(t) + h(t)y(t) + / 1+ log(t — $)y(s)ds = f(1), te[0.1], (3.54)

with
ht)=1, f(t)=tn0, telo,1].

We see that (3.54)(3.56) is a problem of the form (3.1)-(3.3) with o = 3,
k=0, K=1,b=1,a11 =a01 =71 =77 =1, aj2 = asg = 0. It is easy to see
that h, f € C?*(0,1] with p = 1% and arbitrary ¢ € N. Therefore, by (3.21),
B 9
v =max{kr, u} = 10"

Here, the exact solution is not known. For the numerical tests we use approx-
imation yy obtained with m = 3, r = 4 and N = 2048, i.e., y(z) = y204s(7)
(0<z<1).

In the case m = 2 it follows from the error estimate (3.36) with v = %
that, for sufficiently large N,

N—(5) for 1<r< @,
en<c _ (3.57)
N3 for r> T’

where ¢ is a positive constant not depending on N. Due to (3.57), the ratios
Opn for r =1, r = 2 and r = 30/11 ought to be approximately 210 A 2.14,
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9270 ~ 4.59 and 23 = 8, respectively. These values are given in the last row of
Table 3.

r=1 r=2 r=30/11

N EN @N EN @N EN @N

4 1.69E-03 7.58E-04 1.15E-03

8 6.96E-04 242 | 1.14E-04 6.65 | 1.31E-04 8.79
16 | 3.03E-04 2.30 | 1.96E-05 5.81 | 1.33E-05 10.03
32 1.36E-04 2.23 | 3.80E-06 5.16 | 1.33E-06 10.03
64 | 6.21E-05 2.19 | 7.85E-07 4.83 | 1.35E-07 9.84
128 | 2.86E-05 2.17 | 1.68E-07 4.69 | 1.42E-08 9.52
256 | 1.33E-05 2.16 | 3.62E-08 4.63 | 1.54E-09 9.20
2.14 4.59 8.00

Table 3. Numerical results for problem (3.54)—(3.56) with m = 2.

In the case m = 3, it follows from (3.36) with v = % that, for sufficiently
large N,

N o 1<r<
en < e o (3.58)
N4 for r> Ik

where ¢ is a positive constant not depending on N. Due to (3.58) the ratios
Opn for r =1, r = 2 and r = 40/11 ought to be approximately 216 A 2.14,
9210 ~ 4.59 and 2* = 16, respectively. These values are given in the last row of
Table 4.

r=1 r=2 r=40/11

N EN @N EN @N EN @N

4 6.85E-04 1.43E-04 1.11E-04

8 3.00E-04 2.28 | 2.95E-05 4.85 | 6.93E-06 16.05

16 1.35E-04 222 | 6.33E-06 4.66 | 4.01E-07 17.28

32 | 6.18E-05 2.19 | 1.37E-06 4.62 | 2.23E-08 18.01

64 | 2.85E-05 2.17 | 2.98E-07 4.60 | 1.21E-09 18.36

128 | 1.32E-05 2.16 | 6.48E-08 4.60 | 6.62E-11 18.33

256 | 6.15bE-06 2.15 | 1.41E-08 4.60 | 3.66E-12 18.07
2.14 4.59 16.00

Table 4. Numerical results for problem (3.54)—(3.56) with m = 3.

As we can see from Tables 3 and 4, the numerical results are in accordance
with our theoretical estimates.
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4. TIME-FRACTIONAL SUB-DIFFUSION EQUATIONS

Time-fractional sub-diffusion equations have been found useful in modelling
many real-life processes where anomalous diffusion occurs [2, 24, 42, 49, 50,
80]. In this chapter, we study a time-fractional sub-diffusion problem, where
the order of the Caputo time derivative belongs to (0,1). Our aim is to use
space variable discretization technique called method of lines (see [7]) to cre-
ate a system of fractional differential equations. To solve the obtained system
of fractional differential equations, we reformulate it as a system of weakly
singular Volterra integral equations of the second kind and employ a suitable
collocation method for finding approximate solutions. This approach enables
us to construct a high-order numerical method for solving the sub-diffusion
problem, despite the fact (see [28, 67, 69]) that the temporal partial deriva-
tives of solutions of time-fractional diffusion equations have, in general, weak
singularities at the initial time ¢ = 0. The chapter is based on the article [40].

4.1. Background

The study of diffusion processes originated from the field of statistical physics.
They have been used to model many physical, biological, engineering, eco-
nomic, and social phenomena because diffusion is one of the fundamental
mechanisms for transport of materials in physical, chemical, and biological
systems. In the fields where diffusion has been applied, it has been used to
model phenomena evolving randomly and continuously in time under certain
conditions, for example, the fluctuations in the prices of securities in a perfect
market, variations of population growth in ideal conditions, and communica-
tion systems with noise [29].

Free path is the path travelled by a particle in the interval between two
collisions. Since the path differs from collision to collision, the average value
called mean free path, is used as as the basis of calculation. The displacement
is the distance between the original position of a particle and its position after
a certain period of time. Since, in the absence of a difference in concentration,
positive and negative displacement are equally probable, the mean displace-
ment is zero. For this reason, we introduce the mean square displacement (22)
which is a measure for the rate of diffusion, however it depends on time. There-
fore, it is convenient to introduce another characteristic quantity, independent
of time. This is the diffusion coefficient D:

p- &) (4.1)

The D describes the velocity of diffusion process - diffusion process is faster
the greater D is.
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Normal diffusion can be characterized by the following equation

op(x,t)  __0%p(x,t)
Y =D G (4.2)

For normal diffusion, the square of the particle position scales linearly with
time-variable ¢ and
(z%) ~ t. (4.3)

Sub-diffusion is a type of anomalous diffusion where the mean squared dis-
placement of particles grows slower than linearly with time. For sub-diffusion
process, the mean square displacement is proportional to t* for a € (0,1).
That means that the particles diffuse in time in a nonlinear way and their
velocity is slower than it would be in the normal diffusion process [23].

4.2. Problem formulation

Let us consider an equation of the form

2
(Dfu)(x,t) — Dw +0(x)u(z,t) = f(z,t), (z,t) € Q@ =(0,L) x (0,0]
(4.4)
with the boundary and initial conditions:
u(0,¢) =0, t€0,b], (4.5)
w(L,t) =0, te][0,b] )
u(z,0) = (b(x)a S [07L] )

Here the unknown function is u = wu(x,t). The Caputo fractional derivative
(Dgu)(x,t) of order o € (0,1) of u(z,t) with respect to variable ¢ is given by
(see (2.11))

t
(Dfu)(z,1) = r(11—a) /0 (-9 wieq )
where I' is the Euler-gamma function defined in (2.2). Additionally, D > 0 is
a general diffusion coefficient describing the velocity of the diffusion process
and 0(x) is a non-negative continuous function on [0, L] and ¢ is a continuous
function on [0, L]. Lastly f € C(Q) where Q = [0, L] x [0,b]. To simplify the
presentation, we formulate the conditions as follows:

L,b>0, D=0, Q:(())L)X(O?b]a

9eCl0,L], >0, ¢cC0,L], feC@). (4.9)
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Note that without the loss of generality, we can consider equation (4.4) only
with homogeneous boundary conditions (4.5) and (4.6). If we would have more
general boundary conditions, for example

u(0,) = ¢o(t), e [0,b], (4.10)
w(L,t) = ér(t), telo,b], (4.11)

where ¢¢ and ¢y are some sufficiently smooth functions on [0, 5], we could
transform the problem into the form (4.4)—(4.7) using auxiliary function

ol 1) = ue,t) + 7 (Go(t) = 61.(6) = do(0). (4.12)

The inhomogeneous boundary conditions (4.4), (4.7), (4.10), (4.11) for u are
transformed to the homogeneous boundary conditions for v : v(0,t) = v(L,t) =
0 for every ¢t € [0,b]. Moreover, both equation (4.4) and the initial condition
(4.7) maintain their original form with respect to the new unknown function
v

20(z 5
(Dfv)(z,t) — Daagﬁ’t) + 0(x)v(z,t) = f(z,t), (z,t)€Q, (4.13)
where
Fa,1)= 1, 0+ (D) 0+ T2 (D00)(1)+0() (& (00(1) — 1) —0())
and R
v(x,0) = ¢(x), =z €]l0,L],
where

- x
¢(z) = d(2) + 7 (¢0(0) = ¢£(0)) = ¢0(0).

For the existence and uniqueness of a classical solution u to (4.4)—(4.7) (that
is, Df'u and % both exist in @ and w satisfies (4.4)-(4.7) pointwise), we refer
the reader to [46].

The regularity properties of solutions u to (4.4)—(4.7) are described in [69].
In particular, the smoothness of all the data of (4.4)—(4.7) does not imply the
smoothness of the solution u in the closed domain @, and the essential feature
of all typical solutions to (4.4)—(4.7) is that the first-order derivative, 8“éf’t),
in general, blows up as ¢ — 0 (see [69]). This is a significant obstacle for
constructing high-order methods for the numerical solutions to (4.4)—(4.7).

On the other hand, in [69], it is shown that when the data of problem (4.4)—
(4.7) has sufficient regularity, there exists a constant C' > 0 such that for the
spatial derivatives of the exact solution, u(x,t), to (4.4)—(4.7), we have
O, t
g(i’)' <0, k=0,1,2,3,4, (z,t)€0,L] x (0,b]. (4.14)

x
In our approach below, we assume that the solution, u, to (4.4)—(4.7) satisfies
the derivative bounds (4.14).
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4.3. Space variable discretization

In this section we will develop a system of fractional differential equations from
problem (4.4)-(4.7) by space variable discretization. Let n € N, n > 2. We
introduce a uniform mesh on the space interval [0, L] defined by n+1 gridpoints

x; =1th, i=0,...,n, h=—. (4.15)

Using standard second-order difference formula and (4.15), we get

Pu(zit)  uw(wiyr,t) — 2u(z, t)+u(zi-i,t)

+ O(h?),t € (0,b],i=1,...,n—1,

ox2 h?
(4.16)
and by denoting
yi(t) = u(z;, t), te (0,0, i=1,...,n—1,
yo(t) = u(0,t) =0, t €10,0b],
yn(t) = u(L,t) =0, t €10,0b],

we approximate (4.4)—(4.7) using the system of equations

(Do) () — DY) _Qy;g) Y1) gt = fant), i=1....n—1

(4.17)
Note that here D%y is the Caputo fractional derivative of order « of function
y given by (2.11). Thus, we have for finding yi(t),...,yn—1(t), a system of
fractional differential equations in the form

(D%y;)(t +Zamy] )=wvi(t), 0<t<b a€(0,1), i=1...,n—1,

(4.18)
subject to the initial conditions
vi(0) = p(x;), i=1,...,n—1, (4.19)
where the functions v; € C[0,b] are defined by
vi(t) = f(xi,t), i=1,...,n—1 (4.20)

and the constants a;; are determined by

2D ..

7z + 0(x;) for i=j,

- D .
ij ~ 32 for |i—j| =1,
0 otherwise.

41



For simplicity of presentation, we rewrite (4.18) and (4.19) in vector form

(D*Y)(t) + Ay(t) = (1), t e (0,b], (4.21)
7(0) = B, (4.22)
where §(t) = (y1(t),...,yn_1(t))T is unknown, its Caputo fractional derivative

is defined componentwise by (D%%)(t) = ((D%y1)(t), ..., (D%n_1)(t))", and

v1(t) o(1) ail ... Qlgp-1

Un—1(%) d(Tn—1) Ap-1,1 - Qp-1n—1

4.4. Integral equation reformulation

Let ¥ = (y1,...yn—1)" be a solution to (4.21)-(4.22) such that ¢ € C,,_1][0, b).
and 7= D%y € C,,—1[0,b]. Then by Lemma 2.2, we obtain

Ja_»: (Jazl, ey Jaznfl)T = (yl - yl(O), ey Yn—1 — ynfl(O))T = 37— g(O)
) (4.23)

As §(0) = S (see (4.22)), we can rewrite ¥ in the form
j=J%zZ+ 4. (4.24)

Since ¥ is the solution to (4.21)—(4.22), we obtain due to (4.21) and (4.24) that
7 = Dy satisfies the equation

7=TZ7+7, (4.25)
where

(T2)(t) = —A[(J2)(t)], te]0,b], (4.26)

Gty =0(t)— AB, te[0,b]. (4.27)

Conversely, if 2 € Cp,—1]0, b] is a solution to (4.25), then ¥ defined by (4.24) is
a solution to (4.21)—(4.22) and § € C,,—1]0, b]. In this sense, equation (4.25) is
equivalent to problem (4.21)—(4.22).

4.5. Existence and uniqueness

In this section we present two theorems that characterise existence, uniqueness
and regularity of the solution to (4.21)—(4.22). We first present a generalisation
of Gronwall’s result to integral inequalities with weakly singular kernels.

Lemma 4.1. (Lemma 1.3.13 in [12]) Let b > 0 and « € (0, 1), assume that
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(i) f € C|0,b], f(t) > 0 and f is non-decreasing on [0, b];
(ii) the continuous, non-negative function z satisfies the inequality

t —s a—1
z(t) < f(t)+ M/o (trw)l)z(s)ds, t €10,b], (4.28)

for some M > 0.
Then
z(t) < EQ(Mt*)f(t), te€]0,b], (4.29)

where E, denotes the Mittag-Lefller function.

Now, we show that homogeneous equation T'Z = 2z (cf. (4.25)) possesses
only a trivial solution in C,_1[0, b].
Proposition 4.2. Let T be defined by (4.26). Then equation TZ = 2 has in
Cp_1[0,b] only a trivial solution z = (0,...,0)7.

Proof. Let @ = T, where 4 € Cy,_1[0,b]. Then

u="Tu
= —-AJ%U
ai,1 e ain-1 Jo‘ul
p-11 --- QAp-1p—1 J%Up

n—1
— >y a1k Cuy,

— STt a1k
Therefore, we have that for every t € [0,b] and i =1,...,n — 1,

- (t—s)
Sa/o o) (Z’“’f )

n—1 t (t 8)0&71

;aik/o ;T)uk(s)ds

where @ = max; y=1_ n—1 |aik|. Next,

Z|ui(t)§(n—1)F(CLa)/ (t—s)® (Z]uk |ds>, vt € [0,b].

Since 0 < a < 1, the generalised Gronwall inequality (see Lemma 4.1) yields
that for every t € [0, b], we have

|ui(t)] = ‘—

n—1

> Jui(t)] < Ea((n — 1)at®) -0 =0

=1

and therefore @ = 0. In conclusion, equation z = T'Z has in Cr—1[0,0] only a
trivial solution. |
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The next theorem characterises the unique solvability of problem (4.21)-
(4.22).
Theorem 4.3. Letn € N, n > 2, a € (0,1) and conditions (4.9) hold. Then
the problem (4.21)—(4.22) possesses a unique solution i, such that it and its
Caputo derivative Z = D*y belong to Cy,_1[0,b].

Proof. We observe that operator T = —AJ% is a compact operator from
Cp—1][0,b] to Cp,—1]0, b] since J* : C,,_1[0,b] — Cp,_1[0, b] is compact. Further,
G=17—AB € Cp_1[0,b] since 7 € Cr_1]0,b] and AS € C,_1[0,b]. By Proposi-
tion 4.2 equation Z'= T'Z has only a trivial solution in C,,_1[0, b]. Therefore, us-
ing the Fredholm alternative theorem (Theorem 2.8), we obtain that the equa-
tion Z = T'Z+ g possesses in Cy,_1[0,b] a unique solution 2’ € C,,_1[0,b]. Thus,
problem (4.21)—(4.22) has a unique solution § = J*Z+ b € Cp_1[0,b]. ]

The next theorem characterises the unique solution of problem (4.21)—(4.22)
if we demand that @ = (v1,...,v,_1)7 given by (4.20) belongs to weighted
space C/P* (0, b].

Theorem 4.4. Let n € N, n > 2, a € (0,1), conditions (4.9) hold and
7 e CH (0,b], g € N, p < 1. Then the problem (4.21)—~(4.22) possesses a
unique solution i, such that it and its Caputo derivative zZ = Dy belong to
C . (0,b], where

v =max{l — o, u}. (4.30)

Proof. Let ¢ € CP",(0,b], ¢ € N, u < 1. Then, clearly § = ¢ — AB €
CPR(0,0] € CPY,(0,0]. Since 1 — a < v, by Lemma 2.9 operator J* is a
compact operator from C" (0,b] to CI” (0,b]. Therefore, T = —AJ® is
also a compact operator from C”, (0,b] to C;"”,(0,b]. Since the homogeneous
equation Z = TZ has in C"Y,(0,b] C C,—1[0,b] only a trivial solution, it
follows from the Fredholm alternative theorem (Theorem 2.8), that equation
Z =TZ+ g has a unique solution z € C!"”, (0,b]. Thus, problem (4.21)—(4.22)
possesses a unique solution § = J*Z' + 5 e C” (0,0b]. [ |

4.6. Numerical approach for the problem (4.21)—(4.22)

For solving problem (4.21)—(4.22), we use notations and results described in
Section 2.5. Let m,n, N € N, where n > 2, and r > 1 is the parameter for our
graded grid (2.17).

We find the approximation zy = (21 v, .. ., zn_l,N)T for the exact solution
Z of equation z'= T'Z + § using collocation conditions

Feltin) = Ta(t) + Glt), k=1,....m, j=1,.. N,  (4.31)

where the collocation points {t;,} are defined by (2.20) and 21 n,...,2n—1,N €
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The conditions (4.31) with respect to zxy = (21N, ..., 2n—1 N)T lead to a sys-

tem of linear algebraic equations to find z; v € S( i(HN) i=1,....,n—1,
the exact form of which is determined by the choice of a basis in the space

S( 1)( Iy).

m—1
Using Lagrange fundamental polynomial representation (see (2.22)) we obtain

N m
N =)D couba(t), te0b], i=1,...,n-1, (4.32)

A=1p=1

where ¢;),, are some constants.
Thus, we obtain a system of linear algebraic equations with respect to the
coefficients {c;j1 }:

n—1
Cijk = — Zaw ZZ S ) (k) ey |+ viltie) — Zawﬁw (4.33)
A=1p=1 y=1

fori=1,....n—1,5=1,....N, k=1,....m

Having found {c;;i} by the system (4.33), we can determine 23 (¢) with the
help of (4.32). Thus, we obtain the approximation y§ = (y1.n,. .- ,yn_LN)T
to ¢/, the solution to problem (4.21)—(4.22), as follows:

yR(t) = (TR ) + B, te]o,)]. (4.34)

4.7. Convergence analysis

In this section we will analyse the convergence of the proposed numerical
method by presenting four theorems describing the convergence and conver-
gence order of our numerical method.
Theorem 4.5. Assume that o € (0,1) and conditions (4.9) hold. Letn,m,N €
N, n > 2, and assume that the collocation points (2.20) with parameters
My vy Nm Satisfying 0 < ny < ... <y < 1 and grid points (2.17) are used.
Then:
(i) the problem (4.21)—(4.22) possesses a unique solution § € Cy_1[0,b] such
that its Caputo derivative Z = Dy belongs to Cp,—1]0,b];
(ii) there exists an integer Ng > 0 such that for N > Ny, equation
2y = PNTzZN + PNG (see (4.31)) possesses a unique solution 2§ =
(z1,N, - - ,Zn—l,N) where z; N € S( i(HN) fori=1,...,n—1, deter-
mining by (4.34) a unique approzimation Yz € Cp—1[0,b] to ¥ the solution
0 (4.21)—(4.22) and the said numerical approzimation §n converges to
1.€.
ng— gN|’Cn71[0,b} — 0 as N — oo. (4.35)
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Proof. Existence and uniqueness of the solution of problem (4.21)—(4.22) are
already proven in Theorem 4.3; thus, we only need to prove the convergence
(4.35). We note that T is a compact operator from L2 ,(0,b) to C,—1]0,],
thus also from L2° ,(0,b) to L2 1(0,b). Since ¥ € C),—1[0, b], we have § = 7 —
Af € Cp_1[0,b] € L ,(0,b). Using the same proof idea as in Theorem 4.3, we
can show that equation 2= T'Z'+ § possesses a unique solution 2 € L2° (0, b).
In other words, operator I — T is invertible in L{° ;(0,b) and its inverse is
bounded: (I —T)~t € L(LZ (0,b), L 1(0,b)). From this and Lemma 2.11,
we obtain that for all sufficiently large N, we can say that

I = T) Ml eeeee 0b),25 01T = PNTlciree 05),25 04y < 1. (4.36)

Therefore, from (4.36) and Lemma 2.6, it follows that operator I — PnT is
invertible in L2° (0, b) for sufficiently large N and

(T = PNT) e op).2 ,00) <& N > No, (4.37)

where ¢ is a constant independent of N. Thus, for N > Ny, equation zxy =
PnTZy 4+ Png has a unique solution 2y = (21w, .. ., zn,l,N)T, where z; v €
Sr(n__li (Ily) for every i = 1,...,n — 1. For Zy and Z, the solution to equation
7 =TZ+ g, we see that

(I —PNT)(Z—2y)=7Z— 28 — PNTZ+PNT2Y
Z—Pn(TZ+§) =7Z—PnNZ.

Therefore, by (4.37),
12 = 2Nl 00 < cllZ=PnNZlLee 0p), N = No, (4.38)

where c¢ is a positive constant independent of N. It follows from (4.38), (4.34)
and Lemma 2.9 that

15— ynllc, .o < cillZ = PnZlc, 104

where c; is a positive constant independent of N. Using Lemma 2.12, we see
that convergence (4.35) holds. ]

We now evaluate the error of our numerical approximation.

Theorem 4.6. Assume that o € (0, 1), conditions (4.9) hold andv € C*,(0,b],
q € N, where g =m and p € (—o0,1). Then the problem (4.21)—(4.22) has a
unique solution i, such that it and its Caputo derivative zZ = Dy belong to
C™"(0,b] where v = max{1—«, u}. Let the assumptions of Theorem 4.5 hold.
The norm || — yNllc,_, (0,5 s bounded from above for sufficiently large N € N
as follows:

| — g’N||Cn71[0,b} < cEn(m,v,T, ), (4.39)
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where ¢ is a positive constant independent of N, r is the grading of the mesh
(2.17) and

N—™ for m<l—v, r>1,
N=™1+1logN) for m=1-v, r=1,
Ex(m,v,rya) = ¢ N™™ for m=1-—v, r>1,
N-r(d-v) for m>1—-v, 1<r <%,
N—™ for m>1—-v, r>=.

Proof. From Theorem 4.4, it follows that the problem (4.21)—(4.22) possesses a
unique solution ¥, such that it and its Caputo derivative z belong to C," (0, b].
From the proof of Theorem 4.5 we know that for sufficiently large N, the
estimate

17— yille, 1o < cllZ2 = PNZllc, 104
holds. From Lemma 2.13, it follows that the estimate (4.39) holds. [

Note that in Theorems 4.5 and 4.6, the collocation parameters are freely

chosen quantities that satisfy the condition 0 < m < ... < 7, < 1. The
next theorem of the present section (Theorem 4.7) shows that if we refine the
choice of collocation parameters and require that ¥ is slightly smoother than
in Theorem 4.6, we can refine the error estimate (4.39).
Theorem 4.7. Let the assumptions of Theorem 4.5 hold and v € CP*(0,b],
q € N, where ¢ = m+1 and p € (—o0,1). Additionally, let the collocation
points be defined by (2.20), where the collocation parameters ny,...,n, are
chosen such that the quadrature formula with appropriate weights {wy}

1 m
| F@ e =3 wnF o)+ Ru(F) @< << <)
k=1

is exact for all polynomials F' of degree m (i.e. R, (F) =0). Then the problem
(4.21)—(4.22) has a unique solution §, such that it and its Caputo derivative
Z = D belong to C™17(0,b] where v = max{1 — o, u}. The norm ||§ —
3/7\/”0,1,1[0,5}, 18 bounded from above for sufficiently large N € N as follows:

”g_ ?jN”C’n_l[O,b} < CE?V(m7 v,r, O‘)? (4'40)

where ¢ is a positive constant independent of N, r is the grading of the mesh
(2.17) and

N for m<l4+a-v, r>1,
N7 %(1+1ogN) for m=14a-uv, r=1,
B ) N~ for m=14+a-v, r>1,
Nm,v,r, &) =
Nrte-y) for m>14+a-v, 1<r< M,
l+a—-v
N« for m>14+a-v, T_M.
l+a—-v
(4.41)
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Proof. 1t follows from Theorem 4.4 (with ¢ = m + 1) that problem (4.21)-
(4.22) has a unique solution ¥, such that ¢,z € C"”,(0,b]. From the proof of
Theorem 4.5 we know that there exists an integer Ny, such that for N > Ny,

equation 2y = PNT 2y +Png has a unique solution 23 = (21,n, - - -, zn_l,N)T,
where for every i =1,...,n -1, z; y € T(n__l%(HN) Denote
IN=TZy+§ N>N,. (4.42)

With the help of 2y = PNT 2y +PnNg, we see that ’PN,?N = Zy, and therefore
we obtain from (4.42) the following equation with respect to Z'y:

v =TPnin+§, N> N,. (4.43)
Since Z' = T'Z + g, it follows from (4.43) for every N > Ny that
(I — TPN)(Gy — 2) = T(PNZ - 2). (4.44)

We know from the proof of Theorem 4.5 that (I — PnT) is invertible in
L(L 1(0,b), L 1(0,b)) for sufficiently large N and (I — PnT)~! belongs
to L(L1(0,b),Le° 1(0,b)) for all N > Ny. Thus, there exists also the inverse
of (I —TPnN)in L(L? 1(0,b), L3 (0,b)) for N > Ny and

(I —-TPN)1=I+T{—-PnT) PN, N>N,. (4.45)
Using (4.44), (4.45), (4.37), and Lemma 2.12, we obtain
128 = Zlliee 00y = (T = TPN)TIT(PNZ = )12 0)
< CHT('PNZi 5)”[/2071(0,1))7 N > NOa

where c is a positive constant independent of N. From the definition of the
operator T' we see that

|T(PNZ—2)|pee 0p) < aallJ*(PNZ = 2|l 0p), N = No,
and therefore,
128 = Zllpee (0p) < 2| J*(PNZ = 2)|lLe 0), N = No,

where ¢1 and ¢y are some positive constants independent of N. Due to 2x =
PNZn, we obtain

2N —Z2=Pn(EN—Z2)+PNZ—Z
This leads to the estimate

19N = Fllc,-op) < esllT¥(PNZ = 2)lle, -1 j0.4)5

where c3 > 0 is a constant that is independent of N and yx and ¥ are defined
with the help of (4.34) and (4.24), respectively. Using Lemma 2.14, we see
that the error estimate (4.40) holds. [
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In Theorem 4.8 below, we present the error estimate of our numerical
method for solving problem (4.4)-(4.7). We assume that the data of prob-
lem (4.4)—(4.7) satisfies the conditions laid out in Theorem 2.1 in [69]. Under
these assumptions, it follows from [69] that problem (4.4)—(4.7) has a unique
solution u that satisfies (4.4)—(4.7) pointwise, and there exists a constant C,
such that

k

’W’ <C, (x,t)€][0,L] x (0,8, k=0,1,2,3,4, (4.46)
[

‘f’@gz”f)’ <CA+t*7Y, (x,t)€[0,L] x (0,b], 1=0,1,2.  (4.47)

Theorem 4.8. Let the solution u to (4.4)-(4.7) satisfy the estimates (4.46)
and (4.47). Let the assumptions of Theorem 4.7 be fulfilled. Then, the following
error estimate holds:

max_|u(z;,t) — yin(t)| < c(h? + Ex(m,v,7,a)), i=1,...,n—1,
(xi,t)EQ

Here, h = % (n > 2), Ex(m,v,r,a) is defined by (4.41), Nym € N, v
is given by formula (4.30), r is a grading exponent given in (2.20), yy =
(V1N -y Yn—1.N)T is given by (4.34), and c is a positive constant that is in-
dependent of N.

Proof. 1t follows from (4.16) and Theorem 4.7 that for ¢ = 1,...,n — 1, we
have

max _|u(x;,t) — y; t)] < max w(zit) — i ()| + max |y;(t) — v ;
(wi,t)EQ‘ (m4,t) yz,N( )l (zi,t)EQ| (ziyt) — vi(t)] te[(),b]‘yz<) yz,N( )|

< c(h* 4+ Ey(m,v,r, a)).

Note that x; are fixed points defined by our numerical method, but ¢ belongs
to [0, b]. |

4.8. Numerical examples

In this section we present two numerical examples to illustrate our theoretical
findings. In the examples below let N, n € N and n > 2, u is the exact solution
to the problem (4.4)—(4.7) and ¥y = (y1.n,---,Yn—1.5)" given by (4.34) is the
approximation found using our numerical approach.

Let n,m, N € N and r € [1,00). We present, in the tables below, some
results of numerical experiments for different values of parameters n, m, N,
and 7. The errors, &, n, are calculated as follows:

EnN = fnax  max o max o lu(xi, Tjk) — yi,n (i), (4.48)
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where z; is given in (4.15) and
Tjk:tj_l—i-k(tj—tj_l)/lo, k=0,...,10, j=1,...,N,

with the gridpoints, ¢;, defined by (2.17). In our examples we use collocation
points (2.20), where

(if m =1) (4.49)

N =

m =
and
3-V3
6 Y
are collocation parameters. Note that (4.49) and (4.50) are actually the knots

of the m-point Gaussian quadrature approximation for m = 1 and m = 2,
respectively. In tables below, the ratios

m = N2 = 1-— m (lf m = 2) (450)

E
Oy = N2 (4.51)
En,N

characterizing the observed convergence rate, are presented.

4.8.1. Example 1

Consider the equation

0?u(x,t) T(1.5) ) )
0.2 _ ) 0.3 0.5
(D *u)(x,t) 52 F(l.S)t sinx 4+ t°° sinx (4.52)

for (z,t) € @ = (0,m) x (0,1] with

u(0,t) =0, te][0,1], (4.53)
u(m,t) =0, te]0,1], (4.54)
u(z,0) =0, z€][0,]. (4.55)

We see that (4.52)—(4.55) is a problem of the form (4.4)—(4.7), where a = 0.2,

L=7m,b=1,0=¢=0,and f(z,t) = Eﬁ:g;to'g sinz + t%9sinz for (z,t) € Q.

The exact solution to (4.52)—(4.55) is given by

u(z,t) =t"sinz, (z,t) € Q.

Let n € N, n > 2. We introduce a uniform mesh on the interval [0, 7]

with gridpoints z; = ih, i = 0,...,n, where h = . Using the space-variable
discretization, we obtain a system of fractional differential equations in the

form (4.18) with initial conditions (4.19) and functions

I(1.5)
T(1.3)

t93sina; +t*Psina;, te(0,1], i=1,...,n— 1.

(3 (t) =
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It is easy to see that functions v; belong to C%#(0,1], with ¢ = 0.7 and
arbitrary ¢ € N. Therefore, by (4.30),

v =max{y,1 —a} =0.8.

In Tables 5 and 6, the ratios ©,, x characterizing the observed convergence
rate, are presented. Using (4.41), we see that for m = 1,

N70.4r
N—1.2

for r <3,

4.56
r>3. ( )

Eid(m.v.1,0) = { o

Based on Theorem 4.8 and (4.56), ratios ©,, y for m =1 and for r =1, r = 2,
and 7 = 3 ought to be 204 ~ 1.32, 20% ~ 1.74, and 2!'? ~ 2.30, respectively.
These values are given in the last row of Table 5. The numerical results in
Table 5 indicate that the order of convergence of the method for m = 1 is
based on E}(m,v,r, «), which dominates the h? component of the error in
Theorem 4.8.

r=1 r=2 r=23

n N En,N @n,N En,N 6n,N En,N ®n,N
2 2 1.89E-01 1.57E-01 1.96E-01
4 4 1.15E-01 1.64 | 5.78E-02 2.71 | 7.04E-02 2.78
8 8 7.87E-02 1.46 | 2.82E-02 2.05 | 2.71E-02 2.60
16 16 | 5.55E-02 142 | 1.41E-02 2.00 | 1.36E-02 1.99
32 32 | 3.94E-02 1.41 | 7.11E-03 1.99 | 6.40E-03 2.13
64 64 | 2.80E-02 1.41 | 3.58E-03 1.99 | 2.91E-03 2.20
128 128 | 1.99E-02 1.41 | 1.80E-03 1.99 | 1.29E-03 2.25

1.32 1.74 2.30

Table 5. Numerical results for problem (4.52)—(4.55) using m = 1 and n = N.

Using (4.41), we see that for m = 2,

N70.4r
N—2.2

for r < 5.5,

4.57
r > 5.5. ( )

Ex(m,v,r,a) = {
for
Based on Theorem 4.8 and (4.57), ratios ©,, y for m = 2 and for r = 1 and
r = 2 ought to be 204 ~ 1.32 and 2% ~ 1.74, respectively. The numerical
results in Table 6 indicate that the order of convergence of the method for r = 1
and r = 2 is based on E}(m,v,r,a), which dominates the h? component of
the error in Theorem 4.8. For r = 5.5, the h? component dominates the
E} (m,v,r, ) component of the error in Theorem 4.8 and therefore the ratio
ought to be 22 = 4.00. The obtained values for the ratios are given in the last
row of Table 6. We see that the performed numerical experiments are in good
accordance with the theoretical results.
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r=1 r=2 r=25.5

n N €n,N @n,N En,N @n,N En,N en,N
2 2 1.03E-01 1.04E-01 1.11E-01

4 4 3.11E-02 3.30 | 2.61E-02 4.00 | 3.01E-02 3.68
8 8 2.04E-02 1.52 | 741E-03 3.52 | 7.79E-03 3.86
16 16 1.43E-02 1.43 | 3.71E-03 1.99 | 2.24E-03 3.48

32 32 | 1.02E-02 1.41 | 1.88E-03 198 | 5.83E-04 3.84
64 64 | 7.27E-03 1.40 | 9.51E-04 1.98 | 1.45E-04 4.02
128 128 | 5.19E-03 1.40 | 4.80E-04 1.98 | 3.53E-05 4.10
1.32 1.74 4.00

Table 6. Numerical results for problem (4.52)—(4.55) using m =2 and n = N.

4.8.2. Example 2

Consider the equation

(DY250) (x, t)—((ﬁgg’t)—i—xu(:r, t) =z (2—0.25) mtoz—%o'%—i—ﬁ (2—0.25)t04
(4.58)

for (z,t) € Q == (0,0.25) x (0, 3] with
u(0,t) =0, tel0,3], (4.59)
u(0.25,t) =0, te€l0,3], (4.60)
u(z,0) =0, x€]l0,0.25]. (4.61)

We see that (4.58)—(4.61) is a problem of the form (4.4)—(4.7), where a = 0.25,
L=0250=3,¢=0,0(x)=x for z € (0,0.25),

I'(1.45)

f(z,t) = z(z — 0.25) T(1.2)

192 — 24095 4 92 (2 — 0.25)t9%,  (z,1) € Q.

The exact solution to (4.58)—(4.61) is given by
u(z,t) = x(x — 0.25)t",  (2,t) € Q. (4.62)

To find the numerical solution to (4.58)—(4.61), we use the same approach
as described in Example 1. For any uniform mesh on the interval [0, 0.25] with

gridpoints x; = th, 1 = 0,...,n, where h = %, functions
I'(1.4
v (t) :xi(xi—0.25)F((12))t0'2—2t0'45+mz2(xi—0.25)t0'45, telo,1], i=1,...,n—1,

belong to C?#(0, 3], with u = 0.8 and arbitrary g € N. Therefore, by (4.30),

v =max{y,1 —a} =0.8.

52



For Tables 7 and 8, the ratios, ©,, n, are defined by (4.51). Using (4.41),
we see that for m =1,

N=O045 for < %,

(4.63)
—1. 25
N-L2 for > 5

Ex(m,v,r,a) = {

Based on Theorem 4.8 and (4.63), ratios ©,, y for m =1 and for r =1, r = 2,
and r = 28—5 ought to be 2045 ~ 1.37, 209 ~ 1.87, and 2''?° ~ 2.38, respectively.
These values are given in the last row of Table 7. The numerical results in
Table 7 indicate that the order of convergence of the method for m = 1 is
based on E%(m,v,r,a), which dominates the h? component of the error in
Theorem 4.8.

r=1 r=2 r=25/9
n N €n,N Gn,N En,N @n,N En,N ®n,N
2 2 2.53E-03 1.93E-03 2.43E-03
4 4 1.85E-03 1.37 | 1.03E-03 1.87 | 1.18E-03 2.06
8 8 1.36E-03 1.37 | 5.53E-04 1.87 | 5.19E-04 2.27
16 16 9.94E-04 1.37 | 2.96E-04 1.87 | 2.23E-04 2.33

32 32 | 7.28E-04 1.37 | 1.58E-04 1.87 | 9.45E-05 2.36
64 64 | 5.33E-04 1.37 | 8.46E-05 1.87 | 3.99E-05 2.37
128 128 | 3.90E-04 1.37 | 4.52E-05 1.87 | 1.68E-05 2.37
1.37 1.87 2.38

Table 7. Numerical results for problem (4.58)—(4.61) using m =1 and n = N.

Using (4.41), we see that for m = 2,

N-045r  if p < 5

N2 ros (4.64)

Ex(m,v,r,a) = {

Note that for equation (4.58), we have O(h?) = 0 in (4.16). Based on Theorem
4.8 and (4.64), ratios ©,, y for m = 2 and for r = 1, r = 2, and r = 5 ought
to be 2045 ~ 1.37, 209 ~ 1.87, and 222° ~ 4.76, respectively. These values
are given in the last row of Table 8. The numerical results in Table 8 indicate
that the order of convergence of the method is based on E} (m,v,r, «), which
dominates the h? component of the error in Theorem 4.8.
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r=1 r=2 r=>5

n N €n,N @n,N En,N @n,N En,N en,N
2 2 6.42E-04 4.69E-04 7.39E-04

4 4 4.70E-04 1.37 | 2.51E-04 1.87 | 2.94E-04 2.51
8 8 3.44E-04 1.37 | 1.34E-04 1.87 | 7.79E-05 3.78
16 16 2.51E-04 1.37 | 7.15E-05 1.88 | 1.79E-05 4.34

32 32 | 1.84E-04 1.37 | 3.85E-05 1.86 | 3.93E-06 4.57
64 64 | 1.34E-04 1.37 | 2.08E-05 1.85 | 8.40E-07 4.67
128 128 | 9.80E-05 1.37 | 1.13E-05 1.85 | 1.79E-07 4.69
1.37 1.87 4.76

Table 8. Numerical results for problem (4.58)—(4.61) using m =2 and n = N.

Finally, we consider what happens when m = 2, n is equal to 128, and
N €{2,4,8,16,32,64,128}. The ratios, ©125 n, in Table 9,

€128,N/2

O128 N = ;
€128, N

characterizing the observed convergence rate, are also presented. Based on
Theorem 4.8 and (4.64), ratios (:)128,N for m =2 and for r = 1, r = 2, and
r = 5 ought to be 2045 ~ 1.37, 209 ~ 1.87, and 22?° ~ 4.76, respectively.
These values are given in the last row of Table 9. We see that all of the
performed numerical experiments are in good accordance with the theoretical
results.

r=1 r=2 r=>5
n N En,N O128 N En,N O128, N En,N O128 N
128 2 6.43E-04 4.70E-04 7.40E-04
128 4 4.70E-04 1.37 2.51E-04 1.87 2.94E-04 2.51
128 8 3.44E-04 1.37 1.34E-04 1.87 7.79E-05 3.78
128 16 2.51E-04 1.37 7.15E-05 1.88 1.79E-05 4.34

128 32 | 1.84E-04 1.37 | 3.85E-05 1.86 | 3.93E-06  4.57
128 64 | 1.34E-04 1.37 | 2.08E-05 1.85 | 840E-07 4.67
128 128 | 9.80E-05  1.37 | 1.13E-05 1.85 | 1.79E-07  4.69
1.37 1.87 4.76

Table 9. Numerical results for problem (4.58)—(4.61) using m = 2 and n = 128.
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5. SINGULAR FRACTIONAL INTEGRO-DIFFERENTIAL
EQUATIONS WITH NON-CONSTANT COEFFICIENTS

In this chapter, we consider a class of singular fractional integro-differential
with non-constant coefficients. In previous chapters we studied fractional dif-
ferential equations containing the Caputo fractional differential operators. In
this chapter we study a singular fractional integro-differential equation with
fractional differential operators D§ = (J*)~! defined by (2.12) that are the
inverses of Riemann-Liouville integral operators on J%(C[0,T]). However, due
to the fact that the operators that we get after integral operator reformulation
below, will be in general non-compact, we can not use the Fredholm alterna-
tive theorem for studying the existence and uniqueness of the solution of the
underlying problem.

The main results of the present chapter extend the approach of [38] to a
more wider class of equations with non-constant coefficients. Generalising to
equations with non-constant coefficients presents several significant challenges
since both the investigation of the unique solvability of the equation and the
study of collocation based numerical methods require new ideas and auxiliary
results compared with the constant case. The basis of our treatment will be the
concept of cordial Volterra integral operators introduced by Vainikko in |72,
73], see also |12, 20, 79]. We will use also some ideas and results from [38|, where
the existence of a unique ¢ times (¢ > 0) continuously differentiable solution to
a singular fractional differential equation was considered. For similar equations
in the spaces of analytic functions, see [33].

The structure of this chapter is as follows. In Sections 5.1 and 5.2, we
introduce the model problem and reformulate the problem as a cordial Volterra
integral equation. Section 5.3 provides theoretical results on the existence,
uniqueness and regularity of solutions. Lastly we construct and analyse a
collocation scheme on uniform meshes, proving convergence results and error
estimates. This chapter is based on article [39].

5.1. Problem formulation

Let us consider the following equation
l
(DEMu)(t) = S by (D) (DG M u)(t) + b(t) (Vyu)(H) + £(2), ¢ € (0,T].
k=1
(5.1)

We assume that functions by, b, f and parameters «, ay in (5.1) satisfy the
following conditions

be,b, f € CU0, T, € (¢,q+1], a>ar >0, k=1,....1, qeNy. (5.2)
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The notation M® in (5.1) stands for the multiplication by the function ¢:
(M*v)(t) =t%(t), te(0,T], veC0,T]. (5.3)

The operator Vi, is an arbitrary cordial Volterra integral operator with a core
¥ € L'(0,1). The cordial integral operator is defined by

(Vi) (#) :/ Ly (2)us)ds, te0.7], wecp.1], ¥eL'©).

ot \t
(5.4)

2 we obtain the second representation

By a change of integration variables x = 3

of Vw:

(un)(t):/ o (;) u(s)ds:/ d(@)u(te)dz, te0,T), ue Clo,T], ¥ e LY(0,1).
0 0

(5.5)
Remark 5.1. Notice that we do not permit any initial or boundary condi-
tions for a unique solution u € C?[0,T] of (5.1). Imposing them one usually
determines a solution of lesser regularity.

5.2. Problem reformulation

We start by reformulating the problem (5.1) by a change of variables. Denote
v =D§M*u. Then v = M~*J% and equation (5.1) takes the form

l
v=Y be[ DY MO [M T 4 bV M T + f. (5.6)
k=1

Note that for any v € C[0,7] and k = 1,2,...,1, the function M~“J% be-
longs to the domain of the operator Dg* M®* or to the range of (Dg* M*)~1 =
M~ Jo Therefore, there exists aw € C|0, T such that M~*J% = M=% J% .
In [41] it was shown that this equality holds for w =V, , v, where V,,, , is

a cordial Volterra integral operator with the core ¢4 o, € L1(0,1) defined by

1

- (1—z) g g . )
a1 S xe@1). (G7)

Pa,ou (x) =

Therefore, for k=1,...,1, v € C[0,T],

bk[D(O)ékMakHM—aJa],U — bk[DgékMak][M—akJakV

Saa,ak

Jv="0bpVo . v. (5.8)

a,ap

Also notice that

(VM= J%)(t) = /Ot %w (;) <1f(a) /Os(s —:E)a_lu(x)dﬂc> ds
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where 1), is defined as follows

1
1 —a a—
¢Oé(x) = / @y w(y)(y - .73‘) ldyu ¢a € Ll(o) ]-)7 T € (O’ 1) (59)
Thus we can rewrite equation (5.6) as the cordial Volterra integral equation
I
U= biVipy o v+ BV + f, (5.10)
k=1

where Qq.a,, e € LY(0,1) are defined by (5.7), (5.9) respectively.
Note also that for o > 0 operator M~*J% is a cordial Volterra integral
operator:

(o)) = (1a> /0 ti (1- ;)a_lu(s)ds

= (Vpu)(t), 0<t < T, ueCl0,T],

where
Ya(t) = =——(1—2)*"1, 0<z <1, ¢, L0,1). (5.11)

5.3. Existence and uniqueness of the solution

In this section, we study the unique solvability of equation (5.1). We first
introduce some definitions and results regarding spectrums and resolvent sets.

Definition 5.2. We denote the resolvent set p,(x)(A) of an operator A €
L(X) as the set of those A € C for which AI — A has the inverse (A —T)~! €
L(X) and the spectrum oz(x)(A) of A is the complement set to ps(x)(4), i-e.,

prx)(A) = C\ogx)(4).

In particular, \g € o (x)(A) is an eigenvalue of A if there is an element xo € X
called an eigenfunction of X to Ag such that

o 75 0, ()\QI - A)l’o =0.

If X = C?0,T] for ¢ € Ny, we use the following notations prcap ) (V) =

pq(V) and oz cajo,m) (V) = aq(V).
We present the following result from the theory of cordial Volterra integral
operators.
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Lemma 5.3. [72, 73] For given ¢ € L'(0,1) let V,, be defined by (5.4) and set

gb()\):/o 2 p(z)da (5.12)

for every A € C where the integral converges. For ¢ € L1(0,1), m > 0, it holds
that V, € £L(C™[0,T]) and

oo(V,) = {3(MA €T, ReX >0} U{0}; (5.13)
om(V,) = {p(M\)|ReA > m}U{p(j)j =0,1....,m—1}, m>1. (5.14)

Lemma 5.4. [73] Assume that ¢ € L'(0,1) and b € C[0,T]. If b(0) = 0, then
bV, : L>=°(0,T) — C10,T] is compact and oo (bV,,) = {0}.

An operator A € L(X,Y) between Banach spaces X and Y is called Fred-
holm operator if its null space N'(A4) = {z € X : Az = 0} is finite dimensional
and its range R(A) = {Az : =z € X} is closed and of finite codimension
in X. The integer ind(A) = dimN(A) — codimR(A) is called the index of a
Fredholm operator A.

Lemma 5.5. [64] Let ®¢(X) be the class of Fredholm operators of index 0
and A € L(X). The following conditions are equivalent:

1. Ae (I)U(X),

2. A admits a representation A = B + K where B € L(X) possesses the

inverse B~! € £(X) and K € £(X) is compact.
Lemma 5.6. [41] Let ul — A € ®¢(X) for a p € C. If N(ul — A) = {0} then
1€ prix)(A).
Lemma 5.7. [72] For ¢ € L'(0,1), p € 0o(V,), u # $(0), the set (ul —
Vo)(C[0,T]) is dense in C[0,T]. For p = $(0), the functions f € (ul —
Vo)(C[0,T7]) satisfy f(0) = 0, hence the set ($(0) — V,,)(C[0,T7]) is not dense
in C[0,T].
Lemma 5.8. [72] For ¢ € L'(0,1), u # 0, the operator ul —V,, : C[0,T] —
C[0,T] has the right hand inverse if and only if u — @(if) # 0 for any £ € R;
further, pl —V,, : C[0,7] — C|0,T] has the (two side) inverse if and only if,
in addition, arg[u — @(i)]g2_., = 0.
Lemma 5.9. 72| For ¢ € L'(0,1), u & 0o(V,,) it holds

(ul = Vo)t = p ' T+ Vy,

where ¢ € L'(0,1) is uniquely determined by p and ¢.
Lemma 5.10. [41] Suppose that ul — A & ®o(X) for a p € C. Then p €
or(x)(4).

In order to study the unique solvability of equation (5.1) we first present
Lemma 5.11.
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Lemma 5.11. If a;, € C[0,T], k =1,...,n, it holds that

o0 (Z akwk) = 09 (Z ak(o)v¢k> , (5.15)
k=1 k=1

where Vi, , kK =1,...,n, is a cordial Volterra operator with core vy, € LY(0,1).

Proof. We divide the proof into three parts:
1. First we prove the inclusion oo (351 axViy,) C 00 (D p—y ax(0)Vy,) for
ap € C0,T] and v, € C1[0,1] with k = 1,2,...,n.
2. Secondly, we show that oo (D_7_; arpVy,) C oo (3 p_q ar(0)Vy, ) for a €
C[0,T] and v, € L*(0,1) with k =1,2,...,n.
3. Lastly, we prove the inclusion oo (D p_; arViy,) D 00 (O_p_q ax(0)Vy, ) for
ap € C[0,T] and v, € L'(0,1) with k =1,2,...,n.
1. First part
Let ¢, € C'[0,1] and aj, € C'0,T] for k = 1,2,...,n. Our goal is to show
that if 4 € o9 (3 ;_q arVy,) then p € oo (34— ar(0)Vy, ). To achieve this,
we show that € po (3 p_; ar(0)Vy,) and p € oo (D> p_; axVy,) leads to a
contradiction. We first observe that 0 € oo (> ;_; ax(0)Vy, ). Indeed this
holds, because of (5.13) in Lemma 5.3, therefore we can assume that pu # 0.
Now

pl =" apVy, = pl = ap(0)Vy, + > [ar — ar(0)] Vi,
k=1 k=1 k=1

By Lemma 5.4 operator y ., [ar — ax(0)] Vi, is compact in C[0,T]. Since
po€ po(>p_;ar(0)Vy,), we get that ul — > ) ar(0)Vy, is invertible in
C[0,T]. Hence by Lemma 5.5 operator I —> ;' axVy, belongs to ®,(C[0,T7).
Based on Lemma 5.6 and p € 093> 5_; ax(0)Vy, ) we observe that p is the
eigenvalue of operator » ,_; axVy, . Let ug € C[0, T, with [Jup|s = 1, be the
corresponding eigenfunction:

(;LI -y akak) uy =0 (5.16)

k=1

or

n -1 n
uy = (ul -y ak(O)V¢k> (Z[ak - ak(O)}V¢k> up. (5.17)

k=1 k=1
By Lemma 5.9 there exists # € L'(0,1) for which

n -1
(,LLI — Zak(O)Vwk> = p '+ V. (5.18)
k=1
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Therefore, we can rewrite (5.17) as

up = (' + Vp) <Z[ak — ak(O)]V%) . (5.19)
k=1
We assumed that a € C1[0,T] for k = 1,2,...,n, therefore we can evaluate

lax(t) —a(0)| < ¢xt for t € [0, T] with some constants ¢, > 0. We now evaluate
|uo(t)| step-by-step. The first step is

|<< [ak—ak(o)]Vwk> Uo) <Z\ak —ay(0 |/ ¢! ’W ‘|uo )|ds
=1

< tZCkHikal < CtZWth
k=1 k=1

M=

)| < ct|0]lx Z\Wk”l,

k=1

[uo(8)] < et (|| +116111) D Ilwlls,

k=1

with a constant ¢ > 0 independent of ¢ € [0,T]. Let us assume that after the

m-th step we have the estimate |ug(t)| < épnt™, 0 <t < T with a constant é,,.
Then for t € [0,T]

(e ecomn) o)

- scm
Zak — ax(0)] ’W;

< clpt™ ! Zuw,&m] [
k=1

< cbpt™ 0] Zuw[m]nl,

luo(t)] < cemt™ " (I~ + 116]11) Zuw[’"]ul,
k=1
where

() = r(z)z™,  x € (0,1). (5.20)

Therefore, |ug(t)| upper bound for t € [0, 7] is é,1t™+! with a constant

Ems1 = Cem (I~ +[16]11) anm]nl. (5.21)
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Since

1 1
o™ = /0 2™ (@) ldz < |91l /0 "y =m el |, (5.22)
we have

(4 10010) iy 1t

ém-l—l Sém
m
co U A0 (R [ )?
>Cm—1 m(m — 1)

e (i 00)™ (Srolef )

m!

<
Hence for m € Ny and ¢ € [0, 7] we get

e (I + 160)™ (i ef )™

m!

|uo (t) | S éle+1

Lastly, we replace m! with the help of Stirling formula m! ~ v27m(2)™ and
consider the limit process m — oco. We get that ug(t) = 0 for ¢t € [0,T].
This contradicts the fact that ug € C[0,T] is an eigenfunction with ||u|lc =1
and therefore for ap € C[0,T], v, € C0,1] for k = 1,2,...,n inclusion
00(2 =1 @k Vi) C 00(3 25—y ak(0)Vy,) holds.

2. Second part

Let now 1, € L'(0,1) and a € C[0,T] for k = 1,2,...,n. We begin the dis-
cussion as in the first part and observe relation (5.19) as follows: the eigenvalue
problem

M= (u™ 1T+ Vp) (Z[ak - ak(O)]V¢k> u (5.23)
k=1

with compact operator (1~ I+Vy) (33— [ar — ax(0)]Vy, ) has an eigensolution
(Ao, u0)s Ao =1, ug € C[0,T], |luollec = 1. We approximate functions ¢, and
ax, by ¢ € C*0,1] and af, € C'[0,T] so that

aj,(0) = ar(0),
lar — akllo <€

[k = Yill <€
for k =1,2,...,n, where € > 0 is a given small number. The operator ul —
> h=1 @k (0)Vye is still invertible in C'[0, 7] and by Lemma 5.9 its inverse can
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be expressed as

n -1
<,uI - Zak(O)V¢Z> = p T+ Ve (5.24)
k=1
with a 6¢ € L1(0,1) and where || — 0|1 < e, ¢ > 0. We get
n l
(#_1I+V9)(Z[ak—@k(o)]vwk) (™ T4V )( Z a— i, (0) Ve ) <ce.
k=1 k=1 £(C[o,17)
(5.25)
For a sufficiently small € > 0, the eigenvalue problem
A= (T + Vp) (Z[a; - ai(O)]Vwi> u (5.26)
k=1

has a solution (A, uc), ||tel|oo = 1 such that \c — 1 as e — 0. Using a similar
discussion as in the first part we get that u. = 0 which is a contradictions be-
cause we assumed that ||uc| s = 1. Therefore, for a € C[0,T], ¥ € L*(0,1),
k=1,2,...,n, inclusion oo(>_j_; arVy,) C o00(d>_p_, ax(0)Vy,) holds.

8. Third part

We now prove the inclusion oo(3 1 ax Vi, ) D 00(>p_; ax(0)Vy, ). According
to Lemma 5.3, the inclusion is equivalent to the following inclusion

{Zak k(A ReA > o} U {0} C oo (Z akak> : (5.27)

k=1

Based on proven inclusion oo(> " _; axVy, ) C 00(>__1 ax(0)Vy, ) the spectrum
o0(XF_, axVy, ) contains points 37, ag(0)ix()\) for arbitrary large A € R.
Therefore, (since (X)) — 0 as A — o) > orq ap(0)hr(A) — 0 as A — oc.
From the closedness of the spectrum o¢( ;_; arVy,) it now follows that 0 €
o0 (Xg=1 @k Vi,)- )

Let now g € {>"}_; ar(0)yr(A)|Rex > 0}.

If we can show that pl — > 7| aiVy, & ®o(C?0,T]) then by Lemma 5.10 we
have p € o0(d> 1 arVy,,). For pI =31 axVy, & ®o(C9]0,TY), it is sufficient
to show that

ul — Zak W, & ®o(CY[0,T)) Zak )4k (\) with ReX > 0.
k=1
) (5.28)
For p = Y51 ap(0)Yr(X), ReX > 0, according to Lemmas 5.7, 5.8, (ul —
> req ar(0)Vy, )C[0,T] = C[0,T] holds and p is an eigenvalue of operator
S ar(0)Vy, with eigenfunction #* in C[0,7], so ul — > p_; ap(0)Vy, &
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D4 (C1[0,T]). R

For po = > p_1 ar(0)¢e(Xo), Redg = 0 relation pol — > ar(0)Vy, €
®(C[0,T]) cannot hold since otherwise it would also be true for a A with Re\ >
0 that is close to Ag but this is not the case. Thus inclusion oo (> p_; arVy,) D

00(dp_q ax(0)Vy, ) holds. ]
Actually we can extend Lemma 5.11 to the Lemma 5.12 where we assume,

that functions a; € C9[0, 7] with ¢ >1land k=1,...,n

Lemma 5.12. If a;, € C?0,7T],q >0, k=1,...,n, it holds that

<Z akak> =04 (Z ak Vd%) s (5.29)

where for k =1,...,n, ¢ € L'(0,1) is the core of the cordial Volterra integral
operator Vy, .

The proof of Lemma 5.12 (see Lemma 4.2 in [39]) follows the similar steps
presented in [41] where it is shown that with ¢4 o, defined by (5.7) and ¢ > 0
0q(3 k=1 @Vu 0, ) = 0¢(Xj=1 ak(0)Vp, ., ). We have already shown that for
q = 0 equality(5.29) holds. For ¢ > 1 we first can show that o (>} _; axVy,) C
oq(> r_1 ar(0)Vy, ) and then show, that inclusions

{Zak ¢k )|ReA > q} C oy <ZakV¢k) , q>1,

k=1
and
{Zak(o)i)k()‘)’)‘ = 07 17 L 1} U {0} C Oq (Zakvzbk) , 4 > 17
k=1 k=1
hold.

The following theorem characterises the existence and uniqueness of solution
to the problem (5.1).
Theorem 5.13. Let ¢ € L'(0,1) in equation (5.1) and conditions (5.2) hold.
FEquation (5.10) has a unique solution v € C?)0, T for any f € C40,T] (hence
equation (5.1) has a unique solution u = M~“J% € C0,T] for any f €
C10,T) iff for ¢ =0 we have

l
Flo +A+1) - '(A+1) ‘
Ty L1 —— #1 >
S n O O i gy # L YA€ C with Rea >0
(5.30)
or, for ¢ > 0, we have
l
Dl + A+ 1) . L'(A+1) .
Sk AT A+ D) -
Z Tat+r+1) +b(0)7/’()\)r(a+)\+1)751,V)\€(szthRe)\_q,
(5.31)
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and

l . .
Zbk(o)m + b(ow(j)m 41, j=0,1,...,q—1,
k=1

(5.32)

Proof. Equation (5.10) has a unique solution v € C?]0,T] if and only if 1 ¢
o (ZZZI bkVia,a), T bV%). Therefore, due to Lemma 5.12, we need to estab-

lish conditions when 1 ¢ o, ( S}y br(0)V, o, +b(0)Viy, ). By Lemma 5.3,

<Po<,ak
this means that in the case ¢ = 0 we must have

l
> b(0)Baay (A) +b(0)a(X) # 1, VA € C with Re) > 0,
k=1

whereas in the case ¢ > 0 we must have

~

> b(0)Baar (A) + b(0)Pa(A) # 1, ¥A € C with Red > g,
k=1

and

bk(0) By (7) + (00 (§) #1, §=0,1,...,¢—1,
k=1

where @ o, (k=1,...,1) and @a can be found as follows:
! A
Pa,ap (A) = /0 T 0o (T)dx

1
1
A a—ap—1_«o
= 2 ——(1—2x k=2 %k dx

T I

1
— 7I‘(a i on) /0 :UM'O""(I — x)o‘_o"“_ldm
= F(aiak)B(A—i-ak—i-l,a—ak)
A+ o+ DIMNa — ay)
T Ta—a)l(A+a+1)
A+ ar+1)
T T(Afa+1)’

ReA > 0,

DN = / M (2)da

0

1 1
= [ [ i -2y
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:1“(104)/011/} / — 5)* Ldsdy

1 ~

@B(AJF 1 a)h(N)

FA+ DI (a) ~

S T(A+1+ a)F(a)¢(A)
F(A+1)

B TCESEY )\)w()\), ReA > 0.

Therefore, we arrive at conditions (5.30) and (5.31)-(5.32). Furthermore, op-
erator M ~“J“ is a cordial Volterra integral operator and thus v € C%0,T]
implies u = M~*J% € C?0,T]; recall that M ~“J%v belongs to the domain
of Dy* M and u really satisfies (5.1).

5.4. Numerical approach for the problem (5.1)

For solving equation (5.1), we use the notations and results described in Section
2.5. Let m,N € Nand r = 1 in (2.17), i.e. t; = T (L) We are looking for

approximations vy € S( i(HN) for the solution of (5.10) that satisfy the
collocation COndltIOnb

Zbk ij) <¢Jmk >(tz‘j)+b(tz‘j)(V¢avN) (tij) + f(ti), (5.33)

where j =1,...,mandi=1,...,N. Here {t;;} are defined by (2.20).
Observe that conditions (5.33) have an operator equation representation
l
VN = Z PkaV¢a7aka + ’PNbV%'UN +Pnf, (5.34)
k=1

where P, is defined by (2.21). Conditions (5.33) lead to a system of linear
equations to uniquely determine vy . Using Lagrange fundamental polynomial
representation (see (2.22)), we get

N m
) => 3 cuplun(t), te€l0,T], (5.35)

k=1 pu=1

with some coefficients {c.,}. Note that vy € an__l%(HN) and vy (tij) = cij

forj=1...,m,i=1,...,N . To find coeflicients {c.,} we have to solve a
system of linear algebraic equations

Cij = Z Z Z bk ZJ ‘Pa ay, l“#)(tij) + b(tij)(vwalnu)(tij) Crpu + f(tij)a

k=1 p=1 =
(5.36)
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with respect to ¢;;, j=1,...,m,i=1....,N.
To find the approximate solution uy of (5.1) we use the equality u = M ~*J%v:

i (t) = (42 J0)(0) = (Vouon)(0) = 373 e (Voulg) (), 0 E<T,
7j=1p=1
(5.37)
where ¢, is defined by (5.11).

5.5. Convergence analysis

In this section, we analyse the convergence and convergence order of the pro-
posed numerical method. We first present some lemmas that we need in our
discussion below.

Lemma 5.14 ([73]). For ¢ € L'(0,1) and u € LOO(O T) havmg a ﬁmte hmlt

w(0) := limy—,o u(t), it holds that V,u € C[0,T], (V, u) fo
Lemma 5.15 ([75]). Let ¢ € L1(0,1), f € C[0,7T], 1 € po(V ) for equatlon
u=Vou+ f. (5.38)

Also let m € N and assume that

det(ly, — D;) #0, i=1,...,N—1, (5.39)

where I,,, is the m x m identity matrix and D; = (dl 4 1) k=1 18 an m xm matrix

with the elements defined by the formula

1

dzzk :/ ‘ (@) ((i + 7))z —i)de, j,k=1,...,m, i=0,...,N—1,
i/ (i+75)

where [, € m,—1 are the Lagrange fundamental polynomials associated with

the knots (collocation parameters) 0 <7 < ... < 7, < 1.

Then collocation equation uy = PyVouny + Py f has for N > 1 a unique
solution uy € S( %(HN) and

1w — unlloo < collu — Pyulloo — 0 as N — oo,

where u € C[0,T] is the unique solution of equation (5.38).
If f € C™[0,T], then also u € C™[0,T] and

e = unlloe < emh™|[u™ o

The constants ¢y and ¢, are independent of N and f.

Lemma 5.16 ([75]). Let the assumptions of Lemma 5.15 hold. Then oper-
ator I — PnV, : ST(;_I%(HN) — Svg;_I%(HN) is invertible; moreover equipping
Sﬁn__li (IIx) € L*(0,T) with the norm from L*°(0,T"), we get

(I —PNV,)~! <e¢ N>1.

Hsﬁy:—li(HN)HSﬁn_—li(HN)
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We now present the theorem describing the convergence of our numerical
method.
Theorem 5.17. Assume that in equation (5.1) function ¢ € L'(0,1) and
conditions (5.2) hold. Further, assume that conditions (5.30) are fulfilled and
either (a) or (b) hold, where
(a) bp(0) =0 fork=1,...,1 and b(0) =
(b) fori=1,...,N—1

det(I,, — D;) # 0,

where D; = (dl g 1) k=1 s the m x m matriz with elements

. 1 !
dy, = / [Z b (0) P (&) + bOWa(@) | 1((i + ) — i)da,

i/ (i+75)

with j,k =1,....m and ¢ =1,...,N — 1 and where l € wp_1 are the
Lagrange fundamental polynomials associated with the knots (collocation
parameters) 0 < 11 < ... < Ty < 1.

Then there exists an Ny € N such that equation (5.34) has for N > Ny a unique

solution vy € S( }(HN) determining by (5.37) a unique approximation uy

to u, the solution of (5.1) and
lu —unlloo = 0 as N — oo. (5.40)

Proof. With conditions (5.2) we know that by, b € C[0,T] for k =1,...,l. Ac-
cording to Lemma 5.14, Vi, . vn, Vy,on € C[0, T] for pa a . 1a € LY(0,1) and

v € S5 (), thus PabyVi,.., vn, PrbVy,ox are well defined in (5.34).
We begm our discussions with the simpler case, where b;(0) = b(0) = 0 for
=1,...,l. According to Lemma 5.4 operators kagOa’ak, k=1,...,1, and
bV, are compact from L>(0,T) — C[0,T] and 00(22:1 bkVou,a, T0Vyo) =
{0}. Therefore, the sum of these operators is also compact and with Lemma
2.11 gives us that

l
(I —Py) (Z bkVipo o, + bv%)

k=1

—0as N — oco. (5.41)

L>°(0,T)—L>(0,T)

Thus collocation equation (5.34) has for sufficiently large N a unique solution
UN € Sf?:_li(l'[]v) and
lv — v oo < collv — PNVl — 0 as N — 0. (5.42)

Since u = M ~%J%, we have

u = Vq,a’(), uN = qua'UNa N Z 1, (5.43)
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where ¢, is defined by (5.11) and vy € S( %(HN) is the solution of equation
(5.34), up is defined by (5.37), v is the bolutlon of (5.10) and w is the solution
of (5.1). We now see that for N > 1,

lu = unloe = [Veu (v — o)l < cflv = vnloo- (5.44)

In conclusion estimates (5.44) and (5.42) imply that for the case b (0) = b(0) =
0 (k=1,...,1) the proposed numerical method converges.

We now look at the more general case, where b;(0) and b(0) are not equal to
zero. In such case, the operators in equation v = ka:l bkVipa,a, v +0Vy v+ f
are generally non-compact and thus the analysis of collocation methods be-
comes more complicated. In order to examine convergence of our numerical
approach, we first rewrite the operators in (5.10) as follows:

Zbkvaav+bv¢ v_zbk SDaav—i_b( )Vwav

l
+) b = b(0)[ Vg o, + [b— 5(0)] Vi, 0.
k=1

Then we consider the auxiliary equation

v=Y b0V, +b(0)Vy,v+ f. (5.45)

Assume that fort=1,...,N —1
det(l,,, — D;) # 0, (5.46)

where D; = (d;l)%zl is the m X m matrix with elements

ai, = / [Eb Joasa, (2) + (O)Wa ()| (i + 7j)a — i)da,  (5.47)
i/ z+7'] r—=1
with j,k=1,...,mand ¢ = 1,...,N — 1 and l; € m,,—1 are the Lagrange
fundamental polynomials associated with the knots (collocation parameters)
0<nm<...<1y <1.

The assumptions of Lemma 5.15 and 5.16 are now fulfilled for equation (5.45)

with ¢(z) = Zf«:l by (0)a,a, () + b(0)he(x) (0 < z < 1) in Lemma 5.15.
Thus, based on Lemma 5.16 we have

-1

(I PN<Zbk Vg +b(0 )V¢a>> <e¢, N>1.

sG-S ()
(5.48)
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We also know that, by Lemma 5.4, operator [by — by (0)|Vi, ., : L°(0,T) —
C[0,T] is compact for k = 1,...,1 and [b — b(0)]Vy, : L>=(0,T) — C[0,T] is
compact. Therefore, the sum of those operators is also compact, and it holds
that

(I-Pn) —0 as N —oo.

L20(0,T)—L>(0,T)

l
Zbk b (0)]Vipg o, +[b—0(0)] Vs,
k=

From last two relations we obtain that for sufficiently large N, the inverses to

l _
S 0Vipaa, + 0V | £ S5 (@N) = S5 ()

m— m—
k=1 J

I —Pn

exist and are uniformly bounded:

<I —Pn
(5.49)

For solutions v of equation (5.10) and vy the solution of equation (5.34) we

have
l
<I — PN Zka v + bVwa
k=1

l l
= <I —Pn |:Z ka%,ak + bVwa:|>UN +Pn [Z biV, oy T bV¢Q:| (v —"Pnv)
k=1 k=1

l

> Vi, + Vi,
k=1

—1
) <2c, N> Np.
SO (M) —S5 1 ()

l
>7DNU =Pn <I— [Zbkv o +bV¢a:|>PNU

k=1

implying

! —1 l
Pyv—uvn = (I—PN [Z ka@aﬁakerVwa] ) Py [Z ka%,akerVwa] (v—PNv).

k=1 k=1

Using the last equality, (5.49) and Lemma 2.12, we get
[Pno — un|loo < ¢fjv = Pl oo
Thus
[v = vnlloe < [lv=Prvlloc + [[Pnv — vnlloc < cljv = Prv|loo-
Based on (5.43), we now see that
lu—unlloo = Voo (0v=0N)]lco < col|v—=N|loo < ¢|[lv—=Pnv|loc — 0 as N — occ.
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We now present the theorem describing the convergence order of the nu-
merical method.

Theorem 5.18. Assume that in equation (5.1) function ¢ € L'(0,1), con-
ditions (5.2) hold and let by, b, f € C™[0,T], m € N. Further, assume that
conditions (5.30) are fulfilled and either (a) or (b) hold, where

(a) bp(0) =0 for k=1,...,1 and b(0) =0,
(b) fori=1,...,N—1
det(I,, — D;) # 0,

where D; = (dﬁ);ﬂkzl s the m x m matriz with elements

d;lk = /l i [Z br(0)pa,an () + 0(0) () | Ik((i + 1)z — i)dx,

r=1

with j,k =1,....m and it = 1,...,N — 1 and where Iy € my,_1 are the
Lagrange fundamental polynomials associated with the knots (collocation
parameters) 0 < 1 < ... < Ty < 1.

Then there ezists an No € N such that equation (5.34) has for N > Ny a

unique solution vy € S( 1%(HN) for ¢ = m, determining by (5.37) a unique

approzimation uy to u, the solution of (5.1) and
v —unfloo < eNT™, (5.50)

where ¢ > 0 is an independent constant of N.

Proof. The existence of the unique solution of (5.34) is proven in Theorem 5.17
and thus we only have to show that (5.50) holds. First let b (0) = b(0) = 0 for
=1,...,1. It by, b, f € C™[0,T] then v € C"™[0, T] and

[v—vN|oo < thmH'U(m)Hoo-

where ¢, are some positive constants independent of N. Due to estimate
(5.44),
[u —unlloe < cllv—vnlloc <ENT™, (5.51)

where ¢, ¢ are some positive constants independent of N. If b;(0),b(0) are not
equal to zero, then based on (5.43), we can see that

[u = unlloo = [Voa (v = vn)llee < collv = vn]loc < v = Prvl|oo-

If by, b, f € C™[0,T] then v € C™[0,T] and by estimating ||v — Pyv|o by
standard estimates for the spline interpolation we arrive at the following error
estimate:

lu — un|loo < eNT™

where constant ¢ > 0 is independent of N. |
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In practice it is sometimes quite difficult to check if conditions (5.46) hold
for a specific singular fractional integro-differential equation. Fortunately, for
piecewise constant and piecewise linear approximation the situation is some-
what easier.

Remark 5.19. For m = 1, we can show (cf. [38, 75]) that conditions (5.46)
follow directly from the other assumptions of Theorems 5.17 and 5.18 if

l

D be(0)pam, () + b(0)ha(z) >0, 0<z<1. (5.52)
k=1

Similarly, for m = 2, we can show (cf. [21, 38|) that if conditions (5.52) and

, -
Zbk(O)FF((‘Xf 11)) +0(0) 5 (12(?3 5< (5.53)
k=1

are fulfilled, then the conditions (5.46) follow from the other assumptions of
Theorem 5.17 and 5.18.

5.6. Numerical examples

In this section we will present three numerical examples to illustrate our the-
oretical results. We use the numerical method described in Section 5.4 to find
the approximate solution of equation (5.1).

Let N,m € N. We introduce for the interval [0, 7] a uniform grid

T
ti =j— i =0,...,N 5.54
i=iyy J=0 LN, (5.54)
and use collocation points t;_1 + TH%, k=1,...,m,1=1,..., N, where the

collocation parameters satisfy 0 < 7 < ... < 7, < 1. To find the approximate
solution of equation (5.1) we use (5.37), where {c;;} is the solution of (5.36).

We present, in the tables below, some results of numerical experiments for
different values of parameters N, m. The errors, €, are calculated as follows:

_ 1) — un (T 5.55
en = max  wmax |u(7j) = un (i), (5.55)

where u is the exact solution to our problem and uy is the approximate solution
found by (5.37) and

Tjk:tj_1+k(tj—tj_1)/10, k=0,...,10, j=1,...,N,
with the gridpoints, ¢;, defined by (5.54). In tables below, the ratios

Oy = N2 (5.56)
EN

characterizing the observed convergence rate, are presented.

71



5.6.1. Example 1

Consider the singular fractional integro-differential equation

(D§ MFu)(t) =cos(t) (D M3 u) (1) +(1—1)% (Vu) (1) +eos(t)+£5, 0 << 1,
(5.57)

where (z) = xg, 0 <z < 1. We see that (5.57) is an equation of the form
(5.1) with conditions (5.2), where

and

bi(t) = cos(t), b(t)=(1—1)3, f(t)=cos(t)+tHd, 0<t<1l. (5.58)

7
By a change of variables v = Dy M gu, equation (5.57) takes the form

v = blvcmeIU + bV, v+ f, (5.59)
where
4 | 4
Paa () =3, Yalz) = / T (y—z)3dy, 0<z<L (5.60)
z 3

Here, the exact solution is not known. For the numerical tests we use approx-
imation uy obtained with m =2, N = 1024, i.e., u(t) = u1p24(t) (0 <t <1).
According to Theorem 5.13 equation (5.59) (thus also equation (5.57)) is
uniquely solvable in C2[0,1]. Since f € C2[0,1], we take m = 2.
Using (5.58) and (5.60), we have

1

01000 (2) + HO)Valx) = + [ F(17)<y “obdy >0, 0<z<l,
x 3

and
Dlon +1) b0 T s
b1(0) F(Oél—|— 1) ( )F(a—}—l) - F(%) "‘F(l(%o) ~0.54 < 1.

Thus conditions (5.52) and (5.53) are fulfilled. The errors ey are calculated
by (5.55). Based on Theorem 5.18 and Remark 5.19 that, for m = 2 and for

sufficiently large N
ey < cN72 (5.61)

where ¢ > 0 is a positive constant independent of N. The ratio ©n ought
to be 22 = 4. In Table 10 some results of numerical experiments for different
values of collocation parameters 7q, 7y and parameter N are presented. Table
10 shows that numerical results agree with the theoretical estimates.
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nm=1/4,17=3/4|11=1/3,2=2/3|11=1/4, 7=4/9

N EN @N EN @N EN @N

8 5.41E-04 6.51E-04 3.75E-04

16 1.80E-04 3.01 2.17E-04 3.00 1.13E-04 3.30

32 | 5.14E-05 3.50 6.20E-05 3.50 3.11E-05 3.64

64 1.38E-05 3.74 1.66E-05 3.74 8.17E-06 3.81

128 | 3.55E-06 3.88 4.28E-06 3.88 2.09E-06 3.91

256 | 8.72E-07 4.07 1.05E-06 4.08 5.12E-07 4.08
4.00 4.00 4.00

Table 10. Numerical results for problem (5.57) for m = 2.

5.6.2. Example 2

Consider the singular fractional integro-differential equation

(D M u)(6)=sin(t) (DF MEu)(0)+ (Vi) (0)+

P . T 5
t5 —sin(t t5 ——15,

()" ) s
(5.62)

where 0 < t <1 and ¢(z) = 21,0 < z < 1. We see that (5.62) is an equation
of the form (5.1) with conditions (5.2), where

12 1
a—l—o, q=1,1=1, al—i, T=1,
and
r (ﬁ) 7 r (@) 7 5 71
bi(t) =sin(t), b(t) =1, f(t)= —pSct5—sin(t)—ost5—-—t5, 0<t <1
(%) r(§) 18

The exact solution of equation (5.62) is u(t) =t

C10,1], we take m = 1.

Similarly as in the first example we can show that (5.52) is satisfied for
problem (5.62). The errors ey are calculated by (5.55). According to Theorem
5.18 and Remark 5.19, for m = 1 and for sufficiently large N

eN < CN_I,

(0 <t <1). Since f €

(5.63)

where ¢ > 0 is a positive constant independent of N. The ratio ©n ought
to be 21 = 2. In Table 11 some results of numerical experiments for different
values of the collocation parameter 7, and parameter N are given. As we can
see, the numerical results are in agreement with the theoretical estimates.
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7'1:2/5 7'1:3/5 7'1:4/5

N EN @N EN @N EN @N
8 6.39E-02 1.17E-01 2.61E-01

16 | 2.37E-02 2.70 | 4.45E-02 2.63 | 1.15E-01 2.27
32 1.34E-02 1.77 | 1.97E-02 2.26 | 5.3TE-02 2.15
64 | 7.30E-03 1.83 | 9.11E-02 2.16 | 2.58E-02 2.08
128 | 3.83E-03 1.91 | 4.35E-03 2.09 | 1.26E-02 2.05
256 | 1.97E-03 1.95 | 2.12E-03 2.05 | 6.23E-03 2.03
2.00 2.00 2.00

Table 11. Numerical results for problem (5.62) for m = 1.

5.6.3. Example 3

Consider the singular fractional integro-differential equation

5 5 5 5 5 I (*37) 8 I (*16) 31 6
1)2_]\45 =12 1)3(\45 —|— % 'n ‘/ + 6 3 — 3 6—75 'n
( 0 u)(t) 3 ( 0 u)(t) 3 sl (t)( wu)(t) F(131)tL F(131)t 37t S1 (t),

(5.64)
where 0 < t < % and ¢(x) = :1:%, 0 <z < 1. We see that (5.64) is an equation
of the form (5.1) with conditions (5.2), where

9 )

1
a 27q ) , O 3, 27

and

where 0 <t < %
The exact solution of equation (5.64) is u(t) = £3 (0 <t < 1). Since b(0) =
b1(0) = 0, Theorem 5.13 implies that equation (5.64) has a unique solution in
C? [0, %] As f € C? [0, %], we take m = 2. The errors ey are calculated by
(5.55). Since b(0) = b1(0) = 0, it follows from Theorem 5.18 that for m = 2
and for sufficiently large N

ey < cN72 (5.65)

where ¢ > 0 is a positive constant independent of N. The ratio ©y ought
to be 22 = 4. Table 12 presents results of numerical experiments for different
values of collocation parameters 71, 7o and parameter N. We can see that the
numerical results are in good accordance with the theoretical estimates.
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T1=1/4, 79 = 3/4

71 =1/10, 2 = 9/10

7 =6/11, 7, = 9/11

N EN @N EN @N EN @N
8 1.25E-03 2.07E-03 3.94E-03
16 1.97E-04 6.34 5.15E-04 4.03 7.00E-04 5.63
32 3.49E-05 5.66 1.28E-04 4.01 1.69E-04 4.14
64 8.72E-06  4.00 3.21E-05 4.00 4.16E-05 4.07
128 | 2.18E-06 4.00 8.02E-06 4.00 1.03E-05 4.03
256 | 5.45E-07 4.00 2.00E-06  4.00 2.57E-06 4.02
4.00 4.00 4.00

Table 12. Numerical results for problem (5.64) for m = 2.
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SISUKOKKUVOTE

Kollokatsioonitiitipi meetodid murruliste tuletistega
diferentsiaalvorrandite ligikaudseks lahendamiseks

Kui me rddgime funktsiooni y = f(t) tuletistest, siis peame tavaliselt silmas
selle funktsiooni taisarvulist jarku tuletist: y' = % f@),y" = j—; f(¢t) jne. Tekib
loomulik kiisimus, kas tuletise moistet on voimalik laiendada nii, et tuletise jérk
on reaalarv voi isegi kompleksarv. Selle kiisimuse esitas I’Hospital Leibnizele
juba 1695. aastal tundes huvi tahistuse C‘l%f(t) kohta juhul, kui n = % Osutub,
et tuletise moiste laiendamine on voimalik ning tuletisi, mille jark ei ole taisarv,
on hakatud nimetama murrulist jarku tuletisteks voi ka lihtsalt murrulisteks
tuletisteks.

Murrulist jarku tuletisi sisaldavad diferentsiaalvorrandid on osutunud vé-
ga tohusaks vahendiks just selliste materjalide ja ndhtuste kirjeldamisel, mille
kditumine soltub nende varasemast olekust. Naiteks on murrulised tuletised ja
neid sisaldavad diferentsiaalvorrandid leidnud rakendust majanduses, meditsii-
nis, mehaanikas ja kaootiliste siisteemide uurimisel. Murrulisi tuletisi sisalda-
vate diferentsiaalvorrandite tépse lahendi leidmine ei ole reeglina véimalik ning
seetottu on nende ligikaudne lahendamine viga aktuaalne uurimissuund. Osu-
tub, et murruliste tuletistega diferentsiaalvorrandite lahendamine on méarga-
tavalt keerulisem {iilesanne kui téisarvuliste tuletistega diferentsiaalvorrandite
lahendamine. Pohiline raskus siin on seotud murruliste diferentsiaalvorrandite
lahendite voimaliku singulaarse kaitumisega.

Kaesolevas vaitekirjas uuritakse erinevat tiitipi murrulisi tuletisi sisaldavate
diferentsiaalvorrandite lahendite olemasolu, {ihesust ja siledust ning konstruee-
ritakse korget jarku tépsusega ligikaudsed meetodid, mis arvestavad lahendi
voimalikku singulaarset kaitumist. Késitletakse kolme erinevat tiilipi murrulis-
te tuletistega diferentsiaalvorrandeid jargmiste sammude abil.

Ulesande iimberformuleerimine integraalvorrandina.

Lahendi olemasolu, iihesuse ja sileduse uurimine.

Léhismeetodi konstrueerimine tiikiti poliinomiaalse kollokatsioonimeeto-
di abil.
Vaadeldava meetodi koondumise ja koondumiskiiruse uurimine.

e Tulemuste illustreerimine numbriliste néidetega.

Doktrit66 koosneb viiest peatiikist. Peatiikis 1 antakse tilevaade doktori-
toost. Peatiikis 2 esitatakse rida moisteid ja abitulemusi, mida ldheb vaja jarg-
mises kolmes peatiikis.

Peatiikis 3 kiisitletakse Caputo murrulise tuletisega norgalt singulaarse integro-
diferentsiaalvorrandi rajaiilesande (3.1)—(3.3) ligikaudsete lahendite leidmist
tuginedes kollokatsioonimeetodile tiikiti poliinomiaalsete splainide korral. Pea-
tiiki pohitulemused on esitatud teoreemidega 3.3, 3.5 ja 3.6.
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Peatiikis 4 vaadeldakse difusioonivorrandit sisaldava iilesande (4.4)—(4.7)
ligikaudset lahendamist jargmisel viisil. Tuginedes sirgete meetodile, saadak-
se teatav murruliste tuletistega diferentsiaalvorrandite siisteem. See siisteem
formuleeritakse iimber norgalt singulaarsete Volterra integraalvorrandite siis-
teemina ning uuritakse vaadeldava stisteemi lahendi olemasolu, tihesust ja sile-
dust. Saadud informatsiooni pohjal konstrueeritakse lihendid esialgse {ilesande
tapsele lahendile ning uuritakse nende voimalikku viga. Peatiiki pohitulemused
on esitatud teoreemidega 4.4, 4.6, 4.7 ja 4.8.

Peatiikk 5 on piihendatud mittekonstantsete kordajatega singulaarsete mur-
ruliste tuletistega integro-diferentsiaalvorrandite (5.1) uurimisele. Erinevalt pea-
tiikkidest 3 ja 4 vaadeldakse selles peatiikis murrulise diferentsiaaloperaatori
rollis Riemann-Liouville’i integraaloperatori poédrdoperaatorit. Uuritakse vaa-
deldava iilesande lahendi olemasolu, iithesust ja siledust. Ulesande ligikaudse
lahendi leidmiseks konstrueeritakse kollokatsioonitiiiipi meetod ning uuritak-
se selle meetodi koondumist ja koondumiskiirust. Peatiiki pohitulemused on
esitatud teoreemidega 5.13, 5.17 ja 5.18.

Peatiikkides 3—5 vaadeldud ligikaudsete meetodite abil saadud ldhislahen-
dite veahinnanguid on kontrollitud ulatuslike numbriliste eksperimentidega.
Leitud numbrilised tulemused on kooskdlas teoreetiliste hinnangutega.

Doktorit66 tulemused on publitseeritud teadusartiklitena [39, 40, 65] ja et-
tekantud neljal rahvusvahelisel teaduskonverentsil.
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