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Chapter 1

Introduction

The purpose of this thesis is to study the Morita equivalence of semigroups.
Our approach consists in studying Morita equivalence classes of some ‘nice’
semigroups and obtaining various Morita invariants, i.e, properties that are
shared by all members of the same equivalence class. Additionally, we study
the lattices of relations of Morita equivalent semigroups. Finally, we dedicate
a chapter to the study of perfection for semigroups in order to determine when
this property is a Morita invariant.

1.1 Background

Two rings with identity are regarded to be equivalent if the categories of
modules over those rings are equivalent. Such a relation was first investigated
by Kiiti Morita in the 1950s and is nowadays called Morita equivalence in
his honour.

Two semigroups are regarded to be the same if they are isomorphic but
it is hopeless to try and characterise all semigroups up to isomorphism –
even the characterisation problem of finite simple groups remained open for
over a century and was solved only recently. The idea of Morita theory of
semigroups is to find a (significantly) weaker equivalence relation than iso-
morphism on the class of all semigroups and attempt to study the equivalence
classes. Morita equivalence of monoids was first independently investigated
by Banaschewski [5] and Knauer [25] regarding two monoids to be equivalent
if the categories of right acts, satisfying the identity x1 = x, are equivalent
– similarly to how it was done by Morita in the case of rings with identity.

A useful tool in the study of Morita equivalence is a construction nowa-
days referred to as a ‘Morita context’, which is also implicit in Morita’s work,
and was formally introduced, as we use it now, by Bass [7, 8] for rings with
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8 CHAPTER 1. INTRODUCTION

identity under the name ‘set of pre-equivalence data’. The term ‘Morita con-
text’ appeared for it around 1970 in works of Amitsur, Müller and Stenström.
It was taken over to the semigroup case by Talwar [47, 48]. While equiva-
lence of categories makes it clear that Morita equivalence is an equivalence
relation, equivalence functors are sometimes difficult to work with. It is re-
cently determined that Morita equivalence of factorisable semigroups can be
expressed via certain kinds of Morita contexts. Morita contexts have proved
useful, for instance, in determining various Morita invariants of semigroups.

Given a semigroup, one obtains a category called the Cauchy completion
whose objects are the idempotents of that semigroup. A distinguishing aspect
between rings and semigroups is that the Cauchy completions of semigroups
are used to describe Morita equivalence of semigroups with local units [38, 30]
and finite semigroups [36].

Enlargements of semigroups are certain factorisable semigroups, which
again are used to describe Morita equivalence of semigroups with local units
[38]. Idempotent rings are the ring theoretic equivalent of factorisable semi-
groups. For Morita theory of rings, enlargements provide a description of the
Morita equivalence of all idempotent rings [51]. It is not known, whether an
analogous description exists for all factorisable semigroups.

1.2 Overview of the thesis

This thesis consists of seven chapters. The first chapter is the introduction,
where we outline our goals, make some historical remarks regarding Morita
theory and give an overview of the thesis.

In Chapter 2 we shall go over some preliminaries which are necessary
to understand the material presented throughout the thesis. We specify
some subclasses of semigroups and recall various notions pertaining to acts
over semigroups and category theoretic terminology. Additionally, we shall
remind the reader of tensor products of acts over semigroups.

In Chapter 3 we shall define Morita equivalence of semigroups, Morita
contexts connecting two semigroups as well as Cauchy completions and en-
largements of semigroups.

Chapter 4 is based on the author’s article [40]. It was already known
that two Morita equivalent monoids are enlargements of one another [5, 25].
As a generalisation, we shall show that the enlargements of a monoid are
precisely the factorisable semigroups Morita equivalent to that monoid. It
is also already known that the strong Morita equivalence class of groups
contains completely simple semigroups [26, 38]. We shall show that the
enlargements of a given group are precisely Rees matrix semigroups over
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that group. As a consequence, complete simplicity is a Morita invariant for
factorisable semigroups.

Chapter 5 is based on the author’s article [41]. We shall study strict local
isomorphisms, which, for instance, are used to describe Morita equivalence of
semigroups with local units [30]. We show that such morphisms emerge natu-
rally from Morita contexts and give a recipe for constructing such morphisms
for a smaller subclass of semigroups. Additionally, a Morita context gives
rise to Morita semigroups [48], which we shall use to describe Morita equiv-
alence of firm semigroups. We shall also show that the construction given
in [30] can be used to describe Rees matrix semigroups over firm semigroups
in terms of Morita semigroups. Finally, we show that some results for dual
pairs obtained by Hotzel [17] in the case of monoids also hold for semigroups
with weak local units. In particular, a Morita semigroup determined by a
dual pair is identified with a semigroup of pairs of adjoint endomorphisms.

Chapter 6 is based on the author’s article [42]. Galois connections emerg-
ing from Morita contexts connecting two rings have been studied by Kashu
[20] and a semigroup analogue was later developed by Paseka [44]. The main
results in both authors’ articles are obtained for Morita contexts which satisfy
an array of extra conditions while imposing no restrictions on the underlying
rings or semigroups. We shall make use of some of the mappings defined in
[44], however, we prefer to work with the more familiar unitary surjective
Morita contexts. To compensate, we shall assume the presence of common
weak local units in the semigroups. We shall see that such Morita equiva-
lent semigroups must have isomorphic lattices of compatible relations, weak
congruences, tolerances and congruences. A similar result for the lattices of
congruences is also established in [31].

Chapter 7 is based on the joint work [29] with supervisor Valdis Laan.
Perfect monoids were defined by Isbell [19] who showed that a monoid is left
perfect if and only if it satisfies two conditions labelled as (A) and (D). Fur-
ther descriptions for perfect monoids were provided by Fountain [13]. Since
then perfectness of monoids and pomonoids have been described by many au-
thors. We define right perfect semigroups and show that some descriptions
known from the monoid case can be transferred to the case of factorisable
semigroups. In addition, we show that a factorisable semigroup S is right
perfect if and only if all right sequence acts over S are projective in the
category of all unitary right S-acts. We conclude that the subclass of per-
fect semigroups contains all nilpotent semigroups, all completely (0-)simple
semigroups and that perfectness is a Morita invariant for factorisable semi-
groups.





Chapter 2

Preliminaries

2.1 Semigroups, acts and categories

Let S be a semigroup and U, V ⊆ S. We denote

UV := {uv ∈ S | u ∈ U, v ∈ V }.

Recall that an element e ∈ S is called an idempotent if e2 = e. The
subset of idempotents of S is denoted by E(S). It is well known that every
nonempty finite semigroup contains at least one idempotent. We shall often
be considering the following subclasses of semigroups.

Definition 2.1. A semigroup S is said to

• be factorisable if S2 := SS = S;

• have weak local units if for every s ∈ S, there exist u, v ∈ S such
that us = s = sv;

• have local units if for every s ∈ S, there exist idempotents f, e ∈ S
such that fs = s = se.

We recall the notion of an act over a semigroup, which is the semigroup
theoretic analogue of module over a ring.

Definition 2.2. Let A be a set and S a semigroup. A map · : A× S // A
such that (a, s) 7→ a · s, is called a right S-action on A if

(∀a ∈ A)(∀s, s′ ∈ S)((a · s) · s′ = a · (ss′)).

A set A equipped with a right S-action is called a right S-act and denoted
by AS. Left S-acts SA are defined dually.

11



12 CHAPTER 2. PRELIMINARIES

Let AS be a right S-act equipped with a right S-action ·. Instead of writing
a · s, we usually omit the symbol · and write simply as.

Definition 2.3. Let AS and BS be right S-acts. A map φ : AS // BS is
called a right S-homomorphism if

(∀a ∈ A)(∀s ∈ S)(φ(as) = φ(a)s).

The category of all right S-acts with the right S-homomorphisms as mor-
phisms is denoted by ActS. Left S-homomorphisms for left S-acts are
defined dually and the category of all left S-acts is denoted by SAct.

We shall omit the designation ‘left’ or ‘right’ whenever it is clear from context.

Definition 2.4. Let S and T be semigroups. A set A is called an (S, T )-
biact if A is both a left S-act and a right T -act and also satisfies the condition

(∀a ∈ A)(∀s ∈ S)(∀t ∈ T )((sa)t = s(at)).

An (S, T )-biact A is denoted by SAT .

In particular, there is a biact SSS where the right and left S-action on the
set S is defined using the multiplication of the semigroup S.

Definition 2.5. Let SAT and SBT be (S, T )-biacts, where S and T are semi-
groups. A map φ : SAT //

SBT is called an (S, T )-homomorphism if φ
is both an S-homomorphism and a T -homomorphism. The category of all
(S, T )-biacts with the (S, T )-homomorphisms as morphisms is denoted by

SActT .

We shall call S-homomorphisms and (S, T )-homomorphisms respectively S-
morphisms and (S, T )-morphisms for short. If the roles of the semigroups
are clear then we sometimes also call them morphisms and biact morphisms
respectively.

Definition 2.6. A right S-act AS is called unitary if

A = AS := {as | a ∈ A, s ∈ S}.

We denote by UActS the full subcategory of ActS, where the objects are all
unitary right S-acts. Unitary left acts are defined dually. An (S, T )-biact

SAT is unitary if both SA and AT are unitary.

In other words, unitarity for AS means that for every a ∈ A, there exist
a′ ∈ A and s ∈ S such that a = a′s.
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Remark 2.7. Note that if S is a monoid with the identity element 1, then
an act AS is unitary if and only if a1 = a for every a ∈ A.

We assume the reader is familiar with the notions category, subcategory and
functor. Let C be a category. We denote the class of objects of C by C0
and denote the set of morphisms from A to B by C(A,B), where A,B ∈ C0.
Compositions shall be denoted from right to left. So if φ ∈ C(A,B) and
ψ ∈ C(B,C), then ψφ ∈ C(A,C). We regard the following well known result
as a definition.

Definition 2.8. A functor F : C // D is called an equivalence functor
if F is fully faithful and essentially surjective. Two categories are called
equivalent if there exists an equivalence functor between them. An equiva-
lence functor is an isomorphism of categories if it also induces a one-to-one
correspondence between the classes of objects.

We also recall the notion of skeleton [1].

Definition 2.9. Let C be a category. A full subcategory C ′ of C is called a
skeleton of C if

(∀A ∈ C0)(∃A′ ∈ C ′
0)(A

∼= A′)

and any two objects of C ′ are isomorphic only if they are equal.

It is easy to see that the canonical embedding C ′ //C, where C ′ is a skeleton
of a category C, is an equivalence functor. The Axiom of Choice implies that
every category has a skeleton. Any two skeleta of the same category must be
isomorphic (cf. Proposition I.4.14 in [1]). We shall see that for factorisable
semigroups, the equivalence of their Cauchy completions is necessary for the
Morita equivalence of the semigroups. In some cases it is easy to see that the
Cauchy completions cannot have isomorphic skeleta and therefore cannot be
equivalent.

2.2 Tensor products

We recall the notion of tensor product of acts. This section is based on
Chapter II Section 5 in [24] but the notions and results are adopted to the
semigroup case. Let SP ∈ SAct and QS ∈ ActS, where S is a semigroup.

Definition 2.10. A mapping φ : QS × SP //C, where C is a set, is called
S-balanced if φ(qs, p) = φ(q, sp) for all p ∈ P, q ∈ Q and s ∈ S.
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Definition 2.11. Let A be a set and τ : QS × SP // T an S-balanced
mapping. The pair (T, τ) is called a tensor product of QS and SP if for
any set C and S-balanced mapping φ̂ : QS × SP //C there exists a unique
mapping φ : T // C such that the diagram

QS × SP C

T

φ̂

τ φ

commutes.

The map τ in the above definition is sometimes also called a universal
morphism because it satisfies the specified universal property. Tensor
products of acts are unique in the following sense.

Proposition 2.12. Let (T, τ) and (T ′, τ ′) be tensor products of SP ∈ SAct
and QS ∈ ActS. Then T and T ′ are isomorphic as sets.

As in the case of modules over rings, there is a canonical way to construct the
tensor product of two acts. Let ϑ be the equivalence relation on the direct
product QS × SP generated by the subset

{((qs, p), (q, sp)) | p ∈ P, q ∈ Q, s ∈ S} .

Denote the quotient set (Q × P )/ϑ by Q ⊗S P and the equivalence class of
(q, p) by q ⊗ p, where p ∈ P and q ∈ Q. So,

Q⊗S P = {q ⊗ p | p ∈ P, q ∈ Q} .

In particular, qs ⊗ p = q ⊗ sp holds for every p ∈ P, q ∈ Q and s ∈ S. We
denote the canonical projection onto the quotient by ⊗S. It maps a pair
(q, p) to q ⊗ p. In case of acts over semigroups, there is a convenient way to
determine, whether q ⊗ p = q′ ⊗ p′ in Q⊗S P . We denote by S1 the monoid
obtained from S by adjoining the external identity 1. If QS is an S-act and
q ∈ Q, then q1 will be interpreted as q.

Lemma 2.13. Let SP ∈ SAct, QS ∈ ActS p, p′ ∈ P and q, q′ ∈ Q. Then
q ⊗ p = q′ ⊗ p′ in Q⊗S P if and only if there exist

p1, . . . , pn ∈ P, q1, . . . , qn−1 ∈ Q, and r1, . . . , rn, s1, . . . , sn ∈ S1
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such that

r1p1 = p
qr1 = q1s1 r2p2 = s1p1
q1r2 = q2s2 r3p3 = s2p2

. . . . . .
qn−2rn−1 = qn−1sn−1 rnpn = sn−1pn−1

qn−1rn = q′sn p′ = snpn.

(2.1)

The scheme presented in (2.1) is called an S-tossing connecting the pairs
(q, p) and (q′, p′) in Q⊗ P .

Theorem 2.14. Let SP ∈ SAct and QS ∈ ActS. Then Q⊗S P together with
the canonical projection ⊗S is a tensor product of SP and QS.

We shall refer to Q⊗S P as the tensor product of QS and SP . If the role of
the semigroup S is clear, then we shall omit the subscript and write simply
Q⊗ P and denote the canonical projection by the symbol ⊗.

Maps defined on quotient sets must be verified to be well defined in the
sense that images do not depend on the choice of representatives of the equiv-
alence classes. In the case of tensor products of acts over semigroups, this
verification can be achieved with the help of Lemma 2.13. In the case of
modules over rings, however, no such analogous criterion is known. The uni-
versal property described before lends us the more common way of checking,
whether a map defined on a tensor product is well defined.

Proposition 2.15. Let QS, SP be S-acts and φ̂ : Q × P // C be an S-
balanced map. Then there exists a unique map φ : Q ⊗S P // C such that
φ̂ = φ ◦ ⊗, i.e, φ(q ⊗ p) = φ̂(q, p) for all q ∈ Q and p ∈ P .

In particular, we can form tensor products of morphisms.

Corollary 2.16. Let φ : AS // CS and ψ : SB //
SD be S-morphisms.

Then the map

φ⊗ ψ : A⊗S B // C ⊗S D, (φ⊗ ψ)(a⊗ b) := φ(a)⊗ ψ(b),

is well defined.

If SP ∈ SAct and TQS ∈ TActS, then the tensor product Q ⊗ P can be
viewed as a left T -act, defining t(q⊗ p) := tq⊗ p whenever p ∈ P, q ∈ Q and
t ∈ T . The tensor product Q ⊗ P of biacts SPW ∈ SActW , where W is a
semigroup, and TQS ∈ TActS can be regarded as a (T,W )-biact, where

t(q ⊗ p) := tq ⊗ p and (q ⊗ p)w := q ⊗ pw

for every p ∈ P, q ∈ Q, t ∈ T and w ∈ W .





Chapter 3

Morita equivalence of
semigroups

Two rings are Morita equivalent if the categories of modules over those rings
are equivalent. For semigroups the idea of such category based equivalence
was first independently explored by Banaschewski [5] and Knauer [25], who
regarded two monoids to be Morita equivalent if the categories of acts over
those monoids are equivalent. Banaschewski [5] also showed that if the cate-
gories ActS and ActT for semigroups S and T are equivalent, then the semi-
groups S and T are isomorphic. Thus, to have a meaningful notion of Morita
equivalence for semigroups in terms of equivalence of categories of acts, these
categories should be restricted. One possible approach is to consider the sub-
categories of ‘fixed acts’, which was done by Talwar [47]. Such acts, which are
defined in a rather complicated manner, were later shown to coincide with
‘firm’ acts in the case of semigroups with local units [38] and factorisable
semigroups [35].

Definition 3.1. A right S-act PS is called firm if the map

µP : P ⊗S S // P, p⊗ s 7→ ps,

is bijective. A semigroup S is called firm if SS is firm as an S-act, that is,
the map

µS : S ⊗S S // S, s⊗ s′ 7→ ss′,

is bijective. We denote by FActS the full subcategory of ActS where the
objects are all firm acts.

Remark 3.2. An S-act PS is unitary if and only if µP is surjective. Thus,
all firm acts are unitary and FActS is a full subcategory of UActS.

17
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The term ‘firm’ comes from ring theory [45]. Lawson [38] uses the term
‘closed’ for the same notion. For semigroups the following implications hold:

monoid ⇒ local units ⇒ weak local units
(∗)⇒ firm ⇒ factorisable.

The implication (∗) follows from Proposition 2.4 in [33]. The following defi-
nition of Morita equivalence was first used by Lawson [38].

Definition 3.3. Semigroups S and T are called Morita equivalent if the
categories FActS and FActT are equivalent.

Remark 3.4. Let S be a monoid with identity 1 and PS a unitary S-act.
Then the equality ps = p′s′ in P implies that

ps⊗ 1 = p′s′ ⊗ 1 ⇔ p⊗ s1 = p′ ⊗ s′1 ⇔ p⊗ s = p′ ⊗ s′

in the tensor product P ⊗S S. So µP is injective. By Remark 3.2, µP is
surjective. Thus, unitary acts over monoids are firm as acts over semigroups.
In categorical terms, UActS = FActS for every monoid S.

Hence, two monoids are Morita equivalent as semigroups if and only if they
are Morita equivalent in the sense of [5] and [25].

3.1 Cauchy completions and Morita contexts

In the case of semigroups, Morita equivalence has ties to the category equiv-
alence of the Cauchy completions (also known as Karoubi envelopes) of the
semigroups.

Definition 3.5. Let S be a semigroup. The Cauchy completion of S is
the category C(S) such that C(S)0 = E(S), the morphism sets are given by

C(S)(e, f) := {(f, s, e) ∈ {f} × S × {e} | fse = s}

for all idempotents e, f ∈ E(S) and composition is defined with the equality

(g, s′, f)(f, s, e) := (g, s′s, e).

It is useful to know when two objects of a Cauchy completion are isomorphic.
We recall some of the well known Green’s relations.

Definition 3.6. Elements s, s′ ∈ S are said to be R-related (L-related) if
sS1 = s′S1 (S1s = S1s′). Elements s, s′ ∈ S are said to be D-related if there
exists u ∈ S such that sRuL s′.
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The following lemma is well known.

Lemma 3.7. Let e, f ∈ S be two objects of the category C(S). Then e and
f are isomorphic if and only if eD f in S.

Remark 3.8. Two idempotents e, f ∈ S are D-related if and only if there
exist x, y ∈ S such that xy = e and yx = f (cf. Theorem 2.3.4 in [18]).

Example 3.9. The Cauchy completion of a nonempty semigroup with no
idempotents is the empty category. Such a semigroup is necessarily infinite.

1. The Cauchy completion of the trivial group contains precisely one ob-
ject and the identity morphism on it.

2. The Cauchy completion of (Z, ·) contains two nonisomorphic objects 0
and 1 with the morphisms as follows

0 1

(1, 0, 0)

(0, 0, 1)

(1, k, 1), k ∈ Z(0, 0, 0)

The objects cannot be isomorphic because Z contains no zero divisors.
Alternatively, one may note that

(1, 0, 0)(0, 0, 1) = (1, 0, 1) ̸= (1, 1, 1),

hence neither morphism between 0 and 1 can be an isomorphism.

3. Let S be a rectangular band, i.e, S satisfies the identity xyx = x. Given
e, f ∈ S, we have the equalities

(f, x, e)(e, y, f) = (f, xy, f) = (f, fxyf, f) = (f, f, f)

for all morphisms between e and f . Thus, all morphisms in C(S)
are isomorphisms. In particular, the endomorphisms are precisely the
identities. Thus, every skeleton of C(S) is isomorphic to the Cauchy
completion of the trivial group.

Remark 3.10. It is known that factorisable semigroups Morita equivalent
to the trivial group are precisely rectangular bands [26]. A finite n-element
semigroup S is Morita equivalent to the trivial group if and only if the sub-
semigroup Sn of all products of length n is a rectangular band [36].
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Now we recall the notion of Morita context, which is one of the main tools
in this thesis.

Definition 3.11. A Morita context connecting semigroups S and T is a
six-tuple (S, T, SPT , TQS, θ, ϕ), where SPT is an (S, T )-biact, TQS is a (T, S)-
biact and

θ : S(P ⊗T Q)S //
SSS and ϕ : T (Q⊗S P )T //

TTT

are biact morphisms satisfying the identities

θ(p⊗ q)p′ = pϕ(q ⊗ p′) and q′θ(p⊗ q) = ϕ(q′ ⊗ p)q.

A Morita context is called

(1) unitary if the biacts are unitary;

(2) surjective if the biact morphisms are surjective;

(3) bijective if the biact morphisms are bijective.

Example 3.12. Let S be a rectangular band. The equality S = SeS implies
that S is an enlargement, in the sense of [39], of the singleton subsemigroup
eSe = {e}. By the observation on p. 192 in [39], we have a unitary surjective
Morita context connecting S and {e}, where SP{e} := Se, {e}QS := eS and
the mappings θ : Se⊗{e} eS // S and ϕ : eS ⊗S Se // {e} are defined by

θ(se⊗ es′) := ses′ and ϕ(es⊗ s′e) := e(ss′)e = e.

Semigroups that are connected by a unitary surjective Morita context are
called strongly Morita equivalent [48]. Strongly Morita equivalent semi-
groups are necessarily factorisable [30]. It is reasonable to expect there exist
semigroups that are Morita equivalent but not strongly Morita equivalent.

Example 3.13. This is Example 3.7 in [32]. The trivial group is Morita
equivalent to any zero semigroup by Proposition 3.5 in [32]. These are semi-
groups with zero in which all products are zero. On the other hand, such
semigroups containing at least two elements are not factorisable and therefore
they cannot be strongly Morita equivalent to any semigroup.

A natural question is whether Morita equivalence and strong Morita equiv-
alence coincide on the class of factorisable semigroups. This question is
answered in the affirmative in the case of semigroups with local units in [38]
and firm semigroups in [33]. The following recent result permits us to work
with unitary surjective Morita contexts instead of categories of acts.
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Theorem 3.14 (Theorem 4.11 in [35]). Two factorisable semigroups are
Morita equivalent if and only if they are connected by a unitary surjective
Morita context.

By Theorem 1.1 in [38] it follows that if two semigroups with local units
are strongly Morita equivalent then their Cauchy completions are equivalent
categories. This is relaxed further in [30], requiring that the semigroups be
strongly Morita equivalent. The next theorem shows that this implication
is true under weaker assumptions. In particular, it is true when the Morita
context is acceptable in the sense of [27].

Theorem 3.15. Let S and T be semigroups that are connected by a Morita
context (S, T, SPT , TQS, θ, ϕ) such that E(S) ⊆ im(θ) and E(T ) ⊆ im(ϕ).
Then the categories C(S) and C(T ) are equivalent.

Proof. The core of this proof is due to Laan [26]. We only require preimages
for idempotents of the semigroups. Let us define an equivalence functor
F : C(S) // C(T ). For every e ∈ E(S) choose pe ∈ P, qe ∈ Q such that
e = θ(pe ⊗ qe). Put

ue := ϕ(qe ⊗ epe).

Then

u2e = ϕ(qe ⊗ epe)ϕ(qe ⊗ epe) = ϕ (qe ⊗ epeϕ(qe ⊗ epe))

= ϕ (qe ⊗ eθ(pe ⊗ qe)epe)

= ϕ(qe ⊗ epe)

= ue.

Define F (e) := ue. If (f, s, e) : e // f is a morphism in C(S) then we define

F (f, s, e) := (uf , ϕ(qf ⊗ spe), ue).

We have the equalities

ufϕ(qf ⊗ spe) = ϕ(qf ⊗ fpf )ϕ(qf ⊗ spe) = ϕ (qf ⊗ fpfϕ(qf ⊗ spe))

= ϕ (qf ⊗ fθ(pf ⊗ qf )spe)

= ϕ(qf ⊗ fspe)

= ϕ(qf ⊗ spe).

Similarly, the equality ϕ(qf ⊗ spe)ue = ϕ(qf ⊗ spe) holds. Thus, F is well
defined. We show F is functorial. Firstly, F preserves identity morphisms
due to

F (ide) = F (e, e, e) = (ue, ϕ(qe ⊗ epe), ue) = (ue, ue, ue) = idF (e)
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for every idempotent e ∈ S. Let e, f, g ∈ E(S) and s, s′ ∈ S such that
fse = s and gs′f = s′. The equalities

ϕ(qg ⊗ s′pf )ϕ(qf ⊗ spe) = ϕ(qg ⊗ s′pfϕ(qf ⊗ spe))

= ϕ(qg ⊗ s′fspe)

= ϕ(qg ⊗ s′spe)

show that F respects morphism composition.
Next, fix idempotents uf , ue ∈ E(T ), where e, f ∈ E(S). We show F is

full. Let (uf , t, ue) be a morphism in C(T ). Put

s := θ(pf ⊗ tqe).

Then (f, fse, e) is a morphism in C(S) and

F (f, fse, e) = (uf , ϕ(qf ⊗ θ(pf ⊗ tqe)pe), ue)

= (uf , ϕ(qf ⊗ pf tϕ(qe ⊗ pe)), ue)

= (uf , uf tue, ue)

= (uf , t, ue).

We show F is faithful. Let ϕ(qf ⊗ spe) = ϕ(qf ⊗ s′pe) for some morphisms
(f, s, e) and (f, s′, e) in C(S). It suffices to show s = s′. The following holds

ϕ(qf ⊗ spe) = ϕ(qf ⊗ s′pe)
⇒ pfϕ(qf ⊗ spe) = pfϕ(qf ⊗ s′pe)
⇒ fspe = fs′pe
⇒ spe = s′pe
⇒ spe ⊗ qe = s′pe ⊗ qe
⇒ sθ(pe ⊗ qe) = s′θ(pe ⊗ qe)
⇒ se = s′e
⇒ s = s′.

Finally, we show that F is essentially surjective. Let u ∈ E(T ). We have
ϕ(q ⊗ p) = u for some q ∈ Q and p ∈ P . We have the equalities

θ(p⊗ uq)2 = θ (p⊗ uqθ(p⊗ uq)) = θ(p⊗ uϕ(q ⊗ p)uq)

= θ(p⊗ u3q)

= θ(p⊗ uq),

which imply that e := θ(p ⊗ uq) ∈ S is an idempotent. Note also that
ϕ(q ⊗ pu) = u2 = u and

ϕ(q ⊗ ep) = ϕ(q ⊗ θ(p⊗ uq)p) = ϕ(q ⊗ puϕ(q ⊗ p)) = ϕ(q ⊗ pu2) = u.
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Recall that we also fixed elements pe ∈ P and qe ∈ Q such that e = θ(pe⊗qe).
Consider the elements

x := ϕ(q ⊗ pe) and y := ϕ(qe ⊗ epe)ϕ(qe ⊗ p)u.

We have the equalities

xy = ϕ(q ⊗ pe)ϕ(qe ⊗ epe)ϕ(qe ⊗ p)u

= ϕ(q ⊗ peϕ(qe ⊗ epe)ϕ(qe ⊗ p))u

= ϕ(q ⊗ θ(pe ⊗ qe)epeϕ(qe ⊗ p))u

= ϕ(q ⊗ e2θ(pe ⊗ qe)p)u

= ϕ(q ⊗ e3p)u

= ϕ(q ⊗ ep)u

= u2

= u

as well as

yx = ϕ(qe ⊗ epe)ϕ(qe ⊗ p)uϕ(q ⊗ pe)

= ϕ(qe ⊗ epeϕ(qe ⊗ p))uϕ(q ⊗ pe)

= ϕ(qe ⊗ eθ(pe ⊗ qe)puϕ(q ⊗ pe))

= ϕ(qe ⊗ e2θ(pu⊗ q)pe)

= ϕ(qe ⊗ e3pe)

= ϕ(qe ⊗ epe)

= F (e).

By Lemma 3.7 and Remark 3.8 we have that F (e) and u are isomorphic
objects in C(T ). Alternatively, one can directly verify that the morphisms

(u, uϕ(q ⊗ pe), F (e)) and (F (e), ϕ(qe ⊗ p)u, u)

are mutually inverse isomorphisms in C(T ). ■

Corollary 3.16. Having at least one idempotent is a Morita invariant for
factorisable semigroups.

Sometimes the equivalence of Cauchy completions is equivalent to Morita
equivalence.

Definition 3.17. A semigroup S is called a sandwich semigroup if S =
SES, where E = E(S).
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In addition to semigroups with local units, all factorisable finite semigroups
are sandwich semigroups (cf. Corollary 5.6 in [35]).

Theorem 3.18. Let S and T be semigroups. Then Morita equivalence of
S and T is equivalent to the equivalence of the categories C(S) and C(T )
whenever any of the following conditions holds:

(1) S and T have right local units (cf. Corollary 2.12 in [15]);

(2) S and T are sandwich semigroups (cf. Corollary 2.13 in [15]);

(3) S and T are finite (cf. Theorem 4.3 in [36]).

Since arbitrary semigroups need not contain idempotents, it is unlikely that
their Morita equivalence can be determined by their Cauchy completions
alone. Nevertheless, we are not aware of any counterexamples at this time.

Problem 3.19. Do there exist two (factorisable) semigroups with equivalent
Cauchy completions such that the semigroups are not Morita equivalent? It
can be seen from Theorem 3.18 that examples of such semigroups, assuming
they exist, might not be easy to come up with.

3.2 Enlargements of semigroups

Definition 3.20. A semigroup T is called an enlargement of its subsemi-
group S if T = TST and S = STS. Additionally, T is called an enlarge-
ment of any semigroup isomorphic to such a subsemigroup S ⊆ T .

It is clear that enlargements are factorisable semigroups. Similarly to Propo-
sition 4.2 in [51], we can deduce some basic properties of enlargements of
semigroups.

Proposition 3.21. Let T be an enlargement of its subsemigroup S. If either
T is commutative or S is an ideal of T , then S = T .

Proof. If T is commutative, then we have the equalities

T = TST = T (STS)T = S(TTT )S = STS = S.

If S is an ideal, we immediately obtain T = TST ⊆ S by definition of ideal.■

Corollary 3.22. A commutative semigroup T is an enlargement of a semi-
group S only if S ∼= T . In particular, S must be commutative.
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Remark 3.23. By Proposition 4.2 in [51], the one element ring has precisely
one enlargement in the sense of rings – itself. In the case of semigroups,
however, it is readily verified that any rectangular band is an enlargement of
the trivial group.

Sandwich semigroups provide natural examples of enlargements.

Example 3.24. Let S be a sandwich semigroup. Then it is easy to see that
S is an enlargement of its subsemigroup ESE. This subsemigroup has local
units.

Enlargements provide a sufficient condition for Morita equivalence of fac-
torisable semigroups.

Lemma 3.25. Let a semigroup T be an enlargement of its factorisable sub-
semigroup S. Then T and S are strongly Morita equivalent.

Proof. This proof is outlined on p. 192 in [39]. Put

SPT := SSTT and TQS := TTSS.

Define the mappings θ : P ⊗Q //S and ϕ : Q⊗P // T with the equalities

θ(st⊗ t′s′) := stt′s′ ∈ STS = S and ϕ(ts⊗ s′t′) := tss′t′.

The corresponding maps θ̂ and ϕ̂ are respectively T - and S-balanced due to
associativity, therefore θ and ϕ are well defined by Proposition 2.15. Surjec-
tivity of θ and ϕ follow from the equalities S = STTS and T = TSST . The
compatibility of θ and ϕ is clear. ■

Definition 3.26. A semigroup W is called a joint enlargement of semi-
groups S and T if W is an enlargement of both S and T .

By Lemma 3.25 and transitivity, two factorisable semigroups have a joint
enlargement only if they are strongly Morita equivalent. It is not known,
whether the converse holds for all factorisable semigroups. However, the
converse is true by Theorem 1.1 in [38] under the assumption both semigroups
contain local units.

Remark 3.27. A ring is called idempotent, if any element can be expressed
as a finite sum of products of two elements. By Theorem 4.13 in [51], two
idempotent rings are Morita equivalent if and only if they have a joint enlarge-
ment in the sense of rings. Furthermore, two factorisable Morita equivalent
semigroups can be embedded as semigroups in an idempotent ring, which is
a joint enlargement in the sense of rings for the subrings generated by the
images of the semigroups (cf. Theorem 4.25 in [51]).





Chapter 4

Semigroups strongly Morita
equivalent to monoids

This chapter is based on the author’s article [40]. We show that the strong
Morita equivalence class of a monoid consists of the enlargements of that
monoid and also show that enlargements of a group are precisely all Rees
matrix semigroups over that group.

Following ideas of the proof of Theorem 9 in [26], we can let S be a
semigroup, but also leave the monoid M fixed.

Theorem 4.1. Let M be a monoid and S a semigroup. The following are
equivalent:

(1) S and M are strongly Morita equivalent;

(2) there exists e ∈ E(S) such that S = SeS and eSe ∼= M as monoids;

(3) S is an enlargement of M .

Proof. (1) ⇒ (2). Let (S,M, SPM ,MQS, θ, ϕ) be a unitary surjective Morita
context. Using surjectivity of ϕ, let ϕ(q1 ⊗ p1) = 1M =: 1, where q1 ⊗ p1 ∈
Q⊗ P . Put e := θ(p1 ⊗ q1) ∈ S. We show that ee = e. The M -acts PM and

MQ are unitary, thus for every p ∈ P and q ∈ Q we have p1 = p and 1q = q.
Then

ee = θ(p1 ⊗ q1)θ(p1 ⊗ q1) = θ(p1 ⊗ q1θ(p1 ⊗ q1))

= θ(p1 ⊗ ϕ(q1 ⊗ p1)q1)

= θ(p1 ⊗ 1q1)

= θ(p1 ⊗ q1) = e.

27
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To prove the equality SeS = S we show that S ⊆ SeS. We have SS = S
since strong Morita equivalence implies factorisability. Fix s ∈ S and let
s = s′s′′ for some s′, s′′ ∈ S. Then

s′ = θ(p′ ⊗ q′) and s′′ = θ(p′′ ⊗ q′′)

for some p′⊗ q′, p′′⊗ q′′ ∈ P ⊗Q. Similarly to the proof of Theorem 9 in [26],
we have

s = s′s′′ = θ(p′ ⊗ q′)θ(p′′ ⊗ q′′)

= θ (p′ ⊗ q′θ(p′′ ⊗ q′′))

= θ (p′ ⊗ ϕ(q′ ⊗ p′′)q′′)

= θ
(
p′ ⊗ ϕ(q′ ⊗ p′′)12q′′

)
= θ

(
p′ ⊗ ϕ(q′ ⊗ p′′)(ϕ(q1 ⊗ p1))

2q′′
)

= θ (p′ ⊗ q′θ(p′′ ⊗ ϕ(q1 ⊗ p1)ϕ(q1 ⊗ p1)q
′′))

= θ (p′ ⊗ q′θ(p′′ ⊗ ϕ(q1 ⊗ p1)q1θ(p1 ⊗ q′′)))

= θ (p′ ⊗ q′θ(p′′ ⊗ q1θ(p1 ⊗ q1)θ(p1 ⊗ q′′)))

= θ(p′ ⊗ q′)θ(p′′ ⊗ q1)θ(p1 ⊗ q1)θ(p1 ⊗ q′′)

= θ(p′ ⊗ q′)θ(p′′ ⊗ q1) e θ(p1 ⊗ q′′) ∈ SeS.

Note that for every s ∈ S we have the equalities

q1 ⊗ (ese)p1 = q1 ⊗ θ(p1 ⊗ q1)sθ(p1 ⊗ q1)p1

= q1θ(p1 ⊗ q1)⊗ sθ(p1 ⊗ q1)p1

= ϕ(q1 ⊗ p1)q1 ⊗ sp1ϕ(q1 ⊗ p1)

= 1q1 ⊗ sp11

= q1 ⊗ sp1.

Thus, the mapping

τ : eSe //M, ese 7→ ϕ(q1 ⊗ sp1),

is well defined. We show that τ is a semigroup morphism. Let s, s′ ∈ S, then

τ((ese)(es′e)) = τ(e(ses′)e) = ϕ(q1 ⊗ ses′p1)

= ϕ(q1 ⊗ sθ(p1 ⊗ q1)s
′p1)

= ϕ(q1 ⊗ sp1ϕ(q1 ⊗ s′p1))

= ϕ(q1 ⊗ sp1)ϕ(q1 ⊗ s′p1)

= τ(ese)τ(es′e).

For injectivity, we have, for every s, s′ ∈ S,
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ϕ(q1 ⊗ sp1) = ϕ(q1 ⊗ s′p1)
⇒ p1ϕ(q1 ⊗ sp1) = p1ϕ(q1 ⊗ s′p1)
⇒ θ(p1 ⊗ q1)sp1 = θ(p1 ⊗ q1)s

′p1
⇒ esp1 = es′p1
⇒ esp1 ⊗ q1 = es′p1 ⊗ q1
⇒ θ(esp1 ⊗ q1) = θ(es′p1 ⊗ q1)
⇒ esθ(p1 ⊗ q1) = es′θ(p1 ⊗ q1)
⇒ ese = es′e.

Finally, we show that τ is surjective. Let m ∈M . Then m = ϕ(qm⊗ pm) for
some qm ⊗ pm ∈ Q⊗ P . Put

θ(p1 ⊗ qm)θ(pm ⊗ q1) =: s ∈ S.

Note that ese = s. Indeed, we have the equalities

ese = θ(p1 ⊗ q1)θ(p1 ⊗ qm)θ(pm ⊗ q1)θ(p1 ⊗ q1)

= θ(p1 ⊗ q1θ(p1 ⊗ qm))θ(θ(pm ⊗ q1)p1 ⊗ q1)

= θ(p1 ⊗ ϕ(q1 ⊗ p1)qm)θ(pmϕ(q1 ⊗ p1)⊗ q1)

= θ(p1 ⊗ 1qm)θ(pm1⊗ q1)

= θ(p1 ⊗ qm)θ(pm ⊗ q1) = s.

Applying τ , we obtain

τ(s) = τ(ese) = ϕ(q1 ⊗ sp1) = ϕ(q1 ⊗ θ(p1 ⊗ qm)θ(pm ⊗ q1)p1)

= ϕ(q1θ(p1 ⊗ qm)⊗ θ(pm ⊗ q1)p1)

= ϕ(ϕ(q1 ⊗ p1)qm ⊗ pmϕ(q1 ⊗ p1))

= ϕ(1qm ⊗ pm1)

= ϕ(qm ⊗ pm) = m.

A semigroup isomorphism also preserves the identity. Thus, the monoids eSe
and M are isomorphic.
(2) ⇒ (3). Due to the equality S = SeS, we have

S(eSe)S = SeS = S and (eSe)S(eSe) = eSe.

Therefore, S is an enlargement of eSe ∼= M .
(3) ⇒ (1). Monoids are factorisable semigroups, hence S andM are strongly
Morita equivalent by Lemma 3.25. ■

Corollary 4.2. Let M be a monoid. Then M is strongly Morita equivalent
to a semigroup S if and only if S is an enlargement of M .
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Thus, a monoid is a minimal semigroup in its strong Morita equivalence
class with respect to cardinality. One might wonder when strong Morita
equivalence degenerates to isomorphism. The following is also known in [25]
when S and M are monoids.

Corollary 4.3. Let a semigroup S and a monoid M be strongly Morita
equivalent. If S is either a finite monoid or a commutative semigroup, then
S and M are isomorphic.

Proof. There exist e ∈ E(S) such that S = SeS and a monoid isomorphism
ψ :M // eSe. Firstly, let S be a finite monoid. Then M must also be finite.
There also exist e′ ∈ E(M) and a monoid isomorphism φ : S // e′Me′. It is
readily verified that the map

M // e′Me′, m 7→ φ(ψ(m)),

is injective. It follows that e′Me′ =M , becauseM is finite. Secondly, let S be
a commutative semigroup. We have the equalities SeS = eSS = eS = eSe.
In both cases, S is a monoid isomorphic to M . ■

In particular, we obtain the following result. Recall that the notions of strong
Morita equivalence and Morita equivalence are interchangeable in case of
factorisable semigroups by Theorem 3.14.

Corollary 4.4. Two finite monoids are (strongly) Morita equivalent if and
only if they are isomorphic.

Thus, up to isomorphism, every strong Morita equivalence class of a monoid
can contain only one finite monoid and only one commutative monoid. If
there are finite and commutative monoids in the same equivalence class,
then they are necessarily isomorphic. However, the class may contain sev-
eral infinite monoids. Examples of nonisomorphic infinite Morita equivalent
monoids are given in [24] and [25].

We also see that the strong Morita equivalence class of a monoid contains
precisely the enlargements of that monoid. Theorem 8 in [26] implies that
the enlargements of monoids are sandwich semigroups.

We recall the notion of Rees matrix semigroup.

Definition 4.5. Let S be a semigroup and U, V nonempty sets. Let also
p : V × U // S be a mapping. The set U × S × V equipped with the
multiplication

(u, s, v)(u′, s′, v′) := (u, s p(v, u′) s′, v′)

is called aRees matrix semigroup over S with sandwich matrix p, which
is often denoted as M(S, U, V, p).
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A monoid M is strongly Morita equivalent to a Rees matrix semigroup
M(M,U, V, p) over M if and only if M = M im(p)M (cf. Proposition 2
in [30]). Such Rees matrix semigroups are enlargements of that monoid. A
Rees matrix semigroup over a monoid with this property need not have weak
local units (cf. p. 443 in [31]).

Problem 4.6. Does there exist a nonfirm factorisable Rees matrix semi-
group over a monoid?

Let us turn to groups now. It is well known that completely simple
semigroups are up to isomorphism Rees matrix semigroups over groups.
We make use of the following lemma, whose result is also stated in [26].

Lemma 4.7. Let H be a group and S := M(H,U, V, p) a Rees matrix semi-
group over H. Then every subsemigroup eSe of S, where e is an idempotent,
is isomorphic to H.

Proof. Denote e = (ue, he, ve) ∈ U×H×V , where e ∈ E(S). By uniqueness
of inverse it holds that p(ve, ue) = h−1

e . We have

He := {(ue, h, ve) | h ∈ H} = eSe.

One readily verifies that He is a group with the identity e. It is clear that
the map H //He, h 7→ (ue, hhe, ve), is a group isomorphism. ■

On the one hand, Talwar has shown that Rees matrix semigroups over G
are strongly Morita equivalent to G (see p. 391 in [48]). For the converse,
it is known that semigroups with local units Morita equivalent to groups
are completely simple by Theorem 5.3 in [38]. By Theorem 12 in [26], the
assumption regarding local units can be dropped.

Theorem 4.8. Let G be a group and S a semigroup. The following are
equivalent:

(1) S and G are strongly Morita equivalent;

(2) S is isomorphic to a Rees matrix semigroup over G;

(3) S is simple and there exists e ∈ E(S) such that eSe ∼= G as groups;

(4) S is an enlargement of G.
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Proof. (1) ⇒ (2). The semigroup S is completely simple by Theorem 12
in [26], thus S is isomorphic to a Rees matrix semigroup over a group H. By
Theorem 4.1, there exists e ∈ E(S) such that G ∼= eSe. We have eSe ∼= H
by Lemma 4.7. Thus, we have G ∼= H and S is isomorphic to a Rees matrix
semigroup over G.

(2) ⇒ (3). Since S is completely simple, it is simple and regular. By
Lemma 4.7, eSe ∼= G for every e ∈ E(S).

(3) ⇒ (4). The equality S = SeS holds due to simplicity. Thus, S is an
enlargement of eSe ∼= G.

(4) ⇒ (1). This follows from Lemma 3.25 because G is factorisable. ■

Theorem 4.8 also shows that complete simplicity is a Morita invariant for
factorisable semigroups. More precisely, we have the following.

Corollary 4.9. Let S be a Rees matrix semigroup over a group G. Then a
semigroup T is strongly Morita equivalent to S if and only if T is isomorphic
to a Rees matrix semigroup over G.

Proof. If T is strongly Morita equivalent to S, then by transitivity T is
also Morita equivalent to G. Thus, T must be isomorphic to a Rees matrix
semigroup over G. Conversely, T is Morita equivalent to G, which in turn is
Morita equivalent to S. ■

Recall that a 0-group is any group with external zero adjoined. It is well
known that a semigroup is completely 0-simple if and only if it is iso-
morphic to a Rees matrix semigroup with a regular sandwich matrix over a
0-group. A natural question is whether enlargements of 0-groups are neces-
sarily completely 0-simple. This is not the case.

Example 4.10. Due to Reimaa, we know that the semigroup S = {0, 1, 2},
defined by

0 1 2
0 0 0 0
1 0 1 0
2 2 2 2

,

is strongly Morita equivalent to the 0-group T = {0, 1} [28, p. 57–58]. The
equalities STS = S and TST = T are readily verified. On the other hand,
S is not 0-simple because S does contain a zero element. This example also
shows that complete 0-simplicity is not a Morita invariant.



Chapter 5

On connections between Morita
semigroups and Strong Morita
equivalence

This chapter is based on the author’s article [41]. We show that Morita con-
texts provide natural examples of strictly locally injective semigroup mor-
phisms and give a recipe for constructing strict local isomorphisms for a
subclass of semigroups, similarly to how it is done in [51]. Additionally, we
use Morita semigroups to describe Morita equivalence of firm semigroups and
also show that the construction given in [30] also works for identifying Rees
matrix semigroups over S with Morita semigroups in the event S is firm.
Finally, we show that certain semigroups of adjoint endomorphisms are iden-
tified with Morita semigroups determined by dual pairs and use it to deduce
a sufficient condition for strong Morita equivalence for semigroups with weak
local units, generalising some results in [17] obtained for monoids.

5.1 Strict local isomorphisms

One may assume that a unitary surjective Morita context between two Morita
equivalent firm semigroups is bijective (cf. Theorem 5.9 in [33]). In general,
the biact morphisms of a unitary surjective Morita context are strict local
isomorphisms.

Definition 5.1. We say a semigroup morphism φ : S // T is strictly lo-
cally injective if it is injective on all subsemigroups of the form aSb, where
a ∈ Sa and b ∈ bS. A strictly locally injective semigroup morphism is called
a strict local isomorphism if it is also surjective. Idempotents lift along
φ, if for every f ∈ E(T ), there exists e ∈ E(S) such that f = φ(e).

33



34 CHAPTER 5.

Remark 5.2. Given a strict local isomorphism along which idempotents lift,
regular elements also lift by Lemma 3.1 in [39].

Strict local isomorphisms along which idempotents lift appear in a cover-
ing theorem by Rees matrix semigroups (cf. Theorem 3.2 in [39]). Such
morphisms are also used in [30] to describe strong Morita equivalence of
semigroups with local units.

Definition 5.3. A semigroup S is said to have common weak left local
units if

(∀s1, s2 ∈ S)(∃u ∈ S)(us1 = s1 and us2 = s2).

Common weak right local units are defined dually. A semigroup S is
said to have common weak local units if S has both common weak left
local units and common weak right local units.

Clearly, semigroups with common weak local units have weak local units and
are therefore firm.

Example 5.4. Every monoid is a semigroup with common weak local units.

1. Every lattice has common weak local units with respect to both
joins and meets.

2. Let e ∈ S be an idempotent. Then the principal right ideal eS has
a left identity e. Hence, eS has common weak left local units.

Lemma 5.5. Let φ : S // T be a semigroup morphism. Assume that S has
common weak local units. The following are equivalent:

(1) φ is strictly locally injective;

(2) φ|sS is injective for every s ∈ S;

(3) φ|Ss is injective for every s ∈ S.

Proof. (1) ⇒ (2). Let φ be strictly locally injective and take s, s′, s′′ ∈ S
such that φ(ss′) = φ(ss′′). By assumption, let u, v ∈ S be such that us = s,
s′ = s′v and s′′ = s′′v. Then ss′, ss′′ ∈ uSv, where u ∈ Su and v ∈ vS. Strict
local injectivity implies that ss′ = ss′′. The implication (1) ⇒ (3) is proved
similarly.

(2) ⇒ (1). This implication requires no additional assumptions on S.
Let u, v ∈ S and note that since φ is injective on uS, it must be injective on
uSv ⊆ uS. The implication (3) ⇒ (1) is proved similarly. ■
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Remark 5.6. A ring R is called s-unital if, for every s ∈ R, there exist
u, v ∈ R such that us = s = sv. Tominaga [49] showed that this implies that
every finite nonempty subset F ⊆ R admits u, v ∈ R such that uf = f = fv
for every f ∈ F (cf. Theorem 1). In particular, in our present terminology,
a ring has weak local units if and only if it has common weak local units.
For semigroups, however, this is false. Rectangular bands containing at least
two elements have local units but do not have common weak local units.

For an R-module MR, where R is a ring (not necessarily with identity) and
a morphism φ : MR

// RR of R-modules, the set M can be turned into
a ring, where φ then becomes a locally injective morphism of rings and,
conversely, every strict local isomorphism S //R is, essentially, an R-valued
linear functional (cf. Proposition 3.21 in [51]). A similar idea works in the
semigroup case.

Proposition 5.7. Let S be a semigroup, AS an S-act and ρ : AS // SS an
S-morphism. The following statements hold.

1. The set A is a semigroup under the multiplication a · a′ := aρ(a′).
The S-morphism ρ is a strictly locally injective semigroup morphism.
If ρ is also surjective, then idempotents lift along ρ.

2. If T is a semigroup with common weak local units, then all strict
local isomorphisms T // S arise in the manner specified in 1.

Proof. For the first item, we have associativity due to the equalities

(a · a′) · a′′ = (aρ(a′)) · a′′ = aρ(a′)ρ(a′′) = aρ(a′ρ(a′′)) = a · (a′ · a′′),

where a, a′, a′′ ∈ A. It is clear that ρ is a semigroup morphism. We show
that ρ is injective on subsemigroups of the form a · A, where a ∈ A · a. Let
a = a′ · a for some a′ ∈ A. Take m,n ∈ A such that ρ(a ·m) = ρ(a ·n). Then

a ·m = a′ · (a ·m) = a′ρ(a ·m) = a′ρ(a · n) = a′ · (a · n) = a · n.

Assume ρ is surjective and let e = ρ(a) be an idempotent. Then

a4 = a · a3 = aρ(a3) = a(ρ(a))3 = aρ(a) = a2 ∈ E(A)

and ρ(a2) = (ρ(a))2 = e.
Now let τ : T // S be a strict local isomorphism, where T has common

weak local units. We want to define a right S-action on T . Define

⋆ : T × S // T, t ⋆ s′ := tt′,
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where t, t′ ∈ T and s′ ∈ S are such that τ(t′) = s′. Suppose τ(t′′) = s′ for
some t′′ ∈ T . Then τ(tt′) = τ(t)s′ = τ(tt′′). By Lemma 5.5, the map τ |tT is
injective, hence tt′ = tt′′. Thus, ⋆ is well defined. Now, take s′, s′′ ∈ S, t ∈ T
and assume τ(t′) = s′ and τ(t′′) = s′′ for some t′, t′′ ∈ T . It follows that

(t ⋆ s′) ⋆ s′′ = tt′ ⋆ s′′ = tt′t′′ = t ⋆ (s′s′′),

where the last equality holds due to s′s′′ = τ(t′t′′). Thus, we have a right
S-action on T . The equalities

τ(t ⋆ s′) = τ(tt′) = τ(t)τ(t′) = τ(t)s′

show that τ is an S-morphism. ■

The following definition is due to Talwar [48]. Recall that given S-acts SP
and QS, the direct product SP × QS can be viewed as an (S, S)-biact with
the actions s(p, q) = (sp, q) and (p, q)s = (p, qs), where p ∈ P, q ∈ Q and
s ∈ S.

Definition 5.8. Let SP and QS be S-acts and let

⟨ , ⟩ : SP ×QS
//
SSS, (p, q) 7→ ⟨ p, q ⟩ ,

be an (S, S)-morphism, that is s ⟨ p, q ⟩ = ⟨ sp, q ⟩ and ⟨ p, q ⟩ s = ⟨ p, qs ⟩ for
every p ∈ P, q ∈ Q and s ∈ S. A Morita semigroup over S defined by ⟨ , ⟩
is the set Q⊗S P with multiplication

(q ⊗ p)(q′ ⊗ p′) := q ⊗ ⟨ p, q′ ⟩ p′.

The Morita semigroup is

(1) unitary if P and Q are unitary S-acts;

(2) surjectively defined if the map ⟨ , ⟩ is surjective.

Example 5.9. Every Morita context gives rise, in a natural way, to two
Morita semigroups. Let arbitrary semigroups S and T be connected by a
Morita context (S, T, SPT , TQS, θ, ϕ). Then using the biact morphism

⟨ , ⟩ : SP ×QS
//
SSS, (p, q) 7→ θ(p⊗ q),

we can turn Q⊗S P into a Morita semigroup with multiplication

(q ⊗ p)(q′ ⊗ p′) = q ⊗ θ(p⊗ q′)p′ = q ⊗ pϕ(q′ ⊗ p′).

The equalities

ϕ((q ⊗ p)(q′ ⊗ p′)) = ϕ(q ⊗ pϕ(q′ ⊗ p′)) = ϕ(q ⊗ p)ϕ(q′ ⊗ p′)

yield that ϕ is a semigroup morphism. In a similar way, P ⊗T Q is a Morita
semigroup.
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As we are naturally provided with two Morita semigroups, a Morita context
also yields two strictly locally injective semigroup morphisms.

Theorem 5.10. Let arbitrary nonempty semigroups S and T be connected
by a Morita context (S, T, SPT , TQS, θ, ϕ). Then θ and ϕ are strictly locally
injective semigroup morphisms. If θ is surjective, then idempotents lift along
θ. The same holds for ϕ.

Proof. It suffices to prove these statements for θ. By definition, the map
θ : (P ⊗T Q)S //SS is an S-morphism. Additionally, for every p⊗q, p′⊗q′ ∈
P ⊗T Q, we have (p⊗ q)(p′ ⊗ q′) = p⊗ qθ(p′ ⊗ q′). Then θ is strictly locally
injective by the first item of Proposition 5.7. Therefore, if θ is also surjective,
idempotents lift along θ. ■

Remark 5.11. It is not required that θ is surjective for idempotents to lift
along θ. If θ(p⊗ q) = e for some idempotent e ∈ S, then θ(p⊗ qe) = e2 = e
and

(p⊗ qe)2 = p⊗ qeθ(p⊗ qe) = p⊗ qe3 = p⊗ qe ∈ E (P ⊗T Q) .

Strictly locally injective semigroup morphisms need not be injective.

Example 5.12. Example 2.3 in [33] yields a nonfirm factorisable semigroup.
Let S be nonfirm factorisable. Then S ⊗S S is firm both as a biact and a
semigroup by Theorem 2.6 in [35] and µ : S ⊗S⊗S S // S, s⊗ s′ 7→ ss′, is a
biact morphism in the Morita context

(S, S ⊗ S, SS ⊗ SS⊗S, S⊗SSS, µ, idS⊗S)

connecting S and S ⊗S S (cf. Proposition 4.7 in [35]). The morphism µ is a
strict local isomorphism by Theorem 5.10, but it cannot be injective because
S is not firm.

Theorem 5.10 also generalises the necessity part of Theorem 13 in [30] from
semigroups with local units to factorisable semigroups. It could also be con-
sidered as an analogue of Theorem 3 in [30], where Rees matrix semigroups
are replaced by Morita semigroups.

Corollary 5.13. If S and T are strongly Morita equivalent semigroups then
there exists a surjectively defined unitary Morita semigroup Q ⊗S P and a
strict local isomorphism from Q ⊗S P onto T along which idempotent and
regular elements lift.
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The following strengthens considerably Theorem 13 in [30]. Firstly, only
firmness is assumed of the semigroups instead of having local units and,
secondly, strict local isomorphisms are replaced by isomorphisms. It can also
be viewed as a semigroup theoretic analogue of Theorem 2.6 in [3].

Theorem 5.14. Let S and T be firm semigroups. The following are equiv-
alent:

(1) S and T are strongly Morita equivalent;

(2) S is isomorphic to a surjectively defined Morita semigroup over T .

Proof. For (1) ⇒ (2), assume that the firm semigroups S and T are
strongly Morita equivalent. By Theorem 5.9 in [33], they are connected by a
unitary bijective Morita context (S, T, SPT , TQS, θ, ϕ). Then P ⊗T Q defined
by ϕ◦⊗ : Q×P //T is a unitary surjectively defined Morita semigroup over
T . Similarly to Example 5.9, θ : P ⊗T Q // S also respects the semigroup
structure and is therefore an isomorphism of semigroups.
For (2) ⇒ (1), assume that S is isomorphic to a surjectively defined Morita
semigroup P ⊗T Q over T . By Theorem 5 in [48], the Morita semigroup
P ⊗T Q is strongly Morita equivalent to T . Using transitivity, we conclude
that the semigroups S and T are strongly Morita equivalent. Note that only
factorisability of S and T is needed for this implication. ■

Hotzel [17] noted that a surjectively defined unitary Morita semigroup over
a monoid with free acts is a coordinate-free copy of a Rees matrix semigroup
over that monoid. Laan and Márki [30] showed that this is true of semigroups
with weak local units (cf. Proposition 10). We make use of their construction
to show the following.

Theorem 5.15. Let S be a factorisable semigroup and M := M(S, U, V, p)
a Rees matrix semigroup over S. Then there exists a unitary Morita semi-
group Q ⊗S P and a strict local isomorphism from Q ⊗S P onto M along
which idempotents lift.

Proof. Put QS := (U ×S)S and SP := S(S × V ), where the S-action on Q
is defined by (u, s)s′ := (u, ss′) and similarly for P . Due to factorisability of
S, they are unitary S-acts. Define

⟨ , ⟩ : SP ×QS
//
SSS, ⟨(s, v), (u, s′)⟩ = s p(v, u) s′.

One readily verifies ⟨ , ⟩ is an (S, S)-morphism. Define

ψ : Q⊗S P //M, (u, s)⊗ (t, v) 7→ (u, st, v).
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Consider the corresponding map ψ̂ : Q× P //M. The equalities

ψ̂ ((u, s)s0, (t, v)) = (u, (ss0)t, v) = (u, s(s0t), v) = ψ̂ ((u, s), s0(t, v))

show that ψ̂ is S-balanced, therefore ψ is well defined by Proposition 2.15.
Surjectivity of ψ follows from factorisability of S.

Since S is factorisable, every element in M can be written as (u0, s0t0, v0)
for some u0 ∈ U, v0 ∈ V and s0, t0 ∈ S. Define

⋆ : (Q⊗S P )×M //Q⊗S P

with the equality

((u, s)⊗ (t, v)) ⋆ (u0, s0t0, v0) : = (u, s)⊗ ⟨ (t, v), (u0, s0) ⟩ (t0, v0)
= (u, s)⊗ tp(v, u0)s0(t0, v0).

Take (u0, s0t0, v0) ∈ M and denote the multiplication of the Morita semi-
group Q ⊗S P by the symbol ·. For every (u, s) ⊗ (t, v) ∈ Q ⊗S P we have
the equality

((u, s)⊗ (t, v)) ⋆ (u0, s0t0, v0) = ((u, s)⊗ (t, v)) · ((u0, s0)⊗ (t0, v0)) .

Thus, the maps −⋆(u0, s0t0, v0) and −·((u0, s0)⊗ (t0, v0)) coincide on Q⊗SP .
It follows that ⋆ is well defined on Q⊗S P . Take (u, s)⊗ (t, v) ∈ Q⊗S P . It
is clear that in the event s0t0 = s′0t

′
0, we have

((u, s)⊗ (t, v)) ⋆ (u0, s0t0, v0) = ((u, s)⊗ (t, v)) ⋆ (u0, s
′
0t

′
0, v0).

Take also (u1, s1t1, v1) ∈ M. We have the equalities

(((u, s)⊗ (t, v)) ⋆ (u0, s0t0, v0)) ⋆ (u1, s1t1, v1)

= ((u, s)⊗ (t, v)) · ((u0, s0)⊗ (t0, v0)) · ((u1, s1)⊗ (t1, v1))

= ((u, s)⊗ (t, v)) · ((u0, s0)⊗ t0 p(v0, u1) (s1t1, v1))

= ((u, s)⊗ (t, v)) ⋆ (u0, s0t0 p(v0, u1)s1t1, v1)

= ((u, s)⊗ (t, v)) ⋆ ((u0, s0t0, v0)(u1, s1t1, v1)) .

Therefore, ⋆ is a right M-action on Q⊗S P . We also have the equalities

ψ (((u, s)⊗ (t, v)) ⋆ (u0, s0t0, v0)) = ψ ((u, s)⊗ t p(v, u0) s0(t0, v0))

= (u, st p(v, u0) s0t0, v0)

= (u, st, v)(u0, s0t0, v0)

= ψ((u, s)⊗ (t, v)) (u0, s0t0, v0),



40 CHAPTER 5.

which imply that ψ : (Q ⊗S P )M //MM is an M-morphism. Due to the
equality

((u, s)⊗ (t, v)) · ((u0, s0)⊗ (t0, v0)) = ((u, s)⊗ (t, v)) ⋆ ψ((u0, s0)⊗ (t0, v0))

we have by Proposition 5.7 that ψ is a strict local isomorphism along which
idempotents lift. ■

Corollary 5.16. Let S be a factorisable semigroup and M a Rees matrix
semigroup over S. Then M is a quotient of a unitary Morita semigroup
over S.

It also turns out that the construction given in Proposition 10 of [30] yields
an isomorphism if S is firm.

Corollary 5.17. Let S be a firm semigroup and M := M(S, U, V, p) a Rees
matrix semigroup over S. Then M is isomorphic to a unitary Morita semi-
group over S. If S = S im(p)S, then M is isomorphic to a surjectively
defined unitary Morita semigroup over S.

Proof. Assume the construction given in the proof of Theorem 5.15. It is
clear that the map ⟨ , ⟩ is surjective if and only if the equality S = Sim(p)S
holds. It remains to show that ψ is injective.

Let the equality (u, st, v) = (u, s′t′, v) hold in M. Then st = s′t′ if and
only if s ⊗ t = s′ ⊗ t′ in S ⊗S S due to firmness of S. By Lemma 2.13, we
have an S-tossing

r1y1 = t
sr1 = x1s1 r2y2 = s1y1
x1r2 = x2s2 r3y3 = s2y2

. . . . . .
xn−2rn−1 = xn−1sn−1 rnyn = sn−1yn−1

xn−1rn = s′sn t′ = snyn

connecting s⊗ t and s′ ⊗ t′, where xi, yi ∈ S and ri, si ∈ S1. We extend the
above to the following S-tossing

r1(y1, v) = (t, v)
(u, s)r1 = (u, x1)s1 r2(y2, v) = s1(y1, v)
(u, x1)r2 = (u, x2)s2 r3(y3, v) = s2(y2, v)

. . . . . .
(u, xn−2)rn−1 = (u, xn−1)sn−1 rn(yn, v) = sn−1(yn−1, v)
(u, xn−1)rn = (u, s′)sn (t′, v) = sn(yn, v),
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which again by Lemma 2.13 implies that the equality

(u, s)⊗ (t, v) = (u, s′)⊗ (t′, v)

holds in Q⊗S P . Therefore, ψ is injective. ■

Remark 5.18. For a Rees matrix semigroup M := M(S, U, V, p) over a
factorisable semigroup S, the condition S = S im(p)S is equivalent to M
being factorisable, which, in turn, is equivalent to S being strongly Morita
equivalent to M by Proposition 2 in [30].

A semigroup S is factorisable if and only if S⊗S is a firm semigroup, where
the multiplication is defined by

(s⊗ t)(s′ ⊗ t′) := ss′ ⊗ tt′

(cf. [35]). In the same article it is shown that A ⊗S B = A ⊗S⊗S B holds
for factorisable semigroups S. While we do not know whether Corollary 5.17
holds for factorisable semigroups, we can conclude the following.

Corollary 5.19. Let S be a factorisable semigroup and M(S ⊗ S, U, V, p)
a Rees matrix semigroup over S ⊗ S. Then M is isomorphic to a unitary
Morita semigroup over S, which may be assumed to be surjectively defined if
M is factorisable.

5.2 Dual pairs and Morita semigroups

Hotzel [17] considers Morita semigroups over monoids with 0. The acts also
must have a fixed zero element. We show that the mapping presented in
Theorem 2.4 in [17] is a well-behaved morphism, in general. It also turns out
that it is an isomorphism for dual pairs over a semigroup with weak local
units.

Definition 5.20. A pair over a semigroup S consists of

• a left act SA;

• a right act BS;

• an (S, S)-morphism ⟨ , ⟩ : SA×BS
//
SSS.

Denote such a pair by β and write β = (SA,BS).
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Hotzel assumes the acts in a pair to be unitary, but we do not need to assume
this. Every pair induces a Morita semigroup, which is denoted by B⊗β

SA and
defined by ⟨ , ⟩. Hotzel did not call these Morita semigroups. We use Talwar’s
terminology for the construction inspired by Hotzel’s (cf. p. 386 in [48]). It is
often clear B⊗β

SA is taken with respect to β, so the superscript β is omitted.
With β is associated the following subsemigroup of End(SA)× End(BS):

Ωβ := {(ρ, σ) | ρ ∈ End(SA), σ ∈ End(BS),

⟨ ρ(a), b ⟩ = ⟨ a, σ(b) ⟩ for all a ∈ A, b ∈ B} .

Multiplication on End(SA)× End(BS) is given by the equality

(f, g)(f ′, g′) := (f ′f, gg′).

Hotzel refers to such ρ and σ as linked endomorphisms. We call such ρ and σ
adjoint endomorphisms as does Ánh [3] in the case of modules over rings.

Example 5.21. Every Morita context induces a number of pairs of adjoint
endomorphisms. For a given Morita context (S, T, SPT , TQS, θ, ϕ), we con-
sider the biact morphism

⟨ , ⟩ : SP ×QS
// S, (p, q) 7→ θ(p⊗ q).

For fixed elements p0 ∈ P and q0 ∈ Q

ρ := θ(−⊗ q0)p0 ∈ End(SP ) and

σ := q0θ(p0 ⊗−) ∈ End(QS)

are adjoint due to the equalities

⟨ρ(p), q⟩ = θ(θ(p⊗ q0)p0 ⊗ q) = θ(pϕ(q0 ⊗ p0)⊗ q)

= θ(p⊗ ϕ(q0 ⊗ p0)q)

= θ(p⊗ q0θ(p0 ⊗ q))

= ⟨p, σ(q)⟩,

where p ∈ P and q ∈ Q. A symmetric construction works for ϕ.

We have an ideal of Ωβ:

Ωβ
1 :=

{
(ρ, σ) ∈ Ωβ | (∃a ∈ A)(∃b ∈ B)(ρ(A) ⊆ Sa and σ(B) ⊆ bS)

}
.

Elements of Ωβ
1 are sometimes called adjoint endomorphisms of rank

one. We also have another ideal of Ωβ:

Σβ = {(ρ, σ) ∈ Ωβ | (∃b ∈ B)(∃a ∈ A)(ρ = ⟨−, b ⟩ a and σ = b ⟨ a,−⟩)} ⊆ Ωβ
1 .
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Such pairs are denoted with the symbol [b, a]. So,

[b, a] = (⟨−, b ⟩ a, b ⟨ a,−⟩) .

Note that, for [b, a], [b′, a′] ∈ Σβ, we have

[b, a][b′, a′] = (⟨−, b ⟩ a ; b ⟨ a,−⟩) (⟨−, b′ ⟩ a′ ; b′ ⟨ a′,−⟩)
= (⟨−, b′ ⟩ a′ ◦ ⟨−, b ⟩ a ; b ⟨ a,−⟩ ◦ b′ ⟨ a′,−⟩)
= (⟨ ⟨−, b ⟩ a, b′ ⟩ a′ ; b ⟨ a, b′ ⟨ a′,−⟩ ⟩)
= (⟨−, b ⟩ ⟨ a, b′ ⟩ a′ ; b ⟨ a, b′ ⟩ ⟨ a,−⟩)
= (⟨−, b ⟩ ⟨ a, b′ ⟩ a′ ; b ⟨ ⟨ a, b′ ⟩ a′,−⟩) .

Hence, it holds that

[b, a][b′, a′] = [b, ⟨ a, b′ ⟩ a′]. (3.1)

Before we proceed, we will justify the above.

Proposition 5.22. The following statements hold.

1. The subset Ωβ is a submonoid of End(SA)× End(BS).

2. The subset Ωβ
1 is an ideal in Ωβ.

3. The subset Σβ ⊆ Ωβ
1 is an ideal in Ωβ.

Proof. For the first item take (ρ1, σ1), (ρ2, σ2) ∈ Ωβ and let a ∈ A, b ∈ B.
Then

⟨ (ρ2ρ1)(a), b ⟩ = ⟨ ρ1(a), σ2(b) ⟩ = ⟨ a, (σ1σ2)(b) ⟩ .

Thus, the morphisms ρ2ρ1 and σ1σ2 are adjoint. As idA and idB are clearly
adjoint, Ωβ is a submonoid.

For the second item take (ρ, σ) ∈ Ωβ and (ρ1, σ1) ∈ Ωβ
1 . There exist a1 ∈

A and b1 ∈ B such that ρ1(A) ⊆ Sa1 and σ1(B) ⊆ b1S. Then (ρ1ρ)(A) ⊆
ρ1(A) ⊆ Sa1 and (σσ1)(B) ⊆ σ(b1S) = σ(b1)S. So (ρ, σ)(ρ1, σ1) = (ρ1ρ, σσ1) ∈
Ωβ

1 . Thus Ω
β
1 is a left ideal in Ωβ. The right ideal case is proved similarly.

For the third item let (ρ1, σ1) ∈ Σβ, i.e, ρ1 = ⟨−, b1 ⟩ a1 and σ1 =
b1 ⟨ a1,−⟩ for some a1 ∈ A and b1 ∈ B. The inclusion (ρ1, σ1) ∈ Ωβ

1 is
clear. Take (ρ, σ) ∈ Ωβ and note that, for every x ∈ A, we have

(ρ1ρ)(x) = ⟨ ρ(x), b1 ⟩ a1 = ⟨x, σ(b1) ⟩ a1
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and, on the other hand, for every y ∈ B, we have

(σσ1)(y) = σ (b1 ⟨ a1, y ⟩) = σ(b1) ⟨ a1, y ⟩ .

Therefore, ρ1ρ = ⟨−, σ(b1) ⟩ a1, σσ1 = σ(b1) ⟨ a1,−⟩ and (ρ, σ)(ρ1, σ1) =
(ρ1ρ, σσ1) = [σ(b1), a1] ∈ Σβ. Hence Σβ is a left ideal in Ωβ. The right ideal
case is proved similarly. ■

Definition 5.23. A pair β = (SA,BS) is called dual if

(1) (∀a ∈ A)(∃a′ ∈ A)(a ∈ Sa′ and ⟨ a′, B ⟩ = S);

(2) (∀b ∈ B)(∃b′ ∈ B)(b ∈ b′S and ⟨A, b′ ⟩ = S).

Examples of dual pairs can be found on page 257 in [17]. Note that acts SA
and BS in a dual pair are necessarily unitary. By Theorem 2.5 in [17], the
equality Σβ = Ωβ

1 holds for a dual pair over a monoid with zero. This is also
true in case of a dual pair over a semigroup with weak local units.

Theorem 5.24 (cf. Theorem 2.5 in [17]). Let β = (SA,BS) be a dual
pair over a semigroup S with weak local units. Then Σβ = Ωβ

1 .

Proof. The containment Σβ ⊆ Ωβ
1 is clear. We show Ωβ

1 ⊆ Σβ. Take
(ρ, σ) ∈ Ωβ

1 , that is, ρ(A) ⊆ Sa1 and σ(B) ⊆ b′S for some a1 ∈ A and b′ ∈ B.
We must show that there exist a ∈ A and b ∈ B such that ρ = ⟨−, b ⟩ a and
σ = b ⟨ a,−⟩.

Since we have a dual pair, a1 = sa2 for some s ∈ S and a2 ∈ A. Due to
the presence of weak local units in S take sr ∈ S such that s = ssr and let
⟨ a2, b2 ⟩ = sr for some b2 ∈ B. Similarly, b′ = b′′t, t = tℓt for some tℓ ∈ S and
⟨ a′′, b′′ ⟩ = tℓ for some a′′ ∈ A. Then σ(b2) = b′v′ and ρ(a′′) = u′a1 for some
u′, v′ ∈ S. Putting v := tv′ and u := u′s we have

σ(b2) = b′v′ = b′′tv′ = b′′v and ρ(a′′) = u′a1 = u′sa2 = ua2.

Hence

u = u′s = u′ssr = u′s ⟨ a2, b2 ⟩ = ⟨u′sa2, b2 ⟩ = ⟨ ρ(a′′), b2 ⟩
= ⟨ a′′, σ(b2) ⟩ = ⟨ a′′, b′′tv′ ⟩ = ⟨ a′′, b′′ ⟩ tv′ = tℓtv

′ = tv′ = v.

Take x ∈ A, then ρ(x) = za1 for some z ∈ S and

⟨ ρ(x), b2 ⟩ a2 = ⟨ zsa2, b2 ⟩ a2 = zs ⟨ a2, b2 ⟩ a2 = zssra2 = zsa2 = za1 = ρ(x)
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and therefore, for every x ∈ A, we have

ρ(x) = ⟨ ρ(x), b2 ⟩ a2 = ⟨x, σ(b2) ⟩ a2 = ⟨x, b′′v ⟩ a2 = ⟨x, b′′ ⟩ va2.

Similarly, for a fixed y ∈ B, we have σ(y) = b′w for some w ∈ S and

b′′ ⟨ a′′, b′w ⟩ = b′′ ⟨ a′′, b′′tw ⟩ = b′′ ⟨ a′′, b′′ ⟩ tw = b′′tℓtw = b′′tw = b′w = σ(y).

Therefore, for every y ∈ B we have

σ(y) = b′′ ⟨ a′′, σ(y) ⟩ = b′′ ⟨ ρ(a′′), y ⟩ = b′′ ⟨ua2, y ⟩ = b′′ ⟨ va2, y ⟩ .

Thus, it suffices to take b = b′′ and a = ua2 = va2. ■

The following is a semigroup theoretic analogue of Proposition 2.2 in [3].

Lemma 5.25. Let β = (SA,BS) be a dual pair, where S is a semigroup with
weak local units. Then the Morita semigroup B⊗β

S A has weak local units. If
S has local units, then B ⊗β

S A also has local units.

Proof. Take b⊗ a ∈ B⊗S A. Since we have a dual pair, there exist a1 ∈ A
and s ∈ S such that a = sa1. Since S has weak local units, we can write
s = su for some u ∈ S. By duality, we also have u = ⟨ a1, b1 ⟩ for some
b1 ∈ B. Then

a = sa1 = sua1 = s ⟨ a1, b1 ⟩ a1 = ⟨ sa1, b1 ⟩ a1 = ⟨ a, b1 ⟩ a1,

hence
b⊗ a = b⊗ ⟨ a, b1 ⟩ a1 = (b⊗ a)(b1 ⊗ a1).

If S has local units, then we may assume u to be an idempotent and we have
that

(b1 ⊗ a1)
4 = b1 ⊗ ⟨ a1, b1 ⟩3 a1 = b1 ⊗ ⟨ a1, b1 ⟩ a1 = (b1 ⊗ a1)

2 ∈ E (B ⊗S A) .

Similarly, b = b2t and t = vt, where v = ⟨ a2, b2 ⟩ for some a2 ∈ A. The
equality b⊗ a = (b2 ⊗ a2)(b⊗ a) follows. ■

It turns out that Hotzel’s construction (cf. Theorem 2.4 in [17]) yields a
semigroup morphism with good properties in case of an arbitrary pair.

Theorem 5.26. For any pair β = (SA,BS) over an arbitrary nonempty
semigroup S, there exists a strict local isomorphism from B ⊗β

S A onto Σβ

along which idempotents lift.
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Proof. Define, in the same way as in [17],

φ : B ⊗S A // Σβ, b⊗ a 7→ [b, a].

The corresponding map

B × A // Σβ, (b, a) 7→ [b, a],

is S-balanced. Indeed, for any s ∈ S we have the equalities

⟨−, bs ⟩ a = ⟨−, b ⟩ sa and bs ⟨ a,−⟩ = b ⟨ sa,−⟩ ,

so [bs, a] = [b, sa]. Thus, φ is well defined by Proposition 2.15. Surjectivity
of φ is clear. Define

⋆ : (B ⊗S A)× Σβ //B ⊗S A

with the equality
(b⊗ a) ⋆ [b′, a′] := b⊗ ⟨ a, b′ ⟩ a′.

Let b′ ∈ B and a′ ∈ A be fixed, then, for every b ⊗ a ∈ B ⊗S A, we have
the equality (b ⊗ a) ⋆ [b′, a′] = (b ⊗ a)(b′ ⊗ a′). Thus, the maps − ⋆ [b′, a′]
and − · (b′ ⊗ a′) coincide on B ⊗S A. It follows that ⋆ is well defined. Take
b⊗ a ∈ B ⊗S A and fix b′′ ∈ B and a′′ ∈ A. The equalities

((b⊗ a) ⋆ [b′, a′]) ⋆ [b′′, a′′] = (b⊗ a)(b′ ⊗ a′)(b′′ ⊗ a′′)

= (b⊗ a) (b′ ⊗ ⟨ a′, b′′ ⟩ a′′)
= b⊗ ⟨ a, b′ ⟩ (⟨ a′, b′′ ⟩ a′′)
= (b⊗ a) ⋆ [b′, ⟨ a′, b′′ ⟩ a′′]
= (b⊗ a) ⋆ ([b′, a′] [b′′, a′′]) (cf. 3.1)

show that ⋆ is a right Σβ-action on B ⊗S A. We also have

φ ((b⊗ a) ⋆ [b′, a′]) = φ (b⊗ ⟨ a, b′ ⟩ a′)
= [b, ⟨ a, b′ ⟩ a′]
= [b, a] [b′, a′]

= φ(b⊗ a) [b′, a′].

Thus, φ is a Σβ-morphism. Due to the equality

(b⊗ a)(b′ ⊗ a′) = (b⊗ a) ⋆ φ(b′ ⊗ a′)

we have by Proposition 5.7 that φ is a strict local isomorphism along which
idempotents lift. ■
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By Theorem 2.4 in [17], for a dual pair β over a monoid with zero, the Morita
semigroup B ⊗β

S A is isomorphic to the semigroup Σβ. This is also true for
semigroups with weak local units.

Theorem 5.27. Let S be a semigroup with weak local units and β = (SA,BS)
a dual pair. Then the Morita semigroup B ⊗β

S A is isomorphic to the semi-
group Σβ.

Proof. It suffices to show that the map φ from the proof of Theorem 5.26
is injective. Suppose [b, a] = [b′, a′] for some b ⊗ a, b′ ⊗ a′ in B ⊗S A. Said
equality means that

(∀a′′ ∈ A)(⟨ a′′, b ⟩ a = ⟨ a′′, b′ ⟩ a′),
(∀b′′ ∈ B)(b ⟨ a, b′′ ⟩ = b′ ⟨ a′, b′′ ⟩).

By Lemma 5.25, take b1 ⊗ a1, b2 ⊗ a2 ∈ B ⊗S A such that

b⊗ a = (b⊗ a)(b1 ⊗ a1) and b′ ⊗ a′ = (b2 ⊗ a2)(b
′ ⊗ a′).

We then have

b⊗ a = (b⊗ a)(b1 ⊗ a1)

= b⊗ ⟨ a, b1 ⟩ a1
= b ⟨ a, b1 ⟩ ⊗ a1

= b′ ⟨ a′, b1 ⟩ ⊗ a1

= (b′ ⊗ a′)(b1 ⊗ a1)

and therefore,

b⊗ a = (b2 ⊗ a2)(b
′ ⊗ a′)(b1 ⊗ a1)

= (b2 ⊗ a2)(b⊗ a)

= b2 ⊗ ⟨ a2, b ⟩ a
= b2 ⊗ ⟨ a2, b′ ⟩ a′

= (b2 ⊗ a2)(b
′ ⊗ a′)

= b′ ⊗ a′. ■

A sufficient condition for strong Morita equivalence follows.

Corollary 5.28. Let S and T be semigroups with weak local units. If T ∼= Σβ

for some dual pair β = (SA,BS) then S and T are strongly Morita equivalent.

Proof. By Theorem 5.27, T ∼= Σβ ∼= B ⊗β
S A, where B ⊗β

S A is surjectively
defined. Hence T and S are strongly Morita equivalent by Theorem 5.14. ■

In particular, each dual pair β over S with weak local units gives rise to a
semigroup Σβ which is strongly Morita equivalent to S.





Chapter 6

Some Galois connections
arising from Morita contexts of
semigroups

This chapter is based on the author’s article [42]. Galois connections arising
from Morita contexts connecting two rings have been studied by Kashu [20]
and later, for semigroups, by Paseka [44]. We make use of some of the map-
pings considered in [44]. The results in the mentioned articles are obtained
for nondegenerate Morita contexts. Instead of requiring nondegeneracy, we
work with unitary surjective Morita contexts connecting two semigroups. To
compensate, we assume the presence of common weak local units. We obtain
monotone Galois connections whenever either semigroup has common weak
local units. If both semigroups have this property, then, among others, their
lattices of compatible relations are isomorphic.

Definition 6.1. Let SA be a left S-act. We say a binary relation ρ on A is
S-compatible if

(∀a1, a2 ∈ A)(∀s ∈ S)(a1 ρ a2 ⇒ sa1 ρ sa2).

We denote the lattice of S-compatible relations on A by Comp(SA) and du-
ally, Comp(AS) for a right act AS.

Lattices of compatible relations of algebras have been studied by Chajda,
Šešelja and Tepavčević [10]. In general, unions of compatible relations need
not be compatible, but since acts over semigroups are algebras with only
unary operations it is readily verified that both Comp(SA) and Comp(AS)
are sublattices of (P(A× A),⊆).

Definition 6.2. An S-compatible relation ρ on an S-act A is called a

49
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• weak congruence if ρ is symmetric and transitive;

• tolerance if ρ is reflexive and symmetric;

• compatible preorder if ρ is reflexive and transitive;

• congruence if ρ is an equivalence relation.

We have Comp(SAT ) = Comp(SA) ∩ Comp(AT ), where SAT is an (S, T )-
biact. In case of an (S, S)-biact SAS, we call the elements of Comp(SA) left
S-compatible and, dually, the elements of Comp(AS) right S-compatible.

Definition 6.3. Let X and Y be partially ordered sets (posets) and φ ∈ Y X

and ψ ∈ XY a pair of mappings. It is said that the pair (φ, ψ) forms a
monotone Galois connection if

(∀x ∈ X)(∀y ∈ Y )(φ(x) ⩽ y ⇔ x ⩽ ψ(y)).

In this case, φ is called the left adjoint of ψ and one writes φ ⊣ ψ.

It holds that φ ⊣ ψ if and only if φψ ⩽ idY and idX ⩽ ψφ with respect to
the pointwise order of mappings. It is clear that if φ ⊣ ψ ⊣ φ, then φ and ψ
are mutually inverse order isomorphisms.

Recall that a left (right) S-act SA (AS) is called faithful if for any s, s′ ∈
S it holds that s = s′ whenever sa = s′a (as = as′) for all a ∈ A.

Problem 6.4. AMorita context (S, T, SPT , TQS, θ, ϕ) connecting semigroups
S and T is called nondegenerate (cf. [44]) if SP, PT , TQ and QS are faithful
and the following conditions are satisfied for any p1, p2 ∈ P and q1, q2 ∈ Q:

(1) p1 = p2 whenever ϕ(q ⊗ p1) = ϕ(q ⊗ p2) for all q ∈ Q;

(2) p1 = p2 whenever θ(p1 ⊗ q) = θ(p2 ⊗ q) for all q ∈ Q;

(3) q1 = q2 whenever ϕ(q1 ⊗ p) = ϕ(q2 ⊗ p) for all p ∈ P ;

(4) q1 = q2 whenever θ(p⊗ q1) = θ(p⊗ q2) for all p ∈ P .

When are two semigroups connected by a nondegenerate Morita context?
What are examples of such Morita contexts, where at least one of the semi-
groups is not singleton?
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Let (S, T, SPT , TQS, θ, ϕ) be a unitary surjective Morita context connect-
ing semigroups S and T . We consider the pairs of mappings (see p. 2251 in
[44])

P(P × P )
αP //oo
βP

P(T × T ) and P(Q×Q)
αQ //oo
βQ

P(T × T )

that are defined by

αP (σ) := {(t, t′) | (∀p ∈ P )(pt σ pt′)},
βP (ψ) := {(p, p′) | (∀q ∈ Q)(ϕ(q ⊗ p)ψ ϕ(q ⊗ p′))},
αQ(τ) := {(t, t′) | (∀q ∈ Q)(tq τ t′q)},
βQ(ψ) := {(q, q′) | (∀p ∈ P )(ϕ(q ⊗ p)ψ ϕ(q′ ⊗ p))}.

It is clear that the maps αP , βP , αQ and βQ are order preserving. These
maps also have the following properties.

Proposition 6.5. Let (S, T, SPT , TQS, θ, ϕ) be a unitary surjective Morita
context connecting semigroups S and T . Then all of the maps αP , βP , αQ
and βQ preserve reflexivity, symmetricity and transitivity. Additionally, the
following assertions hold:

(1) αP (P(P × P )) ⊆ Comp(TT ) and αP (Comp(PT )) ⊆ Comp(TT );

(2) βP (P(T × T )) ⊆ Comp(SP ) and βP (Comp(TT )) ⊆ Comp(PT );

(3) αQ(P(Q×Q)) ⊆ Comp(TT ) and αQ(Comp(TQ)) ⊆ Comp(TT );

(4) βQ(P(T × T )) ⊆ Comp(QS) and βQ(Comp(TT )) ⊆ Comp(TQ).

Proof. Preservation of symmetricity is clear in all cases. We verify preser-
vation of reflexivity and transitivity for βP . Preservation properties for the
other maps are verified analogously. Let ψ ⊆ T × T be reflexive and take
p ∈ P . Then ϕ(q⊗p)ψ ϕ(q⊗p) for all q ∈ Q due to reflexivity of ψ. Therefore,
(p, p) ∈ βP (ψ). Now let ψ be transitive and take (p1, p2), (p2, p3) ∈ βP (ψ). It
follows that

ϕ(q ⊗ p1)ψ ϕ(q ⊗ p2)ψ ϕ(q ⊗ p3),

whence ϕ(q ⊗ p1)ψ ϕ(q ⊗ p3) for all q ∈ Q due to transitivity of ψ. Thus,
(p1, p3) ∈ βP (ψ).

For item (1) let σ ⊆ P × P . Take (t1, t2) ∈ αP (σ) and t ∈ T . Note that
pt1 σ pt2 must hold for all p ∈ P . Firstly, we check αP (σ) is left T -compatible.
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Let p ∈ P . Then by the above we have p(tt1) = (pt)t1 σ (pt)t2 = p(tt2). Thus,
(tt1, tt2) ∈ αP (σ).

Secondly, assume σ is T -compatible. From T -compatibility we conclude
(pt1)t σ (pt2)t for all p ∈ P . Thus, (t1t, t2t) ∈ αP (σ).

For item (2) let ψ ⊆ T × T . Take (p1, p2) ∈ βP (ψ) and q ∈ Q. Firstly,
we check βP (ψ) is S-compatible. Take s ∈ S, then by definition of βP (ψ) we
have

ϕ(q ⊗ sp1) = ϕ(qs⊗ p1)ψ ϕ(qs⊗ p2) = ϕ(q ⊗ sp2),

which implies that (sp1, sp2) ∈ βP (ψ). Secondly, assume ψ is right T -
compatible. Then

ϕ(q ⊗ p1t) = ϕ(q ⊗ p1)t ψ ϕ(q ⊗ p2)t = ϕ(q ⊗ p2t)

for every t ∈ T , which implies that (p1t, p2t) ∈ βP (ψ). Items (3) and (4) are
proved similarly. ■

The following result can be checked easily.

Lemma 6.6. Let SA be a unitary S-act, where S is a semigroup with com-
mon weak left local units. Then for every a1, a2 ∈ A, there exists u ∈ S such
that ua1 = a1 and ua2 = a2.

Proposition 6.7. Let (S, T, SPT , TQS, θ, ϕ) be a unitary surjective Morita
context connecting semigroups S and T . The following assertions hold for
the pair of maps

αP : Comp(SP ) // Comp(TT ) and βP : Comp(TT ) // Comp(SP ).

1. If T is a semigroup with common weak left local units, then αP ⊣ βP
and αP is surjective.

2. If S is a semigroup with common weak left local units, then βP ⊣ αP
and βP is surjective.

Proof. We restrict the mapping αP from Proposition 6.5 from P(P ×P ) to
its subset Comp(SP ), but we still denote the restriction by αP . We use a sim-
ilar convention for βP . The maps αP and βP are well defined by Proposition
6.5. Let σ ∈ Comp(SP ) and ψ ∈ Comp(TT ).

1. Assume αP (σ) ⊆ ψ and let (p1, p2) ∈ σ. To show (p1, p2) ∈ βP (ψ), we
must show that ϕ(q ⊗ p1)ψ ϕ(q ⊗ p2) for every q ∈ Q. Let q ∈ Q and take
p ∈ P . Note that

pϕ(q ⊗ p1) = θ(p⊗ q)p1 and pϕ(q ⊗ p2) = θ(p⊗ q)p2.
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Since θ(p⊗ q) ∈ S and σ is S-compatible, we have

pϕ(q ⊗ p1)σ pϕ(q ⊗ p2).

This implies that (ϕ(q ⊗ p1), ϕ(q ⊗ p2)) ∈ αP (σ) ⊆ ψ, as required.

Conversely, assume σ ⊆ βP (ψ) and let (t1, t2) ∈ αP (σ). Then pt1 σ pt2 for
every p ∈ P . By assumption, we have (pt1, pt2) ∈ βP (ψ), so

(∀p ∈ P )(∀q ∈ Q)(ϕ(q ⊗ pt1)ψ ϕ(q ⊗ pt2)).

Equivalently, tt1 ψ tt2 for every t ∈ T due to surjectivity of ϕ. In particular,
we have t1 = vt1 ψ vt2 = t2 for some v ∈ T due to the presence of common
weak local units in T . Hence, αP (σ) ⊆ ψ, as required.

We check surjectivity of αP . Let ψ ∈ Comp(TT ). The containment
αP (βP (ψ)) ⊆ ψ holds due to αP ⊣ βP . Conversely, let t1 ψ t2. Left T -
compatibility implies that

ϕ(q ⊗ pt1) = ϕ(q ⊗ p)t1 ψ ϕ(q ⊗ p)t2 = ϕ(q ⊗ pt2)

for every p ∈ P and q ∈ Q. Equivalently, (pt1, pt2) ∈ βP (ψ) for every p ∈ P .
So we have ψ ⊆ αP (βP (ψ)). Therefore αP (βP (ψ)) = ψ and αP is surjective.

2. Assume ψ ⊆ αP (σ) and let (p1, p2) ∈ βP (ψ). It follows that

(∀q ∈ Q)(ϕ(q ⊗ p1)ψ ϕ(q ⊗ p2))

⇒(∀q ∈ Q)(ϕ(q ⊗ p1)αP (σ)ϕ(q ⊗ p2))

⇔(∀q ∈ Q)(∀p ∈ P )(pϕ(q ⊗ p1)σ pϕ(q ⊗ p2)).

By Lemma 6.6, take u ∈ S such that up1 = p1 and up2 = p2. We have
u = θ(p ⊗ q) for some p ∈ P and q ∈ Q due to surjectivity of θ. It follows
that

p1 = up1 = θ(p⊗ q)p1 = pϕ(q ⊗ p1)σ pϕ(q ⊗ p2) = p2.

So (p1, p2) ∈ σ and βP (ψ) ⊆ σ.

Conversely, assume βP (ψ) ⊆ σ and let (t1, t2) ∈ ψ. To show (t1, t2) ∈
αP (σ), we must show that pt1 σ pt2 for every p ∈ P . Let p ∈ P . Since ψ is
left T -compatible, we have

(∀q ∈ Q)(ϕ(q ⊗ pt1)ψ ϕ(q ⊗ pt2)).

This implies that (pt1, pt2) ∈ βP (ψ) ⊆ σ, as required.
We check surjectivity of βP . Let σ ∈ Comp(SP ) and p1 σ p2. Take p ∈ P

and q ∈ Q. By S-compatibility we have θ(p⊗q)p1 σ θ(p⊗q)p2, which implies
that

pϕ(q ⊗ p1)σ pϕ(q ⊗ p2).

It follows that (ϕ(q ⊗ p1), ϕ(q ⊗ p2)) ∈ αP (σ) so (p1, p2) ∈ βP (αP (σ)). Thus,
σ ⊆ βP (αP (σ)). The containment βP (αP (σ)) ⊆ σ follows from βP ⊣ αP . ■
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Remark 6.8. It is well known that if f ⊣ g, then f is surjective if and only
if g is injective.

Similarly to the proof of Proposition 6.7, one can prove the following.

Proposition 6.9. Let (S, T, SPT , TQS, θ, ϕ) be a unitary surjective Morita
context connecting semigroups S and T . The following assertions hold for
the pair of maps

αQ : Comp(QS) // Comp(TT ) and βQ : Comp(TT ) // Comp(QS).

1. If T is a semigroup with common weak right local units, then αQ ⊣ βQ
and αQ is surjective.

2. If S is a semigroup with common weak right local units, then βQ ⊣ αQ
and βQ is surjective.

The assertions made for one sided acts also hold in case of biacts.

Corollary 6.10. Let (S, T, SPT , TQS, θ, ϕ) be a unitary surjective Morita
context connecting semigroups S and T . The following assertions hold for
the pairs of maps

αP : Comp(SPT ) // Comp(TTT ) and βP : Comp(TTT ) // Comp(SPT ),

αQ : Comp(TQS) // Comp(TTT ) and βQ : Comp(TTT ) // Comp(TQS).

1. If T is a semigroup with common weak left local units, then αP ⊣ βP
and αP is surjective.

2. If S is a semigroup with common weak left local units, then βP ⊣ αP
and βP is surjective.

3. If T is a semigroup with common weak right local units, then αQ ⊣ βQ
and αQ is surjective.

4. If S is a semigroup with common weak right local units, then βQ ⊣ αQ
and βQ is surjective.

Proof. The maps are well defined by Proposition 6.5. The adjunctions
pertaining to αP and βP follow from Proposition 6.7. The claims for αQ and
βQ are proved analogously. ■
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Results obtained with the Morita context (S, T, SPT , TQS, θ, ϕ) can be repro-
duced dually using the Morita context (T, S, TQS, SPT , ϕ, θ), for which we
have the dual mappings

P(Q×Q)
αQ //oo
βQ

P(S × S) and P(P × P )
αP //oo
βP

P(S × S)

that are defined by

αQ(τ) := {(s, s′) | (∀q ∈ Q)(qs τ qs′)} ,
βQ(ρ) := {(q, q′) | (∀p ∈ P )(θ(p⊗ q) ρ θ(p⊗ q′))} ,
αP (σ) := {(s, s′) | (∀p ∈ P )(sp σ s′p)} ,
βP (ρ) := {(p, p′) | (∀q ∈ Q)(θ(p⊗ q) ρ θ(p′ ⊗ q))} .

Theorem 6.11. Let semigroups S and T with common weak local units be
connected by a unitary surjective Morita context (S, T, SPT , TQS, θ, ϕ). Then
we have the following pairs

Comp(SP )
αP //oo
βP

Comp(TT ) Comp(PT )
αP //oo
βP

Comp(SS)

Comp(TQ)
αQ //oo
βQ

Comp(SS) Comp(QS)
αQ //oo
βQ

Comp(TT )

of mutually inverse lattice isomorphisms that preserve weak congruences,
compatible preorders, tolerances and congruences.

Proof. Since both S and T have common weak local units, it follows by
Proposition 6.7 that αP ⊣ βP ⊣ αP . Therefore, αP and βP are mutually
inverse order isomorphisms. The other pairs of order isomorphisms are sim-
ilarly verified with the dual of Proposition 6.7, Proposition 6.9 and its dual.
Preservation of weak congruences, compatible preorders, tolerances and con-
gruences follows by Proposition 6.5 and its dual. It is well known that an
order isomorphism between lattices is a lattice isomorphism. ■

Theorem 3 in [31] yields that the lattices of ideals of strongly Morita equiva-
lent semigroups S and T are isomorphic whenever S and T have weak local
units. In other words, the sublattices of Rees congruences on S and T are
isomorphic. In view of Corollary 6.10 and its dual, we conclude the following.
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Theorem 6.12. Let semigroups S and T with common weak local units be
connected by a unitary surjective Morita context (S, T, SPT , TQS, θ, ϕ). Then
we have the following pairs

Comp(SPT )
αP //oo
βP

Comp(TTT )
βQ //oo
αQ

Comp(TQS)
αQ //oo
βQ

Comp(SSS)

of mutually inverse lattice isomorphisms that preserve weak congruences,
compatible preorders, tolerances and congruences.

A relation ψ ⊆ T × T is a congruence of the biact TTT if and only if it is
a congruence of the semigroup T . A similar assertion holds for compatible
preorders. Hence we obtain the following result.

Corollary 6.13. If S and T are strongly Morita equivalent semigroups with
common weak local units, then the lattices of weak congruences, compatible
preorders, tolerances and congruences of the biacts SSS and TTT are iso-
morphic. Explicitly, if (S, T, SPT , TQS, θ, ϕ) is a unitary surjective Morita
context, then the mutually inverse isomorphisms are the restrictions of the
mappings

Θ : Comp(SSS) // Comp(TTT ) and Φ : Comp(TTT ) // Comp(SSS)

defined by

Θ(ρ) := {(t, t′) | (∀q ∈ Q)(∀p ∈ P )(θ(pt⊗ q) ρ θ(pt′ ⊗ q))} ,
Φ(ψ) := {(s, s′) | (∀q ∈ Q)(∀p ∈ P )(ϕ(q ⊗ sp)ψ ϕ(q ⊗ s′p))} .

In particular, the lattices of compatible preorders and congruences of the semi-
groups S and T are isomorphic.

These mappings are similar to the mappings Θ and Φ of Theorem 2 in [50].

Remark 6.14. Let S be a semigroup. Since tolerances are reflexive, it fol-
lows that every tolerance of the semigroup S is also a tolerance of SSS. Also,
due to transitivity, every weak congruence of SSS is a weak congruence of
the semigroup S.

Remark 6.15. The above corollary generalises Theorem 6 in [31]. It turns
out that the mappings in said paper coincide with the ones given in Corollary
6.13. Laan and Márki [31] consider the transitive closure of the relation

Πρ := {(ϕ(q ⊗ sp), ϕ(q ⊗ s′p)) | s ρ s′, p ∈ P, q ∈ Q} ,

where ρ ∈ Con(S). It holds that

Πρ = Θ(ρ) = {(t, t′) | (∀q ∈ Q)(∀p ∈ P )(θ(pt⊗ q) ρ θ(pt′ ⊗ q))} .
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Proof. We show Θ(ρ) ⊆ Πρ. Let (t, t
′) ∈ Θ(ρ). Since ϕ is surjective, there

exist pt, pt′ ∈ P and qt, qt′ ∈ Q such that t = ϕ(qt ⊗ pt) and t
′ = ϕ(qt′ ⊗ pt′).

Lemma 2.3 and its dual imply that there exist u = ϕ(qu ⊗ pu) ∈ T and
v = ϕ(qv ⊗ pv) such that uqt = qt, uqt′ = qt′ , ptv = pt ja pt′v = pt′ . Denote

s := θ(put⊗ qv) ρ θ(put
′ ⊗ qv) =: s′.

It follows that

t = ϕ(qt ⊗ pt) = ϕ(uqt ⊗ ptv)

= ϕ(ϕ(qu ⊗ pu)qt ⊗ ptϕ(qv ⊗ pv))

= ϕ(qu ⊗ pu)ϕ(qt ⊗ pt)ϕ(qv ⊗ pv)

= ϕ(qu ⊗ putϕ(qv ⊗ pv))

= ϕ(qu ⊗ θ(put⊗ qv)pv)

= ϕ(qu ⊗ spv)

and similarly t′ = ϕ(qu ⊗ s′pv). Thus, we have (t, t′) ∈ Πρ.
Conversely, let ϕ(q0 ⊗ sp0)Πρ ϕ(q0 ⊗ s′p0), where s ρ s

′. Take q ∈ Q and
p ∈ P . It follows that

θ(pϕ(q0 ⊗ sp0)⊗ q) = θ(θ(p⊗ q0)sp0 ⊗ q)

= θ(p⊗ q0) s θ(p0 ⊗ q)

ρ θ(p⊗ q0) s
′ θ(p0 ⊗ q)

= θ(pϕ(q0 ⊗ s′p0)⊗ q).

Thus, Πρ ⊆ Θ(ρ). ■

Corollary 6.13 implies that all properties defined in terms of the tolerance
lattices of semigroups with common weak local units, regarded as biacts, are
Morita invariant. One such property is tolerance triviality [9], i.e, every
tolerance of the biact SSS is a congruence.





Chapter 7

Perfection for semigroups

This chapter is based on the author’s joint work [29] with supervisor Valdis
Laan. Perfect monoids were defined in [19] by Isbell, who proved that a
monoid is left perfect if and only if it satisfies two conditions referred to as
(A) and (D). Fountain [13] gave more conditions that are equivalent to left
perfectness. In particular, he proved that a monoid is left perfect if and only
if all of its weakly flat (in the sense of being pullback flat) unitary left acts
are projective. Subsequently, a number of other papers related to perfect
monoids or pomonoids have appeared (e.g. [22], [23], [43], [16], [21], [4]). We
define (right) perfect semigroups and show that many descriptions of right
perfect monoids can be transferred to the case of factorisable semigroups.
In our main theorem we will give six different conditions that are equivalent
to right perfectness of a factorisable semigroup. Some of these are familiar
from the monoid case, but some of them are new. For example, a factorisable
semigroup is right perfect if and only if all right sequence acts over it are pro-
jective. It is well known that right perfectness and right semiperfectness are
Morita invariants for rings with identity (Corollary 27.8 and Corollary 28.6
in [2]). We prove that right perfectness is also a Morita invariant for factoris-
able semigroups. Our results allow us to conclude that the class of perfect
semigroups contains all completely (0-)simple semigroups and all nilpotent
semigroups.

We will need the following result about firm acts (Corollary 2.4 in [35]).

Lemma 7.1. If AS is a unitary act over a factorisable semigroup, then A⊗S

S is a firm right S-act.

Definition 7.2. Let AS be a right S-act. Finitely generated subacts of
AS are those of the form FS1 := {fs | f ∈ F, s ∈ S1}, where F ⊆ A is
a finite subset. An act AS is called cyclic if there exists a ∈ A such that

59
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A = aS1 = {a}∪aS and locally cyclic if all of its finitely generated subacts
are cyclic.

The following claim is readily verified.

Proposition 7.3. An S-act AS is locally cyclic if and only if

(∀a, a′ ∈ A)(∃a′′ ∈ A)(∃s, s′ ∈ S1)(a = a′′s and a′ = a′′s′).

Essential epimorphisms are defined dually to essential monomorphisms.

Definition 7.4. An epimorphism φ : P // A in a category C is called an
essential epimorphism if, for every morphism ψ : Q // P in C,

φψ is an epimorphism ⇒ ψ is an epimorphism.

It is easy to see that the composite of two essential epimorphisms is an
essential epimorphism.

Definition 7.5. An object P of a category C is called projective in C if for
every epimorphism π : A // B and for every morphism φ : P // B, there
exists a morphism ψ : P // A such that the diagram

A B

P

π

φ
ψ

commutes, i.e, the equality φ = πψ holds.

Definition 7.6. Let φ : P //A be an essential epimorphism in a category C.
The object P is called a cover of the object A. If the object P is projective
in C, then it is called a projective cover of A.

Similarly to Proposition 1.3 in [34], one can prove that epimorphisms in
UActS are precisely the surjective morphisms.

Lemma 7.7. Let S be a semigroup. An epimorphism φ : PS //AS in UActS
is essential if and only if φ|Q is not surjective for every unitary proper subact
Q of PS.
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Proof. Necessity. Assume that φ : PS //AS is an essential epimorphism
in UActS and let Q be a unitary proper subact of PS. Then the inclusion
map ι : Q // P is a morphism in UActS and φ|Q = fι. If φι was surjective,
then ι would be surjective due to essentiality of φ.

Sufficiency. Let φ : PS // AS and ψ : US // PS be morphisms in
UActS such that φ and φψ are surjective. It is easy to see that ψ(U) is a
unitary subact of PS and φ|ψ(U) is surjective. By assumption ψ(U) = P so
ψ is surjective and therefore φ is essential. ■

Definition 7.8. We say that a semigroup S is:

• right perfect if every object of UActS has a projective cover;

• right semiperfect if every unitary cyclic right S-act has a projective
cover in UActS.

Dually, one can define left (semi)perfect semigroups. A semigroup is called
(semi)perfect if it is both right and left (semi)perfect.

Remark 7.9. We have defined right semiperfect semigroups as nonadditive
analogues of right semiperfect rings (see [6]).

Remark 7.10. Recall that if S is a monoid with identity 1, then an act AS
is unitary if and only if a1 = a for every a ∈ A. Hence S is right perfect
in the sense of Definition 7.8 if and only if it is right perfect in the sense of
[19] and [13]. Thus, the results in those articles are special cases of our more
general approach.

Definition 7.11 ([12]). A subsemigroup T of a semigroup S is called left
unitary if, for every s, t ∈ S,

t, ts ∈ T ⇒ s ∈ T.

We shall make use of the following conditions on a semigroup S.

Definition 7.12. A semigroup S satisfies Condition:

• (A) if every right S-act satisfies the ascending chain condition (ACC)
for cyclic subacts;

• (D) if every left unitary subsemigroup of S contains a minimal right
ideal generated by an idempotent;

• (ML) if S satisfies the descending chain condition (DCC) for principal
left ideals of S.
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7.1 Indecomposable and projective acts

Definition 7.13. An act is called indecomposable if it is not a disjoint
union of two nonempty subacts.

The following is Lemma 4 in [11].

Proposition 7.14. Every right S-act is a disjoint union of indecomposable
subacts.

In what follows, we will call the indecomposable subacts of AS the inde-
composable components of AS. It is easy to see that each cyclic act
is indecomposable. We will need the following result about projective acts,
which is presented as Lemma 2 in [11].

Theorem 7.15. Let C be a full subcategory of ActS which is closed under
coproducts. Let PS =

⊔
i∈I Pi, where Pi ∈ C for every i ∈ I. Then PS is

projective in C if and only if Pi is projective in C for every i ∈ I.

Note that coproducts in ActS are disjoint unions and both UActS and FActS
are closed under disjoint unions.

Lemma 7.16. Let e be an idempotent in a semigroup S. Then the right
S-act eS is a projective object in ActS, UActS and FActS.

Proof. By the dual of Lemma 3.1(1) in [38], the act eS is firm, thus also
unitary. In all these categories epimorphisms are precisely the surjective
morphisms. Now, in any of these categories, we consider a morphism φ :
eS // BS and an epimorphism π : AS // BS. Denote b := φ(e) and choose
a ∈ A such that φ(e) = π(a). Consider a homomorphism ψ : eS // AS
defined by

ψ(es) := aes, s ∈ S.

Then πψ = φ, because (πψ)(es) = π(aes) = π(a)es = φ(e)es = φ(es). ■

The last two results allow us to prove the following result.

Corollary 7.17. Every nilpotent semigroup is perfect. Every nilsemigroup
is semiperfect.

Proof. If S is nilpotent, then Sn = 0 for some n ∈ N. If AS is unitary,
then, for any a ∈ A we can find a′ ∈ A and s1, . . . , sn ∈ S such that

a = a′sn . . . s2s1 = a′0 = a′00 = a0.
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So aS1 = {a} is a one-element subact, which is isomorphic to the act 0S =
{0}. The last is projective in UActS by Lemma 7.16. Thus,

AS =
⊔
a∈A

{a} ∼=
⊔
a∈A

0S

is a projective act by Theorem 7.15, which is a projective cover of itself (with
the identity mapping). Thus all objects of UActS (and similarly SUAct) have
projective covers and S is perfect.

Assume now that S is a nilsemigroup. If aS1 is a cyclic unitary act, then
a = as for some s ∈ S. For s, there exists n ∈ N such that sn = 0. It follows
that a = asn = a0, and hence aS1 = {a} ∼= 0S, where 0S is projective. Thus
S is right semiperfect and, similarly, it is also left semiperfect. ■

Over a factorisable semigroup, projective acts can be described as follows.
The description relies on Theorem 2 in [11], which generalises a well-known
characterisation of projective acts over monoids.

Theorem 7.18. Let S be a factorisable semigroup. For PS ∈ ActS, the
following are equivalent:

(1) PS is a projective object in FActS;

(2) PS is a projective object in UActS;

(3) P ∼=
⊔
i∈I eiS for some idempotents ei ∈ S, i ∈ I.

Proof. (1) ⇒ (2). Assume that PS is a projective object in FActS. Clearly
PS is an object in UActS. We will prove that it is projective in UActS.
Consider a morphism φ : PS // BS and an epimorphism π : AS // BS in
UActS. By Lemma 7.1, the acts in the diagram

PS P ⊗S S

A⊗S S B ⊗S S

µ−1
P

π ⊗ idS

ψ φ⊗ idS

are firm, and π⊗ idS is an epimorphism in FActS, because the functor −⊗S,
as a left adjoint, preserves epimorphisms. Using projectivity of PS we can
find a morphism ψ : PS // A ⊗S S such that the square commutes. Now
µAψ : PS //AS is a morphism in UActS. Take any p ∈ P . Then there exist
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p0 ∈ P, a ∈ A and s0, s ∈ S such that p = p0s0 and ψ(p) = a⊗ s. Due to the
commutativity of the square we have

π(a)⊗ s = (π ⊗ idS)(ψ(p)) = (φ⊗ idS)(µ
−1
P (p)) = (φ⊗ idS)(p0 ⊗ s0)

= φ(p0)⊗ s0

in B ⊗S S. Applying the mapping µB to the equality π(a)⊗ s = φ(p0)⊗ s0
we obtain π(a)s = φ(p0)s0. Consequently,

(πµAψ)(p) = (πµA)(a⊗ s) = π(as) = π(a)s = φ(p0)s0 = φ(p0s0) = φ(p).

We have shown that π(µAψ) = φ, as needed.
(2) ⇒ (3). This is a consequence of Theorem 2 in [11], because UActS

satisfies the assumptions of that theorem.
(3)⇒ (1). By Lemma 7.16, the acts eiS are projective in FActS. A disjoint

union of firm acts is firm, thus PS is an object of FActS. It is projective in
FActS due to Theorem 7.15. ■

Proposition 7.19. The following are equivalent for an act AS over a fac-
torisable semigroup S:

(1) AS is an indecomposable projective object in UActS;

(2) AS ∼= eS for some idempotent e ∈ S;

(3) there exists a ∈ A and an idempotent e ∈ S such that AS = aS1,
a = ae and

(∀s, t ∈ S1)(as = at⇒ es = et).

Proof. (1) ⇐⇒ (2). This follows from Theorem 7.18, because cyclic acts
are indecomposable.

(2) ⇐⇒ (3). This is due to Lemma 1.1 and Corollary 1.2 in [14]. ■

The properties listed in item (3) may be assumed of any generator of a cyclic
projective object in UActS.

Corollary 7.20. An act AS = aS1 is a projective object in UActS if and
only if there exists an idempotent e ∈ S such that a = ae and as = at implies
es = et for all s, t ∈ S1.

Proof. Necessity. (This proof is similar to the proof of implication
(ii) ⇒ (iii) of Corollary 3.17.9 in [24].) By Proposition 7.19, aS1 ∼= eS for
some idempotent e ∈ S. Let φ : eS // aS1 be an isomorphism. Then
there exist u ∈ S1 and v ∈ S such that φ(e) = au and φ(ev) = a. Now
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φ(e) = au = φ(ev)u = φ(evu) implies e = evu, because φ is injective. Also,
aue = φ(e)e = φ(e) = au. Putting z := uev ∈ S, we have z2 = (uev)(uev) =
u(evu)ev = ueev = z, so z is an idempotent.

Suppose that as = at, where s, t ∈ S1. Then φ(evs) = φ(ev)s = φ(ev)t =
φ(evt), which implies evs = evt. Therefore, zs = uevs = uevt = zt.

Sufficiency. This follows from Proposition 7.19. ■

7.2 Sequence acts

Let us recall the construction of a sequence act over a semigroup (cf. [37,
Construction 3.9]). A similar construction in the case of a monoid appeared
already in the proof of Lemma 1 in [13].

Let (si)i∈N ∈ SN be a sequence of elements of S. On the set

F = N× S1 = {(k, s) | k ∈ N, s ∈ S1}

we define a right S-action by (k, s)z := (k, sz), k ∈ N, s ∈ S1, z ∈ S. This
gives us a right S-act FS. On the set F we define a binary relation ∼ by

(k, s) ∼ (k′, s′) ⇐⇒ (∃n ⩾ k, k′)(sn . . . sks = sn . . . sk′s
′).

Then ∼ is a congruence of FS. Form the quotient act

MS = FS/∼= {[k, s] | k ∈ N, s ∈ S1},

where [k, s] denotes the ∼ -class of (k, s).

Definition 7.21. Such quotient acts MS are called right sequence acts
over S.

Let MS be a right sequence act. Note that

sk+1sk · 1 = sk+1 · sk ⇒ [k, 1] = [k + 1, sk] = [k + 1, 1]sk ∈ [k + 1, 1]S1

for each k ∈ N, so we see that MS is unitary and it is a union of a chain of
its cyclic subacts

[1, 1]S1 ⊆ [2, 1]S1 ⊆ [3, 1]S1 ⊆ . . . .

Lemma 7.22. Right sequence acts are locally cyclic. A right sequence act
MS is cyclic if and only if MS = [k, 1]S1 for some k ∈ N.
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Proof. Given any [k, s], [ℓ, t] ∈MS, we have that [k, s], [ℓ, t] ∈ [max{k, ℓ}, 1]S1.
Thus, right sequence acts are locally cyclic by Proposition 7.3.

If MS is cyclic, then M = [m,u]S1 for some u ∈ S1. By the above,

MS = [m,u]S1 = [m+ 1, smu]S
1 ⊆ [m+ 1, 1]S1,

so MS = [m+ 1, 1]S1. The converse is obvious. ■

It is well known that locally cyclic acts are indecomposable.

Lemma 7.23. Let S be a semigroup. Each act of the form eS, e2 = e ∈ S,
is isomorphic to a right sequence act.

Proof. Let MS be the right sequence act constructed using the constant
sequence (e, e, . . .). For every k ∈ N,

e · 1 = e . . . e︸ ︷︷ ︸
k

·e⇒ (k, 1) ∼ (1, e) ⇒ [k, 1] = [1, 1]e⇒ [k, 1]S1 = [1, 1]S1,

so MS = [1, 1]S1. Consider the S-act homomorphism

φ : eS // [1, 1]S1, es 7→ [1, es].

It is injective, because

(1, es) ∼ (1, et) ⇒ e · es = e · et⇒ es = et

for every s, t ∈ S, and it is surjective, because

[1, s] = [2, es] = [2, e]es = [1, 1]es = [1, es] = φ(es)

for every s ∈ S1. Thus φ is an isomorphism. ■

7.3 Condition (A)

Definition 7.24. A subset X of an act AS is a set of generators if A =
XS1. A set X of generators is called independent ([13, p. 90]) if

(∀x, x′ ∈ X)(x ∈ x′S1 ⇒ x = x′).

Lemma 7.25 (cf. Lemma 2 in [13]). Let AS be an act over a semigroup
S satisfying (ACC) for cyclic subacts. Then AS has an independent set of
generators.
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Proof. Denote

X := {x ∈ A | (∀x′ ∈ A)(xS1 ⊆ x′S1 ⇒ xS1 = x′S1)} .

We first show that X is a set of generators for AS. It suffices to prove that
A ⊆ XS1. Take arbitrary a ∈ A and consider the set

Pa = {a′S1 | a′ ∈ A, aS1 ⊆ a′S1}

as a poset with respect to inclusion. Since aS1 ∈ Pa, by assumption, this
poset must have a maximal element a0S

1. In particular, aS1 ⊆ a0S
1. We

show that a0 ∈ X.
If x′ ∈ A and a0S

1 ⊆ x′S1, then also aS1 ⊆ x′S1, so x′S1 ∈ Pa. Due to
maximality of a0S

1, we have a0S
1 = x′S1. Hence a0 ∈ X and a ∈ a0S

1 ⊆
XS1, as needed.

Define a relation ≈ on X by

x ≈ x′ ⇐⇒ xS1 ⊆ x′S1 .

It is clear by the choice of X that we have an equivalence relation.
From every ≈ -class we choose a representative and form a set X ′ of those

elements. We show that X ′ is an independent set of generators for AS. By
the definition of ≈, for every x ∈ X there exist x′ ∈ X ′ and s ∈ S1 such that
x = x′s. Since X is a set of generators, also X ′ is a set of generators.

To prove that X ′ is independent, we suppose that x ∈ x′S1, where x, x′ ∈
X ′ ⊆ X. Then xS1 ⊆ x′S1, which means that x ≈ x′. Now x = x′, because
each ≈ -class contains precisely one element from X ′. ■

Definition 7.26 (cf. Definition 4.1 in [4]). A semigroup S is called right
IC-perfect if every unitary act AS has a cover BS

//AS where BS is unitary
and indecomposable components of BS are cyclic. Such a cover will be called
an IC-cover.

Note that if b = b′s, where b, b′ ∈ B and s ∈ S, then b and b′ must be in the
same indecomposable component. Therefore indecomposable components of
BS must be unitary. Hence,

BS =
⊔
i∈I

biS
1,

where each biS
1 is a cyclic unitary act.

The following result is inspired by Result 1.2 in [19], by Lemma 1.3 in
[21] and also by Lemma 2.2 and Theorem 5.2 in [4]. Among other things, it
shows that Condition (A) can be given a description that does not refer to
acts, but only uses the elements of S.



68 CHAPTER 7.

Theorem 7.27. For a semigroup S the following are equivalent:

(1) S satisfies Condition (A);

(2) every locally cyclic right S-act is cyclic;

(3) every right sequence act over S is cyclic;

(4) for every sequence (si)i∈N∈SN,

(∃k,m ∈ N)(∃u ∈ S1)(k ⩾ m+ 1 and sk . . . sm+1 = sk . . . sm+1smu);

(5) for every act AS there exists a set {Ai | i ∈ I} of cyclic subacts of
AS such that

A =
⋃
i∈I

Ai and (∀j ∈ I)

(
Aj ̸⊆

⋃
i ̸=j

Ai

)
; (7.1)

(6) S is right IC-perfect.

Proof. (1) ⇒ (2). Suppose that AS is a locally cyclic act which is not
cyclic. Choose a1 ∈ A. Since AS is not cyclic, there exists b1 ∈ A \ a1S1.
Using that AS is locally cyclic, we can find a2 ∈ A and u, v ∈ S1 such that
a1 = a2u and b1 = a2v. Note that a2 ̸∈ a1S

1, because otherwise b1 ∈ a1S
1.

Thus, a1S
1 ⊂ a2S

1.
Again, a2S

1 ̸= A, and we can find an element b2 ∈ A \ a2S1. Continuing
in this manner we can construct a strictly increasing sequence

a1S
1 ⊂ a2S

1 ⊂ a3S
1 ⊂ . . .

of cyclic subacts of AS, which contradicts Condition (A).

(2) ⇒ (3). Every right sequence act is locally cyclic, because it is the
union of an ascending chain of its cyclic subacts.

(3)⇒ (4). Assume that all right sequence acts over S are cyclic. Consider
a sequence (si)i∈N ∈ SN and the right sequence act

MS =
{
[k, s] | k ∈ N, s ∈ S1

}
determined by it. By assumption, MS must be cyclic. By Lemma 7.22, there
exists m ∈ N such that M = [m, 1]S1. Then (m + 1, 1) ∼ (m,u) for some
u ∈ S1, which means that there exists k ⩾ m + 1 such that sk . . . sm+1 =
sk . . . sm+1smu.
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(4) ⇒ (1). Suppose that AS does not satisfy (ACC) for cyclic subacts.
Then there exists a sequence (ai)i∈N ∈ AN such that

a1S
1 ⊂ a2S

1 ⊂ a3S
1 ⊂ . . . .

Consequently, for every i ∈ N, there exists si ∈ S such that ai = ai+1si. For
the sequence (si)i∈N ∈ SN there exist k,m ∈ N, k ⩾ m+ 1, and u ∈ S1 such
that sk . . . sm+1 = sk . . . sm+1smu. Then

am+1 = am+2sm+1 = am+3sm+2sm+1 = ak+1sk . . . sm+1 = ak+1sk . . . sm+1smu

= aksk−1 . . . sm+1smu = am+1smu = amu ∈ amS
1.

It follows that am+1S
1 = amS

1, a contradiction.

(1) ⇒ (5). Assume that S satisfies Condition (A). Consider an act AS.
By Lemma 7.25, AS has an independent set of generators X. Then, clearly,
A =

⋃
x∈X xS

1. Take y ∈ X and suppose that yS1 ⊆
⋃
x ̸=y xS

1. Then there

exists z ∈ X \ {y} such that y ∈ zS1. Independence of X implies y = z, a
contradiction. Hence

yS1 ̸⊆
⋃
x ̸=y

xS1.

(5) ⇒ (6). Let AS be a unitary act. By (5) there exist cyclic subacts
Ai = aiS

1, i ∈ I, such that (7.1) holds. It is easy to see that each aiS
1 is

unitary.
Now BS :=

⊔
i∈I aiS

1 is an act whose indecomposable components are
cyclic and unitary. Consider the S-act homomorphism

φ : BS
// AS, ais 7→ ais.

Suppose that φ is not essential. Then there exists j ∈ I and (possibly empty)
proper subact C of ajS

1 such that φ : C ⊔
⊔
i ̸=j aiS

1 // A is surjective. In

particular, there exists b ∈ C ⊔
⊔
i ̸=j aiS

1 such that φ(b) = aj. We have two
possibilities.

1) b ∈ C. Then b = ajs for some s ∈ S1. Hence aj = φ(b) = φ(ajs) =
ajs = b ∈ C, which implies ajS

1 = C, a contradiction.
2) b ∈

⊔
i ̸=j aiS

1. Then ajS
1 = φ(b)S1 = φ(bS1) ⊆

⋃
i ̸=j aiS

1, a contra-
diction.

(6) ⇒ (3). Assume that S is right IC-perfect and consider a right se-
quence act MS determined by a sequence (si)i∈N. Since MS is unitary by the
comment preceding Lemma 7.22, it has a cover φ : BS

//MS, where

BS =
⊔
i∈I

biS
1.
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Fix an index j ∈ I. Let φ(bj) = [k, s] ∈ MS. Then φ(bjS
1) ⊆ [k, 1]S1.

Consider a number ℓ > k. Suppose [ℓ, 1] has an φ-preimage in biS
1 for some

i ̸= j. Then [ℓ, 1]S1 ⊆ φ(biS
1), which implies that φ restricted to B \ bjS1

is surjective. But that contradicts essentiality of φ. Thus, [ℓ, 1] must have a
preimage in bjS

1. Let [ℓ, 1] = φ(bju) for some u ∈ S1. Now

[ℓ, 1] = φ(bju) = φ(bj)u = [k, s]u = [k, 1]su ∈ [k, 1]S1,

which implies [ℓ, 1]S1 = [k, 1]S1. Since this equality holds for every ℓ > k,
we have shown that MS = [k, 1]S1, so MS is cyclic. ■

Remark 7.28. Condition (5) in Theorem 7.27 appears first in Lemma 2.2
of [4], but a similar condition was used in [21]. It is kind of interesting that
this condition can be formulated in topological terms, as follows.

If AS is an act, then the set of its subacts (here including the empty
subact) is a topology on the set A, because any union or intersection of
subacts is a subact. The set of all cyclic subacts is a basis for this topology.
Now condition (5) says that this basis contains a subset which is a minimal
cover (in the sense of topology) for A.

7.4 Condition (D)

In this section we will prove that a factorisable semigroup satisfies Condition
(D) if and only if it is right semiperfect. The following result can be proved
precisely as Lemma 4.4 in [16].

Lemma 7.29. Let T be a left unitary subsemigroup of a semigroup S. Then

(∀u, v ∈ T )(uT 1 ⊆ vT 1 ⇐⇒ uS1 ⊆ vS1).

Lemma 7.30. If a subsemigroup T of a semigroup S is left unitary then it
is a ρ -class of some right congruence ρ on S.

Proof. Assume that T is a left unitary subsemigroup of S. Let ρ be the
right congruence on S generated by the set T×T . Take t ∈ T . Then T ⊆ [t]ρ.
We will prove that [t]ρ ⊆ T . If s ∈ [t]ρ, then t ρ s and

t = t1s1 t′2s2 = t3s3 . . . t
′
n−1sn−1 = tnsn

t′1s1 = t2s2 t′nsn = s

for some ti, t
′
i ∈ T and si ∈ S1. If s1 ̸= 1, then s1 ∈ T , because T is left

unitary. Hence t′1s1 ∈ T , both when s1 ̸= 1 and when s1 = 1. If s2 ̸= 1, then
s2 ∈ T , and so on. Thus, for every i ∈ {1, . . . , n}, either si = 1 or si ∈ T . It
follows that s = t′nsn ∈ T . ■
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Lemma 7.31. If S is a semigroup and aS1 is a unitary cyclic S-act, then

T = {s ∈ S | as = a}

is a left unitary subsemigroup of S.

Proof. Since aS1 is unitary, there exist u ∈ S1 and s ∈ S such that a =
(au)s = a(us). We see that us ∈ T , so T is nonempty, and it is clearly a
subsemigroup of S. If t, ts ∈ T , then as = (at)s = a(ts) = a, so s ∈ S. Thus,
T is left unitary. ■

Theorem 7.32 (cf. Result 1.5 in [19] and Theorem 5.2 in [43]). For
a factorisable semigroup S the following assertions are equivalent:

(1) S is right semiperfect;

(2) S satisfies Condition (D).

Proof. (1) ⇒ (2). (This is inspired by the proof of Proposition 4.6 in [16].
Differently from that proof, we cannot assume that R is the congruence class
of the identity element, but with appropriate modifications the proof works.)

Let R be a left unitary subsemigroup of S. By Lemma 7.30, it is a ρ -class
for some right congruence ρ on S, say R = [t], t ∈ R. Then [t]S1 is a cyclic
subact of the right S-act S/ρ. It is a unitary S-act, because t, t2 ∈ R implies
[t] = [t]t.

By assumption, [t]S1 has a projective cover in UActS. This must be a
unitary cyclic projective act (see the proof of Lemma 4.1 in [16]). Due to
Theorem 7.18, it must be of the form eS, where e ∈ S is an idempotent. Also,
there exists an essential epimorphism φ : eS // [t]S1 in UActS. Because of
surjectivity of φ there exists eu ∈ eS such that [t] = φ(eu). Since S is
factorisable, euS is a unitary subact of eS. Now eut ∈ euS and [t] = [tt] =
[t]t = φ(eu)t = φ(eut) imply that φ|euS is surjective. Due to essentiality
we have the equality euS = eS. It follows that e = eus′ for some s′ ∈ S.
Putting s := s′e ∈ S we have e = eus and s = se. Now

(su)(su) = (seu)(su) = s(eus)u = seu = su,

so su is an idempotent. In addition,

[t] = φ(eu) = φ(eusu) = φ(eu)su = [t]su = [tsu].

Since R is left unitary, t, tsu ∈ R implies su ∈ R. Let us prove that suR1 is
a minimal right ideal in R.
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For this we show that, for every r ∈ R, rR1 ⊆ suR1 implies rR1 = suR1.
Let r ∈ R. If rR1 ⊆ suR1, then r = sur′ for some r′ ∈ R1. Hence r =
(su)2r′ = (su)(sur′) = sur and

φ(eurt) = φ(eu)rt = [t]rt = [trt] = [t],

because trt ∈ R. Since eurS is a unitary subact of eS and φ|eurS is surjective,
eurS = eS = eS1. Now

sS = seS = seurS = surS = rS ⊆ rS1 = surS1 ⊆ suS1 ⊆ sS,

which implies rS1 = suS1. Since r, su ∈ R, we conclude that rR1 = suR1

by Lemma 7.29.

(2) ⇒ (1). Assume that S satisfies Condition (D) and consider a unitary
cyclic S-act aS1. The fact that aS1 is unitary means that a = at0 for some
t0 ∈ S. Now

T := {t ∈ S | at = a}

is a left unitary subsemigroup of S by Lemma 7.31. Since S satisfies Con-
dition (D), there exists an idempotent e ∈ T (so ae = a) such that eT is
a minimal right ideal in T . We will show that the unitary S-act eS is a
projective cover for aS1 in UActS.

For this, we consider the surjective S-act homomorphism

φ : eS // aS1, es 7→ aes = as.

Suppose that B is a unitary subact of eS such that φ|B is surjective. Then
there exists b ∈ B such that φ(b) = a. Since B ⊆ eS, there exists s ∈ S such
that b = es. Observe that a = φ(es) = as. Consequently, s ∈ T and also
es ∈ T . Now, using minimality of eT and Lemma 7.29,

esT 1 ⊆ eT ⇒ esT 1 = eT ⇒ esS1 = eS ⇒ eS = bS1 ⊆ B ⊆ eS ⇒ B = eS.

So B = eS, as required. ■

7.5 Condition (ML)

Similarly to Condition (A), Condition (ML) has a description in terms of
sequences of elements of S.

Proposition 7.33. A semigroup S satisfies Condition (ML) if and only if

(∀(si)i∈N ∈ SN)(∃n ∈ N)(∀m > n)(∃u ∈ S1)(usm . . . s1 = sn . . . s1).
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Proof. Necessity. Assume that S satisfies Condition (ML). Consider a
sequence (si)i∈N ∈ SN and denote ti := sisi−1 . . . s1 for each i ∈ N. Since the
descending chain

S1t1 ⊇ S1t2 ⊇ S1t3 ⊇ . . .

stabilises, there exists n ∈ N such that S1tn = S1tm for every m > n. Hence
tn ∈ S1tm, which means that usm . . . s1 = sn . . . s1 for some u ∈ S1.

Sufficiency. Suppose to the contrary that S does not satisfy Condition
(ML). Then we have a strictly decreasing chain of principal left ideals

S1t1 ⊃ S1t2 ⊃ S1t3 ⊃ . . . .

For every i ∈ N, there exists si+1 ∈ S1 such that ti+1 = si+1ti. Since we
assumed that ti ̸= ti+1, we have si+1 ∈ S. Also, put s1 := t1. By our
assumption, there exists n ∈ N such that for every m > n there exists
u ∈ S1 such that usm . . . s1 = sn . . . s1. If n = 1, then there exists u ∈ S1

such that us2t1 = t1, which implies ut2 = t1. Consequently, S1t1 = S1t2, a
contradiction. Otherwise, let m > n > 1. Then sn . . . s1 = u′sm . . . s1 for
some u′ ∈ S1 and

tn = sntn−1 = snsn−1tn−2 = . . . = snsn−1 . . . s1 = u′smsm−1 . . . s1 = u′tm,

whence S1tn ⊆ S1tm, and therefore S1tn = S1tm, a contradiction. ■

We will also need the following lemma.

Lemma 7.34 (cf. Lemma 1 in [13]). If all right sequence acts over a semi-
group S are projective, then S satisfies Condition (ML).

Proof. We will employ Proposition 7.33. Consider a sequence (si)i∈N and
the right sequence actMS determined by it. By assumption,MS is projective.
Hence, for the surjective morphism

π : N× S1 = FS //MS, (k, s) 7→ [k, s],

there exists a morphism µ :MS
// FS such that πµ = idM .

FS MS

MS

π

idM
µ
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Let µ([1, 1]) = (k, s) ∈ N× S1. Then

[1, 1] = (πµ)([1, 1]) = π(k, s) = [k, s].

Since (1, 1) ∼ (k, s), there exists n ⩾ k such that sn . . . s1 · 1 = sn . . . sk · s.
Let m > n and put µ([m + 1, 1]) = (r, c) for some r ∈ N and c ∈ S1. Note
that (1, 1) ∼ (m+ 1, sm . . . s1), because

sm+1 . . . s1 · 1 = sm+1 · sm . . . s1.

Now

(k, s) = µ([1, 1]) = µ([m+ 1, sm . . . s1]) = µ([m+ 1, 1])sm . . . s1

= (r, c)sm . . . s1 = (r, csm . . . s1),

whence k = r and s = csm . . . s1. Putting u := sn . . . skc ∈ S we have

sn . . . s1 = sn . . . sks = sn . . . skcsm . . . s1 = usm . . . s1,

as required. ■

7.6 Pullback flatness

Definition 7.35. A right S-act AS is called pullback flat, if the functor
A⊗S − : SAct // Set preserves pullbacks.

We will need the following conditions (introduced first for acts over monoids
in [46]) and the following theorem.

Definition 7.36. An S-act AS is said to satisfy Condition

(P) if whenever as = a′s′ for some a, a′ ∈ A and s, s′ ∈ S, there exist
a′′ ∈ A and u, v ∈ S such that

a = a′′u, a′ = a′′v, us = vs′;

(E) if whenever as = as′ for some a ∈ A and s, s′ ∈ S, there exist
a′ ∈ A and u ∈ S such that

a = a′u, us = us′.

Theorem 7.37 (cf. Theorem 3.5 in [37]). Let AS be a unitary act over a
semigroup S. Then AS is pullback flat if and only if it satisfies both Condition
(P) and Condition (E).
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Proposition 7.38. A cyclic S-act aS1 is unitary and pullback flat if and
only if

(∀s, t ∈ S1)(as = at⇒ (∃u ∈ S)(a = au and us = ut)).

Proof. Necessity. Let A = aS1 be unitary and pullback flat. Take s, t ∈
S1 such that as = at. Since aS1 is unitary, a = av for some v ∈ S. Then
a(vs) = a(vt), where vs, vt ∈ S. By Theorem 7.37, aS1 satisfies Condition
(E), so there exists w ∈ S such that a = aw and w(vs) = w(vt). Putting
u := wv, we have a = au and us = ut.

Sufficiency. By assumption, there exists u ∈ S such that a = au, thus
aS1 is unitary. That aS1 satisfies Condition (E) follows immediately from the
assumption. To prove Condition (P), suppose that (as1)s = (as2)s

′, where
s1, s2 ∈ S1 and s, s′ ∈ S. By assumption, there exists u ∈ S such that a = au
and us1s = us2s

′. Now as1 = a(us1) and as2 = a(us2), where us1, us2 ∈ S.■

Lemma 7.39 (cf. Lemma 3 in [13]). Let AS be a unitary pullback flat
act which satisfies (ACC) for cyclic subacts. If AS is indecomposable, then
it is cyclic.

Proof. Take any x ∈ A and consider the set

Px := {bS1 | b ∈ A, xS1 ⊆ bS1}

as a poset with respect to inclusion. Since xS1 ∈ Px, we have Px ̸= ∅, so
by assumption, there exists a maximal element aS1 ∈ Px. In particular,
xS1 ⊆ aS1. Consider the set Y := A \ aS1. Assume for a contradiction
that Y ̸= ∅. Now, AS is a union of its subacts aS1 and Y S1. Since AS is
indecomposable,

aS1 ∩ Y S1 ̸= ∅,

which means that there exist y ∈ Y and s, t ∈ S1 such that as = yt.
On the one hand, if t = 1, then y = as ∈ aS1, a contradiction. On the

other hand, suppose s = 1. The equality a = yt implies that xS1 ⊆ aS1 ⊆
yS1. It follows that yS1 ∈ Px and aS1 = yS1 due to maximality. So again,
we must have y ∈ aS1, which is impossible. Thus, we must have s, t ∈ S.

Since AS is a unitary pullback flat act, by Theorem 7.37 it satisfies Con-
dition (P). Hence, there exist a′ ∈ A and u, v ∈ S such that a = a′u, y = a′v
and us = vt. We conclude that aS1 ⊆ a′S1. It follows that a′S1 ∈ Px, so
aS1 = a′S1 due to maximality. Now, for some z ∈ S1, a′ = az and therefore
y = a′v = azv, whence y ∈ aS1, a contradiction. Thus, Y = ∅ and A = aS1

is cyclic, as required. ■
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Corollary 7.40. If a semigroup S satisfies Condition (A), then every uni-
tary pullback flat S-act is a disjoint union of cyclic unitary pullback flat
subacts.

Proof. Assume that S satisfies Condition (A) and let AS be unitary and
pullback flat. By Proposition 7.14,

A =
⊔
i∈I

Ai,

where Ai is an indecomposable subact of AS for every i ∈ I. It is clear by
Theorem 7.37 that the Ai are pullback flat. Since S satisfies Condition (A),
each Ai satisfies (ACC) for cyclic subacts. We see that the Ai satisfy all
assumptions of Lemma 7.39, so they must be cyclic. ■

Lemma 7.41 (cf. Lemmas 4 and 5 in [13]). If a factorisable semigroup
S satisfies either Condition (D) or Condition (ML), then every unitary cyclic
pullback flat right S-act is projective.

Proof. LetAS = aS1 be a unitary cyclic pullback flat S-act. By Lemma 7.31,
the set T = {s ∈ S | as = a} is a left unitary subsemigroup of S. If S satisfies
Condition (D), then T contains a minimal right ideal eT , where e ∈ T is an
idempotent. If S satisfies Condition (ML), then the set

I = {S1t | t ∈ T}

of principal left ideals of S contains a minimal element S1e for some element
e ∈ T . In both cases, it suffices to prove that condition (4) of Proposition 7.19
is satisfied.

Assume that as = at for some s, t ∈ S1. Since aS1 is pullback flat, by
Proposition 7.38 there exists u ∈ S such that a = au and us = ut. The
equality au = ae implies that a = av and vu = ve for some v ∈ S. Note that
u, v ∈ T .

Firstly, let S satisfy Condition (D). By Lemma 8.12 in [12], Te is a
minimal left ideal of T . It follows that

Tvu ⊆ Tu ∩ Te ⊆ Te,

whence Te = Tvu ⊆ Tu due to minimality. Therefore, e = wu for some
w ∈ T . We conclude that es = wus = wut = et, as required.

Secondly, assume S satisfies Condition (ML). Since T is a subsemigroup,
vu ∈ T and S1vu ∈ I. The equality vu = ve implies S1vu ⊆ S1e. We have
S1vu = S1e due to minimality and e = wvu for some w ∈ S1. This implies
es = wvus = wvut = et. In particular, a1 = ae implies that e1 = ee by the
previous argument, so e is an idempotent. ■
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7.7 Condition (K)

The following is inspired by Definition 1.6 in [22].

Definition 7.42. We say that a subsemigroup T of S is left collapsible if
T 1 is a left collapsible submonoid of S1, that is,

(∀t, t′ ∈ T 1)(∃u ∈ T 1)(ut = ut′).

Condition (K) for monoids was introduced by Kilp in [22] and used later in
[23]. We use it for semigroups in the following form.

Definition 7.43. A semigroup S satisfies Condition (K) if every left col-
lapsible subsemigroup of S has a left zero.

Proposition 7.44 (cf. Theorem 2.3 in [22]). A factorisable semigroup S
satisfies Condition (K) if and only if every unitary cyclic pullback flat right
S-act is projective.

Proof. Necessity. Suppose S satisfies Condition (K). Let aS1 be unitary
pullback flat and let T = {s ∈ S | as = a}. If t, t′ ∈ T 1, then at = at′.
By Proposition 7.38, there exists u ∈ S such that a = au and ut = ut′. In
particular, u ∈ T . Thus, T 1 is a left collapsible submonoid of S1.

By assumption, T has a left zero e. We will check condition (4) of Propo-
sition 7.19. We know that a = ae. Suppose that as = at, s, t ∈ S1. Then
there exists u ∈ S such that a = au and us = ut. Then u ∈ T , eu = e and
es = eus = eut = et.

Sufficiency. Assume that every unitary cyclic pullback flat right S-act
is projective. Let T ⊆ S be a left collapsible subsemigroup of S. Then by
definition P := T 1 is a left collapsible submonoid of S1. By Lemma 2.1 in
[22], the relation ρ, defined by

s ρ t ⇐⇒ (∃p, q ∈ P )(ps = qt),

is a right congruence on the monoid S1. In particular, 1 ρ p for all p ∈ P .
The cyclic S1-act S1/ρ = [1]ρ S

1 is pullback flat.
It turns out that S1/ρ = [1]ρ S

1 is also a cyclic unitary pullback flat S-act.
Since T is nonempty, we can choose t0 ∈ T ⊆ S. If [1]ρ s = [1]ρ t, s, t ∈ S1,
then Condition (E) implies that there exists u ∈ S1 such that [1]ρ = [1]ρ u
and us = ut. If it happens that u = 1, then still [1]ρ = [1]ρ t0 and t0s = t0t.
By Proposition 7.38, S1/ρ is a unitary pullback flat S-act.

By assumption, [1]ρ S
1 is projective. Using Corollary 7.20 we know that

there exists e ∈ E(S) such that [1]ρ = [1]ρe and [1]ρs = [1]ρt implies es = et
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for all s, t ∈ S1. In other words, 1 ρ e, and s ρ t implies es = et for all s, t ∈ S1.
From 1 ρ e we obtain p, q ∈ P such that p = qe. Let r ∈ P be arbitrary. Then
1 ρ r, which implies e = er, and therefore pr = qer = qe = p. Thus, p is a
left zero for P . If p = 1, then 1 = qe = qee = e, which contradicts the fact
that e ∈ S. Thus, p ∈ T and p is a left zero for T . ■

Corollary 7.45. If S is factorisable, then Condition (ML) implies Condi-
tion (K).

Proof. This follows from Proposition 7.44 and Lemma 7.41. ■

7.8 The main theorem

Our main theorem is the following.

Theorem 7.46. For a factorisable semigroup S, the following are equiva-
lent:

(1) S is right perfect;

(2) S is right IC-perfect and right semiperfect;

(3) S satisfies both Condition (A) and Condition (D);

(4) S satisfies both Condition (A) and Condition (ML);

(5) S satisfies both Condition (A) and Condition (K);

(6) every right sequence act over S is projective in UActS;

(7) every unitary pullback flat right S-act is projective in UActS.

Proof. (1) ⇒ (2). If a semigroup S is right perfect, then it is clearly right
semiperfect. If

⊔
i∈I eiS

//AS is a projective cover for a unitary act AS, then
its indecomposable components eiS, i ∈ I, are cyclic and unitary. Hence S
is also right IC-perfect.

(2) ⇒ (1) Let AS be a unitary S-act. Since S is IC-perfect, there exists a
cover ψ : BS

//AS, where BS =
⊔
i∈I biS

1 is a disjoint union of unitary cyclic
subacts. Semiperfectness of S gives a unitary projective cover φi : Pi //biS

1

for each i ∈ I.
Then PS :=

⊔
i∈I Pi is a unitary projective act by Theorem 7.18 and

φ : PS //BS, x 7→ φi(x) if x ∈ Pi,
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is a surjective morphism of right S-acts. We will show that φ is essential.
Suppose that Q is a proper subact of PS. Then there exists i ∈ I such

that Qi := Q ∩ Pi is a proper (possibly empty) subact of Pi. Hence φi|Qi
:

Qi
// biS

1 is not surjective, because φi is essential. But then also φ|Q is not
surjective, because the preimages of elements of biS

1 can only come from Pi.
Thus, φ is an essential epimorphism. Hence, ψφ : PS // AS is an essential
epimorphism and PS is a projective cover for AS.

(2) ⇔ (3). This follows from Theorem 7.32 and Theorem 7.27.

(6) ⇒ (3). Assume that all right sequence acts are projective. Since they
are indecomposable (see Lemma 7.22), unitary and projective, they must be
cyclic. Hence S satisfies Condition (A) by Theorem 7.27.

We will prove that S satisfies Condition (D). The proof of this implication
is inspired by the proof of Theorem 6.2 in [16].

Let T be a left unitary subsemigroup of S. Take any t ∈ T . We will
prove that the principal right ideal tT 1 of T contains an idempotent. By the
assumption, the right sequence actMS, determined by the constant sequence
(t) ∈ SN, is projective. Since MS is indecomposable, it must be cyclic. From
Lemma 7.22 we conclude that there exists i ∈ N such that M = [i, 1]S1. By
Corollary 7.20, there exists e2 = e ∈ S such that [i, 1] = [i, e] and

(∀x, y ∈ S1)([i, x] = [i, y] ⇒ ex = ey). (7.2)

From [i, 1]S1 ⊆ [i + 1, 1]S1 ⊆ MS = [i, 1]S1 we conclude that [i, 1]S1 =
[i + 1, 1]S1. Hence there exists z ∈ S1 such that [i + 1, 1] = [i, z]. We have
the diagram

M = [i, 1]S1

(i, 1)S1 (i+ 1, 1)S1

α

τ β

with 1-generated free S-acts (i, 1)S1 and (i+1, 1)S1, and with the right S-act
morphisms defined by

α(i, s) := (i+ 1, ts),

β(i+ 1, s) := [i+ 1, s] = [i, zs],

τ([i, s]) := (i, es),

ψ := ατβ : (i+ 1, 1)S1 // (i+ 1, 1)S1.

Note that τ is well defined due to the implication (7.2).
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Denoting h := tez, since [i+ 1, t] = [i, 1], we have that

(βατ)([i, z]) = (βα)(i, ez) = β(i+ 1, tez) = [i+ 1, tez] = [i+ 1, t]ez = [i, 1]ez

= [i, e]z = [i, 1]z = [i, z]

and

ψ2(i+ 1, 1) = (ψατβ)(i+ 1, 1) = (ψατ)([i+ 1, 1]) = (ατβατ)([i, z])

= (ατ)([i, z]) = (ατβ)(i+ 1, 1) = ψ(i+ 1, 1) = (ατ)([i, z])

= α(i, ez) = (i+ 1, tez) = (i+ 1, h).

Hence,

(i+ 1, h) = ψ2(i+ 1, 1) = ψ(i+ 1, h) = ψ(i+ 1, 1)h = (i+ 1, h)h

= (i+ 1, h2),

which yields h2 = h. The equalities [i + 1, 1] = [i, z] and [i, 1] = [i, e] imply
that tn = tn+1z and tm = tme for some m,n ∈ N. Since T is a left unitary
subsemigroup, z, e ∈ T and we have an idempotent h ∈ tT 1.

Now consider a chain

e1T
1 ⊇ e2T

1 ⊇ e3T
1 ⊇ . . .

of principal right ideals of T generated by idempotents ei ∈ T . By Lemma 7.29,
we have a chain

e1S
1 ⊇ e2S

1 ⊇ e3S
1 ⊇ . . . .

The following is standard semigroup trickery. We put g1 := e1, then
g1S

1 = e1S
1. Define inductively gi+1 := ei+1gi for every i > 1. Since

ei+1S
1 ⊆ eiS

1, we have eiei+1 = ei+1. Using induction, we assume that gi is
an idempotent such that giS

1 = eiS
1. Then ei = giei. Also, giei+1 = ei+1,

because ei+1 ∈ giS
1. It follows that g2i+1 = ei+1giei+1gi = ei+1ei+1gi = gi+1.

Clearly, gi+1S
1 ⊆ ei+1S

1. Conversely, from

ei+1 = ei+1ei+1 = ei+1eiei+1 = ei+1(giei)ei+1 = (ei+1gi)(eiei+1) = gi+1ei+1

we conclude that ei+1S
1 ⊆ gi+1S

1. Thus, ei+1S
1 = gi+1S

1. We also have
gigi+1 = gi+1 (because gi+1 ∈ giS

1) and

gi+1gi = ei+1gigi = ei+1gi = gi+1.

Hence, we have a chain

S1g1 ⊇ S1g2 ⊇ S1g3 ⊇ . . . ,



7.8. THE MAIN THEOREM 81

where gi+1gi = gi+1 = gigi+1 for every i ∈ N.
By Lemma 7.34, S satisfies Condition (ML). Thus, there exists n ∈ N

such that S1gi = S1gi+1 for every i ⩾ n. Now gi = gigi+1 = gi+1, therefore
gi = gi+1 and eiS

1 = ei+1S
1 for every i ⩾ n. By Lemma 7.29, it follows that

eiT
1 = ei+1T

1 for every i ⩾ n. We have shown that T satisfies the descending
chain condition for principal right ideals generated by idempotents.

Suppose that T does not have a minimal principal right ideal. Take any
b1 ∈ T . Then b1T

1 contains and idempotent e1 and b1T
1 ⊇ e1T

1. Since e1T
1

is not a minimal ideal, there exists b2 ∈ T such that e1T
1 ⊃ b2T

1. In this
way we get an infinite descending chain

b1T
1 ⊇ e1T

1 ⊃ b2T
1 ⊇ e2T

1 ⊃ b3T
1 ⊇ e3T

1 ⊃ . . .

of principal right ideals of T , where ei ∈ E(T ). Thus, we also have a chain

e1T
1 ⊃ e2T

1 ⊃ e3T
1 ⊃ . . . ,

a contradiction. It follows that T has a minimal principal right ideal bT 1.
As it contains an idempotent e, we have bT 1 = eT 1 due to minimality.

(4) ⇒ (5). By Corollary 7.45.

(5) ⇒ (6). Assume that S satisfies both Condition (A) and Condition
(K). Let MS be a right sequence act over S. By Theorem 7.27, MS is cyclic.
Due to Corollary 3.11 in [37], MS is pullback flat. By Proposition 7.44, MS

is projective.

(6) ⇒ (4). By Lemma 7.34, S satisfies Condition (ML). We show that S
satisfies Condition (A) using Theorem 7.27. Take any sequence (si)i∈N ∈ SN

and consider the right sequence act MS determined by it. By assumption,
it is projective. It is also indecomposable, hence, by Proposition 7.19, there
exists an S-isomorphism φ :MS

// eS, where e ∈ E(S) is some idempotent.
Then there exists [m, s] ∈ M such that φ([m, s]) = e. Also, there exists
s′ ∈ S such that φ([m+ 1, 1]) = es′. Now

φ([m+ 1, 1]) = φ([m, s])s′ = φ([m, ss′]) ⇒ [m+ 1, 1] = [m, ss′].

Thus, there exists k ⩾ m+ 1 such that

sk . . . sm+1 = sk . . . sm+1smss
′.

(3) ∨ (4) ⇒ (7). Let AS be a unitary pullback flat act. Using Condition
(A), by Corollary 7.40 we conclude that AS =

⊔
i∈I Ai, where Ai is a cyclic

unitary pullback flat act for every i ∈ I. We have by Lemma 7.41 that each
Ai is projective, when S satisfies either Condition (D) or Condition (ML).
Thus, AS is projective due to Theorem 7.15.
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(7) ⇒ (6). Every right sequence act MS satisfies Condition (E) by
Lemma 3.10 in [37]. It is easy to see that MS satisfies Condition (LC):
if a, a′ ∈ M , then there exist a′′ ∈ M and u, v ∈ S such that a = a′′u and
a′ = a′′v. By Theorem 4.2 in [37], right sequence acts are pullback flat. We
also know that they are unitary. By assumption, they are projective. ■

Remark 7.47. 1. Condition (4) in Theorem 7.46 is important, because
together with Theorem 7.27 and Proposition 7.33 it shows that perfectness
of a factorisable semigroup S can be verified by checking two conditions that
are formulated in terms of sequences of elements of S. These conditions are
internal to S and do not refer to any categories.

2. If S is factorisable and right perfect, then any right sequence act over
S is projective. In particular, S must contain at least one idempotent.

Corollary 7.48 (cf. Corollary 3.13 in [4]). Every completely (0-)simple
semigroup is perfect.

Proof. We show that a completely 0-simple semigroup S := M0(G,U, V, p),
where G is a group, is right perfect. A dual argument shows that it is left
perfect. Perfectness for completely simple semigroups follows similarly.

It suffices to prove that S satisfies both Condition (A) and Condition
(ML). To verify Condition (A), we use item (4) in Theorem 7.27. It is
readily verified that

(∀x, y ∈ S \ {0})(∃u, v ∈ S \ {0})(x = xyu and vyx = x).

Take a sequence (si)i∈N ∈ SN. We consider three cases:

(1) si ̸= 0 for every i ∈ N. Then s2 = s2s1u for some u ∈ S;

(2) s1 = 0, but si ̸= 0 for every i > 1. Then s3 = s3s2u for some u ∈ S;

(3) si = 0 for some i > 1. Then si = sisi−1 and we take u = 1.

To verify Condition (ML), we will check the condition of Proposition 7.33
for the same sequence. If the sequence contains no zero, then we can take
n = 1. If sn = 0, then sm . . . sn . . . s1 = sn . . . s1 clearly holds. ■

7.9 Morita invariance

In this section we will prove that right semiperfectness, right IC-perfectness
and right perfectness are Morita invariants on the class of factorisable semi-
groups. For this, we need to examine essential epimorphisms in the categories
UActS and FActS.
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Proposition 7.49. Let S be a semigroup and AS ∈ UActS. Then µA is an
essential epimorphism in UActS.

Proof. Since AS is unitary, µA is surjective, and it is easy to see that A⊗SS
is unitary. Let U ⊆ A⊗ S be a unitary subact and consider the diagram

US
ι−→ A⊗S S

µA−→ AS

in UActS, where ι is the embedding. Suppose µAι is surjective. By Lemma
7.7, it suffices to show that ι is surjective, i.e, U = A⊗S. Take a⊗s ∈ A⊗S.
By surjectivity of µAι, there exist a′ ∈ A and s′ ∈ S such that a′ ⊗ s′ ∈ U
and a = (µAι)(a

′ ⊗ s′) = a′s′. Now

a⊗ s = a′s′ ⊗ s = a′ ⊗ s′s = (a′ ⊗ s′)s ∈ US ⊆ U.

Thus, ι is surjective, as required. ■

Proposition 7.50. Let S be a factorisable semigroup. For a morphism φ :
PS // AS in FActS, the following are equivalent:

(1) φ is an essential epimorphism in UActS;

(2) φ is an essential epimorphism in FActS.

Proof. (1) ⇒ (2). This is clear.
(2) ⇒ (1). Let U ⊆ PS be a unitary subact and let ι : U // P be the

embedding. Suppose φι is surjective. By Lemma 7.7, it suffices to show that
ι is surjective, i.e., U = P . According to Lemma 7.1, U ⊗S S is a firm right
S-act. Consider the diagram

U ⊗S S
µU−→ US

ι−→ PS
φ−→ AS.

Since µU is surjective, φιµU is a surjective morphism in FActS. Also, ιµU is a
morphism in FActS. Then ιµU is surjective due to essentiality of φ. It follows
that ι is surjective. ■

Next we consider cyclic acts. Note that a cyclic unitary act need not be firm.
An example of such an act is given in Example 2.12 of [34].

Proposition 7.51. The following are equivalent for a factorisable semigroup
S:

(1) every cyclic act in UActS has a projective cover;

(2) every cyclic act in FActS has a projective cover.
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Proof. (1) ⇒ (2). Take a cyclic act aS1 ∈ FActS. Since aS1 is unitary, it
has a cyclic projective cover φ : eS // aS1 in UActS (note that a cover of a
cyclic act must be cyclic). Recall that eS is firm (see Lemma 7.16). Consider
a diagram

BS
ψ−→ eS

φ−→ aS1

in FActS. If φψ is surjective, then ψ must be surjective, because this diagram
is also in UActS and φ is an essential epimorphism in UActS. Thus, φ is an
essential epimorphism in FActS.

(2) ⇒ (1). Take a cyclic act aS1 ∈ UActS. By Lemma 7.1, aS1 ⊗S S is
firm. Since aS1 is unitary, there exist s ∈ S and u ∈ S1 such that a = (au)s.
Then

aS1 ⊗S S = (au⊗ s)S1.

The inclusion ⊇ is clear. On the other hand, if v ∈ S1 and t ∈ S, then

av ⊗ t = (au)sv ⊗ t = au⊗ svt = (au⊗ s)vt ∈ (au⊗ s)S1.

Therefore, aS1 ⊗S S is a cyclic right S-act.
By assumption, there exists a projective cover φ : eS //aS1⊗S in FActS.

By Proposition 7.50, φ is also an essential epimorphism in UActS. Proposition
7.49 implies that µaS1 : aS1⊗S //aS1 is an essential epimorphism in UActS.
Therefore,

eS
µaS1φ−−−→ aS1

is a projective cover in UActS. ■

Having a projective cover is a purely categorical property, thus it is preserved
by equivalence functors. Also, indecomposability is a categorical property:
an act is indecomposable if it is not a coproduct of two noninitial objects
(the initial object is the empty act). However, for cyclicity there is no ob-
vious categorical description. Still, cyclic acts are preserved under tensor
multiplication functors coming from certain Morita contexts.

Proposition 7.52. Let S and T be firm semigroups connected by a unitary
surjective Morita context (S, T, SPT , TQS, θ, ϕ). Then the functors

−⊗ SPT : FActS // FActT and −⊗TQS : FActT // FActS

take cyclic acts to cyclic acts.

Proof. As in Proposition 3.16 of [38], one can prove that the functors −⊗
SPT : FActS // FActT and − ⊗ TQS : FActT // FActS are mutually inverse
equivalence functors (see also Theorem 5.9 in [33]). We will prove that −⊗
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SPT takes cyclic acts to cyclic acts. The same is true for −⊗ TQS, so cyclic
acts correspond to each other under these functors.

Consider a cyclic act aS1 ∈ FActS. We will prove that aS1⊗SPT is cyclic.
Since aS1 is unitary, there exists s ∈ S such that as = a. Using surjectivity
of θ we can find ps ∈ P and qs ∈ Q such that s = θ(ps ⊗ qs). We will prove
that

aS1 ⊗S PT = (a⊗ ps)T
1.

The inclusion (a ⊗ ps)T
1 ⊆ aS1 ⊗S PT is clear. To prove the converse, we

note that

au⊗ p = asu⊗ p = a⊗ sup = a⊗ θ(ps ⊗ qs)up = a⊗ psϕ(qs ⊗ up)

= (a⊗ ps)ϕ(qs ⊗ up) ∈ (a⊗ ps)T
1

for every u ∈ S1 and p ∈ P . ■

Proposition 7.53. Let S be a factorisable semigroup. Then the functors

−⊗S SS⊗S : FActS // FActS⊗S and −⊗S⊗SSS : FActS⊗S // FActS

are mutually inverse equivalence functors which take cyclic acts to cyclic acts.

Proof. By Proposition 4.9 in [35], these functors are mutually inverse equiv-
alence functors. We also recall that S ⊗ S is considered as a semigroup
with the multiplication (s ⊗ t)(u ⊗ v) = st ⊗ uv and the action of SS⊗S is
s(u⊗ v) = suv.

Let aS1 ∈ FActS be cyclic. We want to show that aS1 ⊗S SS⊗S is a cyclic
S ⊗ S-act. Suppose a = (au)s for some u ∈ S1 and s ∈ S. We will prove
that

aS1 ⊗S SS⊗S = (au⊗ s)(S ⊗ S)1.

On the one hand

(au⊗ s)(S ⊗ S)1 ⊆ (aS1 ⊗S S)(S ⊗ S)1 = aS1 ⊗S S.

Conversely, suppose that av ⊗ t ∈ aS1 ⊗S SS⊗S. Since S is factorisable,
t = s1s2 for some s1, s2 ∈ S. Hence,

av ⊗ t = ausv ⊗ t = au⊗ svt = au⊗ svs1s2 = au⊗ (s(vs1 ⊗ s2))

= (au⊗ s)(vs1 ⊗ s2) ∈ (au⊗ s)(S ⊗ S)1.

Let now a(S ⊗ S)1 ∈ FActS⊗S be cyclic. We want to show that a(S ⊗
S)1 ⊗S⊗S SS is a cyclic S-act. Since a(S ⊗ S)1 is unitary, a = a(s1 ⊗ s2) for
some s1, s2 ∈ S. We will prove that

a(S ⊗ S)1 ⊗S⊗S SS = (a⊗ s1s2)S
1.
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The inclusion ⊇ is clear. Conversely, let a(u1⊗u2)⊗ s ∈ a(S⊗S)1⊗S⊗S SS,
where u1, u2, s ∈ S. Then

a(u1 ⊗ u2)⊗ s = a(s1 ⊗ s2)(u1 ⊗ u2)⊗ s = a(s1s2 ⊗ u1u2)⊗ s

= a⊗ (s1s2 ⊗ u1u2)s

= a⊗ s1s2u1u2s

= (a⊗ s1s2)u1u2s.

So a(u1 ⊗ u2)⊗ s = (a⊗ s1s2)u1u2s ∈ (a⊗ s1s2)S
1. ■

Theorem 7.54. Right semiperfectness is a Morita invariant for factorisable
semigroups.

Proof. Suppose S and T are Morita equivalent factorisable semigroups.
Equivalently, by Proposition 4.9 in [35], S⊗S and T⊗T are Morita equivalent
firm semigroups. According to Theorem 5.9 in [33], there exists a unitary
Morita context with bijective mappings connecting S ⊗ S and T ⊗ T . Let
P-cover stand for ‘projective cover’, then we have that

S is right semiperfect ⇐⇒ all cyclic objects in UActS have a P-cover

(by Proposition 7.51) ⇐⇒ all cyclic objects in FActS have a P-cover

(by Proposition 7.53) ⇐⇒ all cyclic objects in FActS⊗S have a P-cover

(by Proposition 7.52) ⇐⇒ all cyclic objects in FActT⊗T have a P-cover

(by Proposition 7.53) ⇐⇒ all cyclic objects in FActT have a P-cover

(by Proposition 7.51) ⇐⇒ all cyclic objects in UActT have a P-cover

⇐⇒ T is right semiperfect.

■

Proposition 7.55. The following are equivalent for a factorisable semigroup
S:

(1) every act in UActS has an IC-cover;

(2) every act in FActS has an IC-cover.

Proof. (1) ⇒ (2) Take AS ∈ FActS and let

BS :=
⊔
i∈I

biS
1 φ−→ AS
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be an IC-cover in UActS. By Lemma 7.1, B⊗SS is firm. The indecomposable
components of B are unitary. Hence, for every i ∈ I, there exist ui ∈ S1 and
si ∈ S such that bi = (biui)si. Then

B ⊗S S =

(⊔
i∈I

biS
1

)
⊗S S =

⊔
i∈I

(biS
1 ⊗S S) =

⊔
i∈I

(biui ⊗ si)S
1.

The acts (biui ⊗ si)S
1 are indecomposable, because they are cyclic.

Consider the diagram

B ⊗ S
µB−→ BS

φ−→ AS.

By Proposition 7.49, µB is essential in UActS. Thus, the composition φµB is
an essential epimorphism in UActS. Since φµB is also a morphism in FActS,
it is essential in FActS by Proposition 7.50.

(2) ⇒ (1) Take AS ∈ UActS. Then A ⊗S S is firm by Lemma 7.1. By
assumption, there exists an IC-cover

CS :=
⊔
i∈I

ciS
1 φ−→ A⊗S S

in FActS. Then φ is an essential epimorphism in UActS by Proposition 7.50.
By Proposition 7.49, µA is essential in UActS. Therefore, µAφ : CS //AS is
an IC-cover in UActS. ■

Theorem 7.56. Right IC-perfectness is a Morita invariant for factorisable
semigroups.

Proof. Let S and T be factorisable semigroups and F : FActS // FActT
an equivalence functor that takes cyclic acts to cyclic acts. Suppose that
AS ∈ FActS has an IC-cover

φ :
⊔
i∈I

biS
1 // AS.

Since F preserves coproducts and essential epimorphisms,

F (φ) :
⊔
i∈I

F (biS
1) ∼= F

(⊔
i∈I

biS
1

)
// F (AS)

is an IC-cover of F (AS), where F (biS1) ∈ FActS are cyclic acts (and hence
indecomposable). So F (AS) also has an IC-cover. If F has an inverse equiv-
alence functor G, which also takes cyclic acts to cyclic acts, then it holds
that AS has an IC-cover if and only if F (AS) has an IC-cover.
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Let now S and T be as in the proof of Theorem 7.54. Then

S is right IC-perfect ⇐⇒ all objects in UActS have an IC-cover
(by Proposition 7.55) ⇐⇒ all objects in FActS have an IC-cover
(by Proposition 7.53) ⇐⇒ all objects in FActS⊗S have an IC-cover
(by Proposition 7.52) ⇐⇒ all objects in FActT⊗T have an IC-cover
(by Proposition 7.53) ⇐⇒ all objects in FActT have an IC-cover
(by Proposition 7.55) ⇐⇒ all objects in UActT have an IC-cover

⇐⇒ T is right IC-perfect.
■

Corollary 7.57. Right perfectness and perfectness are Morita invariants for
factorisable semigroups.

Proof. Let S and T be Morita equivalent factorisable semigroups. Then
FActS and FActT are equivalent categories. By Theorem 7.54, Theorem 7.56
and Theorem 7.46 it follows that right perfectness is a Morita invariant. From
Remark 4.12 in [35] we know that also SFAct and TFAct are equivalent cate-
gories. If now S is left perfect, then the duals of the proofs of Theorem 7.54
and Theorem 7.56 yield that T is also left perfect. It follows that perfectness
is a Morita invariant. ■

We saw that completely simple semigroups are perfect. This fact can also
be concluded from Morita invariance of perfectness in case of factorisable
semigroups.

Corollary 7.58. Completely simple semigroups are perfect.

Proof. Clearly, groups are perfect semigroups. Factorisable semigroups
Morita equivalent to a given group are precisely Rees matrix semigroups
over that group by Theorem 4.8. ■



Summary

This thesis is a study of Morita equivalence of semigroups. Describing all
semigroups up to isomorphism is an insurmountable task - there are too
many of them. Morita equivalence is a significantly weaker equivalence re-
lation than isomorphism. Of particular interest is the Morita equivalence of
factorisable semigroups - these are semigroups in which every element can
be expressed as a product of two elements.

Two semigroups are said to be Morita equivalent if the categories of firm
right acts over them are equivalent. This makes it clear that this relation is
an equivalence relation on the class of all semigroups. However, equivalence
functors are sometimes difficult to work with. Some objectives of Morita
theory are to describe Morita equivalence in terms of (computationally) more
feasible conditions, attempt to study its equivalence classes and find Morita
invariants, i.e, properties, which are shared by all semigroups in the same
Morita equivalence class.

The objective of this thesis is to study Morita equivalence of semigroups in
terms of various algebraic constructions that have already been used by other
authors to describe Morita equivalence for certain subclasses of semigroups.
Additionally, a study on perfection for semigroups is included with one of
the goals as determining, whether perfection is a Morita invariant.

This thesis consists of seven chapters. The first chapter is the introduc-
tion, which includes a few historical remarks regarding Morita theory and an
overview of the structure of the thesis.

The second chapter includes preliminaries about semigroups, acts over
semigroups, categories and tensor products.

The third chapter includes preliminaries on Morita equivalence, specifi-
cally. Concepts such as Cauchy completions, Morita contexts and enlarge-
ments of semigroups are recalled. Brief commentary on some differences
between Morita theory of rings and semigroups is included.

The fourth chapter is based on the author’s article [40]. It is shown that
the strong Morita equivalence class of a monoid consists of the enlargements
of that monoid. As a consequence, the enlargements of a group are pre-
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cisely Rees matrix semigroups over that group. It also follows that complete
simplicity is a Morita invariant for factorisable semigroups.

The fifth chapter is based on the author’s article [41]. Strict local isomor-
phisms have already been used, among other methods, to describe Morita
equivalence of semigroups with local units [30]. It is shown that such mor-
phisms emerge naturally from surjective Morita contexts and for a subclass
of semigroups, a recipe for producing strict local isomorphisms is given. A
Morita context also induces two Morita semigroups, which are used to de-
scribe Morita equivalence of firm semigroups. Finally, Morita semigroups
induced by dual pairs of acts are identified with certain subsemigroups of ad-
joint endomorphisms, which provides a sufficient condition for Morita equiv-
alence of semigroups with weak local units.

The sixth chapter is based on the author’s article [42]. It is shown that a
unitary surjective Morita context connecting two semigroups induces a num-
ber of monotone Galois connections in the event either semigroup contains
common weak local units, e.g, is a monoid. It is shown among other things
that if both semigroups have this property, then the lattices of compatible
relations on those semigroups are isomorphic.

The seventh and final chapter is based on the author’s joint work [29] with
Valdis Laan. Perfect semigroups are defined. It is also shown that many de-
scriptions of perfect monoids established by other authors can be transferred
to the case of factorisable semigroups. A condition pertaining to projectivity
of sequence acts is added to the list of descriptions. Perfectness is also shown
to be a Morita invariant for factorisable semigroups. It is concluded that all
nilpotent semigroups and all completely (0-)simple semigroups are perfect.
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Kokkuvõte

Poolrühmade Morita ekvivalentsusest

Käesolevas töös uuritakse poolrühmade Morita ekvivalentsust. Kõikide pool-
rühmade kirjeldamine isomorfismi täpsuseni on praktiliselt võimatu - neid
on liiga palju. Morita ekvivalentsus on isomorfismiseosest oluliselt nõrgem
ekvivalentsiseos. Suur rõhk on faktoriseeruvate poolrühmade Morita ekvi-
valentsuse uurimisel - need on poolrühmad, mille iga element esitub kahe
elemendi korrutisena.

Öeldakse, et kaks poolrühma on Morita ekvivalentsed, kui kõikide püsi-
vate parempoolsete polügoonide kategooriad üle nende poolrühmade on ekvi-
valentsed. Definitsioonist on selge, et tegemist on ekvivalentsiseosega kõikide
poolrühmade klassil. Teisalt, ekvivalentsifunktoritega on mõnikord keeruline
ringi käia. Morita teooria mõned eesmärgid on kirjeldada Morita ekviva-
lentsust kasutades selleks (algoritmiliselt) jõukohasemaid tingimusi, uurida
Morita ekvivalentsiklasse ning leida Morita invariante - need on parajasti
kõikide ühest ja samast ekvivalentsiklassist pärit poolrühmade ühised omadused.

Käesoleva töö eesmärk on uurida poolrühmade Morita ekvivalentsust ka-
sutades selleks mitmeid algebralisi konstruktsioone, mida teised autorid on
kasutanud Morita ekvivalentsuse kirjeldamiseks poolrühmade teatud alamk-
lassidel. Lisaks on uuritud poolrühmade perfektsust, et muu hulgas välja
selgitada, kas tegemist on Morita invariandiga.

Töö koosneb seitsmest peatükist. Esimeses peatükis räägitakse lühidalt
Morita teooria taustast ning esitatakse töö ülesehitus.

Teises peatükis tuletatakse meelde mõisted poolrühmade, polügoonide,
kategooriate ja tensorkorrutiste kohta.

Kolmandas peatükis antakse eelteadmised Morita ekvivalentsusega seo-
tud algebraliste konstruktsioonide kohta. Tuletatakse meelde mõisted Cauchy
täield, Morita kontekst ja poolrühma laiend. Lühidalt kommenteeritakse
Morita teooria mõningaid erinevusi ringide ja poolrühmade korral.

Neljas peatükk põhineb autori artiklil [40]. Näidatakse ära, et monoidi
tugev Morita ekvivalentsiklass koosneb parajasti selle monoidi laienditest.
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Järeldusena näidatakse ka ära, et rühma laiendid on parajasti Rees’i maa-
trikspoolrühmad üle selle rühma ning et täiesti lihtsus on faktoriseeruvate
poolrühmade Morita invariant.

Viies peatükk põhineb autori artiklil [41]. Varasemalt on kirjeldatud
lokaalsete ühikelementidega poolrühmade Morita ekvivalentsus muu hulgas
rangelt lokaalsete isomorfismide kaudu [30]. Näidatakse, et sellised morfis-
mid tekivad loomulikul viisil sürjektiivsetest Morita kontekstidest ning tea-
tud poolrühmade alamklassil antakse eeskiri, kuidas selliseid morfisme kon-
strueerida. Morita kontekst tekitab lisaks kaks Morita poolrühma, mille
abil kirjeldatakse püsivate poolrühmade Morita ekvivalentsust. Viimaks,
Morita poolrühmad, mis on tekitatud duaalsete paaridega, samastatakse tea-
tud kaasendomorfismide alampoolrühmadega, mis annab piisava tingimuse
nõrkade lokaalsete ühikelementidega poolrühmade Morita ekvivalentsiks.

Kuues peatükk põhineb autori artiklil [42]. Näidatakse, et kahe poolrühma
vaheline unitaarne sürjektiivne Morita kontekst tekitab mitmeid monotoon-
seid Galois’ seoseid, kui vähemalt ühel poolrühmadest on ühised nõrgad
lokaalsed ühikud - on, näiteks, monoid. Kui mõlemal poolrühmal on selline
omadus, siis nende poolrühmade kooskõlaliste seoste võred on isomorfsed.

Seitsmes ehk viimane peatükk põhineb autori artiklil [29], mis valmis
koostöös Valdis Laanega. Defineeritakse paremperfektsed poolrühmad ning
näidatakse, et paljud perfektsete monoidide kirjeldused saab üle kanda fak-
toriseeruvate poolrühmade juhule. Lisatakse ka uus kirjeldus jadapolügoonide
projektiivsuse kaudu. Veel näidatakse ära, et perfektsus on faktoriseeruvate
poolrühmade Morita invariant ning et kõik nilpotentsed ja täiesti (0-)lihtsad
poolrühmad on perfektsed.
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[3] P. N. Ánh. Morita equivalence and tensor product rings. Commun.
Algebra, 17:2717–2737, 1989.

[4] A. Bailey, V. Gould, M. Hartmann, J. Renshaw, and L. Shaheen. Covers
for S-acts and Condition (A) for a monoid S. Glasg. Math. J., 57:323–
341, 2015.

[5] B. Banaschewski. Functors into categories ofM -sets. Abh. Math. Semin.
Univ. Hamburg., 8:49–64, 1972.

[6] H. Bass. Finitistic dimension and a homological generalization of semi-
primary rings. Trans. Amer. Math. Soc., 95:466–488, 1960.

[7] H. Bass. The Morita Theorems. Univ. Oregon Lecture Notes, 1962.

[8] H. Bass. Algebraic K-Theory. W.A. Benjamin, New-York – Amsterdam,
1968.

[9] I. Chajda. Algebraic theory of tolerance relations. Univerzita Palackého
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Keelteoskus: eesti, inglise
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