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1. INTRODUCTION

1.1. Background and motivation

The geometry of infinite-dimensional Banach spaces exhibits many striking and
sometimes counterintuitive phenomena. In contrast to finite-dimensional spaces,
where the structure of the unit ball is relatively rigid, infinite-dimensional Banach
spaces allow for a wide range of geometric behaviours, which often reflect the
underlying structure of these spaces.

Among the phenomena that have attracted significant attention in recent years
are the so-called diameter two properties and almost square properties. These
properties capture that certain natural subsets of the unit ball have diameter two,
the diameter of the unit ball itself.

The systematic study of diameter two properties began in the work of Abra-
hamsen, Lima, and Nygaard in [3]]. Since then, these properties have been inves-
tigated in many classical Banach spaces and have been linked to other geometric
properties such as octahedral norms and the Daugavet property. The diameter two
properties are closely related to almost square properties, which impose stronger
geometric constraints on Banach spaces. A Banach space admits an equivalent
almost square norm if and only if it contains an isomorphic copy of cq (see [13,
Corollary 2.4]).

This thesis investigates these geometric properties in spaces of Lipschitz func-
tions and their canonical preduals, the Lipschitz-free spaces. The structure of
these spaces reflects geometric properties of the underlying metric space, and thus
forms a natural bridge between Banach space theory and the geometry of metric
spaces.

Several fundamental results reveal a strong interplay between properties of
Lipschitz-free spaces and the geometry of the underlying metric space. In par-
ticular, by [10l], [20], and [30], the Daugavet property and several diameter two
properties coincide in Lipschitz-free spaces and are characterised by the underly-
ing metric space being a length space. Another result in [35]] characterises octa-
hedrality in Lipschitz-free spaces in terms of the long trapezoid property of the
underlying metric space.

The aim of this thesis is to explore these connections further by studying di-
ameter two properties and almost square properties in Lipschitz-free spaces and
in spaces of Lipschitz functions. The results presented in the thesis contribute
to distinguishing different geometric properties of Banach spaces and deepen the
understanding of these properties in Lipschitz settings.



1.2. Preliminaries

This section presents the background material needed for the results of this thesis.
It contains a collection of definitions and known results stated without proofs;
appropriate references are provided throughout.

1.2.1. Notation

We consider only nontrivial real Banach spaces and use standard Banach space
notation. For a Banach space X, we denote the closed unit ball by By, the unit
sphere by Sx, and the dual space by X*. A slice of By, determined by x* € Sx-
and o >0, is

S(x*,a)={xeBx:x"(x) > 1—a}.

For a metric space M, we set
M= {(x,y) eEMXxM:x#y},
and define 7: (M) — 2 (M) by
m(A) = {x € M: there exists y € M such that (x,y) € A or (y,x) €A}.

1.2.2. Diameter two properties

We begin by presenting one of the most well-studied diameter 2 properties. We
say that a Banach space X has the Daugavet property if, for every x € Sx, every
slice S of By, and every € > 0, there exists y € S such that

=yl =2~e.

The investigation of this property dates back to the seminal paper [16] by Dau-
gavet, where it was proved that the Banach space CJ0, 1] satisfies this property.
The Daugavet property was initially formulated in operator-theoretic terms, which
is equivalent to the geometric characterisation presented above (see, e.g. [39]).

Since the Daugavet property is rather strong, it is natural to look for weaker
variants. Following [3]] and [4], we say that a Banach space X has the

¢ local diameter 2 property (briefly, LD2P ) if every slice of Bx has diameter
2. This property is also called the slice-diameter 2 property (briefly, slice-
D2P) (see [12]);

* diameter 2 property (briefly, D2P) if every nonempty relatively weakly
open subset of By has diameter 2;

* strong diameter 2 property (briefly, SD2P) if every convex combination of

slices of By has diameter 2, i.e. the diameter of Y} | A;S; is 2 whenever
neN, A,...;, A4, >0with ! A, =1,and Sy,...,S, are slices of Bx;



» symmetric strong diameter 2 property (briefly, SSD2P) if for every n € N,
every family {Si,...,S,} of slices of By, and every € > 0, there exist f; €
Siy...yfu €Sy, and g € By with ||g]| > 1 — & such that f; + g € S; for every
ie{l,...,n}.

In general,

SSD2P = SD2P — D2P —> LD2P.

The first implication was established in [3, Lemma 4.1], the second implication
follows from Bourgain’s lemma and the third implication holds trivially. However,
all of these properties are different. The space L;[0, 1] has the SD2P but lacks the
SSD2P (see [4]). The space co @, co has the D2P but not the SD2P (see [3l]).
Finally, a renorming of ¢y with the LD2P but without the D2P was constructed in
(1]

If X is a dual space, then we also consider the weak™ counterparts of these di-
ameter two properties (w*-LD2P, w*-D2P, w*-SD2P, and w*-SSD2P), where slices
and weakly open subsets in the above definitions are replaced by weak™ slices and
weak™ open subsets, respectively. We have

w*-SSD2P =—> w*-SD2P — w*-D2P — w*-LD2P.

The reverse implications do not hold in general. This follows from the fact that a
Banach space X has a diameter two property if and only if its bidual X** has the
corresponding weak™ property.

It is also known that the dual space of C[0, 1] has the w*-SD2P but lacks the
LD2P (see [12]). It was unknown whether there exists a dual Banach space with
the w*-SSD2P but without the SSD2P.

1.2.3. Octahedral norms

We say that the norm of a Banach space X is (or simply that the Banach space X
is)
* locally octahedral (briefly, LOH) if, for every x € Sy and every € > 0, there
exists y € Sy such that
x££yl >2-¢;

* weakly octahedral (briefly, WOH) if, for every finite-dimensional subspace
E of X, every x* € By+, and every € > 0, there exists y € Sx such that, for
allx e E,

e+ 31 = (1= &) (|x" ()] + [Iy1])-

* octahedral (briefly, OH) if, whenever n € N, xy,...,x, € Sx, and € > 0,
there exists y € Sy such that

llxi+y|| >2—¢

foreveryic {1,...,n}.
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The study of octahedral norms is strongly motivated by the following characteri-
sation by [18, Theorem III.2.5]:

a Banach space admits an equivalent OH norm if and only if it con-
tains an isomorphic copy of /;.
In general,

OH = WOH = LOH,

and all of these implications are strict. By [[17, 21} 27], diameter two properties
admit elegant dual formulations in terms of octahedral norms. In particular, the
following equivalences hold for any Banach space X:

X has the SD2P <= X* is OH; X is OH <= X" has the w"-SD2P;
X has the D2P <= X* is WOH; X is WOH <= X has the w*-D2P;
X has the LD2P <= X* is LOH; X is LOH <= X* has the w*-LD2P.

It is currently unknown whether an analogous dual characterisation exists for
the SSD2P. A possible approach via decomposable octahedrality was proposed in
[34], where such a characterisation was obtained for spaces of Lipschitz functions.

1.2.4. Almost square properties
Closely related to diameter two properties are almost square properties. A Banach
space X is said to be

* locally almost square (briefly, LASQ) if, for every x € Sy, there exists a
sequence (y;) C By such that ||y;|| — 1 and

lx£yill = 1;

* weakly almost square (briefly, WASQ) if, for every x € Sx, there exists a
sequence (y;) C By such that ||y;|| — 1, y; — 0 weakly, and

£ yill = 1;

* almost square (briefly, ASQ) if, whenever n € N, xy, ..., x, € Sx, there exists
a sequence (y;) C By such that ||y;|| — 1 and

[lxj £ yil| =1

forevery j € {1,...,n}.
A key motivation for the study of almost square Banach spaces is the following
characterisation due to [13]:

a Banach space admits an equivalent ASQ norm if and only if it con-
tains an isomorphic copy of co.

11



In general,
ASQ = WASQ = LASQ,

and it is known that ASQ is strictly stronger than WASQ (see [1]]). It was unknown
whether WASQ and LASQ are equivalent properties (see [[1, Question 3.4]).

Almost square properties are tightly connected with diameter two behaviour.
In particular, the following implications hold in any Banach space X, and they are
strict:

ASQ = SSD2P:
WASQ =— D2P;
LASQ = LD2P.

To summarise the connections between diameter two properties and almost
square properties in Banach spaces, we present the following diagram.

Daugavet

N

SSD2P WASQ

SD2P / / \LASQ
\ D2P

.

LD2P

1.2.5. Lipschitz-free spaces and spaces of Lipschitz functions

Let (M,dy) and (N,dy) be metric spaces. A mapping f: M — N is called a
Lipschitz function if there exists a constant L > 0 such that for every pair of
distinct points p,q € M,

dv(f(p),f(q)) < Ldu(p,q).

The minimal constant L for which this inequality holds is called the Lipschitz
constant of f.

Let (M,d) be a pointed metric space with a distinguished point 0. We denote
by Lipy(M) the Banach space of all Lipschitz functions f: M — R satisfying
f£(0) =0, equipped with the Lipschitz constant norm, i.e.

1f(p) — f(q)]

171l =sup { =55

:p,qu,p#q}
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The space Lip,(M) does not depend on the choice of the base point in M. If the
base point 0 is replaced by another point 0’ € M, then T': Lipy(M) — Lipy (M),
defined by

(Tf)(p)=f(p)—f(0)),  feLipy(M), peM,

is an isometric isomorphism between Lip,(M) and Lipy (M).
Let 6: M — Lipy(M)* be the canonical isometric embedding defined by

<f75(p)>:f(p)) pEMafELiPO(M)'

*

The norm-closed linear span of (M) in Lipy(M)* is called the Lipschitz-free
space over M and is denoted by .% (M). It is well known that

F(M)" = Lipy(M).

Since the Lipschitz-free space over a metric space M is isometric to the Lipschitz-
free space over the completion of M, we may assume without loss of generality
that M is complete. For p,q € M, one has ||0(p) —6(q)|| =d(p,q). For p,ge M
with p # ¢, we denote by m,, , the norm-one element A

Let us briefly recall some background on Lipschitz- free spaces. Lipschitz-free
spaces are universal in the following sense. For every Banach space X and every
Lipschitz map f: M — X satisfying f(0) = 0, there exists a unique bounded linear

operator F: .% (M) — X such that
Fod=f and [IF| =7l

implying that the following diagram commutes.

M f

F (M)
This universal property shows that Lipschitz-free spaces provide a canonical lin-
earisation of Lipschitz maps between metric spaces. More precisely, if M and N
are pointed metric spaces and f: M — N is a Lipschitz map with f(0) = 0, then
there exists a unique bounded linear operator F: .% (M) — .% (N) such that for
the canonical embeddings &y : M — Lipy(M)* and 6y : N — Lipy(N)*,

Foby=3éyof and |F|=]fl,

implying that the following diagram commutes.

13



M N

Sm on

FM) —E 5 Z(N)

For more background on Lipschitz-free spaces and spaces of Lipschitz functions,
we refer to [22] and [38]].

1.2.6. De Leeuw transform

When studying diameter two properties in spaces of Lipschitz functions, it is often
necessary to work in the dual space Lipy(M)*. To facilitate this, we make use of
the de Leeuw transform.

The de Leeuw transform is the map ®: Lipy(M) — £..(M) (see [38] Definition
2.31 and Theorem 2.35]) defined by ®f = f, where

fx) = f)
d(x,y)

This mapping is a linear isometry. It follows from [19, Theorem IV.8.16] that
{.o(M)* = ba(M), the Banach space of bounded finitely additive signed measures
on the power set of M, endowed with the norm ||ut|| = |u|(M).

We call a measure i € ba(M) optimal if it is positive and satisfies ||®*p|| =
|le||. By [25, Proposition 2.4], for every F € Lip,(M)* there exists a positive
measure i € ba(M) with ||| = ||F|| such that &*u = F, that is,

f(x7y) =

F(f):/}ﬁfdu for all f € Lipy(M).

Note that the de Leeuw transform may also be viewed as an embedding of
Lip,(M) into the Banach space C(BM) of continuous functions on the Stone—
Cech compactification of M (see [38] p. 102]). This approach allows one to rep-
resent elements of Lip,(M)* as countably additive Radon measures on BM. See,
e.g. [6,18, 7, 136] for recent developments using this method.

14



2. RELEVANT PREVIOUS WORK AND NEW
CONTRIBUTIONS

To place the results of this thesis into context, we recall several important results
from the literature that are closely related to the topic. These results provide both
the conceptual background and the main motivation for the problems studied in
this thesis.

2.1. Almost square properties and diameter two properties in
Lipschitz-free spaces

A key feature of a Lipschitz-free space is that many of its geometric properties
are closely connected to the geometry of the underlying metric space. Regarding
diameter two properties of Lipschitz-free spaces, length spaces play an important
role. Recall that a complete metric space (M,d) is called a length space if, for
every p,q € M, the distance d(p, q) equals the infimum of the lengths of rectifiable
paths connecting them. Length spaces appear in the following characterisation of
certain geometric properties of .% (M) and Lipy(M), obtained in [10] and based
on results from [30, 20].
Theorem 2.1.1 ([10, Theorem 1.5]). Let M be a complete metric space. Then the
following assertions are equivalent:

(1) M is a length space;

(2) Lipy(M), i.e., F(M)*, has the Daugavet property;

(3) -Z (M) has the Daugavet property;
(4) F(M) has the SD2P;
(5) F (M) has D2P;
(6) F (M) has the LD2P;

(7) the unit ball of 7 (M) does not have strongly exposed points;

(8) M has property (Z).

The main contribution of [[10] is the implication (8) = (1). The implications
(3) = (1) and (7) < (8) were previously obtained in [20], while (1) = (2) and
(1) = (8) were established in [30]. The chain of implications

2)=B)=@H=06)=06)=()

holds in general, when replacing .% (M) by an arbitrary Banach space.

In this thesis, we show that locally almost square Lipschitz-free spaces also
fall under the same characterisation, thereby extending the previous theorem.
Theorem 2.1.2 (|23, Theorem 3.1]). Let M be a complete metric space. The
Lipschitz-free space . (M) is LASQ if and only if M is a length space.

On the other hand, we show that almost squareness behaves differently in
Lipschitz-free spaces.

15



Theorem 2.1.3 ([23, Theorem 4.1]). No Lipschitz-free space is ASQ. In fact, no
Lipschitz-free space is s-ASQ for any 0 < s < 1.

This naturally raises the question whether Lipschitz-free spaces over length
spaces are also WASQ. For several years it remained open whether WASQ and
LASQ are equivalent properties (see [1, Question 3.4]). In [31], we resolve this
problem by studying it in the setting of Lipschitz-free spaces.

Theorem 2.1.4 ([31, Theorem 2.3]). There exists a complete metric space M such
that M is a length space and % (M) is not WASQ.

Recall that a complete metric space (M,d) is called a geodesic space if, for
every p,q € M, there exists a path connecting them whose length equals d(p,q).
In light of the previous result, it is natural to ask whether geodesic metric spaces
provide a characterisation for WASQ in Lipschitz-free spaces. We provide a par-
tial positive answer in this direction by showing that finitely supported elements
in Lipschitz-free spaces over geodesic metric spaces are so-called WASQ-points.
Proposition 2.1.5. Let M be a geodesic metric space. Then for every x € Sz )
with finite support, there exists a sequence (y;) C Bz ) such that [|x £ y;|| — 1,
|lvil| = 1, and y; — 0 weakly.

A full characterisation of WASQ Lipschitz-free spaces remains an open prob-
lem.

As a final result in [31], we strengthen Theorem [2.1.3]

Theorem 2.1.6 (|31, Theorem 4.1]). No Lipschitz-free space has the SSD2P. In
fact, no Lipschitz-free space has the SSD(2d)P for any 0 < d < 1.

2.2. Diameter two properties in spaces of Lipschitz functions

To the best of our knowledge, the work in [29] is the first published result on
diameter two properties in spaces of Lipschitz functions. Since then, subsequent
studies [35] 14} 26, 32, 33 34, 28] on Lipy(M) have made remarkable progress.
In this section, we present the main results motivating our new results, but refer
to the introduction of [28]] and references therein for a more detailed background
on the topic.

2.2.1. Characterising weak* diameter two properties in spaces of
Lipschitz functions

We begin by investigating metric characterisations of weak® diameter two prop-
erties. In particular, the w*-SD2P in Lip,(M) admits a metric characterisation in
terms of the long trapezoid property of the underlying metric space M, introduced
in [335].

Definition 2.2.1. A metric space M is said to have the long trapezoid property
(briefly, LTP) if, for every € > 0 and every finite subset N C M, there exist ele-

16



ments u,v € M with u # v such that, for all x,y € N,
(1 —8)(d(x,y) +d(u,v)) <d(x,u)+d(y,v).

The following theorem provides the corresponding characterisation.

Theorem 2.2.2 ([35) Theorem 3.1]). Let M be a metric space. The following
statements are equivalent:

1. Lipy(M) has the w*-SD2P;
2. F(M) is OH;
3. M has the LTP.

In a subsequent study [33]], an analogous characterisation of the w*-SSD2P for
Lip, (M) was obtained in terms of a related metric condition called the strong long
trapezoid property.

Definition 2.2.3. A metric space M is said to have the strong long trapezoid prop-
erty (briefly, SLTP) if, for every finite subset N C M and every € > 0, there exist
u,v € M with u # v such that, for all x,y € N,

(1 —8)(d(x,y) —|—d(u,v)) <d(x,u)+d(y,v),
and, for all x,y,z,w € N,
(1—€)(2d(u,v) +d(x,y) +d(z,w)) < d(x,u) +d(y,u)+d(z,v) +d(w,v).

Theorem 2.2.4 (33 Theorem 2.1]). Let M be a metric space. The space Lipy(M)
has the w*-SSD2P if and only if M has the SLTP.

For some time it remained unknown whether analogous metric characterisa-
tions exist for the w*-D2P and w*-LD2P. Motivated by the results above, in [25]
we obtained such characterisations.

Definition 2.2.5. We say that M has the Lip-LTP if, given a finite subset N C M,
€ >0, and f € Byip,(m), there exist u,v € M with u # v such that for all x,y € N,

(1=&)(If(x) = f)| +d(u,v)) < d(x,u)+d(y,v). 2.1)

The following result provides a characterisation of the weak-star diameter two
property.
Theorem 2.2.6 ([25, Proposition 4.2]). Let M be a metric space. The space
Lipy(M) has the w*-D2P if and only if M has the Lip-LTP.

For the weak-star local diameter two property we obtain a similar characteri-
sation.

Definition 2.2.7. We say that M has the 2-Lip-LTP if, given a finite cyclically
monotonic subset A of M and € > 0, there exist f,g € Bpj, (m) and u,v € M with
u # v such that for all (x,y) € A,

f(me') Z 1_87 g(mx,y) Z 1 —§&,
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and for all x,y € w(A),

max{f(x) = f(y), 8(v) —g(x)} + (1 — €)d(u,v) < d(x,u) +d(y,v).

Theorem 2.2.8 ([25, Proposition 4.5]). Let M be a pointed metric space. The
space Lipy(M) has the w*-LD2P if and only if M has the 2-Lip-LTP.

2.2.2. Separating all diameter two properties in spaces of Lipschitz
functions

Another natural question about diameter two properties in spaces of Lipschitz
functions is whether these properties are all distinct. By results from [33], it is
known that the w*-SSD2P and the w*-SD2P are different. Furthermore, in [28]] it
was shown that the w*-SSD2P differs from the SD2P and that the w*-D2P differs
from the SD2P.

It remained open whether the LD2P and the D2P or the w*-LD2P and the w*-
D2P are equivalent in spaces of Lipschitz functions. It was unknown whether the
SSD2P, the SD2P, the D2P, and the LD2P are different from their weak™ counter-
parts in these spaces. The question of whether the SSD2P and the w*-SSD2P are
equivalent was open for dual Banach spaces in general (see [26, Question 6.2]).

In [24] and [25] we resolve these questions by showing that all of these prop-
erties are distinct in spaces of Lipschitz functions. We begin with the following
result.

Theorem 2.2.9 ([24, Theorem 1.1 and Example 3.2]). There exists a metric space
M such that Lipy(M) has the w*-SSD2P but fails the LD2P.

This example also produces an octahedral Lipschitz-free space .% (M) whose
bidual .# (M)** = Lip,(M)* is not even locally octahedral. Consequently, it solves
[32) Problem 1.1] (see also [14, p. 1681]), which asks whether there exists an
octahedral Lipschitz-free space whose bidual is not octahedral.

Our second result is the following.

Theorem 2.2.10 ([25, Example 5.2]). There exists a metric space M such that
Lipy(M) has the LD2P but fails the w*-D2P.

Examples of Banach spaces with the LD2P but without the D2P are rare. To
the best of our knowledge, the only known examples appear in [2, [11} [15]], and it
is not known whether any of them is a dual Banach space.

2.2.3. Sufficient and equivalent conditions for diameter two
propetrties in spaces of Lipschitz functions

Several sufficient conditions have been established ensuring that the space Lip, (M)
possesses various diameter two properties.

In [29] Ivakhno proved that if a metric space M is unbounded or not uniformly
discrete, then the space Lip, (M) has the LD2P.

In [14] Cascales et al. showed that if a metric space M has infinitely many clus-
ter points or if M is discrete but not uniformly discrete, then Lip, (M) even has the
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SSD2P. Later, Langemets and Rueda Zoca [32] generalised this result by prov-
ing that the same conclusion holds whenever M is unbounded or not uniformly
discrete.

A more general approach was developed in [28]]. Two metric conditions were
introduced, namely the sequential strong long trapezoid property and the sequen-
tial long trapezoid property, which imply that the space of Lipschitz functions has
the SSD2P and the SD2P, respectively.

In [24] and [25]] we further improve upon several of these results. We begin
with results from [24].

Definition 2.2.11. We say that M has the function LTP (FLTP) if, given U €
ba(l\71 ) with non-negative values, € >0, n € N, and fi,..., fu € Brip (u), there
exist a subset A C M with u(m(A)) < € and elements u,v € A with u # v such that

(1—&)(filx) = fi(y) +d(u,v)) < d(x,u)+d(y,v) (2.2)

forall x,ye M\Aandie€ {1,...,n}.
Theorem 2.2.12. If M has the FLTP, then Lipy(M) has the SD2P.

Next, we provide a sufficient condition for the space Lip,(M) to have the
SSD2P.
Definition 2.2.13. We say that M has the function SLTP (FSLTP) if, given u €
ba(l\71) with non-negative values, € >0, n € N, and fi,..., fu € BLip,(m), there
exist a subset A C M with u(7m(A)) < € and elements u,v € A with u # v such that
the inequalities and

(1—&)(filx) = fiy) + fi(2) = fi(w) +2d(u,v))
<d(x,u)+d(y,u) +d(z,v) +d(w,v)

hold for all x,y,z,w e M\ Aand i,j € {1,...,n}.
Theorem 2.2.14. [f M has the FSLTP, then Lipy(M) has the SSD2P.

Clearly, the FLTP follows from the FSLTP. Moreover, both of these properties
differ from the corresponding sequential variants introduced in [28]].

In a subsequent study [25]], we obtained the following characterisations for the
SD2P and the LD2P for spaces of Lipschitz functions.

Theorem 2.2.15. The space Lip,(M) has the LD2P if and only if for every optimal
W E Sy iy and Y € (0,1) there exist a subset A C M with (A) > v, functionals
f.8 € BLip,(m)> and elements u,v € M with u # v satisfying the following: for all
(x,y) € Awe have f(myy) > v and g(myy) > v, and for all x,y € n(A),

max{f(x) — f(v),8(y) — &)} +yd(u,v) < d(x,u) +d(y,v).

Theorem 2.2.16. The space Lipy(M) has the SD2P if and only if for all opti-
mal Uy,.... U, € Sba(M) and y € (0,1) there exist subsets Ay,...,A, C M with
Wi(Ai) > v, functionals f1,81,- -, fn,8n € BLip,(m), and elements u,v € M with
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u # v satisfying the following: for every i € {1,...,n} and (x,y) € A; we have
filmyy) > v and gi(myy) > v, and for all x,y € w(A;),

max{fi(x) = fi(y),8i(y) = gi(x) } + vd(u,v) < d(x,u) +d(y,v).

It remains unknown whether FLTP is equivalent to the previous condition.

To prove these results, we introduce a generalised notion of cyclical mono-
tonicity. Recall that a subset A of M is called cyclically monotonic (see, e.g.
[9,137]) if for any finite sequence of pairs (x1,y1),- .., (X4, yn) € A we have

n

n
Zd xnyz+1 Z x,,y,
i i=1

=1

where yn 1 = y1.

We introduce the following generalisation.
Definition 2.2.17. Let y € (0,1] and let A C M. We say that A is y-cyclically
monotonic if for any finite sequence (x,y1),..., (X4, yn) € A we have

n
Zmin{d(xivyi-i-]) - ’}/d(xhyi)’ d()’iJi-s—l)} > 07
i=1
where y,1 = y1.

Note that a subset A of M is cyclically monotonic if and only if it is 1-cyclically
monotonic. The following result provides a useful generalisation of [9, Theo-
rem 2.4 (1)<(1iv)].

Theorem 2.2.18 ([253, Proposition 2.2]). Let A C M and let y € (0,1]. Then A is

y-cyclically monotonic if and only if there exists f € By, () such that f (myy) >y
forall (x,y) € A.
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SUMMARY

The main aim of this thesis is to investigate diameter two properties and almost
square properties in Lipschitz-free spaces and in spaces of Lipschitz functions.
These geometric properties play an important role in the geometry of Banach
spaces and provide insight into their structure.

The thesis is organised as follows. The introductory chapter provides the back-
ground and motivation for the topic and introduces the necessary preliminary ma-
terial. The second chapter reviews relevant previous work and outlines new con-
tributions.

The remainder of the thesis consists of published journal papers containing the
main results of this work.

The first paper included in the thesis is [23], where it is proven that the Lip-
schitz-free space over a length metric space is locally almost square. Furthermore,
it is shown that no Lipschitz-free space can be almost square.

The second paper of the thesis is [31]. There a Lipschitz-free space is con-
structed that is locally almost square but not weakly almost square, thereby solv-
ing [1, Question 3.4]. A previous result from [23]] is strengthened by showing that
no Lipschitz-free space can have the SSD2P.

The third paper is the online-first version of [24]. In this work a dual Banach
space is constructed that has the weak™ symmetric strong diameter two property
but does not have the local diameter two property, thereby solving [26, Ques-
tion 6.2]. This result separates diameter two properties from their weak* coun-
terparts in spaces of Lipschitz functions. Moreover, it solves [32, Problem 1.1]
(see also [14, p. 1681]) by providing an example of an octahedral Lipschitz-free
space whose bidual is not octahedral. Additionally, improved sufficient conditions
for spaces of Lipschitz functions to have the strong diameter two property or the
symmetric strong diameter two property are obtained. Finally, it is shown that
the space of Lipschitz functions over any infinite metric subspace of ¢; has the
symmetric strong diameter two property.

The fourth paper is [25]. In this article equivalent conditions for a space of
Lipschitz functions to have the weak* local diameter two property and the weak™
diameter two property are provided. Characterisations of the strong diameter two
property and the local diameter two property are obtained for spaces of Lipschitz
functions. To achieve these results, a generalisation of cyclical monotonicity is
introduced.
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SISUKOKKUVOTE

Diameeter-2 omadused ja peaaegu ruudu omadused
Lipschitzi-vabades ruumides ja Lipschitzi
funktsiooniruumides

Kiesoleva viitekirja eesmirk on uurida Banachi ruumide geomeetrilisi omadusi,
tapsemalt diameeter-2 omadusi ja peaaegu ruudu omadusi, ning analiilisida nende
omaduste esinemist Lipschitzi funktsiooniruumides ja Lipschitzi-vabades ruumi-
des. Need omadused kirjeldavad olukordi, kus Banachi ruumi kinnise iihikkera
teatud osahulgad (niiteks viilud) on maksimaalse vdimaliku diameetriga. Need
omadused moodustavad Banachi ruumide geomeetrias olulise uurimissuuna, ku-
na annavad lisateadmisi Banachi ruumide struktuuri kohta. Vaadeldavate omadus-
tega Banachi ruumid on alati 16pmatumddtmelised, sest igal 16plikumodtmelisel
Banachi ruumil on Radon—Nikodymi omadus, mistdttu leidub iihikkera kuitahes
viikese diameetriga viile.

Selles teadustdos uuritakse Lipschitzi funktsiooniruume ja nendega seotud Lip-
schitzi-vabasid ruume. Lipschitzi funktsioonid meetriliste ruumide vahel on loo-
mulik mittelineaarne analoog pidevatele lineaarsetele operaatoritele normeeritud
ruumide vahel. Iga meetrilise ruumi M korral moodustavad kéik nullpunkti fiksee-
rivad Lipschitzi funktsioonid Banachi ruumi Lip, (M), kus funktsiooni normiks on
tema Lipschitzi konstant. Osutub, et Banachi ruum Lip,(M) on kaasruum, mille
eelruumiks on Lipschitzi-vaba ruum % (M). See ruum sisaldab loomulikul vii-
sil algset meetrilist ruumi M ning vdimaldab kisitleda meetriliste ruumide va-
hel defineeritud Lipschitzi kujutusi pidevate lineaarsete operaatoritena vastavate
Lipschitzi-vabade ruumide vahel. Lipschitzi-vabad ruumid moodustavad olulise
silla Banachi ruumide teooria ja meetriliste ruumide geomeetria vahel. Mitmed
Banachi ruumide omadused Lipschitzi ruumides peegeldavad aluseks oleva meet-
rilise ruumi struktuuri ning vastupidi.

Viitekirjas uuritakse diameeter-2 omadusi ja peaaegu ruudu omadusi Lipschitzi
ruumides. T60 lahtepunktiks on jirgnevad teadustulemused.

Esmalt on teada (vt [10, Teoreem 1.5], mis toetub ka artiklitele [30, [20]]), et
Lipschitzi-vabades ruumides .% (M) langevad tuntud Daugaveti omadus ja tei-
sed diameeter-2 omadused omavahel kokku ning esinevad parajasti siis, kui alu-
seks olev meetriline ruum M on liinkaugusega ruum. Tekib loomulik kiisimus, kas
ka moned teised Banachi ruumi omadused langevad Lipschitzi-vabades ruumides
selle samavédrsuse alla.

Teisalt on Lipschitzi funktsiooniruumides Lipy (M) leitud *-ndrgale siimmeet-
rilisele tugevale diameeter-2 omadusele ja x-ndrgale tugevale diameeter-2 omadu-
sele samavédrsed meetrilised kirjeldused (vt [35, 33]]). Kuid *-ndrgale diameeter-
2 omadusele ja x-ndrgale lokaalsele diameeter-2 omadusele vastavad meetrilised
kirjeldused olid seni teadmata.

Kolmandaks on avastatud mitmeid piisavaid tingimusi, mille korral Lipschitzi
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funktsiooniruum Lip, (M) omab erinevaid diameeter-2 omadusi (vt lihemalt [2§]]
sissejuhatust ja seal esitatud viiteid). Niiteks on teada, et teatud tingimused alu-
seks oleva meetrilise ruumi M struktuurile (niiteks kui M on tdkestamata vdi pole
iihtlaselt diskreetne) tagavad ruumile Lipy(M) siimmeetrilise tugeva diameeter-2
omaduse. Hilisemas teadustdos [28]] on neid tulemusi iildistatud uute meetriliste
omaduste abil. Seal on ka ndidatud, et siimmeetriline tugev diameeter-2 omadus,
tugev diameeter-2 omadus ja diameeter-2 omadus ei lange Lipschitzi funktsiooni-
ruumides kokku. Taas tekib loomulik kiisimus, millised seosed kehtivad iilejdédnud
diameeter-2 omaduste vahel Lipschitzi funktsiooniruumides.

Kéesolevas teadustoos esitatakse uued teadustulemused kdigis kolmes kirjel-
datud uurimissuunas.

Viitekirja iilesehitus on jirgmine. Sissejuhatavas peatiikis tutvustatakse t60
teemat ning vajalikke eelteadmisi. Teises peatiikis esitatakse selles uurimistee-
mas varasemad teadustulemused, millele viitekiri tugineb. Selle kdrval pannakse
konteksti viitekirjas esitatavad uued teadustulemused. Ulejiinud osa viitekirjast
koosneb avaldatud teadusartiklitest, milles on esitatud t66 peamised tulemused.

Viitekirja esimene artikkel on [23]]. Selles toestatakse, et Lipschitzi-vaba ruum
Z (M) on lokaalse peaaegu ruudu omadusega parajasti siis, kui meetriline ruum
M on liinkaugusega ruum. Lisaks nédidatakse, et tikski Lipschitzi-vaba ruum ei saa
olla peaaegu ruudu omadusega.

Viitekirja teine artikkel on [31]]. Selles konstrueeritakse Lipschitzi-vaba ruum,
mis on lokaalse peaaegu ruudu omadusega, kuid ei ole ndrga peaaegu ruudu oma-
dusega, millega lahendatakse teadustdos [[1, Question 3.4] piistitatud probleem.
Samuti tugevdatakse artiklis [23] saadud tulemust, ndidates, et iikski Lipschitzi-
vaba ruum ei saa omada siimmeetrilist tugevat diameeter-2 omadust.

Viitekirja kolmas artikkel on teadust6o [24, online—first version]. Selles esita-
takse ndide Lipschitzi funktsiooniruumist Lip, (M), millel on *-ndrk siimmeetri-
line tugev diameeter-2 omadus, kuid millel puudub lokaalne diameeter-2 omadus,
lahendades sellega kiisimuse [26) Kiisimus 6.2]. See tulemus nditab, et Lipschitzi
funktsiooniruumides ei lange diameeter-2 omadused kokku oma *-ndrk vastetega.
Lisaks annab see vastuse probleemile [32, Kiisimus 1.1] (vt ka [14, p. 1681]),
esitades niite oktaeedrilisest Lipschitzi-vabast ruumist, mille teine kaasruum ei
ole oktaeedriline. Veel esitatakse parendatud piisavad tingimused selleks, et Lip-
schitzi funktsiooniruumil oleks tugev diameeter-2 omadus voi siimmeetriline tugev
diameeter-2 omadus. Lopuks niidatakse, et Lipschitzi funktsiooniruumil Lip, (M)
on siimmeetriline tugev diameeter-2 omadus iga ruumi ¢; Idpmatu meetrilise alam-
ruumi M Kkorral.

Viitekirja neljas artikkel on [25]]. Selles esitatakse meetrilised kirjeldused sel-
leks, et Lipschitzi funktsiooniruumil oleks *-ndrk lokaalne diameeter-2 omadus
vOi *-nOrk diameeter-2 omadus, ning esitatakse ndide, mis neid omadusi eris-
tab. Samuti antakse Lipschitzi funktsiooniruumide tugeva diameeter-2 omaduse
ja lokaalse diameeter-2 omaduse jaoks meetrilised kirjeldused. Nende tulemuste
toestamiseks iildistatakse tsiiklilise monotoonsuse maistet.

23



(1]

(2]

(3]

[4]

(5]

(6]

[7]

(8]

[9]

[13]

[14]

REFERENCES

T. A. Abrahamsen, J. Langemets, and V. Lima, Almost square Banach
spaces, J. Math. Anal. Appl. 434 (2016), no. 2, 1549-1565. MR 3415738

T. A. Abrahamsen, V. Lima, and A. Martiny, Delta-points in Banach spaces
generated by adequate families, 1llinois J. Math. 66 (2022), no. 3, 421-434.
MR 4477423

T. A. Abrahamsen, V. Lima, and O. Nygaard, Remarks on diameter 2 prop-
erties, J. Convex Anal. 20 (2013), no. 2, 439-452. MR 3098474

T. A. Abrahamsen, O. Nygaard, and M. Pdldvere, New applications of ex-
tremely regular function spaces, Pacific J. Math. 301 (2019), no. 2, 385-394.
MR 4023351

M. D. Acosta, J. Becerra-Guerrero, and G. Lopez-Pérez, Stability results
of diameter two properties, J. Convex Anal. 22 (2015), no. 1, 1-17. MR
3346177

R. J. Aliaga, E. Perneckd, and R. J. Smith, Convex integrals of molecules in
Lipschitz-free spaces, J. Funct. Anal. 287 (2024), no. 8, Paper No. 110560,
43. MR 4771935

, A solution to the extreme point problem and other applica-
tions of Choquet theory to Lipschitz-free spaces, arXiv e-prints (2024),
arXiv:2412.04312.

, De Leeuw representations of functionals on Lipschitz spaces, Non-
linear Anal. 260 (2025), Paper No. 113851, 30. MR 4916080

R. J. Aliaga and A. Rueda Zoca, Points of differentiability of the norm in
Lipschitz-free spaces, J. Math. Anal. Appl. 489 (2020), no. 2, 124171, 17.
MR 4095811

A. Avilés and G. Martinez-Cervantes, Complete metric spaces with property
(Z) are length spaces, J. Math. Anal. Appl. 473 (2019), no. 1, 334-344. MR
3912824

J. Becerra Guerrero, G. Lopez-Pérez, and A. Rueda Zoca, Big slices versus
big relatively weakly open subsets in Banach spaces, J. Math. Anal. Appl.
428 (2015), no. 2, 855-865. MR 3334951

J. Becerra Guerrero, G. Lopez-Pérez, and A. Rueda Zoca, Extreme differ-
ences between weakly open subsets and convex combinations of slices in
Banach spaces, Adv. Math. 269 (2015), 56-70. MR 3281132

, Some results on almost square Banach spaces, J. Math. Anal. Appl.
438 (2016), no. 2, 1030-1040. MR 3466077

B. Cascales, R. Chiclana, L. C. Garcia-Lirola, M. Martin, and
A. Rueda Zoca, On strongly norm attaining Lipschitz maps, J. Funct. Anal.
277 (2019), no. 6, 1677-1717. MR 3985517

24



[15]

C. Cobollo, D. Isert, G. Lépez-Pérez, M. Martin, Y. Perreau, A. Quero,
A. Quilis, D. L. Rodriguez-Vidanes, and A. Rueda Zoca, Banach spaces
with small weakly open subsets of the unit ball and massive sets of Daugavet
and A-points, Rev. R. Acad. Cienc. Exactas Fis. Nat. Ser. A Mat. RACSAM
118 (2024), no. 3, Paper No. 96, 17. MR 4735972

I. K. Daugavet, A property of completely continuous operators in the space
C, Uspehi Mat. Nauk 18 (1963), no. 5 (113), 157-158. MR 0157225

R. Deville, A dual characterisation of the existence of small combinations of
slices, Bull. Austral. Math. Soc. 37 (1988), no. 1, 113-120. MR 926983

R. Deville, G. Godefroy, and V. Zizler, Smoothness and renormings in Ba-
nach spaces, Pitman Monographs and Surveys in Pure and Applied Mathe-
matics, vol. 64, Longman Scientific & Technical, Harlow; copublished in the
United States with John Wiley & Sons, Inc., New York, 1993. MR 1211634

N. Dunford and J. T. Schwartz, Linear Operators. 1. General Theory, Pure
and Applied Mathematics, vol. Vol. 7, Interscience Publishers, Inc., New
York; Interscience Publishers Ltd., London, 1958, With the assistance of W.
G. Bade and R. G. Bartle. MR 117523

L. Garcia-Lirola, A. Prochazka, and A. Rueda Zoca, A characterisation of
the Daugavet property in spaces of Lipschitz functions, J. Math. Anal. Appl.
464 (2018), no. 1, 473-492. MR 3794100

G. Godefroy, Metric characterization of first Baire class linear forms and
octahedral norms, Studia Math. 95 (1989), no. 1, 1-15. MR 1024271

G. Godefroy and N. J. Kalton, Lipschitz-free Banach spaces, Studia Math.
159 (2003), no. 1, 121-141, Dedicated to Professor Aleksander Petczynski
on the occasion of his 70th birthday. MR 2030906

R. Haller, J. K. Kaasik, and A. Ostrak, The Lipschitz-free space over a length

space is locally almost square but never almost square, Mediterr. J. Math.
20 (2023), no. 1, Paper No. 39, 14. MR 4522807

, Separating diameter two properties from their weak-star counter-
parts in spaces of Lipschitz functions (online-first version), Studia Math. 280
(2025), no. 1, 87-102. MR 4849357

, The local diameter two property and the diameter two property in
spaces of Lipschitz functions, J. Math. Anal. Appl. 556 (2026), no. 1, Paper
No. 130178, 17. MR 4976739

R. Haller, J. Langemets, V. Lima, and R. Nadel, Symmetric strong diameter
two property, Mediterr. J. Math. 16 (2019), no. 2, Paper No. 35, 17. MR
3917942

R. Haller, J. Langemets, and M. Pdldvere, On duality of diameter 2 proper-
ties, J. Convex Anal. 22 (2015), no. 2, 465-483. MR 3346197

25



[28]

R. Haller, A. Ostrak, and M. Pdldvere, Diameter two properties for spaces
of Lipschitz functions, J. Funct. Anal. 287 (2024), no. 7, Paper No. 110524,
20. MR 4757422

Y. Ivakhno, Big slice property in the spaces of Lipschitz functions, Visn.
Khark. Univ., Ser. Mat. Prykl. Mat. Mekh. 749 (2006), no. 56, 109-118
(English).

Y. Ivakhno, V. Kadets, and D. Werner, The Daugavet property for spaces of
Lipschitz functions, Math. Scand. 101 (2007), no. 2, 261-279. MR 2379289
J. K. Kaasik and T. Veeorg, Weakly almost square Lipschitz-free spaces, J.
Math. Anal. Appl. 526 (2023), no. 1, Paper No. 127339, 11. MR 4582101

J. Langemets and A. Rueda Zoca, Octahedral norms in duals and biduals
of Lipschitz-free spaces, J. Funct. Anal. 279 (2020), no. 3, 108557, 17. MR
4093788

A. Ostrak, Characterisation of the weak-star symmetric strong diameter 2
property in Lipschitz spaces, J. Math. Anal. Appl. 483 (2020), no. 2, 123630,
10. MR 4026495

, On the duality of the symmetric strong diameter 2 property in Lip-
schitz spaces, Rev. R. Acad. Cienc. Exactas Fis. Nat. Ser. A Mat. RACSAM
115 (2021), no. 2, Paper No. 78, 10. MR 4233633

A. Prochédzka and A. Rueda Zoca, A characterisation of octahedrality in
Lipschitz-free spaces, Ann. Inst. Fourier (Grenoble) 68 (2018), no. 2, 569—
588. MR 3803112

R.J. Smith, A Choquet theory of Lipschitz-free spaces, arXiv e-prints (2024),
arXiv:2412.05177.

C. Villani, Optimal transport, vol. 338, Springer-Verlag, Berlin, 2009, Old
and new. MR 2459454

N. Weaver, Lipschitz algebras, World Scientific Publishing Co. Pte. Ltd.,
Hackensack, NJ, 2018, Second edition of [MR 1832645]. MR 3792558

D. Werner, Recent progress on the Daugavet property, Irish Math. Soc. Bull.
(2001), no. 46, 77-97. MR 1856978

26



PUBLICATIONS



CURRICULUM VITAE

Personal data

Name: Jaan Kristjan Kaasik
Date and place of birth: 23.12.1998, Tartu, Estonia
Citizenship: Estonian
Address: Institute of Mathematics and Statistics,
Narva mnt 18, 51009 Tartu, Estonia
E-mail: jkaasik@gmail.com
Education

2005-2017 Tallinn Secondary School of Science

2017-2020 University of Tartu, bachelor studies in mathematics,
Bachelor of Science (Mathematics)

2020-2022 University of Tartu, master studies in mathematics,
Master of Science (Mathematics and Statistics),
cum laude

2022— University of Tartu, doctoral studies in mathematics

Employment

2021-2022 Cybernetica AS, research assistant
2022- University of Tartu, junior research fellow of Mathematics

97



ELULOOKIRJELDUS

Isikuandmed
Nimi: Jaan Kristjan Kaasik
Siinniaeg ja -koht: 23.12.1998, Tartu, Eesti
Kodakondsus: Eesti
Aadress: TU matemaatika ja statistika instituut,
Narva mnt 18, 51009 Tartu, Eesti
E-post: jkaasik@gmail.com
Haridus

2005-2017 Tallinna Reaalkool

2017-2020 Tartu Ulikool, matemaatika bakalaureusedpe,
Loodusteaduse bakalaureus (matemaatika)

2020-2022 Tartu Ulikool, matemaatika magistridpe,
Loodusteaduse magister (matemaatika ja statistika),
cum laude

2022— Tartu Ulikool, matemaatika doktoridpe

Teenistuskaik

2021-2022 Cybernetica AS, teaduri abi
2022 Tartu Ulikool, matemaatika nooremteadur

98



10.

11.

12.

13.

14.

15.
16.

17.
18.
19.
20.

21.
22.

DISSERTATIONES MATHEMATICAE
UNIVERSITATIS TARTUENSIS

Mati Heinloo. The design of nonhomogeneous spherical vessels, cylindrical
tubes and circular discs. Tartu, 1991, 23 p.

Boris Komrakov. Primitive actions and the Sophus Lie problem. Tartu,
1991, 14 p.

Jaak Heinloo. Phenomenological (continuum) theory of turbulence. Tartu,
1992, 47 p.

Ants Tauts. Infinite formulae in intuitionistic logic of higher order. Tartu,
1992, 15 p.

Tarmo Soomere. Kinetic theory of Rossby waves. Tartu, 1992, 32 p.

Jiiri Majak. Optimization of plastic axisymmetric plates and shells in the
case of Von Mises yield condition. Tartu, 1992, 32 p.

Ants Aasma. Matrix transformations of summability and absolute summa-
bility fields of matrix methods. Tartu, 1993, 32 p.

Helle Hein. Optimization of plastic axisymmetric plates and shells with
piece-wise constant thickness. Tartu, 1993, 28 p.

Toomas Kiho. Study of optimality of iterated Lavrentiev method and
its generalizations. Tartu, 1994, 23 p.

Arne Kokk. Joint spectral theory and extension of non-trivial multiplica-
tive linear functionals. Tartu, 1995, 165 p.

Toomas Lepikult. Automated calculation of dynamically loaded rigid-
plastic structures. Tartu, 1995, 93 p, (in Russian).

Sander Hannus. Parametrical optimization of the plastic cylindrical shells
by taking into account geometrical and physical nonlinearities. Tartu, 1995,
74 p, (in Russian).

Sergei Tupailo. Hilbert’s epsilon-symbol in predicative subsystems of
analysis. Tartu, 1996, 134 p.

Enno Saks. Analysis and optimization of elastic-plastic shafts in torsion.
Tartu, 1996, 96 p.

Valdis Laan. Pullbacks and flatness properties of acts. Tartu, 1999, 90 p.
Mirt Példvere. Subspaces of Banach spaces having Phelps’ uniqueness
property. Tartu, 1999, 74 p.

Jelena Ausekle. Compactness of operators in Lorentz and Orlicz sequence
spaces. Tartu, 1999, 72 p.

Krista Fischer. Structural mean models for analyzing the effect of
compliance in clinical trials. Tartu, 1999, 124 p.

Helger Lipmaa. Secure and efficient time-stamping systems. Tartu, 1999,
56 p.

Jiiri Lember. Consistency of empirical k-centres. Tartu, 1999, 148 p.

Ella Puman. Optimization of plastic conical shells. Tartu, 2000, 102 p.
Kaili Miiiirisep. Eesti keele arvutigrammatika: siintaks. Tartu, 2000, 107 Ik.

99



23.

24.

25.

26.
27.

28.
29.
30.
31.
32.
33.
34.
35.
36.
37.

38.
39.

40.

41.

42.

43.

44,

45.

46.

47.

48.

Varmo Vene. Categorical programming with inductive and coinductive
types. Tartu, 2000, 116 p.

Olga Sokratova. Q-rings, their flat and projective acts with some appli-
cations. Tartu, 2000, 120 p.

Maria Zeltser. Investigation of double sequence spaces by soft and hard
analitical methods. Tartu, 2001, 154 p.

Ernst Tungel. Optimization of plastic spherical shells. Tartu, 2001, 90 p.
Tiina Puolakainen. Eesti keele arvutigrammatika: morfoloogiline iihesta-
mine. Tartu, 2001, 138 p.

Rainis Haller. M(r,s)-inequalities. Tartu, 2002, 78 p.

Jan Villemson. Size-efficient interval time stamps. Tartu, 2002, 82 p.

T66 kaitsmata.

Mart Abel. Structure of Gelfand-Mazur algebras. Tartu, 2003. 94 p.
Vladimir Kuchmei. Affine completeness of some ockham algebras. Tartu,
2003. 100 p.

Olga Dunajeva. Asymptotic matrix methods in statistical inference
problems. Tartu 2003. 78 p.

Mare Tarang. Stability of the spline collocation method for volterra
integro-differential equations. Tartu 2004. 90 p.

Tatjana Nahtman. Permutation invariance and reparameterizations in
linear models. Tartu 2004. 91 p.

Mirt Méls. Linear mixed models with equivalent predictors. Tartu 2004.
70 p.

Kristiina Hakk. Approximation methods for weakly singular integral
equations with discontinuous coefficients. Tartu 2004, 137 p.

Meelis Kairik. Fitting sets to probability distributions. Tartu 2005, 90 p.
Inga Parts. Piecewise polynomial collocation methods for solving weakly
singular integro-differential equations. Tartu 2005, 140 p.

Natalia Saealle. Convergence and summability with speed of functional
series. Tartu 2005, 91 p.

Tanel Kaart. The reliability of linear mixed models in genetic studies.
Tartu 2006, 124 p.

Kadre Torn. Shear and bending response of inelastic structures to dynamic
load. Tartu 2006, 142 p.

Kristel Mikkor. Uniform factorisation for compact subsets of Banach
spaces of operators. Tartu 2006, 72 p.

Darja Saveljeva. Quadratic and cubic spline collocation for Volterra
integral equations. Tartu 2006, 117 p.

Kristo Heero. Path planning and learning strategies for mobile robots in
dynamic partially unknown environments. Tartu 2006, 123 p.

Annely Miirk. Optimization of inelastic plates with cracks. Tartu 2006.
137 p.

Annemai Raidjoe. Sequence spaces defined by modulus functions and
superposition operators. Tartu 2006, 97 p.

Olga Panova. Real Gelfand-Mazur algebras. Tartu 2006, 82 p.

100



49.

50.

51.

52.

53.

54.

55.

56.

57.

58.

59.

60.

61.

62.

63.

64.

65.

66.

67.

68.

69.

70.

71.

Hirmel Nestra. Iteratively defined transfinite trace semantics and program
slicing with respect to them. Tartu 2006, 116 p.

Margus Pihlak. Approximation of multivariate distribution functions.
Tartu 2007, 82 p.

Ene Kaéirik. Handling dropouts in repeated measurements using copulas.
Tartu 2007, 99 p.

Artur Sepp. Affine models in mathematical finance: an analytical approach.
Tartu 2007, 147 p.

Marina Issakova. Solving of linear equations, linear inequalities and
systems of linear equations in interactive learning environment. Tartu
2007, 170 p.

Kaja Sostra. Restriction estimator for domains. Tartu 2007, 104 p.

Kaarel Kaljurand. Attempto controlled English as a Semantic Web language.
Tartu 2007, 162 p.

Mart Anton. Mechanical modeling of IPMC actuators at large deforma-
tions. Tartu 2008, 123 p.

Evely Leetma. Solution of smoothing problems with obstacles. Tartu
2009, 81 p.

Ants Kaasik. Estimating ruin probabilities in the Cramér-Lundberg model
with heavy-tailed claims. Tartu 2009, 139 p.

Reimo Palm. Numerical Comparison of Regularization Algorithms for
Solving I11-Posed Problems. Tartu 2010, 105 p.

Indrek Zolk. The commuting bounded approximation property of Banach
spaces. Tartu 2010, 107 p.

Jiiri Reimand. Functional analysis of gene lists, networks and regulatory
systems. Tartu 2010, 153 p.

Ahti Peder. Superpositional Graphs and Finding the Description of Struc-
ture by Counting Method. Tartu 2010, 87 p.

Marek Kolk. Piecewise Polynomial Collocation for Volterra Integral
Equations with Singularities. Tartu 2010, 134 p.

Vesal Vojdani. Static Data Race Analysis of Heap-Manipulating C Programs.
Tartu 2010, 137 p.

Larissa Roots. Free vibrations of stepped cylindrical shells containing
cracks. Tartu 2010, 94 p.

Mark Fisel. Optimizing Statistical Machine Translation via Input Modifi-
cation. Tartu 2011, 104 p.

Margus Niitsoo. Black-box Oracle Separation Techniques with Appli-
cations in Time-stamping. Tartu 2011, 174 p.

Olga Liivapuu. Graded g-differential algebras and algebraic models in
noncommutative geometry. Tartu 2011, 112 p.

Aleksei Lissitsin. Convex approximation properties of Banach spaces.
Tartu 2011, 107 p.

Lauri Tart. Morita equivalence of partially ordered semigroups. Tartu
2011, 101 p.

Siim Karus. Maintainability of XML Transformations. Tartu 2011, 142 p.

101



72.

73.

74.

75.

76.

77.

78.
79.

80.
81.

82.

83.

84.

85.

86.

87.

88.

89.

90.

91.

92.

93.

94.

Margus Treumuth. A Framework for Asynchronous Dialogue Systems:
Concepts, Issues and Design Aspects. Tartu 2011, 95 p.

Dmitri Lepp. Solving simplification problems in the domain of exponents,
monomials and polynomials in interactive learning environment T-algebra.
Tartu 2011, 202 p.

Meelis Kull. Statistical enrichment analysis in algorithms for studying
gene regulation. Tartu 2011, 151 p.

Nadezda Bazunova. Differential calculus d°=0 on binary and ternary
associative algebras. Tartu 2011, 99 p.

Natalja Lepik. Estimation of domains under restrictions built upon gene-
ralized regression and synthetic estimators. Tartu 2011, 133 p.

Bingsheng Zhang. Efficient cryptographic protocols for secure and private
remote databases. Tartu 2011, 206 p.

Reina Uba. Merging business process models. Tartu 2011, 166 p.

Uuno Puus. Structural performance as a success factor in software
development projects — Estonian experience. Tartu 2012, 106 p.

Marje Johanson. M(r, s)-ideals of compact operators. Tartu 2012, 103 p.
Georg Singer. Web search engines and complex information needs. Tartu
2012, 218 p.

Vitali RetSnoi. Vector fields and Lie group representations. Tartu 2012,
108 p.

Dan Bogdanov. Sharemind: programmable secure computations with
practical applications. Tartu 2013, 191 p.

Jevgeni Kabanov. Towards a more productive Java EE ecosystem. Tartu
2013, 151 p.

Erge Ideon. Rational spline collocation for boundary value problems.
Tartu, 2013, 111 p.

Esta Kégo. Natural vibrations of elastic stepped plates with cracks. Tartu,
2013, 114 p.

Margus Freudenthal. Simpl: A toolkit for Domain-Specific Language
development in enterprise information systems. Tartu, 2013, 151 p.

Boriss Vlassov. Optimization of stepped plates in the case of smooth yield
surfaces. Tartu, 2013, 104 p.

Elina Safiulina. Parallel and semiparallel space-like submanifolds of low
dimension in pseudo-Euclidean space. Tartu, 2013, 85 p.

Raivo Kolde. Methods for re-using public gene expression data. Tartu,
2014, 121 p.

Vladimir Sor. Statistical Approach for Memory Leak Detection in Java
Applications. Tartu, 2014, 155 p.

Naved Ahmed. Deriving Security Requirements from Business Process
Models. Tartu, 2014, 171 p.

Kerli Orav-Puurand. Central Part Interpolation Schemes for Weakly
Singular Integral Equations. Tartu, 2014, 109 p.

Liina Kamm. Privacy-preserving statistical analysis using secure multi-
party computation. Tartu, 2015, 201 p.

102



95.

96.
97.

98.
99.

100.

101.

102.

103.

104.

105.

106.

107.

108.

109.

110.

111.

112.

113.

114.

115.

116.

Kaido Litt. Singular fractional differential equations and cordial Volterra
integral operators. Tartu, 2015, 93 p.

Oleg Kosik. Categorical equivalence in algebra. Tartu, 2015, 84 p.

Kati Ain. Compactness and null sequences defined by £, spaces. Tartu,
2015, 90 p.

Helle Hallik. Rational spline histopolation. Tartu, 2015, 100 p.

Johann Langemets. Geometrical structure in diameter 2 Banach spaces.
Tartu, 2015, 132 p.

Abel Armas Cervantes. Diagnosing Behavioral Differences between
Business Process Models. Tartu, 2015, 193 p.

Fredrik Milani. On Sub-Processes, Process Variation and their Interplay:
An Integrated Divide-and-Conquer Method for Modeling Business Pro-
cesses with Variation. Tartu, 2015, 164 p.

Huber Raul Flores Macario. Service-Oriented and Evidence-aware
Mobile Cloud Computing. Tartu, 2015, 163 p.

Tauno Metsalu. Statistical analysis of multivariate data in bioinformatics.
Tartu, 2016, 197 p.

Riivo Talviste. Applying Secure Multi-party Computation in Practice.
Tartu, 2016, 144 p.

Md Raknuzzaman. Noncommutative Galois Extension Approach to
Ternary Grassmann Algebra and Graded g-Differential Algebra. Tartu,
2016, 110 p.

Alexander Liyvapuu. Natural vibrations of elastic stepped arches with
cracks. Tartu, 2016, 110 p.

Julia Polikarpus. Elastic plastic analysis and optimization of axisym-
metric plates. Tartu, 2016, 114 p.

Siim Orasmaa. Explorations of the Problem of Broad-coverage and
General Domain Event Analysis: The Estonian Experience. Tartu, 2016,
186 p.

Prastudy Mungkas Fauzi. Efficient Non-interactive Zero-knowledge
Protocols in the CRS Model. Tartu, 2017, 193 p.

Pelle Jakovits. Adapting Scientific Computing Algorithms to Distributed
Computing Frameworks. Tartu, 2017, 168 p.

Anna Leontjeva. Using Generative Models to Combine Static and Se-
quential Features for Classification. Tartu, 2017, 167 p.

Mozhgan Pourmoradnasseri. Some Problems Related to Extensions of
Polytopes. Tartu, 2017, 168 p.

Jaak Randmets. Programming Languages for Secure Multi-party Com-
putation Application Development. Tartu, 2017, 172 p.

Alisa Pankova. Efficient Multiparty Computation Secure against Covert
and Active Adversaries. Tartu, 2017, 316 p.

Tiina Kraav. Stability of elastic stepped beams with cracks. Tartu, 2017,
126 p.

Toomas Saarsen. On the Structure and Use of Process Models and Their
Interplay. Tartu, 2017, 123 p.

103



117.

118.

119.

120.

121.

122.

123.

124.

125.

126.

127.

128.
129.

130.

131.

132.

133.

134.

135.

136.
137.

138.

Silja Veidenberg. Lifting bounded approximation properties from Banach
spaces to their dual spaces. Tartu, 2017, 112 p.

Liivika Tee. Stochastic Chain-Ladder Methods in Non-Life Insurance.
Tartu, 2017, 110 p.

Ulo Reimaa. Non-unital Morita equivalence in a bicategorical setting.
Tartu, 2017, 86 p.

Rauni Lillemets. Generating Systems of Sets and Sequences. Tartu, 2017,
181 p.

Kristjan Korjus. Analyzing EEG Data and Improving Data Partitioning
for Machine Learning Algorithms. Tartu, 2017, 106 p.

Eno Tonisson. Differences between Expected Answers and the Answers
Offered by Computer Algebra Systems to School Mathematics Equations.
Tartu, 2017, 195 p.

Kaur Lumiste. Improving accuracy of survey estimators by using
auxiliary information in data collection and estimation stages. Tartu, 2018,
112 p.

Paul Tammo. Closed maximal regular one-sided ideals in topological
algebras. Tartu, 2018, 112 p.

Mart Kals. Computational and statistical methods for DNA sequencing
data analysis and applications in the Estonian Biobank cohort. Tartu,
2018, 174 p.

Annika Krutto. Empirical Cumulant Function Based Parameter Estima-
tion in Stable Distributions. Tartu, 2019, 140 p.

Kristi Lall. Risk scores and their predictive ability for common complex
diseases. Tartu, 2019, 118 p.

Gul Wali Shah. Spline approximations. Tartu, 2019, 85 p.

Mikk Vikerpuur. Numerical solution of fractional differential equations.
Tartu, 2019, 125 p.

Priit Létt. Induced 3-Lie superalgebras and their applications in super-
space. Tartu, 2020, 114 p.

Sumaira Rehman. Fast and quasi-fast solvers for weakly singular Fred-
holm integral equation of the second kind. Tartu, 2020, 105 p.

Rihhard Nadel. Big slices of the unit ball in Banach spaces. Tartu, 2020,
109 p.

Katriin Pirk. Diametral diameter two properties, Daugavet-, and A-points
in Banach spaces. Tartu, 2020, 106 p.

Zahra Alijani. Fuzzy integral equations of the second kind. Tartu, 2020,
103 1p.

Hina Arif. Stability analysis of stepped nanobeams with defects. Tartu,
2021, 165 p.

Joonas Sova. Pairwise Markov Models. Tartu, 2021, 166 p.

Kristo Viljako. On the Morita equivalence of idempotent rings and
monomorphisms of firm bimodules. Tartu, 2022, 139 p.

Andre Ostrak. Diameter two properties in spaces of Lipschitz functions.
Tartu, 2022, 77 p.

104



139.

140.
141.

142.

143.
144.

145.

Mohammed Mainul Hossain. Numerical analysis of vibrations of nano-
beams. Tartu, 2022, 158 p.

Alvin Lepik. On Morita equivalence of semigroups. Tartu, 2023, 107 p.
Shahid Mubasshar. Natural vibrations of curved nanobeams. Tartu,
2023, 116 p.

Stefano Ciaci. Transfinite geometric properties of the unit ball in Banach
spaces. Tartu, 2024, 117 p.

Junming Ke. Codes for Distributed Storage. Tartu, 2024, 143 p.

Hanna Britt Soots. Collocation based approximations for fractional diffe-
rential equations. Tartu, 2025, 97 p.

Triinu Veeorg. Daugavet and Delta-points in Banach spaces: Lipschitz-
free spaces, their duals, and renormings. Tartu, 2025, 141 p.



	List of original publications
	Introduction
	Background and motivation
	Preliminaries
	Notation
	Diameter two properties
	Octahedral norms
	Almost square properties
	Lipschitz-free spaces and spaces of Lipschitz functions
	De Leeuw transform


	Relevant previous work and new contributions
	Almost square properties and diameter two properties in Lipschitz-free spaces
	Diameter two properties in spaces of Lipschitz functions
	Characterising weakl1 diameter two properties in spaces of Lipschitz functions
	Separating all diameter two properties in spaces of Lipschitz functions
	Sufficient and equivalent conditions for diameter two properties in spaces of Lipschitz functions


	Summary
	Sisukokkuvõte (Summary in Estonian)
	References
	Publications
	Curriculum Vitae
	Elulookirjeldus (Curriculum Vitae in Estonian)



