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Introduction

Mathematicians have been interested in the structure of algebras during
many decades. To study the structure of an algebra it is helpful to know a
description of its ideals.

Various representations of (not necessarily topological) algebras and
modules have been studied by several mathematicians in [18], [48], [32],
[39], [1], [2] and [3]. Sectional representations, section algebras and (vec-
tor) bundles have been studied in [26], [33], [34] and [1]. However, the space
of maximal ideals of a section algebra still needs to be studied more deeply.
The space of maximal ideals in topological algebras of vector-valued func-
tions has been studied in case of Banach or locally convex algebras, e.g.,
in [27], [25], [28], [29], [9], [19], [20], [35], [24], [44], [21], and, for a more
general case, in the present Thesis and in some papers, e.g., [4] and [6], by
the author of the present Thesis.

For mathematicians, who deal with topological algebras, it is a well-
known fact that every closed maximal regular ideal in a commutative
Gelfand-Mazur algebra is the kernel of some nontrivial continuous linear
multiplicative functional. In many cases it is relatively easy to describe all
continuous linear multiplicative functionals of a given commutative topo-
logical algebra. Therefore nontrivial continuous linear multiplicative func-
tionals are usually used to describe the structure of closed maximal ideals
in several classes of commutative Gelfand-Mazur algebras. The same tech-
niques cannot be used in a noncommutative case since even for noncommu-
tative Banach algebras the set of nontrivial continuous linear multiplicative
functionals may be empty.

In 1962 Lucien Waebroeck [49] showed that for studying the descriptions
of maximal ideals in noncommutative unital locally convex Waelbroeck al-
gebras it is possible to use the descriptions of maximal ideals of the center
of the given topological algebra. In 1968 Graham Allan [17] developed a
method for describing all maximal ideals in noncommutative unital Banach
algebras by using extendible ideals of the center of this Banach algebra. It
appeared (see [2]) that this method can be generalized for more general
classes of (not necessarily commutative) Gelfand-Mazur algebras.

Allan considered only the unital case in his paper. By using and improv-
ing the ideas and methods presented by Stone and Naimark (see [38], VI,
p. 182), it was possible (see [5]) to get a description of all closed maximal
regular ideals, including the nonunital case.

Thus far, a description of closed maximal regular ideals of C (X,A) (the
algebra of all continuous functions from X to A, endowed with the compact-



open topology) was given only in case, when A was a locally convex algebra,
using for it the fact that C (X, K) A is dense in C(X, A). Unfortunately,
this fact is known to be true only if A is a locally convex algebra or if A
has the approximation property (see [11], Theorem 1). By applying the
method, developed by Allan, it was possible to avoid the density condition
mentioned above. It allows to obtain a description of all closed maximal
ideals of C (X, A) for more general classes of Gelfand-Mazur algebras A.

Sometimes a description of ideals is known only for some subalgebra
of the algebra we are interested in or for another algebra, which can be
embedded into the algebra we are studying. The present Thesis gives a
new method for describing all closed maximal regular ideals in a topological
algebra A in case a description of all closed maximal regular ideals is known
for some subalgebra B of the center of A. Moreover, it allows to describe
all closed maximal regular ideals of a topological algebra A also in case
when a description of all closed maximal regular ideals is known for some
topological algebra B, which can be embedded into A as a closed subalgebra
of the center of A.

In the First Chapter of the Thesis the definitions of the main terms are
presented. The known results, used in Chapters 2, 3 and 4, are mentioned
at the end of this Chapter.

The Second Chapter is dedicated to the problems and properties of the
guotization and unitization of topological algebras. Here the results, which
will be needed in Chapters 3 and 4, are proved. The main results of this
Chapter are about the classes of topological algebras over C (the field of
complex numbers) for which (a subalgebra of) the center is topologically
isomorphic to C.

At the beginning of the Third Chapter are found the sufficient condi-
tions for a topological algebra J1, for which the intersection M O B of a
closed maximal regular (not necessarily two-sided) ideal M of A and a sub-
algebra B of the center of A is a closed maximal regular ideal (not coinciding
with B) in B. The ideas of Waelbroeck and Allan are generalized in the
main part of the Third Chapter. A description of all closed maximal regu-
lar ideals in several classes of (not necessarily commutative) Gelfand-Mazur
algebras is given. In the last sections of Chapter 3 are described two kinds
of representations of topological algebras: sectional representations (that is,
representations of topological algebras as subalgebras of a section algebra
I (#), defined in 1.4.) and module representations (that is, representations
of topological algebras as subalgebras of an algebra C(X, A) for some topo-
logical space X and topological algebra A). Therefore it is useful to have
more information about the ideal structure of algebras ' (#) and C(X, A).
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In the last Chapter, the results of Chapters 2 and 3 are applied to a
description of the ideal structure of algebra (7(X, A). A description of all
closed maximal regular ideals of C(X, A) is obtained for several classes of
(not necessarily commutative and not necessarily unital) Gelfand-Mazur
algebras A.

The results, presented in this Thesis, have been published in [2] and
[3]. Papers [4], [5], [6], [7] and [8], dealing with the same kind of problems,
will appear soon. The author has introduced these results at the follow-
ing international conferences: "Congres International de Mathematiques”
(Rabat, 1999), " International Workshop on General Topological Algebras”
(Tartu, 1999), "International Conference on Topological Algebras” (Rabat,
2000), "International Conference on Topological Algebras and its Appli-
cations” (Oulu, 2001), "International Conference on Topological Algebras
and its Applications” (Oaxaca, 2002), "International Congress of Mathe-
maticians” (Beijing, 2002).
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Chapter |

Preliminaries
1.1. Terms, connected with topological linear spaces

Here we give some definitions of terms, which are connected with the
linear and topological structure of topological linear spaces. Throughout of
this Thesis K denotes one of the fields R or C of real or complex numbers.

Topological linear space. A linear (or vector) space E over K is
a topological linear (or vector) space over K (shortly, a topological linear
space), if E is equipped with a topology so that

(a) for every neighbourhood O of zero of E there exists a neighbourhood
U of zero of E such that U+ U c O;

(b) for every neighbourhood O of zero of E there exist a neighbourhood
U of zero of E and a neighbourhood V of zero of IKsuch that VU c O.

Metrizable linear space. A topological linear space E is metrizable,
if it has a countable base of neighbourhoods of zero.

Cauchy net. A net (x\)\e\ of elements of E is a Cauchy net, if for
every neighbourhood O of zero of E there is an index Ao E A such that
x\— € O, whenever X> 8 > Xqg.

Cauchy sequence. A sequence (xn) of elements of E is a Cauchy
sequence, if for every neighbourhood O of zero of E there is an index
no E N such that xm —xn E O, whenever m > n > wi.

Complete topological linear space. A topological linear space E is
complete, if every Cauchy net of elements of E converges in E.

Sequentially complete topological linear space. A topological
linear space E is sequentially complete, if every Cauchy sequence in E
converges in E.

Completion of a Hausdorff linear space. It is known (see, e.g., [30],
Theorem 1, p. 131) that for every Hausdorff linear space E there exists a
complete (sequentially complete) Hausdorff linear space E such that E is
topologically isomorphic to a dense subspace of E. The space E is called
the completion (sequential completion, respectively) of E.

Balanced set. A set U in a linear space E over K is balanced, if
RU c U for every Y| ™ 1
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Convex set. A set U in a linear space E over K is convex, if for each
x,y EUand 0~ A"~ 1holds Xx + (1 —A)y E U.

Pseudoconvex set. A set U in alinear space E over K is pseudoconvex,
ifU+ U c vU for some v > 0.

Bounded set. A set U in a topological linear space E over K is bounded
in E, if for every neighbourhood O of zero of E there exists an element
fio E C\{0} such that U c L,00.

Homogeneous seminorm. Let E be a linear space over K. The map
p : E — W (the set of nonnegative real numbers) is a homogeneous semi-
norm on E, if

a) p(x) ™ 0 for each x E E}
b) p(Xx) = 1Al p(x) for each AEK and xe £ ;
c) p(x 4y) ~ p{x) + p(y) for each x,y E E.

A homogeneous seminorm p is a homogeneous norm on E, in case
p(ek) = 0 if and only if x —oe (the zero element of E).

Nonhomogeneous seminorm. Let E be a linear space over K and
let a be a positive number. The map p : E — R+ is an a-homogeneous
seminorm on E, if p satisfies the conditions a), ¢) and

d) p(Xx) — lAlap(x) for each AE K and x E E.

Again, p is an a-homogeneous norm on E, in case p(x) = 0 if and only
ifx —Qe-

Locally convex space. A topological linear space E is a locally convex

space, if E has a base of neighbourhoods of zero consisting of convex sets.
The topology of E is usually given by a system of homogeneous seminorms.

Locally bounded space. A topological linear space E is a locally
bounded space, if E has a bounded neighbourhood of zero. The topology of
E is usually given by a /r-homogeneous norm for some k E (0,1].

Locally pseudoconvex space. A topological linear space E is a
locally pseudoconvex space, if E has a base of neighbourhoods of zero,
consisting of balanced and pseudoconvex sets. The topology of E is
usually given by a system {p\ : A E A} of k\-homogeneous seminorms,
where K\ E (0,1] for each AE A.

Exponentially galbed space. A topological linear space E is an
exponentially galbed space, if for every neighbourhood O of zero of E there



exists a neighbourhood U of zero of E such that

n
{1C pr:xX° €ufco
K—O
for each n E N.
1.2. Terms, connected with topological algebras

Next, we give some definitions of terms, which are connected with topo-
logical and algebraic structure of topological algebras.

Idempotent set. A subset U of a topological algebra A over K is
idempotent, if UU C U.

Invertible elements. An element a G A is invertible in a unital algebra
J1, if there exists an element b G A such that ab = ba = e”. Such element b
is usually denoted by a~1. The set of all invertible elements of A is denoted
by Inv™ and map pg : a —a~I is called the inversion in A.

Quasi-invertible elements. An element a G A is quasi-invertible in
the algebra A, if there exists an element b E A such that

a+ b—ab=a-hb—ba= 6p.

Such element b is often denoted by a“1. The set of all quasi-invertible
elements of A is denoted by Qinv/1 and the map pd : a —=a~I is called the
guasi-inversion in A.

Division algebra. An algebra A over K is a division algebra, if every
element a G JI\{#4} is invertible in A.

Topological algebra. A topological linear space A over K is called a
topological algebra over K (shortly, a topological algebra), if there has been
defined an associative multiplication in A such that

(@) A is an algebra over K;

(b) the multiplication in A is separately continuous.

The contition (b) means that for every a G A and every neighbourhood
O of zero in A there exists a neighbourhood U of zero in A such that
Ua,aU C O.

In case when the multiplication in A is jointly continuous (that is, for
every neighbourhood O of zero in A there exists a neighbourhood U of zero
in A such that UU C 0O), then A is said to be a topological algebra with
jointly continuous multiplication.
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Bounded element. An element x of a topological algebra A is bounded,
if there exists a number A G C\{0} such that the set

is bounded in A.

Pair of topological algebras. Topological algebras A and B form
a pair (A, B) of topological algebras, if B is dense subalgebra of A and
the topology of B is not weaker than the topology on B, induced by the
topology of A.

Unitization of a topological algebra. Let A be a topological algebra
over IKwithout a unit. The direct product A x IKin the product topologylis
called the unitization of A, if the algebraic operations in A x IKare given by

(a, A + (6,u4) —(a + b, A-f /x);
jy@@:A) = (j/a, W\
(@, A)(6,/l) = (ab -f fia + A6, Ali)

for each a,b G A and A /i,v G IK
By Lemma 1.16 (see 1.6. Auxiliary results), we know that A x K is a
topological algebra in the product topology, if A is a topological algebra.

Sets hom(A,C) and hom<7(A,C). Let A and C be topological
algebras. The set of all nontrivial continuous homomorphisms from A
to C is denoted by hom(A,C). If C = C, then we write just hornA
instead of hom(A, C). The set hom~A, C) denotes the subset of hom(A, C)
consisting of homomorphisms ® G hom(A, C) for which ®(ca) —c®(a) and
d(ae) = d(a)c for all c G C and a G A.

Gelfand space. The set homA of all non-trivial continuous multiplica-
tive linear functionals on A, endowed with the Gelfand topology, is called
the Gelfand space of A. In the Gelfand topology on homA a subbase of
neighbourhoods of an element dgo G homA consists of sets

{d ¢ homA : fp(a) - <fo(@)] < e}

with a G A and e > 0. In some cases (see, e.g., [50], Example 12.1, p.
40; [51], 14.2, p. 124 or [31], Example 21, p. 153) the set homA might be
empty. Therefore the assumption homA & 0 is often necessary.

“if (X,tx) and (Y, tv) are topological algebras, then the product topology on X x i'
is the topology r, the base of which is {O x U : O GRBx and U € By}, where Bx and Ry
are the bases of topologies tx and Ty, respectively.

15



Equicontinuous set. A subset H C homA is equicontinuous at
ao £ A, if for every e > 0 there exists a neighbourhood O(ao) of ao such
that jp(a) —d(ao)] < e for each o G H and a G O(ao). The set H is
equicontinuous, if H is equicontinuous at every a G A.

Locally equicontinuous set. A subset H C homA is locally equi-
continuous, if every €0 G homA has an equicontinuous neighbourhood.

Topological module. Let A be an algebra over K. The linear space E
over K is a left (right) A-module, if the module multiplication (a, x) i-> ax
of A x £ into E ((re, a) xa of E x A into E, respectively) is a bilinear
map, which satisfies the condition a\(a2x) = (a\i2)x (the condition
(xa\)az2 = a;(aid2), respectively) for each 01,02 £ ~ and x £ E. If A
is a topological algebra over K and E is a topological linear space over K in
which the module multiplication is separately continuous, then E is a topo-
logical left (right) A-module. A linear space E is a topological A-bimodule,
if E is both a topological left A-module and a topological right A-module.

Topological module-algebra. Let C be a topological algebra. A
topological algebra A is called a topological C -algebra or a topological module-
algebra with respect to C, if

(i) A is a topological C-bimodule;

(i) both left and right module multiplications are separately continuous;

(iii) c(ab) — (ca)b, (ab)c = a(frc), (ac)b = a(cb) for all a,b G A and
c GC\

(iv) epe = cep for all c GC, in case A has a unit eg;

(v) eca = a = aec for all a G A, in case C has a unit ec-

The £?-extension property. Let A be a topological C-algebra and

B a subalgebra of Z(A) for which homB ¢ 0. We say that A has a
B -extension property, if2

(i) C < B isdense in A;
(ii) for each ¢ G homB there exists ®¢ G homc(A, C) such that
n n

* £ *6* = N O( b(
¢ (1,04C ) D(E)

foralln GN, ci,..,cn GC and 61,..., bn G

2For all topological algebras /1 and B we denote here and in the sequel by /1 R the

n
jy~gfcbfc : n € N, aiy...,.ane A 61, € Bj.
k1
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Algebra C(X, A). Let X be a topological space and A a topological
algebra. The set of all continuous functions / : X —» A is denoted by
C(X, A). It is easy to verify that C(X, A) is an algebra with respect to the
pointwise algebraic operations (that is, / + g, fg and J1/ are defined by

(I +9){x) = 7(x) + a{x),

ifg)(x) = f(x)g(x)
and

(Af)(x) = A(f(x))
for each x e 1). |If for every neighbourhood O of zero of A there exists a
compact subset Ko ¢ X such that f(x) G O for all x G X\ Ko, then it is
said that / vanishes at infinity. The set of all such functions / G C(X,A),
which vanish at infinity, is denoted by Co(X, A). It can be easily shown
that Co(X, A) is an algebra.

Algebra C(X, Ala). For every topological algebra A with jointly
continuous multiplication3, every topological space X and every cover a
of X let C(X, A;cr) denote the set of all continuous functions / : X -» A
for which the closure of f(S) in the topology of A is compact in A for each
S G (A We define the algebraic operations on C(X,A; a) pointwise and
endowe (7(X, A; a) with the topology, whose subbase B of neighbourhoods
of zero is

{T(S, O) : SG e, O isa neighbourhood of zero in A},

where T(S,0) = {/ G C(X,A;a) : f(S) c O}. Then C(X,A;a) is a

topological algebra. It is easy to see that C(X, Ala) C C(X, A).
A-valued analytic function on C U{oo}. A map @ :C U{oo} -> A is

called an A-valued analytic function on C U{oo}, if the following condition

holds. For every Ao G C U{oo} there are numbers 0,R > 0 and sequences
(&*) and (yb) of elements of A such that

00
DA, + A) = JTa;*A~*,

if IAl< 6 and

if IA]> R

3It is known (see [40], Proposition 3.1) that C(X,A;a) is an algebra if and only if A
is a topological algebra with jointly continuous multiplication.
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1.3. Subsets of topological algebras

Let A be an algebra over K, Ba denote the zero element of A and eg be
the unit element of A, if A is a unital algebra.

Center. The center of A is the set

Z(A) = {z GA :za = az for all a G A}.

Ideals. A linear subspace / of A is

1) a left ideal of A if and only ifai G/ forallaGA and i G/,

2) a right ideal of A ifand only ifiaGg 1 forallaGc A and i G/,

3) a two-sided ideal of A ifand only if | is both left and right ideal of A.

Let / be a left (right or two-sided) ideal of A. If for every left (right
or two-sided, respectively) ideal J of A from the conditions I ¢ J and
I & J follows that J = A, then | is a maximal left (right or two-sided,
respectively) ideal.

Regular ideal. A left (right or two-sided) ideal |1 of A is regular (or
modular) if and only if there exists an element n G A such that a —au G/
(a—ua G | or a—au,a—ua G/, respectively) for all a £ A. Such element
n is called a right (left or two-sided, respectiely) modular unit for 1.

Primitive ideal. Let M be a maximal regular left (right) ideal of A.
Then the two-sided ideal P = {a GA:aAc M} (P ={o0 GA :Aac M},
respectively) is called a primitive ideal of A with respect to M.

Primitive algebra. An algebra A is primitive if and only if {Ba] is a
primitive ideal in A.

In the present Thesis we use the following denotations for every topo-
logical algebra A:

m(A) is the set of all closed regular two-sided ideals | of A which are
maximal as left or right ideals;

mi(A) (mr(A) or rnt{A)) is the set of all closed maximal regular left
(right or two-sided, respectively) ideals of A;

Mt(A) is the set of all maximal regular two-sided ideals of A;

cla((7) is the closure of a subset U of A in the topology of A.

Let S be a subset of Z(A). Then

n J1
1(S) = cIMI™MafeS/Hfc + AcSc :n G N, GA, SkKG S At G K for all kj.
k-1

18



If 1 is a unital algebra, then

n
I(S) = \A{ £ aksk:n £ N ,ab...,anG A,si,...,sn G #j.

A=l

Extendible ideal. Let A be a topological algebra and B a closed
subalgebra of Z(A). An ideal M G m(B) is called an extendible ideal, if
I(M) ® A. The set of all extendible ideals of B in A is denoted by me(B).

Hull of an ideal. Let A be a topological algebra and | a closed regular
two-sided ideal of A. The set

h(l) = {M G mt(A) :/ CM}

is the hull of I.

Kernel of the set of ideals. Let A be a topological algebra and S a
subset of mt(A). The set
K(S) = PI M
Mes
is the kernel of S.

Hull-kernel topology. The hull-kernel topology r*k on mt(A) is the
topology in which cLL(5") = h(k(S)) for each S G rnt(A). It is known that
(mf(A), rm) is a Ti-space but not necessarily a Hausdorff space.

1.4. Main classes of topological algebras

In the sequel we will use the following classes of topological algebras.

Normed algebra. A topological algebra is called a normed algebra, if
its topology is given by an algebra norm, i.e., by a norm p, which satisfies
the condition p(ab) ~ p{a)p{b) for each a, b G A.

Banach algebra. A complete normed algebra is called a Banach
algebra.

Spectral algebra. A topological algebra A is called a spectral algebra,
if its topology is given by an spectral seminorm, i.e., by a submultiplicatives
seminorm p, which satisfies the condition rg(a) < p(a) for each a £ A (here
ra(o) denotes the spectral radius (see, e.g., [22], p. 11) of a £ A). It is easy
to see that every Banach algebra is a spectral algebra.

4A seminorm p is submultiplicative, if p(ab) ~ p(a)p(b) for each a,b 6 A.
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Locally convex algebra. A topological algebra A is called a locally
convex algebra, if the underlying topological linear space of A is locally
convex.

Locally bounded algebra. A topological algebra A is called a locally
bounded algebra, if the underlying topological linear space of A is locally
bounded.

Locally pseudoconvex algebra. A topological algebra A is called a
locally pseudoconvex algebra, if the underlying topological linear space of A
is locally pseudoconvex.

It is easy to see that all locally convex algebras and all locally bounded
algebras are locally pseudoconvex algebras.

Locally m-pseudoconvex algebra. A topological algebra A is called
a locally multiplicatively pseudoconvex (shortly, locally m-pseudoconvex)
algebra, if A has a base of neighbourhoods of zero consisting of balanced,
pseudoconvex and idempotent sets. The topology of A is often given by
a system {p\ : J1 6 A} of k\-homogeneous submultiplicative seminorms,
where k\ E (0,1] for each JIE A.

fc-normed algebra. A topological algebra is called a k-normed algebra,
if its topology is given by a ~-homogeneous submutiplicative norm with
K E (0,1].

fc-Banach algebra. A complete k-normed algebra is called a k-Banach
algebra.

Locally A-pseudoconvex algebra. A topological algebra A is called
a locally absorbingly pseudoconvex (shortly, locally A-pseudoconvex) algebra,
if A has a base B of neighbourhoods of zero, consisting of balanced and
pseudoconvex sets such that for every U E B and every a E A there exists
a number v = v{a,U) > 0 such that aU,Ua ¢ vU. The topology of A is
often given by a system {pg : JIE A} of /*-homogeneous A-multiplicatives
seminorms, where k\ E (0,1] for each JTE A.

It is easy to see that every locally m-pseudoconvex algebra is locally
A-pseudoconvex. Indeed, let A be a locally m-pseudoconvex algebra,
a E A and Il an element of a base of neighbourhoods of zero in A. Since
every neighbourhood of zero absorbs every element of A (that is, for
every a E A and every neighbourhood U of zero of A there exists a number

5A seminorm p is A-multiplicative, if for each a € A there exist positive numbers
M(a,p) and N(a,p) such that p(ab) ~ M(a,p)p(a) and p(ab) » N(a,p)p(b) for each
be A
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J1> 0 such that a € XU), then aU ¢ AUU c XU (similarily, Ua c XU).
Let /(a, U) = J1 Then A is an J1-pseudoconvex algebra.

Gelfand-Mazur algebra. A topological algebra A (over K) is called
a Gelfand-Mazur algebra, if the quotient algebra A/M (in the quotient
topology®6) is topologically isomorphic to K for each M E rn(A).

Frechet algebra. A topological algebra A is called a Frechet algebra,
if A is complete and metrizable.

Q-algebra. A topological algebra A is called a Q-algebra, if the set
QinvA of all quasi-invertible elements of A is open in A. In case when A
is a unital algebra, then A is a Q-algebra if the set InvA of all invertible
elements of A is open in A.

Waelbroeck algebra. A topological algebra A is called a Waelbroeck
algebra, if A is a Q-algebra, in which the quasi-inversion (if A has the unit
element, then inversion) is continuous.

Exponentially galbed algebra. A topological algebra A is called an
exponentially galbed algebra, if the underlying topological linear space of A
is exponentially galbed.

Simplicial (or normal in the sence of Michael) algebra. A topological
algebra A is called a simplicial (or normal in the sence of Michael) algebra, if
every closed regular left (right or two-sided) ideal of A is contained in some
closed maximal regular left (right or two-sided, respectively) ideal of A.
If every closed regular two-sided ideal of A is contained in some closed
maximal regular two-sided ideal of A, then A is simplicial (with respect to
two-sided ideals) algebra.

Topologically primitive algebra. A topological algebra A is
topologically primitive if and only if there exists a closed maximal
regular left (right) ideal M of A such that {a € A : aA ¢ M} = {9a}
{a EA : Aa C M} = {Ba}, respectively).

Fiber bundle. The complex (B,n,X), where B and X are topological
spaces and T: B — X is a continuous open surjection, is called a fiber
bundle.

Section of a fiber bundle. A mapping / : X -> B is said to be a
section of the fiber bundle (B, 7, X) (shortly, a section ofn), if n[f(x)] = x
for every x 6 X. The set of all continuous sections of 7 is denoted by I (7).

61f (A, r) is a topological algebra and 7 denotes the canonical homomorphism from A
onto A/M, then T = {O C A/M :n~1(0) € r} is the quotient topology on A/M.



Section algebra. Let (B,n,X) be a fiber bundle, for which all fibers
Bx = {be B : @(6) = x} are topological algebras. Ifwe define the algebraic
operations in I'(7r) pointwise and the topology on I'(7r) by giving a subbase
of /o e I(tr) by
B(M = {Uo(fo) mO e B(0p)},

where B(9p) is a base of neighbourhoods of zero of the algebra7

p= M B*
XEX

in the product topology and
Uo(fo) = {} e I'(tr) : ((/ - fo)(x))xeX 6 O],

then I (#) is a topological algebra which is called a section algebra.

1.5. Representations of topological algebras

Next, we give some definitions of terms, which are connected with rep-
resentations of topological algebras.

Representation. Let A and B be topological algebras. Every con-
tinuous homomorphism / from A into B is called a representation of A in
B. In case when B is a section algebra I'(#), then / is called a sectional
representation of A. When B is C(X,C;cr), for some topological space X
and topological algebra C, then / is called a functional representation of A.

Algebra £(X). Let X be a topological linear space over K and C(X)
the set of all continuous endomorphisms on X (i.e., linear maps from X to
X). If we define the addition of elements and the scalar multiplication
in C(X) pointwise and the multiplication of elements in C(X) by the
composition, then C(X) is an algebra over K. We endow C(X) with the
topology s of simple convergence. A subbase of neighbourhoods of zero in
ts consists of sets

T{S,0) —{L 6 C(X) : L(S) c O},

where S'is a finite subset of X and O is a neighbourhood of zero in X. Then
£S(X) (i.e.,, £(X), endowed with «s) is a topological Hausdorff algebra, if
X is a Hausdorff algebra.

Irreducible representation. Any homomorphism / of an algebra A
into C(X) is called a representation of A on X. Every representation /

7See [1], p. 12.
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of A on X defines on X a left (right) module multiplication -j if we put
a-fX = f(a)(x) (x-fa —f(a)(x), respectively) for each a G A and x G X.
In this case X becomes a left (right) A-module. We denote it by Xj. A left
(right) A-module X is nontrivial if AX / {Ox} (~ ~ {Ox}, respectively)
and X is irreducible if it is a nontrivial left (right) A-module, where X and
{Ox} are the only A-subrnodules of X. A representation / of A on X is
irreducible if Xj is an irreducible left (right) A-module.

Topological radical. Let A be a topological algebra. The intersection
radA of kernels of all continuous irreducible representations of A on topo-
logical linear spaces is the topological radical of a topological algebra A. In
the present Thesis we will consider only such topological algebras for which
radA ¢ A. It is known (see [14], Theorem 1) that radA is the intersection
of all closed maximal regular left (right) ideals of A.

Topologically semi-simple algebra. A topological algebra A is
topologically semi-simple, if radA = {Oga}-

Strongly topologically semi-simple algebra. A topological algebra
A is strongly topologically semi-simple, if k(mt(A)) = {Oga}.

1.6. Auxiliary results

For convenience of reference, we cite below the known results used in
the present Thesis.

Lemma 1.1. Any maximal regular two-sided ideal is primitive.
Proof. See [42], Theorem 2.2.9 (ii), p. 54.

Lemma 1.2. Let P be aprimitive ideal of algebra A. Then A/P is a
primitive algebra.

Proof. See, e.g., [22], Proposition 9, p. 136.

Lemma 1.3. The quotient space E/M of a topological linear space E
modulo a linear subspace M is a Hausdorff space if and only if M is closed
in E.

Proof. See [30], Proposition 5, p. 105.

Lemma 1.4. Let E be a complete metrizable topological linear space
and M a closed subspace of E. Then the quotient space E/M is complete
(and metrizable) in the quotient topology.

Proof. See [30], Theorem 2, p. 138.
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Lemma 1.5. Every analytic map from CU{oo} into an exponentially
galbed Hausdorff linear space is a constant map.

Proof. See [47], Corollary, p. 9.

Lemma 1.6. Let A be a topological algebra and | a left (right or two-
sided) ideal of A. Ifclag(l) ¢ A then clg(l) is also a left (right or two-sided,
respectively) ideal of A.

Proof. See [38], Chapter Il, § 8, VII, p. 169.

Lemma 1.7. Let A be a topological algebra and /, € £ homA. Then
f = g if and only if kerf = kerg.

Proof. See [36], Lemma 7.2, p. 69.

Lemma 1.8. The inversion in a topological algebra A with unit eg
is continuous, if there exists a neighbourhood O(eg) of eg such that every
a E O(ep) is invertible in A and the inversion in A is continuous at eg.

Proof. See [38], Chapter Il, 88, p. 169-170.

Lemma 1.9. The quasi-inversion in a topological algebra A is con-
tinuous, if there exists a neighbourhood O of sg such that every a £ O is
qguasi-invertible in A and the quasi-inversion in A is continuous at Bg.

Proof. See [38], Chapter Il, 88, p. 173 174.

Lemma 1.10. Let (A,B) be a pair of topological algebras A and B
with the same unit.

(@) If A is a Gelfand-Mazur algebra, then clg(M N B) — M for every
M E rn(A).

(b) If A and B are Gelfand-Mazur algebras and the topology of B is
induced by the topology of A, then c\g(M) NMB = M for every M E T(B).

Proof. See [7], Corollary 1.

Lemma 1.11. Let A be one of the following topological algebras:
(a) a locally A-pseudoconvex algebra;

(b) a locally pseudoconvex Waelbroeck algebra;

(c) a locally pseudoconvex Frechet algebra;

(d) an exponentially galbed algebra with bounded elements.

Then A is a Gelfand-Mazur algebra.
Proof. See [13], Corollary 2, p. 125-126.
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Lemma 1.12. Let A be a topological algebra, for which the set m(A)
is non-empty. Then the following statements are equivalent:

1) A is a Gelfand-Mazur algebra;

2) there exists a topology T on A such that (A, r) is an exponentially
galbed algebra with bounded elements and every M € rn(A) is closed in the
topology T

Proof. See [16], Theorem 1 or (incomplete version) in [13], p. 123,
parts (a) and (g) of Theorem 2.

Lemma 1.13. Let A be a Q-algebra (a Waelbroeck algebra) and | a
two-sided ideal of A. Then A/l is also a Q-algebra (a Waelbroeck algebra,
respectively).

Proof. See [21], Corollary 3.6.27, p. 155.

Lemma 1.14. Let A be a unital primitive locally A-pseudoconvex
Hausdorff algebra over C or a unital topologically primitive locally pseudo-
convex Frechet algebra over C. Then the center Z(A) of A is topologically
isomorphic to C.

Proof. See [15], Theorem 2.

Lemma 1.15. Let A be alocally convex Waelbroeck Hausdorff algebra.
Then all elements of A are bounded.

Proof. See [12], Remark 1, p. 20.

Lemma 1.16. The unitization i x K of a topological algebra A is a
topological algebra in the product topology.

Proof. See [21], Proposition 2.2.9, p. 87.

Lemma 1.17. The unitization A x K of A, in the product topology,
is a Q-algebra (a Waelbroeck algebra) if and only if A is a Q-algebra (a
Waelbroeck algebra, respectively).

Proof. See [21], Lemma 3.6.26, p. 155.

7 25



Chapter 11

Properties, connected with the quotization and
unitization of topological algebras

2.1. Properties of quotient algebras and of the center

of Gelfand-Mazur algebras

To describe all closed maximal regular ideals in a Gelfand-Mazur algebra
A by closed maximal ideals of a subalgebra of the center of A, we need the
following results.

Theorem 2.1. Let A be a Gelfand-Mazur algebra and | a two-sided
ideal of A. If m{A) @ 0, then there exists a topology T on A such that
A/1 (in the quotient topology, defined by r) and Z(A/1) (in the subspace
topology) are exponentially galbed algebras with bounded elements.

Proof. Let A be a Gelfand-Mazur algebra for which rri(A) & 0.
By Lemma 1.12, there exists a topology r on A such that (A, T) is an
exponentially galbed algebra with bounded elements.

Let Tl be the quotient topology on A//, defined by r. Let it : A —mA/1
be the canonical homomorphism and O' a neighbourhood of zero in
(A/l, tj). Since Tis a quotient map, then it is continuous and open. There-
fore O — 1 (0") is a neighbourhood of zero in (A, +). Now we can find a
neighbourhood U of zero in (A, r) such that

n

k=0
for each n E N. Let V' —it(U). Then we see that

n

for each n E N, which implies that (A//, Ty) is exponentially galbed.
Since vz — {T1M Z(A/1) : T E 77} is the subspace topology on
Z(A/l), generated by 77, then every neighbourhood O" of zero in Z(A/1)
is representable in the form O" = 0'OZ(A//), where O" is a neighbourhood
of zero in A/1. As above, we find the neighbourhood V' of zero of A/1 and
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take V" = V' TZ(A/1). Then

{j:fk -ya,yu-,ynev"}cO"
k=0

for each n E N, which implies that Z(A/1) is exponentially galbed in the
topology tz.

Let now b E A/l and V' be an arbitrary neighbourhood of zero in
{A/1, 77). Then there exists an element a E A such that b = n(a) and
V = is a neighbourhood of zero in (A,t). Since all elements of
(A,t) are bounded, then there are numbers Aa E C\{0} and By > 0 such
that

{(i)":n6N} OWK

For every fixed n E N we have now

(N =Rr) :
which implies

{(E)": «6 N} cmvV"

Hence b is bounded in (A/1, r/). Since b is an arbitrary element in A/,
then all elements of (A/1,T[) are bounded.

Let now c be an arbitrary element of Z(A/1) and W" an arbitrary
neighbourhood of zero in (Z(A/1),rz). Then ¢ E A/l and there exists
a neighbourhood W' of zero in A/I such that W" — W' M Z(A/1). As
indicated above, there are numbers Ac E C\{0} and B'w > 0 such that

{(J)“:n6N }c”n

Since ¢ E Z(A/1), then
r \n
(-) eZ(AH)

for each n E N. Therefore

{(E)ItneY c™ "

which means that c¢ is bounded in (Z(A/1),tz). Consequently, every
element in (Z(A/1),tz) is bounded.
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Lemma 2.2. Let A be a locally pseudoconvex (locally A-pseudoconvex)
algebra and | a two-sided ideal of A. Then A/1 and Z(A/1) are also locally
pseudoconvex (locally A-pseudoconvex, respectively) algebras.

Proof. Since A is a locally pseudoconvex algebra, then we can find a
base B of neighbourhoods of zero of A consisting of balanced pseudoconvex
neighbourhoods of zero. It is easy to see that B' = #(B) and

B" = \U'MNz(A/l) : U GB'}
are suitable bases of neighbourhoods of zero for A/l and Z(A/1),
respectively.

Lemma 2.3. Let A be a (locally pseudoconvex) Frechet algebra and
I a closed two-sided ideal of A. Then Ajl and Z(A/1) are also (locally
pseudoconvex) Frechet algebras.

Proof. By Lemma 1.4, algebra A/1 is a Frechet algebra. Since Z(A/1)
is a closed linear subspace of A/1, then Z(A/1) is complete and metrizable,
hence a Frechet algebra.

Using Lemma 2.2, we obtain the following lemma.

Lemma 2.4. Let A be a (locally pseudoconvex) Waelbroeck algebra
and | a two-sided ideal of A. Then A/l and Z(A/1) are also (locally
pseudoconvex) Waelbroeck algebras.

Proof. By Lemma 1.13, we obtain that A/l is a Waelbroeck algebra.
This implies that QinvA/1 is an open set in A/1. Since
QinvZ(A/l) = QinvA/Zn Z(A/1),

then QinvZ(A/I1) is an open set in Z(A/1). It is easy to see that the
quasi-inversion is continuous in Z(A/1) (because QinvZ(A/1) is a subset
of QinvA/l1). Hence Z(A/1) is a Waelbroeck algebra.

Lemma 2.5. Let M be a maximal left (right) ideal in an algebra A
for which {a £ A : aA C M} = {Og} fa G A : Aa C M} = {Og},
respectively). Then M MZ(A) = [Og].

Proof. Let m G M NMNzZ(A). Then mA = Am C M. Hence
MHZ(A) = {Ba}.

2.2. Properties of the unitization of topological algebras

To describe all closed maximal regular ideals of a topological algebra A
in case when A has no unit, we need the following results.
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Proposition 2.6. The unitization A xK of A in the product topology
is an exponentially galbed algebra if and only if A is an exponentially galbed
algebra.

Proof. Let A be an exponentially galbed algebra and O any neigh-
bourhood of zero in AxK . Then there are a neighbourhood U\ of zero in
A and a neighbourhood W of zero in K such that U\ x VW C O. Since A
is an exponentially galbed algebra, then there exist a neighbourhood U2 of
zero in A and a number e > 0 such that

n

for each n G N and
V2= {\eK : JAl<e} C

Let V3= \Vi. Then

for each n G N and (ao, AQg), ..., (an,Ard G U2 x V3. Hence

/=0 f=0 /c=0

It means that

k=0

for each n G N. Therefore A x IKis exponentially galbed.

Let now A x K be an exponentially galbed algebra, U any neighbour-
hood of zero in A and V a neighbourhood of zero in K. Then O = U x V
is a neighbourhood of zero in A x K in the product topology. Since A x K
is exponentially galbed, then there exists a neighbourhood o \ of zero in
A x K such that

{E :(0°A°)’->K,A)e0,}coO
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for each n G N. We can find a neighbourhood W\ of zero in A and a neigh-
bourhood Vi of zero in K such that U\ x W c O\. Then

for each n G N, ifao, ...,on £ U\ and Ao, An G V\. Therefore

(E¥™  6ylcu

for each n G N. Consequently, A is also an exponentially galbed algebra.

Proposition 2.7. The unitization A x K of A in the product topology
is an exponentially galbed algebra with bounded elements if and only if A is
an exponentially galbed algebra with bounded elements.

Proof. Let A be an exponentially galbed algebra with bounded ele-
ments. Then A x K is also an exponentially galbed algebra, by Proposition
2.6. Let (aoj™0) be an arbitrary element in A x K and W a neighbour-
hood of zero in A X IK Then there exist a number Bw > 0, a balanced
neighbourhood O of zero in A x K, a neighbourhood U of zero in A and
a balanced neighbourhood V of zero in IK such that e~xk C BwW and
UxV c Oc W. Since A is exponentially galbed, then there exists a
balanced neigbourhood W\ of zero in A such that

n—1L

for each n G N. By assumption, A is a topological algebra with bounded
elements. Then there are numbers Azo G C\{0} and u\ ™ 1 such that

Now there exists an integer ry G N such that ry ™~ 1 and

Let L — max{]Aao} 2rv JAq |} and Bo —4/2- Since
K
“V\"k gg)
22n VM2) VAR)
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and

n—k
*(2) o
22 M2
then \K/\ \n-x
00N JPN  ghici.
kJ\RBoJ \RoJ
Therefore
n—1
E n\ ( ao\kf Ao
G mU
a-0 7 \MO MO
and
1 .
—) G ~Jual-Vv ) Cliiv
Mo) \MI

for each n ¢ N\{0}, since F is balanced. Hence

n—k
(fiCh Ap) AoV

Mo _EW\MO7 Vmo7 Mo/

for each n ¢ N\{0}.
We know that
(«0, MO)N°

Mo

= eNIXK c im W.
Let /i = max{/ii, Bw}- Then

(«0, Ag)

Mo

m

G /iio C /i]VK

for each n ¢ N which means that all elements in A x K are bounded.

Let now A x K be an exponentially galbed algebra with bounded
elements. Then A is an exponentially galbed algebra, by Proposition 2.6.
Let U be any neighbourhood of zero in A. Let Vo be a fixed neighbourhood
of zero in K and ao an arbitrary element of A. Then (ao,0) ¢ A x kK and
U xVo is a neighbourhood of zero in A x k. Since all elements in A x k are

bounded, then there exist numbers Aq ¢ C\{0} and fiu,vo > 0 such that

(~=~T) :,ief)} ¢ Noe . #xV o).

Hence

{(™) :nGNijiu,vOU
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which means that A is an exponentially galbed algebra with bounded
elements.

Proposition 2.8. The unitization A xK of A in the product topology
is a locally pseudoconvex algebra if and only if A is a locally pseudoconvex
algebra.

Proof. Let, A be alocally pseudoconvex algebra and O a neighbourhood
of zero in AxK . Then we can find a neighbourhood W\ of zero in A and
a balanced neighbourhood W of zero in K such that U\ x VA C O. Since
A is locally pseudoconvex, then there exists a balanced and pseudoconvex
neighbourhood U4 of zero in A such that U2 C U\. We can assume that

Vx= {\eK: INlIK e}
for some e > 0. Let O\ —U2 x M\ and (a, a), (6,8) GO\. Then
/l(a,a) G/it/2 x fiVi C U2 x VA = O\

for 1, 1 which means that O\ is balanced. Because U. is pseudo-
convex, then there exists a constant v > 0 such that U2 + U2 C i'll2- Let
W —max{i/, 2}. Then

(aa) + (M) e (vU2) x (2Vj) C (uU2) x (i"Vi) - viOy.

Therefore O\ is also pseudoconvex. Since O\ C O, then A x K is a locally
pseudoconvex algebra.

Let now A x K be a locally pseudoconvex algebra, U a neighbourhood of
zero in A and V a neighbourhood of zero in K. Then U xV is a neighbour-
hood of zero in A x K in the product topology. Because A x K is locally
pseudoconvex, then we can find a balanced and pseudoconvex neighbour-
hood O of zero in A x K such that O C U x V. Now

on (A x{0}) =t/i x{0},
where U1 is a subset of U. Since
(AUI) x {0} = A(OD (A x{()})) c O (A x{0}) - Uxx {0}
for Al 1 and
(Ux+ U\) x{0} = OT (Ax {0}) + O (A x{0}) C (O + O) M (A x{0}) C

C (it0) M (A x{0}) C 1/(0 M (A x{0})) - (14/1) x {0}
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for some v > 0, then W\ + U\ C vU\. Since W\ C U, then A is locally
pseudoconvex.

Proposition 2.9. The unitization A xK of A in the product topology is
a locally A-pseudoconvex algebra if and only if A is a locally A-pseudoconvex
algebra.

Proof. Let A be a locally A-pseudoconvex algebra and O a neigh-
bourhood of zero in A x K. Then (as in the previous proof) we can find
a balanced and pseudoconvex neighbourhood U2 of zero in A and e > 0
such that U2 x W c O, where W = {A £ K : JAI< e}. Next, there exists
a balanced and pseudoconvex neighbourhood f/3 of zero in A such that
U3 C U2 and for every a £ A there exists a number v = i/(a, G3) ™ 1 such
that ttC3,UMa C It is easy to see that

Oi=UsxVicU2xVIcO

is a pseudoconvex and balanced set, since f/3 and W\ are pseudoconvex and
balanced. Therefore Oj + O\ C pO\ for ap > 0 and rO\ C O\ for every
Ir|™ 1. We have to show that for every fixed (a,g) £ A x K there exists
a number w, — wy(a, B,0i) > 0 such that (a, n)Oi, O\ (a, /i) C viOi. For
it, let (6, A) be an arbitrary element in Oi. Then b£ Us and | < e. If
(a, /i) is fixed, then there exists a number 7a > 0 such that a C 7aC3- Let
p = max {]//].e7a} and W = p max {v,pp} (here u —i/(a,Us)). Then

(@ IN(& A) = (ab,0) + /i(6,A) + A(a, 0) £ (003) x W + + ejaoi

Cc V{U-s x Vi) + p(O\ +0i) ¢ vVO\ + ppO\ c max{is,pp}(Oi + 0\) c v\Oi

for each (6,A) £ O\. Hence (a,p)O\ C v\O\. Similarily, we have
Oi(a,/i) c viOi. Therefore A x K is locally A-pseudoconvex.

Let now A x K be a locally A-pseudoconvex algebra, U a neighbourhood
of zero in A and V a neighbourhood of zero in K. Then O — U x V
is a neighbourhood of zero in A x K and there exists an A-pseudoconvex
neighbourhood O\ of zero in A x K such that O\ C O. Now, for every
fixed (a,p) £ A x K there exists a constant W —v \ 0 \ ) > 0 such that
(a,~)Oi, 0\(a,fi) C i'iO\. Then

02= U\x{0} = O] n(A x{0O}

is (as in the proof of Proposition 2.8) a pseudoconvex neighbourhood of
zero in A x {0}, for which holds the claim: for every fixed a £ A there
exists a constant v2 —~i(«,0,0\) > 0 such that (a,0)02, ~2(0,0) C v202-
It is easy to see that U\ C U is an A-pseudoconvex neighbourhood of zero
in A. Therefore A is a locally A-pseudoconvex algebra.
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Proposition 2.10. The unitization A x K of A in the product topology
is a Frechet algebra if and only if A is a Frechet algebra.

Proof. Let A be a Frechet algebra. Then there exists a countable base
{Bn:n G N} of neighbourhoods of zero in A. For each m G N, let

Cm= {AeK: JA]<-}.
m

Then {BnxCm :n,m G N} is a countable base of neighbourhoods of zero in
AxK. Hence A x K is metrizable in the product topology. Let ((an, An)) be
a Cauchy sequence in A x K. Then (an) is a Cauchy sequence in A and (An)
is a Cauchy sequence in K. Since both A and IKare complete, then there
are ao € A and Aq G K such that (an) converges to «o and (A,) converges
to Ao- It is easy to see that then ((an,An)) converges to (ao, Ao) G Ax K.
Thus A x IKis a Frechet algebra.

Let now A x K be a Frechet algebra. Then there exists a countable
base {Bn : n G N} of neighbourhoods of zero in AxK. It is clear that
{Bnn (A x{0}) :n G N} is a countable base of neighbourhoods of zero in
A x {0} in the subspace topology. Since A and A x {0} are homomorphic,
then A has also a countable base of neighbourhoods of zero. Hence A is
metrizable. If (an) is a Cauchy sequence in A, then ((an,0)) is a Cauchy
sequence in A x IK As A x IK is a Frechet algebra, then there exists an
element (a0,Ao0) G A xK such that ((an,0)) converges to (ao,A0). Since
ao G A and (an) converges to ao, then A is a Frechet algebra.

Lemma 2.11. Let A be a topological algebra without a unit. Then the
set A x {0} is a closed two-sided ideal of A x K, which is maximal as left
(right or two-sided) ideal.

Proof. It iseasy to see that A x{0} is a closed two-sided ideal of A x K.
Let M be a left (right or two-sided, respectively) ideal of A x K such that
A x{0} c M. If A x{0} ¢ M, then (a,A) G M for some A 0. Let (b, L)
be an arbitrary element of A x K. Since

(0a.A) = (@ A+ (—a,0) GM,

then also

(b.8) = A+ (60)em.

Therefore M = Ax K, which is not possible. Hence A x {0} is a maximal
left (right or two-sided, respectively) ideal of A x K.

The following Theorem has been proved in [38] (p. 158-160) and [21]
(p. 17-18) for algebras which are not neccessarily topological. We present
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it here in a form more convenient for us. For the sake of completeness, we
give our detailed version of the proof.

Theorem 2.12. Let A be a topological algebra without a unit, J{A)
the set of all closed regular left [right) ideals of A x {0}, J(A x K) the set
of all closed left [right) ideals J of Ax K, for which J (A x{0}). Letf
be a map defined by f(J) = J M (A x {0}) for each J E J(A x K). Then f
maps J(A x K) onto J(A). Moreover, f is an one-to-one map between:

a) the set of all closed two-sided ideals I' of Ax K such that
11 (£ (A x {0}) and the set of all closed regular two-sided ideals of A x {0};

b) the set of all closed maximal left (right) ideals M* of A x K such that
M* <€ (A x{0}) and the set of all closed maximal regular left (right) ideals
of A x {(}.

Remark. The proof will be given only for left ideals; for right ideals
the proof is similar.

Proof. Let I' E J(AxK) and I —I' M (A x {0}). Then there is an
element (a, K) E I' such that a E A and kK E K\{0}. Since A x {0} <LF, by
Lemma 2.11, then I / A x {0}. Hence | is a closed left ideal of A x {0}.
Let now n = —jrg, w, = (u, —1), e —(Ba, 1) and a" —(a,0) for each a E A.
Then from

w =u-e = (9A,--)(a,k) EI

we get
X'u —x = (xu —x, 0) = x'u\ E |

for each x" E A x {0}. Therefore I —f(l') is a closed regular left ideal of
A x {0} and u’ is a right unit in A x {0} for I.

Let now / be a closed regular left ideal of A x {0}. Then there exists
an element u'* = (w,0) E (A x {0})\/ such that x'u’ —x" E | for each
x"E A x {0}. Let yk—(y,K) foreachy E A and K £ K and let

I'—{ykEA X K: yku E I}.

Then /' ® AxK, because (9a,1) ™~ I'm Moreover, I' is a closed sub-
set of A x K. Indeed, if (yoi&o) is an element of the closure of I' in the
product topology of A x K, then there exists a net ((ag, k\))XeA in I' such
that [(a\,k\))XeA converges to (yo,ko) in the product topology. Since
(a\-,k\)u" E / for every J1 E A, then (yo,ko)u' E /, because | is closed
in A x{0}. Hence (yo,k0) E I' and 11 is closed. We will show now that
I1E I(A x K). For it, let yk,z[ E I' and AE K. Since

Vk+ z'u'= vW + z'u' £ f,
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we have yk 4-z[ £ I'. Similarily, Ayk £ I' for each A6 IK
Let now w[n be an arbitrary element of A x IKand yk £ I'. As

(\wmyk)u = (wyu -I- kwu,0) + (myu + mku,0) —

= (?;,0)(yu + fcu,0) + m(yn + ku,0) = w'(y'ku ) 4- m(y'ku) £ /,

because 1 is a left ideal of A x{0}, then £ /'. Thus /" is a closed left
ideal of A x K and I' (E (Ax {()}), because (n"—e)u' = u'u'—u 'cl implies
u'—e = (u,—1) £ I"\(A x{0}).

To show that I = 1'd (A x{0}), leti' £ /. Then «w' = (i'u!—i") +i" £ I.
Hence | C I' and thus I C /'fl(ix{0}). Ifz £ /'n(ix{0}), thenz = a' for
some a £ A. Therefore z = a'u' —(a'v! —a!) £ I. Hence | = I' TT(A x {0}).

Consequently, / is a surjection.
a) Let J' £ A x IK be closed two-sided ideals of A x K such that
J' £ (Ax {0}) and

I(') = I'M(A x{0}) = f M(A x{0}) - f(J').

Then (as shown above) there are elements u’* — (u,0),i/ = (©,0) £ A x{0}
such that u' —e £ /',?/ —e £ J'. First, we will show that T C J'. It is
clear that

vu —Vv'= (vu —i;,0) = v'(u' —e) £ f(I') = f(J3') C J’
and v'u' —u' —(vr—e)u' £ J'. Therefore
v—-un=QVu-—-xL)—Vu—v)£J.
Now, let (y, A) be an arbitrary element of V. Since

(uy + Au,0) = u'(y, A) £ /(/")

and
(uy - y,0) = («' - e)y" £/(/"),
then
(y + Ait,0) = (uy + Au,0) - (uy —y,0 £ /(/') =1 (") C J.
Hence
(y,A) = (y+ An0) + Aw, —u') —A(v/ —e) £ J".
It means that I' C J'. Analogously, we can show that J' C I'. Therefore

I' = J" and / is one-to-one.
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b) First, we will show that any closed maximal regular left ideal M of
A x {0} defines a closed maximal left ideal J' in A x| such that
J' A x {0} and f(J') — M. Then we show that any closed maximal
left ideal J" such that J* € A x {0} and f(J") = M, coincides with J'.
For it, let M be a closed maximal regular left ideal in A x {0} and wu', v' be
elements of A x{0} such that x'u’ —x',x'v' —x" E M for every x'EvIx {0}.
Then v —v! E M. To show it, let

W = {w"'EA x{0}: x'w EM for each x £ Ax {(}}.

Now M Cc W . Suppose that u' E W. Then x'u’ E M for each x' E A x{0}.

Therefore
X = xX'u —Xx'vl—x)EM

for each x' E A x{0}, which contradicts our assumption that M is an ideal
in A x{0}. Hence u' £ W . Consequently, W & A x {0}.

Ifw[,w2 EW and TE K, then w[ + w2, AW\ E W. Moreover, ifw' EW
and r' is an arbitrary element of A x{0}, then from

x'(r'w") —(x'ryw' M

follows r'w" E W . Herewith, x'u’" —x' E M c W for each x' E A x {0}.
Hence W is a regular left ideal of A x {0}. Since M is maximal as a left
ideal in A x {0}, then W = M. Now

X'(v'—n)= (x'v' —x) —(x'u —x') EM

for each x E A. Therefore from v' —n' e W follows v' —n' E M.
Let now
J' = {yke AxK:y'ku' EM}.

Then J' is a left ideal of A x K (as shown above). Since v' —un' E M, then
x'(v' —n') E M for each x* E A x {0}. Hence x'u’" E M if and only if
x'v' E M. It means that J' is independent of the selection of u' such that
x'u' —x" E M for each x' E A x {0}.

Next, we show that J' is a closed maximal left ideal of A x K, for which
J’n (A x{0}) —M and J'" @ (A x {0}). For it, let m' be an arbitrary
element of M. Then rn'u’ —rn' E M and from

m'u = (M'u —rri) + mM"E M

follows rn" E J'. Therefore M Cc J'T1(A x {0}). Ifnow z' E J' T (A x {0}),
then z'u' EM and z'u' —z' E M. Thus

z'=z2'u —(zZ'u —z') E M.
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So we have showed that M —J' M (A x {0}). Since
(u, —Dur= (UuUu —u,0) = Mum —m GM,
then (n, —1) G IJ"\(A x{0}). Hence J' € (A x{0}).
To show that J' is maximal, let M' be a left ideal of A x K such that
J'C M'. Then
M = JN[A x{0}) c M'TT{A x{0}).

Since M is a maximal left ideal of A x {0}, then

M'TT(A x {0}) = M (1)

M' (A x{0}) = A x {0} )

In case (1), let (y, A) be any element of M'. If A= 0, then
Yy, A GM'IMN(A x{0}) =M c J.
Let A/ 0. Then

(Y,A) = A7, 1) = —A(i -e),

where = yGAand g[ —e = ~j{y, A) GM"'. Thus
zg\ —z = —e) GM'D(A x{0}) = M
for each z' G A x{0}. Therefore G M, as shown above. Hence
(y, XY)u = —A"iw —u, 0) = —A[(w,An/ —w\) + Iy~ + —u;)] G M.

Therefore (y,A) G J' and thus M' c J', which gives us M' —J".

The case (2) implies M' — A x{0}, by Lemma 2.11, which is not
possible, because (it,—1) G J'\(A x {0}). Consequently, J' is a maximal
left ideal of A x K and J' € Ax {0}. Using exactly the same techniques as
we used in the beginning of this proof for showing that V is a closed ideal,
it is easy to show that J' is closed.

Let now J" be another closed maximal left ideal of A x K such that
J" <€ (A x{0}) and f{J") - M. From J" M (A x{0}) = M we get (as
in case (1)) that J" c J'. Since J" is a maximal left ideal, then we have
J" = J'. Therefore / is one-to-one.

Finally, we show that M'n (A x {0}) is a closed maximal regular left
ideal in A x {0} for any such closed maximal left ideal M' of A x K, for
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which M" AL A x {0}. For it, let M' be an arbitrary closed maximal left
ideal of A x K such that M* (E (A x{0}) and M'C\(Ax{0}) = I. Then I is
a closed regular left ideal in A x {0}, by the first part of the proof. Let M
be a maximal regular left ideal of A x {0} such that I C M. According to
the last part of the proof, M defines a maximal left ideal J1 of A x K such
that J' gt A x{0} and J'fl (A x{0}) —M. Since I C M, then we can show
similarity, as in case (1), that M' ¢ J'. As M"' is a maximal ideal in A x K,
then it implies M' —J'. Therefore M = /, which completes the proof.

Remark. It is easy to see that this theorem holds, if we drop the word
"closed” everywhere in Theorem 2.12.

Corollary 2.13. Let A be a topological algebra without a unit, S\ the
set of all closed maximal two-sided ideals M® of A x K such that
M*' <€ (A x {0}) and S2 the set of all closed maximal regular two-sided ideals
M of Ax{0}. Then the mapf :Si —* S2, defined by f(J) = IJn(Ax{0}) for
each J 6 S\, is a bijection.

Proof. Let M' be a closed maximal two-sided ideal of A x K such that
M*" <€ (A x{0}) and M = M'flI(Ax {0}). Then M is a closed regular
two-sided ideal of A x{0}, by Theorem 2.12. Let L be a maximal two-sided
ideal of A x {0} such that L D M. Similarity, as in the proof of Theorem
2.12, there exists a two-sided ideal L' in A x K such that V E (A x {0})
and L' TT1 (A x {0}) = L. But now, as in case (1) in the proof of Theorem
2.12, we can show that L D M implies L' D M. Since M' is a maximal
two-sided ideal of JIxK, then V — A x IKor L' — M'. The first case
implies L = A x {0}, which is a contradiction. The second case implies
L —M. Thus M is a closed maximal regular two-sided ideal of A x {0}.

Let now M be a closed maximal regular two-sided ideal of A x {0}.
Similarity, as in Theorem 2.12, there exists a closed two-sided ideal M" of
A x K such that M' <€ (A x {0}) and M — M' M (A x {0}). Suppose that
there exists a two-sided ideal L' of A x K such that L' (A x{0}) and
V D M'. Then

L=L'n{Ax {0}) DM' (A Xx{0}) =M

implies L —AXx {0} or L = M. Since L' € (A x {0}), then the first case
implies V. = Ax K, which is a contradiction. The second case implies
U —M"'. Thus M" is a closed maximal two-sided ideal of A x K.

So we have showed that / maps Si onto S2. By the part a) of Theorem
2.12, the map / is one-to-one. Therefore / is a bijection between the sets
Si and S2.
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2.3. Properties of unital exponentially galbed

algebras with bounded elements

Next, we study certain analytical properties of unital exponentially
galbed algebras with bounded elements.

Proposition 2.14. Let A be a unital exponentially galbed Hausdorff
algebra over C with bounded elements. Let A0 G C and ao GA. Then there
exists a neighbourhood O(A0) of Xq such that

(0.0}
XXA - Ao)4

k—0

converges in A and

(egq + (A—A0)ao) 1= A — Ao)faQ
k=0

for each X G 0 (Ao).

Proof. Let ao G A and Ao G C be fixed. Moreover, let A be an
exponentially galbed Hausdorff algebra over C with bounded elements and
O an arbitrary neighbourhood of zero in A. There exist a closed and
balanced neighbourhood O' of zero in A and a closed neighbourhood O" of
zero in C such that O"O' C O. Now we can find a balanced neighbourhood
V of zero in A such that

;WU ...,me V)CO"
k=0

for all n G N. Since every element in A is bounded, then there is a number
/io G C\{0} such that

{ © ":neN}

is bounded in A. Therefore there exists a number po > 1 such that

(6o)n, "oy
V/z0/

for all n G N.
Let

Uc = {AeC: JAl<2uw }.
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U{Ao) = A0+ Ug and
n
Sn(A) = £(A - Ao)4

k=l
for each n 6 N and AGC. Then
m m-—n—1
Sm(A) - 5,(A) = E <A*" = E <A- Ao)*i+'al '+l
k—n+1 0

for each AG C and ra,n G N with rn > n. Now ]2/zo(® —"0)] < 1 for each
A G U(Xq). If we take

2k(\ - Ao )V +cHl

vn,k{A) — : ,
o) PoPon+*
then
m——n—1 /.4
SmW - Sn(\) = (A- A0)n+iMo"+Ipo E
fc=0

for each n,ra G N with m > n and A G U(Ao0). Moreover,
1 » [ A\ 1 ,
n,;t(A) = — (2(A — Ao)/io ~ N — (2/io(A — Ao0)) /?0V C K
(A) Po( ( )/io) (Bo)' Po( ( )

for each n, K G N and A G £/(Ao), because |2/xo(A —A0)] < 1. Hence

c lw cm J 2w (A-Ao))n+1_rt
<bm(A) bn(X) G 2n+i '

ifra> n and A G U(Xqg). Since again |2/io(A —A0)] < 1, then there exists a
number no G N such that

(2/i0(A - A0))n+l e —O"
FO
if n> no- Therefore

S,n(A) - S,(A) € Jdett—O0"poO' C O"0O' C O
2 po
for each rn > n > n0 and A G t/(A0), since O' is balanced. Hence (™, (A))
is a Cauchy sequence in A.
In case A is sequentially complete, the sequence (5n(A)) converges in A.
If A is not sequentially complete, then let A be the sequential completion
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of A and v : A — A the topological space isomorphism from A into A
such that v(A) is dense in the Hausdorff linear space A. Then v(A) is an
exponentially galbed space, for each a E A there is a number Aa £ C\{0}
such that

M © 1 :neN}

is bounded in v(A), and v(Sn(A)) is a Cauchy sequence in A. Since A is
complete, then there exists an element b E A such that is(Sn(\)) converges
to b for every A E U(Xq).

Next, we show that there exists a neighbourhood 0'(Ao) of Ao such that

[0}

b= ~ X0)K'(ao) € v(A)
k=0

for each AE 0'(Ao0). For it, let O\ be an arbitrary closed neighbourhood of
zero in y(A). Then eg -f 0 1= r'(en) + O\ is closed neighbourhood of eg
in v{A). Since v{A) is exponentially galbed, then there exists a balanced
neighbourhood W of zero in v(A) such that

{£]1£ : «l.e=*e»e Vi}C Oi
for all n E N and a number u\ E C\{0} such that

M © 1 :n6N)

is bounded in v(A). Therefore there is a number p\ > 0, for which

w'[(r/16"*

for all n E N. Let

Oc={a6C: JA]l<mi,{J~,”-}}
and O™Ao0) = Ao+ Oc- Then
«(A) = 2*(A - Ao)dao*) = (2(A - Ao)w ) r[(~)‘]

6 (2(A - A0NOViVi = 2(A - A DR 1(2(A - XobiPiWi C Vu
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if k2~ 1and A G O'(Ao), since V is balanced. Let now >0 = v(@a) = "~u(A)-
Then

n

Vfe(A)
An(A) = 1/(S,(A)) = IJ~(A - Ao)Mao*) = 1/(ep) + ~ -
fc=0 fc=1
—v(eA) + G ~ep) + Oi
fc=o

for each n G N and A G O'(Ao). Since y(eg) O\ is a closed set, then
00
b= XA-(A - Aonjnao*) = lim #,(A) Ggil(e™) + Oi C u(A)
k=0 n—00

for each A G O'(Ao). If now A G O(Ao) = O'(Ao) NMU(A0), then (,5n(A))
converges in A. It is easy to see that

[e]e]
(en + (A —Ao0)«0) fy™(A —\o)k™ok} —
k=0

[e]e]

= (YA - Ao)*™) (ea + (A- Ao)ao) = ef
k=0

for each A G O(Ao0). Hence

00
(e + (A —Ao0)ao) 1= Y-NA —A0)*» M A
k=0

for each A G 0(A0).

Corollary 2.15. Let A be a unital exponentially galbed algebra over
C with bounded elements. For every ao G A there exists a constant R > 0
such that

converges in A, whenever | > R.

Proof. If we take Ag = 0 in Proposition 2.14, then we get that
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converges in A for every A with | < S for some number S > 0. If
R>R= then \~I1< which means that

converges in A. Hence

0o 1 00 n

k=" rk=("

converges in A for every B > R.

2.4. Topological algebras, whose center

is topologically isomorphic to C

Next, we show that the centers of several topological algebras are topo-
logically isomorphic to C.

Theorem 2.16. Let? A be a unital topologically primitive exponentially
galbed Hausdorff algebra over C with bounded elements. Then Z(A) is
topologically isomorphic to C.

Proof. Let A be a unital topologically primitive exponentially galbed
Hausdorff algebra over C with bounded elements. Let M be a closed max-
imal left ideal in algebra A (if M is a closed maximal right ideal, then the
proof is similar), for which {a £ A :aA C M} = {#a}, let nm be a canon-
ical homomorphism from A onto the quotient space A—M with respect to
M and z G Z(A)\{9a} —Z(A)\M (by Lemma 2.5). It is easy to see that
Kz={a £ A :az £ M} is a left ideal of A for all r G Z(A)\{ea}. Because
mz —zrn G M for each m G M and eg? = z M, then M Cc Kz ¢ A.
Since ideal M is maximal, then M = Kz for all z G Z(A)\{0"}.

We will show that every 2 G Z(A) defines a number Xz G C such
that 1 = Azea- If z — 9a, then we take \z = 0. Suppose that there
exists a z £ Z(A) such that z(A) = Xeg —z & Ba for all A G C. Then
z(A) G Z(A)\{ea} means that z(A) g¢ M for all AG C. It is easy to see that
M + Az(A) is a left ideal of A, M C M + Az(A) and

Z(A) = 9a FeA%{A) G (M 4" Az(X))\M

8Similar results have been proved for Banach algebras in [42], Corollary 2.45
(see also [22], p. 127; [41], Theorem 1.2.11 and [23], Theorem 2.6.26(ii)); for fc-Banach
algebras in [21], Corollary 9.3.7; for locally m-convex Q-algebras in [45], Corollary 2; for
locally A-convex algebras, in which all maximal ideals are closed, in [46], Corollary 2; for
locally A-pseudoconvex algebras and for locally pseudoconvex Prechet’ algebras in [15],
Theorem 3.1.
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for all AE C. Since M is a maximal left ideal in A, then M + Az(\) —A
for all TE C. Therefore, for every AE C, there are elements m(A) E M and
a(A) E A such that eg = rn(X) + a(A)z(A). Thus a(A)z(A) —en E M. Let
{/(A) be another element of A such that a'(A)2(A) —en E M. Then from

[o(A) —a,(A)]r(A) = a(A)z(A) —al(A)z(A) E M

follows [a(X) —a'(A)] E Kz{\) = N1/. Therefore nm(a(\)) = ~~ (A )) for
each AE C.

Let now Ao E C and d(A) = eg + (A —Ao)a(Ao) for each A E C. By
Proposition 2.14, there exists a neighbourhood O(Ao) of Ao such that

00
Yy - \o)ka(\o)k
0
converges in A and
00 00
_ Ao)fa(Ao)* = ~ ~o)fa(Ao)i)d(A) = epf
fc=0 fc=0

for each AE O(A0). Thus, if AE O(Ao0), then

00

d(X)~' = E ( A - Ao)fx (A0)*.
/=0

Now
a(A0)d(A)- 1z(A) - e = a(A0)d(A)_12(A) - [a(A0)-z(AO) + m(A0)] =

= a(A0)c/(A)_12(A) —a(A0) A" Ifi(A)2(A0) — =
= —a(A0)d(A)_1[-z(A) + </(A)z(A0)] - m(AQ) =
= —a(Ao)<i(A) I[(z —Aep) + (eg + (A —A0)a(Ao0))(Aoeg —z)] —ra(Ao) =
= —a(A0)o6f(A)_1[(A0 - A)(eg - a(A0)z(A0))] - m(A0) =
= —a(A0)f/(A)_1 (A0 — A)m(Ao) —m(AD) E M.

Therefore Tn/(a(A)) = trg/(a(A0)d(A)_1) for all A E 0 (A0).
Let ®(A) — Twm(a(A)) for all A E C. Next, we show that ® is an
(A-M)-valued analytic function on C U {c»}. For it, let Ao E C. Then

D(A) = irM(a(\o)d(\)~1)



for each A £ O(Ao0). Now there exists a neighbourhood Os of zero in C
such that Ao + Os Cc 0(Ao). Moreover, h = A—Ao £ Os implies that
Ao+ h £ 0(Ao) and

(00]
D(A0 + h) = MM (a(Ao)d(A0 + h)~1) = nM (a(A0)]P /ifa(Ao)f)
h D
(0.0] (0.0]
= nm (~M}rka(\o)fctl) = M/A1rm(a(A0)*+1),
fc=0

where Tn/(a(Ao)fetl) £ A—M for all K £ N.
By Corollary 2.15, there exists a number R > 0 such that

[e]0) t
E
\k+1
K- o

converges in A for every A with jAj > R. Easy calculation shows that

00 1. 00 L
fc= 0 fc=:0
Therefore
(00)
291 1= Ea*TT
/=0

for every A with A > R. Since r(A)- Lr(A) —en £ M for every A with
A > A, then

00 K 00 / k\
D(A) = TTn/NA)) = TIm(NM(A)-1) - = YI-JKTT~
K—oO lc=0

for every Awith |j > R. Because TTMrk) £ A—M for all n £ N, then @ is
an analytic (A—M)-valued function on C U{oo}. Hence ®(A) is a constant
map, by Lemma 1.5. To show that ®(A) = Oa-m for each A£ C, let O be
any neighbourhood of zero in A. Then there exist a closed neighbourhood
O' and a neighbourhood V of zero in A such that O' ¢ O and

k=0

for all n £ N. Moreover, there are /iz £ C\{0} and py > 1such that

(~Y £pyVv
vfh J

46



for all Kk E N. If now W > max{2]/iz}py} and

okzk

~ Jk+T’

then

k/ Z \k

py NV 1/ \B

for each A€ N. Therefore

zk  _sr™» vkW r n>

for every n E N. Since O' is closed, then

a U n , .4

fc0 fc0
if A > max{2]/i2}py, R}. Hence

lim z(A) 1= Ba
|A]->00

and

Iim ®A) = Iim nM{z{\) )= mm( lim z(A) ]) = ™ (6x) = 0A-M-

1A |-k x > |Al—>00 |Al->00

Thus ®(A) = 0A—M or 6(A) E M for all AE C. Therefore
eq = -(a(A)z(A) - en) + a(A)2(A) E M,

which is not possible. Consequently, every z E Z(A) defines a XzE C such
that z — AzdA- Hence Z(A) is isomorphic to C.

To show that the isomorphism p, defined by p(z) — \z for every
z E Z(A), is continuous, let O be a neighbourhood of zero in C. Then there
exists an e > 0 such that Oe —{A E C : A < e} C O. Let AD E 0e\{0}.
Since A is a Hausdorff space, then there exists a balanced neighbourhood
V of zero of A such that Xosg V. Hence ACen g V' = V @ Z(A). If
I'M ~ 1Agl, then JAOA" 11~ 1 and therefore Aceg = (AoAjL)™ E V for all
z E V', which is not possible. Hence Az E O for each z E V'. Thus p is
continuous (p—l is continuous, because Z(A) is a topological linear space
in the subspace topology). Consequently, Z(A) is topologically isomorphic
to C.
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Now we are ready to prove the following theorem.

Theorem 2.17. Let A be a unital topological algebra over C, P a
primitive ideal of A, defined by a closed maximal regular left (right) ideal
of A and let one of the following statements be true.

a) A is a locally A-pseudoconvex algebra;

b) A is a locally pseudoconvex Frechet algebra;

¢) A is an exponentially galbed algebra luith bounded elements.
Then Z(AjP) is topologically isomorphic to C.

Proof. Since P is a primitive ideal of A, defined by a closed maximal
regular left (right) ideal of A, then P is closed in A. Therefore A/P is a
topologically primitive Hausdorff algebra, by Lemma 1.2 and Lemma 1.3.
In case a), the quotient algebra A/P is locally A-pseudoconvex, by Lemma
2.2; in case b), the quotient algebra A/P is a locally pseudoconvex Frechet
algebra, by Lemma 2.3. Hence (in cases a) and b)) Z(A/P) is topologically
isomorphic to C, by Lemma 1.14.

In case c¢) we get similarily, as in Theorem 2.1 that A/P, in the
guotient topology, is an exponentially galbed algebra with bounded
elements. Consequently, Z(A/P) is topologically isomorphic to C, by the
Theorem 2.16.

Corollary 2.18. Let A be a unital locally rn-pseudoconvex algebra over
C and P a primitive ideal of A, defined by a closed maximal regular left
(right) ideal of A. Then Z(A/P) is topologically isomorphic to C.

Proof. According to the definitions, every locally m-pseudoconvex al-
gebra is locally A-pseudoconvex. Therefore the condition a) of Theorem
2.17 is fulfilled. Thus Z(A/P) is topologically isomorphic to C.

Corollary 2.19. Let A be a unital Waelbroeck algebra over C and P
a primitive ideal of A, defined by a closed maximal regular left (right) ideal
of A. If A is a locally convex Hausdorff algebra, A is a locally pseudoconvex
algebra and all elements of A are bounded or A is a locally pseudoconvex
algebra and m(A) ¢ 0? then Z(A/P) is topologically isomorphic to C.

Proof. Every locally pseudoconvex algebra is exponentially galbed. If
A is locally convex Hausdorff algebra, then all elements of A are bounded,
by Lemma 1.15. If A is locally pseudoconvex and m(A) @& 0, then A is a
Gelfand-Mazur algebra for which m(A) & 0, by Lemma 1.11. Hence there
exists a topology r on A such that (A, r) is an exponentially galbed algebra
with bounded elements, by Lemma 1.12, and P is a primitive ideal in the
topology r, defined by a closed maximal regular left (right) ideal of A.
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Therefore we have in all cases the situation ¢) of the Theorem 2.17. Thus
Z(A/P) is topologically isomorphic to C.

Corollary 2.20. Let A be a unital Gelfand-Mazur algebra over C,
for which m(A) @ 0, and P a closed primitive ideal of A, defined by a
closed maximal regular left (right) ideal of A. Then Z(AfP) is topologically
isomorphic to C.

Proof. Let A be a unital Gelfand-Mazur algebra over C, for which
m(A) d 0. Then there exists a topology r on A such that (A,t) is an
exponentially galbed algebra with bounded elements and P is a primitive
ideal, defined by a closed (in the topology r) maximal regular left (right)
ideal of A, by Lemma 1.12. Therefore we have the situation c) of Theorem
2.17 and thus Z(A/P) is topologically isomorphic to C.



Chapter 111

Description of closed maximal regular ideals
in Gelfand-Mazur algebras

3.1. Extendible ideals

Here we show that, under certain conditions, the intersection of any
closed maximal regular ideal of a topological algebra A with a closed sub-
algebra B of Z(A) is an extendible ideal in B. For it we use some results
obtained in Chapter II.

Proposition 3.1. LeiB A be a topological algebra over C with unit eg,
M a closed maximal left (right or two-sided) ideal of A and B a closed
subalgebra of Z(A), containing eg. If at least one of the statements a) - ¢)
of Theorem 2.17 holds, then

1) every b E B defines a number AG C such that b—Xen E M;
2) MTMB em e{B).

Proof. 1) Let b E B, P be the closed primitive ideal of A defined by M
(if M is a two-sided ideal, then M is primitive by Lemma 1.1 and thus we
can take P = M) and n : A A /P the canonical homomorphism. Then
Z(A/P) is topologically isomorphic to C by Theorem 2.17. We will denote
this isomorphism by u. Since n(b) E Z(A/P), then we can find a number
NE C such that y(rmb)) = A= u(n(Xeg)). Therefore ir(b) —*(Jlen) implies
b- Xeg EP C M.

2) Let Mb = M IMB. Then Mb is a closed subset of B, because M is
closed in A. Since M is a left ideal of A (the proof for a right or a two-sided
ideal is similar), then eg M. Hence Mb ¢ B. It is easy to see that Mb
is a linear subset of B. If z E MR, then bz E Mb for every b E B. This
implies that Mb is a closed left ideal of B. Let | be a left ideal of B such
that Mb C I. If I d» Mb then there exists an element b E IN\Mb and (by
the statement 1)) a number AE C such that b—Xeg E Mb- Since b Mb,
then J1® 0. Now from b—Xeg E | follows that eg —A-1[6—(b—Xep)] E I.
Therefore 1 = B, which is not possible. Consequently, Mb E m(B). As
Mb C M and M is a closed left ideal of A, then I(Mb) C M / A Hence
Mb E me(B).

9This result has been proved for Banach algebras in [17], Theorem 2.3 and Corollary
2.4, p. 195-196, and for locally convex Waelbroeck algebras with jointly continuous
multiplication in [49], p. 82-83.
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Corollary 3.2. Let A be a topological algebra over C with unit egq and
M a closed maximal left (right or two-sided) ideal of A. If (at least) one
of the statements a) - ¢) of Theorem 2.17 is true, then:

1) every b G Z(A) defines a number AG C such that b—\eg G M;

2) M MZ(A) Gme(Z(A)).

Proof. If we take B = Z(A), then we have exactly the situation of
Proposition 3.1.

Corollary 3.3. Let A be a topological algebra over C, M a closed
maximal regular left (right or two-sided) ideal of A and B a closed sub-
algebra of Z(A) such that 1(B) = A. If (at least) one of the statements a)
- ¢) of Theorem 2.17 holds, then M B G me(B).

Proof. By Theorem 2.12 (or Corollary 2.13 in case of two-sided ideal),
there exists a uniquely defined closed maximal left (right or two-sided) ideal
M' of Ax C such that M* gt (A x {0}) and

M’ (A x{0}) - M x{0} ¢ A x {O}.

Moreover, by Propositions 2.7, 2.8, 2.9 and 2.10, the algebra A x C satisfies
one of the conditions a) - ¢) of Theorem 2.17 and B x C is a closed subal-
gebraofZ (ixC ). Hence A x C satisfies all conditions of Proposition 3.1.
Therefore M' (B x C) Gme(B xC), by statement 2) of Proposition 3.1,
and M' (B x {0}).

Suppose that M'T1(B x C) C (B x{0}). Since B x{0} Gm (B x C), by
Lemma 2.11, and M'fI(BxC) Gm(B x C), then M'IN(B x C) = B x {0}.
Hence B x {0} C M". Now

A x{0} = 1(B) x{0} = I(B x{0}) cM '~ A x {0}).

As A x{0} Gm(A xC), by Lemma 2.11, then M' = A x C, but this is not
possible. Hence M 'n (BXC) Gme(B x C), but M'n(BxC) < (B x{0}).
Thus

M' M (Bx {0}) - [M'D(Bx C)] M(B x{0}) Gm(B x {0}),
by Theorem 2.12, and
I(M* T1(B x {0})) CI(B x{0}) C A x{0}.
Therefore from I(M* N\(B x {0})) & B xC follows

(MnB) x{0} = (M x{0}) n (B x{0}) =
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= [MTTAx{0})] N(B x{0}) = M'M[B x{0}) GTe(B x{0}).

Hence M B G T (B) (because the map /4 defined by A& = (6,0), is a
topological isomorphism from B onto B x{0}). Since IIM N)B) c M 7/ [
then M MB G me(B).

Corollary 3.4. Let A be a topological algebra over C, M a closed
maximal regular left (right or two-sided) ideal of A and I(Z(A)) = A. If
(at least) one of the statements @) - ¢) of Theorem 2.17 holds, then

M M Z(A) G me(Z(A)).

Proof. If we take B = Z(A), then we have exactly the situation of
Corollary 3.3.

Remark. Note that Proposition 3.1 and Corollaries 3.2, 3.3, 3.4 will
remain true also in case of locally m-pseudoconvex algebras, of locally con-
vex Waelbroeck Hausdorff algebras, of locally pseudoconvex Waelbroeck
algebras, for which all elements are bounded or m(A) ¢ 0, and of Gelfand-
Mazur algebras, for which m(A) & 0.

3.2. Description of all closed maximal regular ideals

and of the topological radical

Let A be a topological algebra over C and B a subalgebra of Z(A). For
each M G me(B) and a G A let Am = A/I(M), km : A —» Am be the
canonical homomorphism and cT(M) = km{o)-

Lemma 3.5. Let A be a topological algebra over C, | a closed maximal
regular left (right or two-sided) ideal of A, B a subalgebra of Z(A) and
M Gme(B). Then

km(l) —{a~(M) :a G 1}

is a closed maximal regular left (right or two-sided, respectively) ideal of
Am- If J is a closed maximal regular left (right or two-sided, respectively)
ideal of Am, then hfj~(J) is a closed maximal regular left (right or two-
sided, respectively) ideal of A.

Proof. Let bbb2 G km(l), A G C and d G Am- Then there are
elements a\,a2 G I and ¢ G A such that km{cu) —h for i G {1,2} and
km (c) = d. Since / is a left (right or two-sided, respectively) ideal of A,
then a\ +02) Aai, ca\ G| (similarily, a\c G I). Therefore

b + 2 —KAf(fli) + «m(or) = «m(B1l+ a2) G % (/),
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ABi = Xkm(cii) = km(Xui) Gkm(l)

and
dbi - KM{c)KM(ai) = km {cai) G «m GO

(similarily, b\d G km(0)- If n denotes the right (left or two-sided, re-
spectively) regular unit for /, then km(u) is the right (left or two-sided,
respectively) regular unit for km (1) and therefore km{l) is a regular left
(right or two-sided, respectively) ideal of Am-

Let nowci, @ G (J) and AG C. Then we can find 61,62 G J such that
~m(q) = bi forr G {1,2}. Since J is a left (right or two-sided, respectively)
ideal in Am, then nm(c,i -f @) = by + & G J and km{Xc\) — Xb\ G J.
Therefore ci + @,XC\ G IfaGAandd= %(a) G Am, then

i) = (/6L GJ or aci G (similarily, c\a G " (J)). It is easy to
see that km[(J) is closed in A (because J is closed). If v is the right (left
or two-sided, respectively) regular unit for J, then every v' G K\f{v) is a
right (left or two-sided, respectively) regular unit for Thus
is a closed regular left (right or two-sided, respectively) ideal of A.

If nM(1) C W for a left (right or two-sided, respectively) ideal W of
Am, then

| C K=J(KM (1)) C K=J(W).

Since W is a left (right or two-sided, respectively) ideal of Am, then (as
above) kA (W) is also a left (right or two-sided, respectively) ideal of A.
We have two possibilities: k™ (W ) = A, which gives us a contradiction
W —Am, or k(W) = /, which gives us kKa/(-0 = W- Thus km(l) is a
maximal regular left (right or two-sided, respectively) ideal of Am -

Next, we show that «m (0 is closed. If clam(km(l)) ® Am, then
clam(km (1)) is also a left (right or two-sided, respectively) ideal in Am,
by Lemma 1.6. Hence km {1) = clAm(km {1))- Ifclam(km (0) = Am, then
km(n) G clam{km{l))- It means that there is a family {m\)XeA G I such
that a))a€a converges to km{u). Let O' be an arbitrary neighbour-
hood of zero in A. Then O = km{0') is a neighbourhood of zero in Am m
We can find an index /1 G J1such that % (m ~-w) G O for each A> /i. Now
KM (1(M)) = 0/l C km (1) implies I(M) C kJ}(km(l)) = I- If 20> /,
then

mA- Ub k-J(km(0') = I(M)+0O'C/+ O

and therefore
U= (u—1MND)+ TMNOG/7+ O +1 C 7+ O
Hence

mnGPJ{/+ O :0O'is a neighbourhood of zero in A} —clam(/1 —1
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(see [43], p. 13). In this case | = A, which is not possible. Consequently,
km[l) is a closed maximal regular left (right or two-sided, respectively)
ideal of Am =

If now C H for a left (right or two-sided, respectively) ideal H
of A, then

J Cka/(kp/ (M) km(H)-
Again, as above, we see that km(H) is a left (right or two-sided, respec-

tively) ideal of Am- Therefore we have two possibilities: km(H) = Am or
nM(H) = J. In the first case there is an element h E H such that

KM (h) =v = km(v')
(here v and v' are the same as above), because of what
h-v E kml(BAM) C k~m(J)-

Since vl is a right (left or two-sided, respectively) regular unit for km (®)>
then a —av' E k~~(J) CH (a—v'a En~(J) C 4, respectively) for each
af A Asv' —h —(h —v') £ #, then av' £ H (v'a E H, respectively) for
each aE A. Thusa = avl—(a—av') E H (a= v'a—(a—v'a) E H, respec-
tively) for every a £ A implies H —A, which is a contradiction. Therefore
km(H) = J and from k-m(J) = k~(km(H)) D H follows k~ (J) = H.
Hence K~j~(J) is a closed maximal regular left (right or two-sided, respec-
tively) ideal of A, which proves the Lemma.

For each Mb xc E me( X C), let
P—Pmbxc:”™ x C—(A x C)/I(MBXxc)

be a canonical homomorphism and u : A —»A x {0} again a topological
isomorphism, defined by p(a) —(a,0) for every a E A.

Theorem 3.6. Let A be a topological algebra over C, which satisfies
(at least) one of the conditions a) - ¢) of Theorem 2.17, B a closed subalge-
bra of Z(A) and | a closed maximal regular left (right or two-sided) ideal
of A. If

a) A is a unital algebra and B has the same unit

b) 1(B) = A,
then
1) Il = KAJM) = {a E A :a\M) E Jm} for an ideal M E me(B)

and a closed maximal regular leR (right or two-sided, respectively) ideal
Jm of Am;
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2) there exists a bijection

Ak: (J  {M} x mk(AM) — ¥Ymk(A),
MG me(B)
where K~ I, K=r1 or K = t.

Proof. 1) Let I be a closed maximal regular left (right or two-sided)
ideal in A. By Proposition 3.1 for unital case and by Corollary 3.3 for
nonunital case, M ~ | \N\B £ me(B). Let Im - km{l)» By Lemma
3.5, Jm is a closed maximal regular left (right or two-sided, respectively)
ideal of Am and | C k~"~(Jm), where k”~(Jm) is a closed maximal regular
left (right or two-sided, respectively) ideal of A. Since I is also a maximal
regular left (right or two-sided) ideal in A, then | = k~"(Jm ), which proves
the part 1).

2) Let Ak be a map, defined by
N&(M7Im)) = KM {Im)

foreach M E rrie(B) and Jm £ rnk(Am)- Then Ak maps every pair (M, Jm)
into mk(A), by Lemma 3.5, and for each I £ mk(A) there exists a pair
(M, Jm) such that Ak((M,Jm)) —1, by the statement 1) of Theorem 3.6.
Hence A* is an onto map.

Now we will show that Ak is one-to-one. For it, let

I ~ KMi(JMI) = KM2( )
for some Mi, £ me(B). Then I £ mk(A), by Lemma 3.5, and
Ilb = 1 MB £ me(B) C m(l1?),
by Proposition 3.1 (and Corollary 3.3). Since
km(1{M)) = QGam £ Im
for each M £ me(B), then
MI C I(Mi) C =/

and
M2C I(M2) C = I-

Hence Mi, M2 C Ib- As Mi and M2 are maximal left (right or two-sided,
respectively) ideals of B, then Mi = M2 = IB and
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Jmx— "M\ {IMi)) — kMr(*Mr ("M?)) — Im2'
Therefore from Ajt((Mi, Jmx)) = *k((M2: Jm2)) follows that

(Mu Jmi) - {M2,Jm?2)-
Hence J14 is an one-to-one map. Consequently, A® is a bijection.

Remark A. The condition 1(B) = A is automatically fulfilled in case
m(B) ® me(B). The case 1(B) d A remains open and should be studied
separately.

Remark B. Note that Corollary 3.3 and Theorem 3.6 will remain true
also in case of locally m-pseudoconvex algebras, of locally convex Wael-
broeck Hausdorff algebras, of locally pseudoconvex Waelbroeck algebras,
for which all elements are bounded or m(A) ¢ 0, and of Gelfand-Mazur
algebras, for which m(A) ® 0.

Proposition 3.7. Let A be a topological algebra over C, for which (at
least) one of the conditions a) - ¢) of Theorem 2.17 holds. Let B be a closed
subalgebra of Z(A). Suppose that there exists a closed maximal regular left
(right) ideal in A and that either condition a) or condition b) of Theorem
3.6 holds. Then

radA —r K km (radAjvf) =M E me(B)}.

Proof. Suppose that

x6n w (rad™M) :M 6 mAB)}

and | is an arbitrary closed maximal regular left (right) ideal of A. By
Theorem 3.6, we can find M E me(B) and a closed maximal regular left
(right, respectively) ideal J of Am such that I = k~~(J). Since

km(x) ~ rad™M c J,

then x E / for any closed maximal regular left (right, respectively) ideal I
of A. Therefore x £ radA and thus

radA 3 nW tradA ):M E me(B)}.

Suppose that y £ radA and M E me(B). If J is an arbitrary closed
maximal regular left (right) ideal of Am, then k,jJ(J) is a closed maximal
regular left (right, respectively) ideal of A, by Lemma 3.5, and km(y) £ J
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for every closed maximal regular left (right, respectively) ideal J of Am-
Therefore km{y) £ T3/1AMm, if M £ me(B), so that

radACO wm l(radAm) msM £ me(B)},

which completes the proof.

3.3. The case when all closed maximal ideals

of the center are extendible

In order to find the conditions for a topological algebra A in which
m(A) = me(A), we need the following results.

Proposition 3.8. Letl0 A be a simplicial topological algebra over C
and | a closed regular two-sided ideal of A. If

cin( \J M) C U m, (3)
MG mt{A) ' Me Mt(A)

then the hull h(1) of I is compact in the hull-kernel topology.

Proof. The set h(l) ® 0, because A is a simplicial (with respect to
two-sided ideals) topological algebra. Let (F\)gen be an arbitrary set of
nonempty closed subsets of h(l), intersection of which is empty. Then

j = £>N 0
nepg

is the smallest two-sided ideal of A, which contains each of ideals k(F\). It
means that every j £ J is representable as a sum of elements a\ £ k(F\)
with A £ A where only finite number of elements a\ are different from
9a- Since F\ c h(l) for each A £ A, then I ¢ k(h(l)) ¢ k(F\) c J,
because of which J is a regular two-sided ideal of A. Suppose that
cla{J) @ A. Then c\a{J) is a closed regular two-sided ideal of A and
I C cl(,/). Therefore there exists an ideal M £ h(l) such that
c\a{l) C M, because A is a simplicial (with respect to two-sided ide-
als) topological algebra. Since k(F\) ¢ c\a(J) C M for all A£ A then
M £ h(k(F\)) for all A£ A The closedness of every F\ in the hull-kernel
topology means that h(k(F\)) = F\ for all A£ A. Therefore

M6 fl FX=0,

Aen

10For Banach algebras this result has been proved in [21], p. 373-374, and in [42], p.
23. The condition (3) holds, if A is a Q-algebra.
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which is impossible. Hence cI™(J) = A.

Let now u be a regular unit for |1 in A, let a be any element of A and
O an arbitrary neighbourhood of zero in A. Then we can find another
neighbourhood 0O\ of zero in A such that 0\a ¢ O. Since cI™*(J) = A,
then (u+ Oi) NMJ d 0and we can find n G N, o\ G Oi, Ai,JR, A,GA
and for every v G {Ai,A,.., An} an element ev G k(FI/) such that
m+ oi = e\x+ e\2+ ... +e\n. As every k(F\t) is a two-sided ideal of
A and | C k{F\) for all AG A, then

a+o\a—(a—ua) + [u+ o\)aG

i—
for each a G A. Suppose now that
X€S
for every nonempty subset S ¢ A. Then
n
n /0
1=1
and there exists an ideal Mo G h(l) such that
n
mO0 e pi £X.
=1
Since Mo G F\{ = for each i G {l,...,n}, then k(Fxx) ¢ Mo for

each i g { 1 , n}. Therefore a + 0la G Mo. Thus

@+o)yn( 1 M) ¢0
NG mt(,4)

for each o G /1 and each neighbourhood O of zero in A. Hence

but it is impossible. Thus there is a finite subset So G A such that

M

ae sO
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is empty. It means that h(l) is a compact subset of mt(A) in the hull-kernel
topology.

Corollary 3.9. If A is a unital simplicial (with respect to two-sided
ideals) Hausdorff algebra over C and the condition (3) of Proposition 3.8
holds, then mt(A) is compact in the hull-kernel topology.

Proof. Since A is a unital simplicial (with respect to two-
sided ideals) Hausdorff algebra, then {9a} is a closed two-sided ideal of A
and /Zi({6U}) = nit(A). Hence nit(A) is compact in the hull-kernel topology,
by Proposition 3.8.

Theorem 3.10. Letll A be a unital strongly topologically semisimple
simplicial Hausdorff algebra over C, B a closed subalgebra of Z(A) with
the same unit egq and m(B) a Hausdorff space in the hull-kernel topology.
If the condition (3) of Proposition 3.8 holds and A satisfies one of the
conditions @) - ¢) of Theorem 2.17, then for every M G m (B) there exists
I G TK{A) (here k=1, K= r or K —t) such that M — 1 n B and therefore
rme(B) = m(B).

Proof. It is known, by Proposition 3.1, that I B G rn(B) for each
I G mfc(yl). Let T : mk{A) -> m(B) be a map, defined by T(1) = 1 NB for
each | G rrik{A). Let S be any closed subset of rn(B) and

Es=T~\S)= {/ € mk(A) : T(1) 6 S}.
If Mo G h(k(Es)), then

k(S)C Mm('MB) =*(d45)NBCMO0MNB.
/eEs

Therefore Mgn B G h(k(S)) = S and Mg G Esm Since always
Es C h(k(Es))i then Es — h(k(Es)) which means that Es is closed
in the hull-kernel topology. Thus T is a continuous map from mk(A)
into m(B). The set mt(A) is compact in the hull-kernel topology, by
Corollary 3.9. Now T(mt(A)) is a closed subset of m (B), because m (B) is a
Hausdorff space in the hull-kernel topology. As A is strongly topologically
semisimple, then

k(T(mt(A)))= P) (/nB) = (fc(m((4)))nB = {0/},
/Emt(A)

because of which T(mt{A)) = h(k(T(mt{A)))) = m(B). It means that
T is an onto map. Therefore for every M G m(B) we can find an ideal

11A similar result for Banach algebras has been proved in [42], p. 85-86 and for spectral
algebras in [41], Theorem 7.2.17.

59



Im £ i7it(i4) such that Im HR ~ M. Since every closed maximal two-sided
ideal is also closed left (right) ideal of A and A is simplicial, then there exists
J E mk(A) such that iIm ¢ J. Now M = Im ~Bc¢cJC\ B and eg & J-
Thus J mB ¢ B. Since M E m(B), then we have M = J \B ¢ Te(B) for
J E mk(A), by Proposition 3.1. Hence me(B) = m (B), in the present case.

From Theorem 3.6 and Theorem 3.10 follows the next result.

Theorem 3.11. Let A be a unital strongly topologically semisimple
simplicial (with respect to two-sided ideals) Hausdorff algebra over C, B a
closed subalgebra of Z(A) with the same unit and m(B) a Hausdorff space
in the hull-kernel topology. If the condition (3) of Proposition 3.8 holds and
A satisfies one of the conditions a) - ¢) of Theorem 2.17, then there exists
a bijection

Ak: ]J {M} x mk(AM) —>rnk(A),
Mem(B)

where K —I, K —r or K —t.

Remark:. Note that Theorems 3.10 and 3.11 will remain true also in
the cases of locally m-pseudoconvex algebras, of locally convex Waelbroeck
algebras, of locally pseudoconvex Waelbroeck algebras, for which all ele-
ments are bounded or m(A) ¢ 0, and of Gelfand-Mazur algebras, for which
rn(A) @ 0.

3.4. Sectional representations

Let A be a unital topological algebra over C and B a subalgebra of
Z(A). Suppose that me(B) @ 0.

For every M E me(B), let Am — A//(M), km : A — Am be the
canonical homomorphism, a e A, a~(M) = km{a) f°r each M E me(B)
and

O = [J Am -
meTe(B)
Then a~ maps me(B) into A.

Let now T: [ —me(B) be such mapping, which assigns to every d E A
the ideal M E rne(B), for which d E Am, i-e,, d = nM{a) for some a E A.
It is easy to see that # is well defined. Indeed, if d E AMxm Am2 f°r some
Mi,M2 E me(B), then d = ka/Zi(«i) (i-e., ir(d) = M\) and d — nm2{a2)
(i.e., M(d) = M2) for some elements a\,a2 E A. Consequently,

a\ + /(Mi) = a2 + /(M2).
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Since a\ —a\ + 9a Ga\4-/(Mi) = 02+ 1{M2), then we can find an element
¢2 G /(M2) such that a\ —02 + d2 or a\ —02 = d2 € /(M2).
Let now ci G /(Mi) be an arbitrary element. Then

ai +ci Gai 4 /(Mi) = a2+ 1 (M2)

and we can find @ G 1(M2) such that ai + ci = 02 + @. Since
ai - a2 G /(M2) and ¢c2 G /(Mz2), thenci = ¢c2- (ai - 02) G /(M2).
Thus /(Mi) C /(M2). Analogously, we get that /(M2) C /(Mi). Hence
/(Mi) = /(M2), because of which

Mi = /(Mi) M5 = /(M2)NZ2? = M2.

It means that # is well defined and Ajvjj M/1a/2 ¢ 0 if and only if Mi = M2.
We endowe the set rne(B) with the Gelfand topology r, a subbase of
neighbourhoods of Mg G me(B) of which consists of sets

O(Mg) = {M Gme(B) : |[("M ~ W 0)WI < eb

where e > 0 and b G /? vary, while (pm denotes a nontrivial homomorphism
22 -» C such that ker(/?0/ = M. On the algebra Am we consider the quotient
topology tm and on A the topology

A = {a9-“1((7):(7er}.

Then Am is a topological algebra, 7[el(M)] = M for each M G me(B),
(4,7, me(5)) is a fiber bundle (because 7 is a continuous open map from
[ onto me(B)) and a'G I'(7) for each a G A.

Next, we define a map T : A -> () such that T(o) —a" for each
a G A. It is easy to see that T is a homomorphism and thus continuous if
and only if it is continuous at 9a- Let O be an arbitrary neighbourhood of
zero in T(i4). Then there exist n G Nand 0\ GB(9aM),..., On GB(9aMi)
such that

n
C\n0,,(BA)CO,
k=l
where U0,.(9a) ~ {/ GTI (%) :f(Mk) G Ofc. If we take

n

On = Pi Kmk(Ok),
K—

then Oa is a neighbourhood of zero in A. Let ao £ Oa- Since

ao(Mk) = kmk(ao) C KMk(kKw (O K)) = Ok

16 61



for every K, then

n
T(a0) =a0 6 f]{/ €T(r) :f(Mk)eO k}cO
k=l

for each ao G Oa- Consequently, T (Og) C O implies that T is continuous
at Ba- Therefore T is a continuous map and hence a sectional representation
of A.

Proposition 3.12. Let A be a topologically semisimple algebra which
satisfies the conditions of Proposition 3.7. Then the map T is one-to-one.

Proof. Since A is topologically semisimple, then its topological radical
radA = {a} = Hence from

ker T = p{k~{0m):M Gme(B)} C

E N (km (racL4M) : M € me(B)} = r&dA = {Ba)
one obtains that T is one-to-one.
Theorem 3.13. Let A be a topologically semisimple algebra over C

with unit, having at least one closed maximal left {right) ideal. If one of the
following statements is true

a) A is a locally A-pseudoconvex algebra;

b) A is a locally pseudoconvex Frechet algebra;

c) A is an exponentially galbed algebra with bounded elements,
then A can be considered as a subalgebra of the section algebra I (7).

Proof. Since T is an one-to-one representation of A in I'(1r), then we
can consider A as a subalgebra of ' (7).

Remark. Note that Proposition 3.12 and Theorem 3.13 will remain
true also in case of locally m-pseudoconvex algebras, of locally convex Wael-
broeck Hausdorff algebras, of locally pseudoconvex Waelbroeck algebras,
for which all elements are bounded or m(A) ¢ 0, and of Gelfand-Mazur
algebras, for which m{A) ® 0.

3.5. Module representations
In the following, we try to describe representations of Gelfand-Mazur
algebra, using techniques of module-algebras.

Let C be a topological algebra over K and A a topological C-algebra,
which has the B -extension property (here B is the subalgebra of Z(A)).
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Then every ¢ G homB defines a» G home (A, C) such that

n n
Yh(N2 ckbk) = j X w
* = it=i

for each #G N, ci, ....,cn GC and £4,....6n G Let </ = ~gp(a) for each
a G A and ¢ G borrLll. Then a is a map from horni? into C. Next we show
that a is a continuous map, if the set : © G hom/?} is equicontinuous.

Let a G A, go G homi? and Oc be any neighbourhood of zero in C.
Then there is a neighbourhood 0'c of zero in C such that

O'c+ 0'c + 0'c C Oc-

Since : ¢ G homB} is equicontinuous, then there exists a balanced
neighbourhood Oa of zero of A such that ®40px) C 0'c for each
¢ G hoini?. As C 9B is dense in A, then

(a+ 0A)MN(C®B)

Therefore there exists n GN, ci,...,cn GC and b\,..., bn GB such that

n

n2 Ckbk B+ 0 A-
k=1

But then
n

{"2 °kbk) - aeO A.
k—

Now there exists a neighbourhood 0"c of zero of C such that

O'c + e+ (Oc C O'cC.
4p-mme- \emmmmee '
Y

Every k G{1,..., n} defines a number > 0 such that ckO& C O", (here
Oek = {A GC : IA]< efc}). Let e = min {ei,... ,en}. Then

O(dho) bn, c}

= {0 Gliomi? : (d—¢o)(bK) < e foreach k G{1,..., n}}
is a neighbourhood of <% in hom£?. If ¢ GO(0o; bi,...,bn, e}, then

034 - a(00) = Yp{a) - P0(a) =
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n n n

= Y(a - + YNCK<E- do)(bK) + YG0("52ckbk - a) ¢
JA K-1 fcd

C SH/p(Oa) +c\Oei + .. .4-cn0 1+ P00(OA) C (Y \JOR+ ... + O") +0(7 C

C O~ + 0(7 4- 07 C Oc-

We have shown that for each a G A, do G homZ? and any neighbourhood
Oc of zero of C there exists a neighbourhood O(go; b\,..., 6,, €} of #0in
homl? such that from ¢ G 0</>0, &i,...,6,, e} follows < —dl</9 C Oc-
Hence a is a continuous map and thus a G C*homz?, C) for each a G A.

Let now A : A —»C~homB, (7) be a map defined by A(a) = a for all
a G A and let a be any cover of homJ9. We endow C(\toTB,C) with the
topology, a subbase B of neighbourhoods of zero in which is

{T(S\ O) : S Ger, O is a neighbourhood of zero in C},

where T(S,0) = {/ G C*homB, C) : f(S) C O}. Next, we show that
A is a continuous map, if the set {®~ : ¢ G homB} is equicontinuous.
Let Oc be a neighbourhood of zero in C(homB, C). Then there exist
nGN, S\..., Sn Go and neighbourhoods 0 \,..., On of C such that

n
f]T(SkOKcOc.

k—
Since {®” : ¢ G homB} is equicontinuous, then for every k G {I,...,n}
there exists a neighbourhood Uk of zero in A such that d<AfA) C Ok for
every ¢ G homB. Let
n
n=rik
k=1
Then U is a neighbourhood of zero in A and ®i(11) C Ok for every

dGhomB and k G{1,..., n}.
Let now k G{1,...,n}, aGU and ¢ GSk. Then

(A{a))(ch) = a\dp) = Pdfa) G Ok.

Thus n

A(V) c f] T(SkOk) c Oc
K=1
which means that A is continuous. It is easy to show that A is a homo-
morphism. Thus A is a module representation of A in C*homJ?, C; a).
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Herewith,

kerA = {a E A: ai(d) = 9c for each bE horn B} =

—{a EA: &/(@ = for each @ E hom R} = Pl Kerdn,.
¢ 6 homR

Now we consider the case, when A is a topological (7-algebra with
the RB-extension property, but for each b E R, the map 6~ defined by
6~(0) = db) for each b E homR, vanishes at infinity (i.e., for each e > 0
there is a compact subset Kb of homR such that b~<(d) < e, whenever
d E homB \ Kb). Suppose that homRB is not compact and the set

: @ E hom£R} is equicontinuous. Next, we show that every a vanishes
at infinity (i.e., for every neighbourhood O of zero in C there is a compact
subset Ko in homRB such that (E{¢p) E O, whenever ¢ E homRB \ Ko). For
it, let Oc be a neighbourhood of zero of C. Then there is a neighbourhood
0'c of zero of C such that 0'c + 0'c C Oc m Similarity, as above, we can
find a balanced neigbourhood Og, a number n E N, a neighbourhood On,

elements ci, ...,cn E (7, b\,....bn E B and numbers e\,..., 6* > 0 such that
®a0pa) C 0'c for each o E hom©B,
i
(J2 cki>k) - a E Og,
k=1

Qi+ -+ 0£>c ot
n
and CfcOo/ C O™ foreach k E {1,..., n}. Since every bl vanishes at infinity,
then every k E {I,...,n} defines a compact set Kk C homRB such that
P> — bk{d) C Ofk for each b E homB\Kk. Let

K= {J Kk

Then K is compact subset of homR and homRB is not compact. Thus
K & homB. Let now ¢ E homB\K. Then ¢ E homB\Kk for each
K E {1,...,n}. Therefore

n n
a\ep) = edv(a) = - aj + M (M2CKok) c
| Jt=i
n
C o¢p(0Oa) + "CkP(bK) C
£l
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COc+ciOd+ ... +ChOOW C Oq+‘(’Oe -f...+0g)c Op+ Oc C Oc-
) n
Thus d<A ¢ Oc, if 0 € homi”X, which means that a G Oo(homi?, O).
In this particular case, A is a representation of A in Co(homB, A) (on

Co(horn/?, A) is considered the topology, whose base of neighbourhoods of
zero consists of sets T(homJ9,0 ), where O is a neighbourhood of zero in C).
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Chapter IV

Description of ideals in the algebra
C(X, A; a) and its subalgebras

4.1. Properties of the algebra C(X, A;a)

Let A be a topological algebra, X a topological space and o a cover of X.
We will find conditions for A, X and cr, for which C (X, A;cr) is a locally
pseudoconvex algebra, a locally m-pseudoconvex algebra, a Waelbroeck
algebra or an exponentially galbed algebra.

Proposition 4.1. Let X be a topological space, a its cover and A a
locally pseudoconvex algebra (locally m-pseudoconvex algebra) with jointly
continuous multiplication. Then C(X,A;a) is also a locally pseudoconvex
(locally m,-pseudoconvex, respectively) algebra.

Proof. Let X be a topological space, o its cover and A a locally
pseudoconvex (locally m-pseudoconvex) algebra with jointly continuous
multiplication. Then A has a base

Ba = {Ux : AG A}

of neighbourhoods of zero, consisting of balanced pseudoconvex (balanced
pseudoconvex and idempotent, respectively) sets. Let O be a neighbour-
hood of zero in C(X,A;a). Then there exist n E N, S\,...,Sn € o and
neighbourhoods O i,..., On of zero of A such that

n
f)T(SkOK)cO.

k=1

For every k there exists a neighbourhood U\k £ Ba such that U\k C Ok- It
is easy to see that

n
{PI T(Sk,UXt):neN ,Ske a, U 6 BA\
k=1

is such a base of neighbourhoods of zero of C (X, J1;a), which consists of
balanced pseudoconvex (and idempotent, if A is locally m-pseudoconvex)
sets. Thus C(X,A;cr) is a locally pseudoconvex (locally m-pseudoconvex,
respectively) algebra.
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Proposition 4.2. Let X be a topological space, o its cover and A a
Waelbroeck algebra with jointly continuous multiplication. If X £ a, then
C(X,A;a) is also a Waelbroeck algebra.

Proof. First,12 we will show that
QinvC(X, A;a) = C(X,QinvA; a). (@)

For it, let / £ Qinv(7(X, A; cr). Then there exists an elementg £ C(X, A;a)
such that / -fg - fg = 0CXA-a °r /0*0 + 00*0 ~ f(x)g(x) = 6A for
each x £ X. Thus f(x) £ QinvA for each x £ X which means that
/ £ C(X, QinvA,; <j). Therefore Qinv(7(X, A;cr) C C(X, QinvA;cr). Let
now / £ C(X, QinvA;cr). Then from f(x) £ QinvA for each x £ X follows
that f(x)~1 exists in A for each x £ X. Let p\ denote the quasi-inversion
in A and h = p\ o/. Since A is a Waelbroeck algebra, then pé is a
homeomorphism from QinvA onto QinvA. Hence h is a continuous map
on X and cl/Zi(™(5)) = c\A{p&A{f{S))) = pa(cLL(/(5))) is compact in A for
each S £ o. Thus h £ C(X,A;a) is a quasi-inverse of /. Consequently,
/ £ Qinv<7(X, A;a). Therefore condition (4) is true.

Now from X £ a follows that C (X ,QinvA; cr) = T(X,QinvA) is an open
subset of C(vY, A;cr). Hence C(X, A;cr) is a Q-algebra. To show that the
quasi-inversion is continuous in C (X, A;<r), it is sufficient (see Lemma 1.9)
to show that the quasi-inversion is continuous at f = 9. For it, let 0(9) be a
neighbourhood of 9 in QinvC(X, A; cr). Then 0(9) = U#)nQinv(7(X, A; a)
for some neighbourhood U (9) of 9 in C(X,A;cr) and there exist n £ N,
Si,.., Sn £ o and neighbourhoods O i,..., On of zero in A such that

P]T(Sb O*)C(7(0).
k—

Since p#& is a homeomorphism from QinvA onto QinvA, then

Uk = (pAr\ O k MQinvA)

is a neighbourhood of 9A in QinvA. Therefore every Uk — V/~DQinvA for
some neighbourhood Vk of zero in A. Let now

n
W= (QT(SbV*))nQmvVvC(* A;<7).
=l
12The Proof of Proposition 4.2 in unital case is similar, using Lemma 1.8 instead of
Lemma 1.9, because a unital topological algebra is a Waelbroeck algebra if and only if
InvA is open in A and the inversion is continuous in A (see, e.g., [21], Propositions 3.6.5
and 3.6.10).
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Then VF is a neighbourhood of 9 in QinvO(X, A;cr). If/ E W, then from

/6 PlT(sk 14)
k=1

follows that f{Sk) E Vk for each k E {l,...,n}. Therefore
f{x) E VkN QinvA = Uk,
by (4), and
fg IW = Pa(Kx)) e Pa(nk) C Ojt N QinvA

for each k E {1,..., n} and x E SkeHence
n
/-> 6 pi T(Sk,0k)
k=i
or f~1 E 0(0), whenever / E W. Consequently, the quasi-inversion in
C(X, A;a) is continuous and C(X, A; a) is a Waelbroeck algebra.

Proposition 4.3. Let X be a topological space, o its cover and A an
exponentially galbed algebra with jointly continuous multiplication. Then
C (X ,A;a) is an exponentially galbed algebra.

Proof. Let O be any neighbourhood of zero in C(X, A;a). Similarily,
as in the proof of Proposition 4.1, we have

PiT(sk,0ic)c O

for some n E N, 5j,..., Sn E o and neighbourhoods O i,..., On of zero in A.
Since A is exponentially galbed, then we can find for every Ok a neighbour-
hood Uk of zero in A such that

m

for each rn E N. Let n
U=Pi T W
fc=i
Then U is a neighbourhood of zero in C(X, Ala) and f(x) E Uk for each
/ E U and x E Sk- Therefore



for each m E N, k E {1, x £ Skand /0, fmE U. Thus

m , n

{E | :1- /m6CYc f] T(SbOYc O
/=0 1

which means that C (X, A; cr) is an exponentially galbed algebra.

To describe all closed maximal regular left (right or two-sided) ideals of
C(X, A-a) and its subalgebras, we need the following results.

Lemma 4.4. Let X be a completely regular Hausdorff space and a a
compact coverld of X, which is closed with respect to finite unions. Then
every ¢ E hom<7(X, K; a) defines an element Xp E X such that ¢ — diXch
where gXd(a) —a(xdp) for each a E (7(X, K; a).

Proof. See [10], the proof of Theorem 2 v) in case of a compact cover.

Lemma 4.5. Let A be a topological Hausdorff algebra and a E J1\{#n}.
Then va: K — A, defined by isa(A) — Aa for each A e K, is a homeomor-
phism.

Proof. It is clear that is a continuous bijection. To show the
continuity of i/*1, let O be a neighbourhood of zero in K. Then there exists
€ > 0 such that

of={AE K:JA~c}CO.

If Ag E 0e\{0}, then Xqu & Ba. Since A is a Hausdorff space, then there
exists a neighbourhood Oa of 9A such that Aoa ™ Oa- Let Va be a balanced
neighbourhood of zero in A such that Va C oa- Now O' = Vall(Ka) is a
neighbourhood of zero in Ka. If AaE VAand |&] ~ JA then PoA- 11~ 1
and Aoca — (AoA 1)Aa C Va, which is a contradiction. Therefore from
Aa E O' follows A E Oe ¢ O which means that 7“1 is continuous.
Consequently, va is a homeomorphism.

4.2. Description of ideals in subalgebras of C(X, A; a)

Let LW, X, /1; a) be a subalgebra of C (X, A;a), endowed with the subset
topology.

Lemma 4.6. Let X be a topological space, o its cover and A a topologi-
cal algebra with jointly continuous multiplication. If

{f(x):feK (X ,A:a)} = A

13l.e., every S (Ea is a compact subset of X.
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for each x G X, then

Z(<Z{X, A; a)) = W, X, A-a) MC(X, Z(A); a).

Proof. Since LW X, A\a) C C(X,/1;a), then
Z(K(X,A-,(j)) D Z(C(X, N;a)) =

= C(X, Z(A); en) D 5t(X; f1; a) NC (X, Z(A); a).

Next, we show that C(X, Z(A);a) D Z(2I(X, A; a)). For it, let x G X and
g G Z(2I(X, A;a)). Every a G A defines a function fa G L, X, A; o) such
that fa(x) = a. Since gfa = fag for each a G A, then (gfa)(x) = (fag)(x)
or g(x)a —ag(x) foreach a GA. Thusg(x) GZ(A) andg G C(X, Z(A); a),
which implies that C(X, Z(A); a) D Z($L(X, A; a)). Hence

Z(K(X,A;a)) C LX,A;a) MC(X, Z(A); o)

and our proof is complete.

Lemma 4.7. Let X be a topological space, § its cover and A a
topological algebra with jointly continuous multiplication. If

{fa ma € A, fa{x) = afor each x £ X} ¢ %{X, J1; er), (5)

then
M =MXJ={/GLWX,A;a) :f(x) GJ}

is a closed maximal regular le (right or two-sided) ideal of L X, A;cr)
for each x G X and a closed maximal regular left (right or two-sided,
respectively) ideal J of A.

Proof. Letx GX,J GTwA) (J Gmr(A) orJ Gmt(A)) and let u be
a right (left or two-sided, respectively) regular unit for J. Then it is easy
to see that fu (here fu{x) = n for each x G X) is a right (left or two-sided,
respectively) regular unit for M Xij. Therefore M x,j is a left (right or two-
sided, respectively) regular ideal in LW X,A;a). If /o G cl
then there is a net (/n)gen °f elements of Adxj, which converges to /0. Let
ex : WX, A a) -» A be a homomorphism, defined by cx(f) = f(x) for each
/ G 21(X,A-,ct). Since ex(T(S, O)) c O for each neighbourhood O of zero
in A and a set S' G o such that x G S, then ex is continuous. Therefore
(cx(/a))agA converges to ex{fo) G J, because J is closed. Thus /0 G M X,
which means that M x,j is a closed ideal.

Next, we show that M Xj is maximal. For it, let 1 be a left (right
or two-sided, respectively) ideal of LU X, A;a) such that M xj C I. Then
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€x(Mx,j) ¢ €X(1) and €&(Mx,j) = J, by the condition (5). If 6™7) = A,
then there exists an element g £ | such that n = ex(g). Now

e*(/u - g) = fu(x) - ex(g) = AL J

which means that fu—g £ M x,j C I. Hence fu= (fu—g) + g £ /, which
is not possible. Therefore ex(l) ® A and ex(l) is a left (right or two-sided,
respectively) ideal of A. Since J is a maximal left (right or two-sided,
respectively) ideal in A, then J —ex(l). Because of it,

Thus I —M Xj . Consequently, M x,j is a closed maximal regular left (right
or two-sided, respectively) ideal of L X, A; a).

Next, we will consider only two classes of topological algebras A over C:
I) A has a unit eA\

I1) A has no unit but there exists a honzero idempotent iA £ Z(A).

Let X be a topological space, a its cover and A a topological algebra
over C. For each a £ C(X,C) and a £ A, let aa be a map, defined by
(cm)(a;) = a(x)a for all x £ X,

aa(X,Ci<r) = {a £ C(X,C) :aa £ 2I(X,A;cr)}

and W X, C;a) = %eA(X, C; <n), if A is a unital algebra.

Lemma 4.8. Let X be a topological space, o its cover, closed with
respect to finite unions, A a topological algebra over C, a £ A\{0a} and
a = 2ta(X, C;d)a. Then the map pa, defined by /ia(«) = &a for each
a £ 5ta(X, C;cr), is a topological isomorphism between 2la(X,C;cr) and 2ta.

Proof. It is clear that Ra is a bijection between the sets 2ta(X, C; a)
and 2la. Next, we show that both ua and 1 axe continuous maps. For
it, let O be a neighbourhood of zero in 2la. Then O — O' I 2la, where
O' is a neighbourhood of zero in %(X,A;a). Now there exist S £ cr,
neighbourhood Oa of zero of A and neighbourhood Oc = {NneC:| N1 ]"6}
of zero of C such that (T(S,0a) INLW, X, A;cr)) C O' and Oea C 0 A. Since
T(S,0¢) NWa(X,C;<T) is a neighbourhood of zero in 2la(X,C; cr) and

Ha{TI[S, Ot) Mma(X, C;a)) C T(S, Oea) Mae C
C [F(5,0€a) n2t(X,A;a)] M2aCcO'M - O,

then fia is continuous.
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Let now O be a neighbourhood of zero in 2ta(X, C;cr). Then there
exist Sea and e > 0 such that {T(S, Oe) M2ta(X, C;a)) C O. Because
Oea — va{Of) and va is a homeomorphism, by Lemma 4.5, then Oea is a
neighbourhood of zero in ~a(C). Hence there exists a neighbourhood O\ of
zero in A such that Va{Oe) = Oa N~ (C). Therefore O' = T(S,0a) N21a is
a neighbourhood of zero in 2la and y~1(0') C T(S,0e¢e) fI5trt(X, C;cr) C O
which means that u~1 is continuous.

Theorem 4.9. Let X be a completely regular’ Hausdorff space, a a
compact cover of X, which is closed with respect to finite unions, A a topo-
logical algebra over C with jointly continuous multiplication, iA a nonzero
idempotent in Z(A), W, X, ,A;a) a subalgebra of C(X,A-,<j) (with the same
unit, if A is a unital algebra) and let the following conditions be true:

1) Either

a) A is a locally rn-pseudoconvex Hausdorff algebra;
b) A is a locally pseudoconvex Waelbroeck Hausdorff algebra, X G cr
and W X, A; a) is a Q-algebra with T (L X, Ala)) ® 0;
or
c) A is an exponentially galbed Hausdorff algebra and all elements of
L X, A ;ct) are bounded.

2) {fa e~ ~ A fa(x) = afor each x G X} C WX, A;cr);

3) everyld ¢ G homNIN{X,C',cr) defines an element Xp G X such that
= Xy where pXfa) = a(xd) for each a G% A{X, C; a);

4) af g W, X,A;a) for eacha GC(X,C) and f G LWL X, A;a);

5) If A is a nonunital algebra, then
cL x,J1;<r)® ™ a{X,C-,0)la) = W X, A\a).

Then every closed maximal left (right or two-sided) ideal M. of
LLL X, A;cr) is representable in the form M. = M.x,j for some x G X and a
closed maximal left (right or two-sided, respectively) ideal J of A.

Proof. We give the proof only for left ideals (the proof for right and
two-sided ideals is similar) and separately for both unital and nonunital
case.

)] A is a unital algebra. Let X, a and A be as in the formulation

of Theorem 4.9 and B = c\r{lWx,A;<T))("("?C; cr)eg). Then B is a closed
subalgebra of Z(% (X,A;cr)). The map fieA, defined by Len(a) = aep for

14Here and in the sequel tn = en and % A(X,C;a) = LW X,C;cr), if A is a unital
algebra.



each a E L X, C; <r), is a topological isomorphism of LL, X, C; cr) into J9, by
Lemma 4.8. Let r denote the topology on ueA(LL X, C; 1)), induced by the
topology of 2(LL, X, A;cr)). Since a is closed with respect to finite unions,
then every element of a base of neighbourhoods of zero in ueA(L, X, C;cr))
has the form

U= {aeA:a E 2I(X,C;rr), a(S)eA C Oz(A) NCen}

for some S E a and neighbourhood 0%(a) °f zero *n ~(A), by Lemma
4.6. Since the map A »= Aef is continuous (see Lemma 4.5), then there
exists a number e E (0,1) such that Oeen C 0 Z(a) ™ Cen, where
Oe—{A £ C: IA < e} Itiseasy to see that

{T(S, OeeA) MNReA(LLLX,C;a)) :S Ea,e> 0}

is a base of neighbourhoods of zero in fieA(2t(X, C; <r)) in the topology r.
Because every T(S, 0 €en)Maen (L, X, C; a)) is an idempotent and absolutely
convex set, then (/xeA(LL, X,€;cr)),r) is a commutative locally m-convex
algebra over C. Hence B is a commutative locally m-convex algebra over
C (if p is a homogeneous submultiplicative seminorm on ueA(L, X,C;cr)),
then (as in [30], Proposition 4, p. 129) its extension p' onto B is a homogen-
uous submultiplicative seminorm on B ). Consequently, B is a commutative
Gelfand-Mazur algebra, by Lemma 1.11. Therefore every M E rri(B) de-
fines a map ¢m € homjB such that M = keTdm- Since yeA is a topological
isomorphism from 2t(X, C; a) into B (by Lemma 4.8) and BeA(LL X, C; er))
is dense in B, then dm ° LeA E hom2t(AT,C;a). By the condition 3),
there exists a unique element xq E X such that ¢om ° ReA — ®x0, where
®x0{a) —a(xo) for each a E 2I(X,C; cr). Now

[xeA(keTpX0) = ReA(fiNA (Ker™m)) =

= ketpm MReA(W, X,C;cr)) —MTI1 fieA(A(X, C; a)).

Therefore
cIB(ReA(ker0Oxo)) = cIB(M n ReA(A(X, C;er)) = M,

by Lemma 1.10. Hence every M defines an element x E X such that
M = Mx —clb({(xca =& E L X, C;er), a(x) = 0}).

For each x E X let ex be the map from LU, X, A; cr) into A, defined as in
the proof of Lemma 4.7,

kMx : WX, Aja) -=>Y = WX, A a)/I(Mx)
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the quotient map and 6X:Y —A the map, defined by 8X(kmx(/)) = cx{f)
for each x £ X and / G 2I(X, J1; cr). To show that Sx is well defined, we show
that kerex —I(M X). For it, let /7 G I(M X). If we define the multiplication
over A in W X,A;cr) by (af)(x) = af(x) for each x G X and a G A, then
Mx C kerex (because ex is continuous and A is a Hausdorff space) and

n

fcd

for each n G N, each ai,...,an G J1 and mi,...., mn G Mx. Hence
ex(1(M X)) = 6A or /(Mx) C kerex for all & G AT.

Next, we show that I(M X) b kerex for each a G X. For it, let ao € |
and /G kereXo. Let 0(/) be any neighbourhood of / in 2I(X, A;<r). Since
g is closed with respect to finite unions, then

/ + (T(S0,00) I\ X,AJo)) C 0(/)

for some So G o and a balanced neighbourhood Oo of zero of A. Now
there exists an open neighbourhood O' of zero such that O' C Oo- Then
Xqg' = X\f~1(0") is closed in X and ao & X g> because /(x0) G O'.
By assumption, X is a completely regular space. Therefore there exists
a GC(X)[0,1]) C C(X, C) such that c*(a;0) = 0 and a(Xo") = {1}-

Let now a G So- If £ G Xo>, then (af —f)(x) = (e*(@&) —1)/ (x) G Oo-
Ifa ~ Xo', thena G/_1(0') and

(«/ - f)(x) = («0*0 - 1)/W € (a(k) - 1)0' C Oo,
because Ja(@) —1] ™ 1 and Oo is a balanced set. Therefore
af-feT (So,00)n*(X,A-,a),

by the condition 4), and thus af G O(f). Since af = fae\ G /(MXo),
then I(M Xo) nO(/) @& 0. Consequently, / G /(MXo), which implies that
I(MXQ D kereXo. Hence I(M Xo) = kereXo. Since every M G rn(l3) defines
an element x e X such that M = Mx and kerex ® QI(X, J1;,cT), by the
condition 2), then every closed maximal ideal in B is extendible.

It is easy to see that C(X, /l,cT) is a Hausdorff algebra, if A is a
Hausdorff algebra. By the assumptions of Theorem 4.9 and Propositions
4.1, 4.2 and 4.3, we see that in the present case C(X, A;a) is a locally
m-pseudoconvex Hausdorff algebra, a locally pseudoconvex Waelbroeck
Hausdorff algebra or an exponentially galbed Hausdorff algebra. Now
21(X, A; <), as a subalgebra of C (X, A; a), satisfies at least one of the con-
ditions a) or ¢) of Theorem 2.17 or a condition of Corollary 2.19. There-
fore (see the proof of Theorem 3.6) every closed maximal left ideal /14
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of 2I(X, A; a) has the form At = Kwmx(kmx(AN)) for some x G X and
Mx G m(B) (because every ideal of m (B) is extendible). Hence

M = {fe 2I(X, A a) : f(x) Gex(M)}.

If ex(A4) — A, then there exists an element g e M such that ex(g) = eA.
Now hg G A4 for each h G 2I(X, A; cr). Therefore from

ex(h) = h(x)eA - (hg)(x) = ex{hg)

follows h —hg G kerex = I(MX) ¢ At, because kmx{A4) is an ideal in F,
by Lemma 3.5. Thus A G At, which gives us a contradiction. Hence ex(AA)
is a left ideal in A. Let | be a left ideal in A such that cx(A4) C I. Then

M Ce-\ex(M)) Ce~\Il) p% X ,A-,a)

and e~I (1) is a left ideal in 21(X, A;cr). Since At C e~I(l) and At is a maxi-
mal left ideal in 2I1(X, A;a), then At = e~r(l) or ex(AA) = /. Consequently,
6g(At) is a maximal left ideal in A

Next, we prove that ex(A4) is closed. For it, let a0 be an arbitrary
element of clg(ex(AC)). Then there exists a net (ta)aen in A4 such that
ex{m\) converges to ao- Let p : A —mC(X, A;a) be a Tap, defined by
(p(a))(x) = a for every x G X and a G A. Then p is continuous (because
p is linear and p(0) C T(S, O) for each neighbourhood O of zero in A and
S Gcr). Therefore p{ex(Tn\)) converges to p(ao). Since

ex[p{cx{m\))\ = (p(ex(rri\)))(x) = eX(mx)

and Sx is a one-to-one map, then kmx[p(Ex{T\)\ — KA//Ir n) f°r each
AGA. Thus

p{ex(mx)) G KmxXkmp(ex{T\)))] = G At

for each A G A Hence p(ao) G At, because the ideal Af is closed in
2t(X, A;cr). Therefore ao = ex[p(a0)] G ex(A4). So we have proved that
cl/Zi(cx(At)) = ex(At) which means that J = ex(A4) is a closed maximal
left ideal of A. Consequently, Af = At~ for some x E X and J G mi(A).

I) A has no unit, but there exists a nonzero idempotent
iA G Z(A). Let X, A and o be as in the formulation of Theorem 4.9,
ro, G Z(A), p a map from (7(X, Aicr) into C(X, A;<r)x C, defined by
p(f) —(/,0) for each / G C(X, A;cr), piA a map from 2IM(X, C;cr) into
21N (X,C; cr)M? defined by PiA{a) = «m for each o G 2,/1(X,C; cr), and
B = cl2(n(n,J1;a)) (/*m (~>C;~D)’ Then ” is a homeomorphism,

4(B) = B x{0} C Z(2I(X, A;er) x C = Z(2I(X, A;a) x C)
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and B x {0} is a closed subalgebra of Z(21(X, A;a) xC).

IfM £ m(B x{0}), then u~1(M) £ m(B), because Aiis a topological
isomorphism. Similarily, as in the part 1), we get that /j,iA%6tA(X,(C;a))
and B are commutative Gelfand-Mazur algebras. Hence /i_1(AT) = keTdm,
where ¢om £ homRB. As in the part I) (using here rg instead of egq and

instead of Af), we see that dm ° BiA ~ boT121*n(X, C;cr) (because
RBiA is a topological isomorphism from 2LIA{X, C;cr) into B, by Lemma 4.8,
and 4A (X, C;a)) is dense in B). By the condition 3), there exists a

unique element £0 £ X such that dm ° BiA = @dx0, where diXo(a) = <*(x0)
foreacha £ 21 (X, C;a). Now

/1, n(kerdx,,) = (keTdm)) =

= ke MMIN BIARLIIT, C; <) = /T (M) T (9tM(X, C; cT)).

Therefore
c1B[~n(kerOM9] = cIR [~ _L(Af) M ~n(217~(X,Cicr))] = /A (AF),
by Lemma 1.10, or
Af = /i[dB("[ker</>X0])] = c\Bx{0}[fi 0 T A(KeTpX0)].

Hence

A/ = cIBX{0}{ (" o/iii4)(a) :a £ %A(X,C:a), a(x0) = 0} =

= cIRX{O{(«M>0O) :a £ 21~(X,C;a), a{x0) = 0}.

Thus, for every M £ m (B x {0}) there exists an element x £ X such that
M —Mx = clox{o}{(Ttn,0) : 0, £ WIA(X,C;a),a(x) = 0}.

Let now x £ X and £x be a homomorphism from L X,A;a) x C into
A x C, defined by £x(/, /) = (/(x), A for each (/, A) £ 2I(X, ; er) x C. Let
kMx be the quotient map from 21(X, A;a) x C onto

y = NeA;j)xC)/ 7/ (JIfx)
and £x the map from Y into A x C, defined by Sx(kmx((/>A))) = £x(/, A
foreach x £ X and (/, A £ 2I(X, A;a) x C. To show that 6Xis well defined,
we show that I(M X) = kerEx. For it, let / £ I(M X). Since

£X(T{S, Oa) x Oc)) C Oa x Oc
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for every neighbourhood Oa of zero in A, every neighbourhood Oc of zero
in C and every S £ a such that x £ 5, then is a continuous map.
Therefore Mx C kerEx and

A (7 (ab MK, 0)) = (M [(akaZb)@) + (Nkak)(x)].(?] = (BA,0)

k=1 fc=1

foreach n E N, (ai, Ai),..., (an,An)EvixCandai,... ,ankE C;a)
such that ajt(x) = 0 for each k E {1,..., n}. Hence

n
AQ)rnk :n E N, (0}, Ai),..., (6n,AM) E A x C,

K—1
mb ... , mnE AfxJ C ker£x,

because £x is continuous. Since ker£x is a closed set in LW, X, A;a) x C, then
1{M X) C cLi(ker£x) = kerfx for each x £ X.

To show that kerEx C I1{M X) for each x £ X, let xo £ X, (/,0) E kerE£Xo
and 0((/,0)) be any neighbourhood of (/,0) in 2I(X, Acr) x C. As o is
closed with respect to finite unions, then

(/ + [T(S0,00) ML X, A;a)}) x{0} C0(/,0)

for some So £ o and some neighbourhood Oq of zero of A. Since addi-
tion is continuous in C(X,A\cr), then there exist Si £ a and a balanced
neighbourhood Oi of zero in A such that

T{Si,0\) +T(S\,0i) C ' (£0, O0)-

Now ux : (7(X, A;cr) — A, defined by uix(f) = f{x), is a continuous map
for each x E X and uXo(f) — 9a- Therefore there exist S2 £ o and a
neighbourhood O2 of zero in A such that xo £ S2 and O2 C 0\. Hence
0jXo(T(S2,02)) C 0\. Because (by the condition 5))

ch(xA<r) (A® %A(X, C; 0)iA) = A(X, A; a),

then there exist NEN, ai,...,anE i and ai,...,anE 2lrn(X, C; cr) such
that
F=1]r o*a*m - /7€ [T ~,0xX)MNT(S2,0j)] MN2I(X, A;a).
k=1

For each AE C, let ag £ C(X,C) be a map such that ag (k) = A for all
x £ X. Moreover, for each k £ {l,...,.n} let Bk = ak —a X0)- Then
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Bk G C(X, C) and BkiA — Bkfi\1 where fiA(x) = for all x G X. Since
fiA G WX, A;er), by the condition 2), then RBkfiA G 21(X, A;cr), by the
condition 4). As 3k(%0) = 05then (Bk™MA-, 0) G M Xo,

n n
(E
Al fo=1
for each x G S] and
n n

N NakBKkMA ~ f = F — 2N Nakaak{x0)*» ~

/c=1 fc=1
G[T(5boi)+ T(5),0i)] NLLX, Aren) C T(50,00) N2I(X, A en).

Therefore from N

(5>A M ,°) G
k=1
e [(/+[T(50,00)na g n;<M)) x{o}] n/(m10) c o(f,0) ni(M X0)
follows 0(/,0) M1(MXo) -« 0. Consequently, (/,0) G I(MXQ implies
I (M X0) —ker£Xo. Since every closed maximal ideal M G m (B x{0}) defines
an element x G X such that M — Mx and kerEx ¢ 21(X, A;cr) x C, then
every closed maximal ideal in B x {0} is extendible in 2L(X, A, cr) xC.
It is easy to see that

A G2IM(X, C; 0)iA C 1(HuA(X, C;a)iA) C 1(B) C 2I(X, A a).

Thus
clux,Aza) (T ® %IA(X, C; a)iA) = 2t(X, A; e

implies /(B) — 2I(X, A;cr). Now, by Lemma 1.17, Propositions 2.7, 2.9,
4.1, 4.2 and 4.3, we see that C(X, A;cr) x C is a locally A-pseudoconvex
Hausdorff algebra, a locally pseudoconvex Waelbroeck Hausdorff algebra
or an exponentially galbed Hausdorff algebra. Therefore 2t(X, A; er) x C, as
its subalgebra, satisfies the conditions a) or ¢) of Theorem 2.17 or Remark
B. Hence every closed maximal left ideal / of 2t(X, A; er) x C has the form
I = ~Nkg/NN) f°r some x G X and Mx G m(B x {0}) (because every
ideal in m (B x {0}) is extendible). Thus we have

7={(/, A G2(X, Aen) x C: (/(*), A GE£X(/)}.

If £x(/) = A x C, then there exists an element (9,1) G | such that
£X(<7,1) — (9Ai 1)- Now (h,v)(g, 1) G / for an arbitrary element (h,v) of
21(X, A;cr) x C. Thus from

6¢c(M) = (h(x),v) = (h(x),v)(eAA) =ix(h,v)t,x(g, 1) = £x[(h,v)(g, 1]]
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follows
(h,v) - (h,v)(g, 1) G kerEx = I(M X) C kJx(kMx(l)) =1

(because (/) is an ideal in Y, by Lemma 3.5). Therefore (h,v) G 1 and
I — WX, A;cr) x C, which gives us a contradiction with assumption that
I is a left ideal in LW X, A;cr) x C. Hence £x(/) is a left ideal in Ax C.
Similarily, as in the part 1), we can show that £x(/) is maximal.

Next, we prove that £x(/) is closed. For it, let (ao,Mo0) be an arbitrary
element of cla(£x(/)). Then there exists a net (/a,Ma)agA in | such that
{£.x{f\,B\))\{\ converges to (ao,Mo) in the product topology of A x C.

For each a G let fa G C(X,A-,cr) be again a map, defined by
fa(x) = a for each x G X, and p : Ax C —=(7(X, A;cT) x C a map such
that /o A — (/a, A for each a G A and AG C. We show that p is con-
tinuous. For it, let O be a neighbourhood of zero of C (X,A\a) x C. Then
there exist neighbourhoods 0\ of zero of C(X, A; <) and O2 of zero in C
such that Oi x 02 C O. Now we can find S e a (because a is closed with
respect to finite unions) and a neighbourhood 0 1 of zero of A such that
T(S,0[) C Oj. Obviously,

p(0[ x O2) CT{S,0\) x 02C Qi x 02CO

which means that p is a continuous map. Therefore p(Ex{f\, B\)) converges
to /o(ao?Mo)- Since from

ExM6c(/a»Ma))] = tx[p{fx(x),px)] = txUfx{x),Va) =

= (fx(x),p\) = U fx,Px)

follows
G{kmx[p{3x{f\i Ma))]) ~ fix{KMx[(/a? Ma)])

and Sx is a one-to-one map, then KMx[p{£x{fx,Px))] = kmx[(/a,Ma)] for
each AG A. Consequently,

X x(/a,43) e "Mx[KMx(p{ixUxdx)))] = [kmx(/a?Ma)] e /

for each AG A. As | is a closed set in 2I(X, A;a) x C, then p(aciMo) G I.
Therefore (a0,M0) = £x/°(ao,Mo0)] G £4A(/1* So we have proved that
cU(fxCO) = £x(I) which means that J/ = £x(/) is a closed maximal left
ideal of A x C. Hence every | G m/(2t(X, /1; a) x C) has the form

I =1IxJr = {(/,A GUX,A;a) x C: (f(x), A GJ/}

for some x £ X and Jj G mj(AxC).
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Let now M G ITL(W, X, A; <r). Then M x {0} G m*(2I(X, A;cr) x{0}).
By Theorem 2.12, there exists an ideal Jc G rru(lW, X, A; cr) x C) such that
/ct *Ne < x {0} and

Je MI(X, A; (j) x{0}) = M x{0}.
Now there exist x £ X and Jc G rnj(A x C) such that
lc = {(/, A GLX, Acr) x C : (/(ar), A) GlJlc}.

Clearly, Jc (A x{0}). IfJc D (A x{0}), then Jc = A x {0}, by
Lemma 2.11, which implies that Zc = 2I(X, A; cr) x {0}, but it is not possi-
ble. Therefore

J x{0} =Jcn(Ax{0}) Gmi(A x {0}),

by Theorem 2.12, and J G ra™(A), because the map A is a topological
isomorphism from A onto A x{0}. Consequently,

M x{0} = L N[WX, A;a) x{0}) =
={(/,0) g X, A;a) x{0} : (/(*),0) Glc MA x{o})} =
={(/,0) Sagn;c) x{0} :Z7(*)E./}.
Thus Ai = {/ G2I(X, A;cr) : /(x) GJ} or JI4 = M.x,j for some x G X and
J Grni(A).

Lemma 4.10. Let all the conditions of Theorem 4.9 be fulfilled. Then
the map O from Tk(LW, X ,A;a)) into X x TK(A), defined by

ft(Mx,j) —{x,J)

for each x GX and J G TkK(A), is a bijection (here Kk = I, K=7r1 or K = t).

Proof. It is clear that O maps m;t(2I(X, A; cr)) onto X x T~(A), by
Lemma 4.7 and Theorem 4.9. If now Q,(M.Xujl) = *(A(X,j2), then from
(x\, Ji) = (x2,J2) follows > = a2 and Ji = J2. Hence M XltJi = M X2,j2
and thus O is a bijection.

Corollary 4.11. Lei a// the conditions of Theorem 4.9 6e fulfilled. Then

a) rad2l(X, A;cr) - 2I(X, A;a) f] C(X, radA,; cr);

b) LW X, A; a) is topologically semisimple if and only if A is topologically
semisimple;

c) if A is a commutative algebra, then every ® G hom2t(X, A; a) defines
x G X and d G homA such that ® = ¢o ex.
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Proof, a) Let g G ra<M(X, A;cr). Then g G 2t(X, A\cr) and

9G pl M.
M E mry(LLLX ,Aja))

Therefore g(x) GJ forall x GX and J Gruw(A), by Theorem 4.9. It means
that g G C (X, radA;cr). Thus g G L X, A;cr)f) C(X, radA; cr).

Let now g G 2I(X, A;er) Q C(X, radA;cr). Then g(x) GJ for all x G X
and J Grni(A). Thus

9G pl = rad2l(X, A; cr),
(x,J)EX X rni(A)

by Theorem 4.9.

b) follows immediately from a).

c) Let A be a commutative topological algebra and ® G hom2I(X, A, cr).
Then ker® is a closed maximal two-sided ideal of LLL X, A; cr) (see, e.g., [36],
p. 68). Thus ker® = M x,j for some x G X and J Gm(A), by Theorem 4.9.

The algebra A in the present Corollary is a commutative Gelfand-Mazur
algebra in both cases a) and b) of Theorem 4.9, by Lemma 1.11. To show
that A is also a Gelfand-Mazur algebra in case c) of Theorem 4.9, we show
that every element in A is bounded. For it, let tig be an arbitrary element of
A and /o0 G 2t(X, A; cr) be a function such that Zo(a) = «o for each x G X.
Since all elements in LLL X, A; cr) are bounded, then for every neighbourhood
of zero O and S G o there exist numbers 7 > 0 and AG C \{0} such that

{(™)" :n6n} CT7(T(S,0)n WX, A a)).

Therefore

for each n E N. Hence a0 is bounded in A. Consequently, (see Lemma
1.11), Ais a commutative Gelfand-Mazur algebra in case c), as well. Thus
there exists a map ¢ G homA such that J = ka</~ Now from ex(f) G keTth
follows / G ler(</>0ex) for each / G ker®. Hence kerd® C keT(h oex). Since
keT(th 0 ex) is a two-sided ideal and ker® is a maximal two-sided ideal in
21(X, A;cr), then ker® = keT(choex) and therefore @ = dhocx, by Lemma 1.7.

Proposition 4.12. Let all the conditions of Theorem 4.9 be fulfilled and
dx i->x be a continuous map from hom2t(X, A; cr) onto X. If, in addition, A
is a commutative unital algebra, for which homA is locally equicontinuous,
then hom2I(X, A;a) and X x homA are homeomorphic.
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Proof. By Corollary 4.11, every ® G homQI(X, A;cx) is representable
in the form ® = Pd(x,d) —P° £x for some X £ X and £ homA. Moreover,
doex £ hom2I(X, A; cr) for each x £ X and £ homA, because ex is a con-
tinuous homomorphism from 21(X, A; cr) onto A. Therefore defined by

Q=)= (<

for each x G X and ¢ G homA maps hom2I(X, A; cr) onto X x homA. If
FO(P(x,h) = HO(P(a',*))> then (x,d) = (K, ). Hence d(x"} = d(x/7Y) which
means that Q is a bijection.

Next, we show that fZ is continuous. For it, let (Pr)re/ = (P(x, ))iei be
a net in hom2l(X, A; cr), which converges to ®o = ®d(x0dD) *n the topology
of hom2l(X, A;cr). Then the net (®i(f))id converges to ®o(/) for each
/ G2I(X, A;cr). Since faG 2I(X, A; a) for each a G A, by the condition 2)
of Theorem 4.9, and

d«(/a) = (Ot ° £Xi){fa) = 0*(cXi(/a)) = ®r{laM) = ®M)

for each i G | U {0}, then (0r(a))re/ converges to </>o(@ for each a £ A.
Hence (Or)re/ converges to do in the topology of homA.

For any x £ X, let dx : 2I(X,C;cr) -> C be a map, defined by
dx(ac) = a(x) for each a £ W, X,C;cr). Then the net (®Oae”))™/ con-
verges to (Po(c*en)) for each a £ 2I(X, C; cr). Since

D(x4)(«en) = a{x)th{eA) - a(x) = dx(a)

for each x £ X and ¢ £ homA, then (</>x,(a))i6/ converges to dXo(a) for
each a £ 2I(X,C;cr). Hence (dpX{){el converges to ¢ in the topology
of hom2I(X, C;cr). By assumption, dx X is a continuous map from
hom2I(X. A;<t) onto X. Thus (OK)re/ converges to xq in the topology of X
and therefore (xj”i)i”i converges to (xg, ¢o) in the product topology on
X x homA It means that Q is continuous.

Now we show that Q-~I is continuous. First, we show that for any
xo £ X and dgo £ homA and any neighbourhood 0 (®(>0dD)) of ®(X0™0)
there exists a neighbourhood O((a:0,00)) of (#0</>0) such that

O 1(O((#06,00)))cO (® (rod).

For that, it is enough to show that for each e > 0 and /7 G 2I(X, A; a) there
exists a neighbourhood O((xo,¢0)) such that

IP(x,0)(/) —™(xo™0) (I ~

whenever {x,d) £ O{(x0,¢0))-
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Since homA is locally equicontinuous, then every dgo £ homA has an
equicontinuous neighbourhood Oe(o) of do in the topology of homA.
Therefore, for every »0 G |, / G 2I(X, A\a) and e > 0, there exists a
neighbourhood 0 (f(x0)) of f(x0) such that

lota) - /(x| = kia - fxo)\ < |

for each a G 0(f(x0)) and ¢ G Oe(do). Since 7/ is continuous, then there
is a neighbourhood 0(x0) of xo such that f(x) G 0(f(x0)), whenever
x G O(0;0). Hence

Ip{/{x) - f(x0)] <

whenever ¢ G Oe(do) and x G 0(>k0)- now
O(00) = Oe(™o)M{™ Ghom2t(X, A;cn) : \(b- ¢do)(/(xo)\ <

Since 0 (x0) x O(cpo) is a neighbourhood of (xo, <49 m the product topology
of X x homvl and

\o(x,0){N1 - o(x0,p0)(\ = W/(®)) -<A)(/(M0))] <

< P/ —f(xo)\ + 1(0 —"0)(/(M0))i < €
for each /7 G W X, A;a), whenever #</> G O(ico) x O(cho), then is
continuous. So we have showed that Q is a homeomorphism.

Corollary 4.13. Let X be a completely regular Hausdorff space, a
be a compact cover of X, which is closed with respect to finite unions, A a
unital topological algebra over C with jointly continuous multiplication and
let one of the following conditions be true:

1) A is a locally m-pseudoconvex Hausdorff algebra;

2) A is a locally pseudoconvex Waelbroeck Hausdorff algebra, X £ o
and rn(C(X, A;a)) @ 0;

3) A is an exponentially galbed Hausdorff algebra and every element in
C(X,A’,cr) is bounded.

Then

a) radC'pf, A; cr) — (7(X,radA; a);

b) C(X, A] a) is topologically sem.isi.mple if and only if A is topologically
semisimple;

c) if A is a commutative algebra, then every ® GhomC(X, A; a) defines
x £ X and £ homA such that ® = ¢oex.
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In addition, if A is a commutative algebra, for which homA is locally
equicontinuous, then hoinC”X, A;a) and X X homA are homeomorphic.

Proof. All the conditions of Theorem 4.9 have been fulfilled, by Lemma
4.4 and Proposition 4.2. Moreover, dx t> x is a continuous map from
homC(X, A\a) onto X, by Theorem 2 v) in [10]. Therefore the assump-
tions of Proposition 4.12 are true and homC'(X, A;a) and X x 10T/l are
homeomorphic, by Proposition 4.12.

Corollary 4.14. Let X be a completely regular Hausdorff space, a a
compact cover of X, which is closed with respect to finite unions, A a unital
topological algebra over C with jointly continuous multiplication and let one
of the following conditions be true:

1) A is a locally m-pseudoconvex Hausdorff algebra;

2) A is a locally pseudoconvex Waelbroeck Hausdorff algebra, X E a
and m(C'(X, A;a)) @ 0;

3) A is an exponentially galbed Hausdorff algebra and every element m
C(X, A;a) is bounded.

Then

a) every closed maximal left (right or two-sided) ideal /14 of C (X ,A;a)

is representable in the form

M =MXJ={/EC(X,A;a) :f(x) EJ}

for some x £ X and a closed maximal left (right or two-sided, respectively)
ideal J of A;

b) M X is a closed maximal left (right or two-sided) ideal of <7(X, A;a)
for each x E X and each closed maximal left (right or two-sided, respec-
tively) ideal J of A.

Proof. It iseasy to see that the conditions of Lemma 4.7 and Theorem
4.9 are fulfilled, by Proposition 4.2 and Lemma 4.4. Thus the statements
a) and b) are true.

Corollary 4.15. Let X be a completely regular Hausdorff space,
a a compact cover of X, which is closed with respect to finite unions, A
a topological algebra over C with jointly continuous multiplication, i& a
nonzero idempotent in Z(A) and let one of the following conditions be true:

1) A is a locally m-pseudoconvex Hausdorff algebra;

2) A zs a locally pseudoconvex Waelbroeck Hausdorff algebra, X E a
and m(C(X, A\a)) & 0;

3) A is an exponentially galbed Hausdorff algebra and every element in
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C (X, A;cr) is bounded.

If dc(X,A-,<niA ® C (X,C'>°)ia) = C(X,A;a), then

a) every closed maximal regular left (right or two-sided) ideal M of
C(X, A-a) is representable in the form

M =MXJ—{/ GC(X,A;a) :f(x) € J}

for some x £ X and J G mi(A) (J G mr(A) orJ £ rrit(A), respectively);

b) M x,j is a closed maximal regular left (right or two-sided) ideal of
C(X,A;a) for each x ¢ X and J G mi{A) (J G mr(A) or J £ rrit(A),
respectively).

Proof. It iseasy to see that the conditions of Lemma 4.7 and Theorem
4.9 are fulfilled, by Proposition 4.2 and Lemma 4.4. Thus the statements
a) and b) are true.

Remark. Ifcl4(Arg) = A, then
cle{XJTo) N ® C(X, C;a)iA) = C(X, A;a)

is fulfilled in the following cases (see [11], Theorem 1, p. 27):

a) X is completely regular Hausdorff space and A is a locally convex
Hausdorff algebra;

b) X is a completely regular Hausdorff space and A is a Hausdorff
algebra, which has the approximation property (see [36], p. 313-314 and
445-446);

c) the cover dimension or the Lebesque dimension (see [37], p. 8-9)
dimX of X is finite and A is a Hausdorff algebra;

d) X is a completely regular Hausdorff space, the Lebesque dimension
dimS is finite for each element S £ a and A is a Hausdorff algebra.
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GELFAND-MAZURI ALGEBRATE EHITUS
Kokkuvote

Algebra struktuuri kirjeldamise seisukohalt on oluline osata kirjeldada
vaadeldava algebra ideaale. Teades ideaalide kirjeldust, saab teha uldi-
semaid jareldusi algebra enda ehituse kohta.

Algebras: ei ole tldjuhul teada, millal algebra A maksimaalse péarisideaali
M Uhisosa algebra A alamalgebraga B osutub algebras B maksimaalseks
parisideaaliks.  Vditekirja teises peatikis saadud tulemused annavad
vBimaluse kolmanda peatUki alguses ndidata, et teatud Gelfand-Mazuri
algebrate klassides osutub M ) B alati algebra A tsentri kinnise alam-
algebra B Kkinniseks maksimaalseks regulaarseks périsideaaliks algebra A
iga kinnise maksimaalse regulaarse ideaali M korral.

Sageli osutub lihtsamaks kirjeldada kinniseid ideaale topoloogilistes
algebrates vdi nende konkreetsetes alamalgebrates. Senini oli koigi
maksimaalsete ideaalide kirjeldusi tsentri alamalgebra ideaalide kaudu
saadud vaid uhikuga Banachi algebrate korral.

Selles t66s on leitud meetod teatud topoloogiliste algebrate (nn Gelfand-
Mazuri algebrate) kdigi kinniste maksimaalsete regulaarsete (Uhe- vdi
kahepoolsete) ideaalide kirjeldamiseks juhul, kui on teada kinniste maksi-
maalsete regulaarsete ideaalide kirjeldus uuritava algebra tsentri mingis
kinnises alamalgebras. Seejuures ei s8ltu kirjelduse Uldskeem sellest,
millises tsentri kinnises alamalgebras on ideaalide Kirjeldus teada. Kaes-
oleva t66 kolmandas peattkis saadud tulemused annavad vdimaluse uhiku
olemasolu ja Banachi algebraks oleku n8uetest loobuda.

Ménikord on v@imalik uuritava algebra A tsentrisse sisestada alam-
algebrana mingit (meile juba tuntumat) algebrat B. Ka&esoleva viitekirja
kolmandas peatukis saadud tulemused vdimaldavad antud situatsioonis
kirjeldada ka algebra A k&iki kinniseid maksimaalseid regulaarseid (Uhe-
vOi kahepoolseid) ideaale juhul, kui on teada sellise algebra B kdigi kinniste
maksimaalsete regulaarsete (Uhe- vdi kahepoolsete) ideaalide kirjeldus.

Kolmanda peatuki I6pus ndidatakse, et Gelfand-Mazuri algebrat on
teatud tingimustel vdimalik vaadelda kui teatud liiki I6ikekujutuste alge-
bra alamalgebrat v8i teatud liiki vektorvaartustega funktsioonide algebrat.
Seetdttu osutub vajalikuks teada ideaalide kirjeldusi vektorvaartustega
funktsioonide algebrates voi I16ikekujutuste algebrates.

Neljas peatukk on puhendatud vektorvaartustega funktsioonide algebra
C (X, A) ning tema alamalgebrate kdigi kinniste maksimaalsete regulaarsete
ideaalide Kirjeldamisele juhul, kui A on teatud omadustega Gelfand-Mazuri
algebra.
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