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1.1 Motivation

Currently it is widely accepted that there are four fundamental forces in nature-
electromagnetic, weak, strong force, and gravitation. The first three forces are
incorporated in the standard model of particle physics while gravity is described
by the theory of general relativity. Gravity is the weakest among the fundamental
forces of nature and will be the focus in this thesis. Even though the gravitational
force is weak compared to the other forces it becomes very relevant in the presence
of very massive objects, such as the Earth, Moon, Sun, galaxies, stars and black
holes.

For consideration in experiments conducted on earth, Newtonian gravity is in
most cases sufficient. However, in order to describe phenomena like the preces-
sion of Mercury’s orbit around the sun, and the bending of light, by the gravity of
the sun, corrections from general relativity are needed. The first successful exper-
imental test of general relativity was performed in 1919 by Frank Watson Dyson
and Arthur Stanley Eddington, which proved that, in contrast to Newtonian gravity,
general relativity predicts the correct bending of light around the sun [1]. Further-
more, general relativity has predicted gravitational waves and black holes which
were detected for the first time in the year 2015 [2] and 2019 [3], respectively.

Among these theories describing the four fundamental forces of physics, grav-
ity is the only one which is not formulated as a quantum field theory. Applying
the standard methods of quantization to gravity leads to a non-renormalizable the-
ory [4] with the consequence that there is no unique way to quantize gravity (in
our current understanding). Hence, the incorporation of gravity into the standard
model of particle physics is an open question. Furthermore, at galactic, to cosmo-
logical scales, there are observations which have no conclusive explanation yet.
These are dark matter and dark energy, which make up of 95% of our Universe
and is yet to be detected, the tension in observations of the Hubble constant based
on the standard model of cosmology on one hand [5], and observations from stan-
dard candles on the other hand [6]. Modified theories of gravity could be the most
promising explanation for solving the aforementioned observational tension [7].

There is a zoo of modified gravity theories one could create in order to explain
one or several issues which are confronting the modern view of theoretical physics,
cosmology, and astrophysics. In this thesis modified theories of gravity are con-
structed from the building blocks of an action formulation of general relativity
(discussed in section 2.1.3). The motivations are twofold. Firstly, these theories
have a special case being general relativity, which has passed many experiments.
Secondly, a few numbers of new parameters are introduced which makes it easier
to falsify by observations and experiments.

Conventionally, general relativity is formulated in terms of the Levi-Civita
connection with non-vanishing curvature, while having vanishing torsion and non-
metricity. There are, however, alternative formulations for general relativity. Among

12



these there is teleparallel equivalent to general relativity (TEGR for short), based
on a connection with no curvature and no non-metricity, but non-zero torsion. In
general, theories based on such a connection are called teleparallel theories of grav-
ity and are studied in this thesis. In particular, the Hamiltonian analysis of their
covariant formulation is considered for the first time.

1.2 Aim of the thesis

As mentioned in section 1.1 there are modified theories of gravity, which are
motivated both from a fundamental and an observational point of view. Within the
community of modified gravity there are different philosophies. Some part of the
community aims to describe a unified theory of everything, which may deviate sig-
nificantly from Einstein’s theory of general relativity. An alternative philosophy is
using the approach of extended theories of gravity, where the theory is formulated
with general relativity as the starting point.

In the latter case most attention has been given to theories with the Einstein-
Hilbert formulation of general relativity as the starting point. In this thesis, an
alternative action for general relativity is instead considered as the base for mod-
ified theories of gravity. Namely, teleparallel theories of gravity, which are using
the teleparallel equivalent to general relativity as its starting point.

The oldest, and most studied teleparallel modifications to general relativity are
f(T)-gravity [8] and new general relativity [9]. Recently, many publications have
been exploring observational consequences of teleparallel gravity in the context
of cosmology and astrophysics. However, there are serious doubts that telepar-
allel theories of gravity (except those who are equivalent to extended theories of
gravity based on the Einstein-Hilbert formulation of general relativity) are viable
from a theoretical point of view. This is seen from the indications of strongly cou-
pled fields in the aforementioned most basic teleparallel modifications of general
relativity.

The main aim of this thesis is to get insights of the viability of teleparallel
theories of gravity. Thus, it is in order to give a short description of what is meant
by the word “viable” in this thesis. Firstly, it is required that the theory is free
of ghost instabilities. Secondly, the theory should not contain strongly coupled
fields since the appearance of those would create instabilities in the infrared limit.
Strongly coupled field are found if there is a discrepancy of the number degrees
of freedom at different orders around a specific background. If a strongly coupled
field is found around a background the perturbations for this background becomes
ill-defined [10]. This has a severe consequence, affecting the predictive power of
gravity.

A powerful method for understanding the viability of a theory is by perform-
ing the Dirac-Bergmann algorithm (explained in section 3.1) which is used for the

13



Hamiltonian analysis. Before the initialization of this thesis the understanding of
the Hamiltonian formulation of the most basic theories of teleparallel gravity (in-
cluding the teleparallel equivalent to general relativity) was unclear. Furthermore,
the Hamiltonians were never analyzed in the covariant formulation of teleparal-
lel gravity, instead it was done in the so-called Weitzenbock gauge. Generically
the Hamiltonian analysis answers the question of how many degrees of freedom
propagate for the full nonlinear theory, and give insights on which symmetries are
preserved or broken. Furthermore, the Hamiltonian analysis can reveal the appear-
ance of ghosts.

In the finalization of this thesis, the role of the aforementioned gauge choice
have been investigated in new general relativity I, and for more general teleparallel
theories in II. Further, the Hamiltonian was written out in the irreducible decom-
position of the torsion components in III in order to investigate if this can shed any
light on the fundamental aspects of new general relativity. The literature on Hamil-
tonian formulation of teleparallel theories of gravity contains various approaches,
with different conventions among different authors. Furthermore, the claims of
some publications contradict others [11, 12]. This motivated the need for a review
article IV. More than simply reviewing the current literature of the Hamiltonian
analysis of teleparallel theories of gravity, the aim was to present an easy way of
comparing the notations by different authors and to check the consistency among
current publications. In order to do this in a compact way for both f(T) and new
general relativity, newly f(Tngr) was considered. Furthermore, the review aimed
to point out peculiarities in teleparallel theories of gravity as well as shedding some
light on the viability of teleparallel theories of gravity. The aim of the overview
article is to present the covariant Hamiltonian analysis for f(Tngr) and to discuss
the viability of teleparallel theories of gravity.

The aim of the thesis can be summarized in the following points:

* To investigate the role of the spin-connection in the Dirac-Bergmann algo-
rithm of teleparallel theories of gravity.

* To review the literature on Hamiltonian analysis of teleparallel gravity and
to check to what extent they are consistent.

* To create an easy way for the reader to compare different notations from var-
ious authors.

* To look at the Hamiltonian analysis of a parent theory in which the most
studied teleparallel theories of gravity are included with a special choice of
parameters.

14



* To perform the Hamiltonian analysis in the covariant formulation of telepar-

allel theories of gravity.

* To get further insights of the role irreducible components of the torsion

scalar play in teleparallel theories of gravity.

* To draw conclusions about the viability of teleparallel theories of gravity.

1.3

Statements

As a result of this thesis, various statements can be made concerning telepar-
allel theories of gravity.

1.

For very general classes of teleparallel theories (including f(Tngr)) the
number of degrees of freedom found from the Dirac-Bergmann algorithm is
independent of the gauge choice of the spin-connection II.

In new general relativity, it is a necessary condition that the coefficient of
the vector irreducible component of the torsion scalar is non-vanishing in
order for the theory to describe gravity (see section 3.8).

In order for new general relativity to describe gravity and to, simultaneously,
avoid ghost instabilities it is a necessary condition that the coefficient of
the tensor irreducible component of the torsion scalar is non-vanishing (see
section 3.8).

The propagation of a Kalb-Ramond field in new general relativity is related
to the coeflicient of the axial irreducible component of the torsion scalar in
ghost-free new general relativity (see section 3.8).

. For teleparallel theories of gravity the covariant Hamiltonian explicitly de-

pends on the spin-connection (see section 3.5).

For teleparallel theories of gravity the covariant Hamiltonian has 6 primary
constraints. They relate the conjugate momenta with respect to the Lorentz
matrices with the conjugate momenta of the spatial tetrads (see Paper I, and
1D).

. The conjugate momenta related to the Lorentz matrices (and thus related to

the spin-connection) does not need to appear in the Hamiltonian except as a
part of a Lagrange multiplier associated with primary constraints relating it
with the conjugate momenta of the spatial tetrads II.

15



8. The literature considered in IV is completely consistent in the application
of the Dirac-Bergmann algorithm up to and including the derivation of the
primary Hamiltonian (canonical Hamiltonian + primary constraints).

9. There are many indications that both f(T) gravity and new general rela-
tivity suffer from strongly coupled fields around physically motivated back-
grounds (see section 3.8).

1.4 Structure of the thesis

Chapter 2 provides some mathematical prerequisites 2.1 for teleparallel grav-
ity and in particular new general relativity 2.2 as well as f(T) theories of gravity
2.3, and their parent theory, f(Tngr) gravity 2.4. The main part of my thesis is
covered in chapter 3. The first section 3.1 introduces the Dirac-Bergmann algo-
rithm which is used in this thesis in the Hamiltonian analysis. In section 3.2 it is
described how spacetime can be split in a 3+1 decomposition. Then, section 3.3
discusses different approaches for the Hamiltonian analysis of teleparallel gravity.
The following sections present the results of my work.

In section 3.4 it is argued for how the structure of the Hamiltonian will dif-
fer in the Weitzenbdck gauge contra how it looks like in its covariant formulation.
From those arguments, it is concluded that the Dirac-Bergmann algorithm leads
to the same answer regarding the numbers of degrees of freedom of the full non-
linear theory. Section 3.5 is dedicated to deriving the primary Hamiltonian for
f(Tngr)-gravity, which is a new result. In section 3.6 the primary Hamiltonian
for new general relativity is considered in the standard form as well as in terms
of irreducible components of the torsion scalar. This sheds some new light on the
fundamental meaning of the irreducible components of torsion. In section 3.7 the
primary Hamiltonian for f(T)-gravity is considered.

Finally, section 3.8 is dedicated to the discussion of the viability of teleparallel
theories of gravity. In order to reach conclusions for the viability the main results
from perturbation theory around simple backgrounds is discussed as well. This is
followed by the summary 3.8, acknowledgments, bibliography and a summary in
Estonian. The next chapters are dedicated to the attached publications. In chapter
4 the Paper I “Hamiltonian and primary constraints of new general relativity” is
presented. Paper II “On the Gauge Fixing in the Hamiltonian Analysis of Gen-
eral Teleparallel Theories” is presented in chapter 5. Then Paper III “Hamiltonian
Analysis in New General Relativity” is presented in chapter 6. The last publica-
tion IV “Review of the Hamiltonian analysis in teleparallel gravity” is presented
in chapter ??. Finally, my curriculum vitae is presented in English and Estonian.

The convention used in this thesis are the following. Metrics assume the mostly
negative Lorentzian signature. Greek indices y, v, p, ... represents coordinate in-
dices while capital latin indices A, B, C, ... represents Lorentz indices. Minor latin
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indices i, j, k, ... represents spatial coordinate indices. Units are chosen such that
the velocity of light in vacuum equals unity: ¢ = 1.
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This chapter introduces modified teleparallel theories of gravity, i.e., telepar-
allel theories of gravity different from teleparallel equivalent to general relativity.
Instead of going through the whole scope of possible teleparallel theories of grav-
ity, this thesis focuses on the most popular modifications. They are named ‘“new
general relativity” and “f(T)-gravity” and are covered in section 2.2 and section
2.3, respectively. Some analysis can effectively be done for both theories by con-
sidering the parent theory “f(Tngr)-gravity”. Section 2.4 introduces the afore-
mentioned theory. In chapter 3 the Hamiltonian analysis of f(Tngr) — gravity
will be presented and it will then be easy to relate the results from the publications
to this result.

2.1 Mathematical preliminaries

In this subsection relevant mathematical preliminaries are introduced. In sub-
section 2.1.1 the notion of affine connection is introduced. Subsection 2.1.2 is
giving a very short introduction to general relativity in the Einstein-Hilbert for-
mulation. In subsection 2.1.3 different formulations of general relativity are pre-
sented, and the subsectionis also dedicated to explaining the relation between the
different formulations.

2.1.1 The affine connection

Consider a metric g,,,, with Lorentzian signature, and a general linear connec-
tion I'* ., generically more general than general relativity, which is considered in
section 2.1.2. This connection is called the affine connection, and can be used to
formulate theories of gravity. It defines the covariant derivative such that

V/\TQ’B""Y(SMV...pU = a)\Ta/Bm’y&/w..-pa + FO&;{ATN/B”..’Y&HV---PU t+..

@2.1)
+F5R>\Ta[3....'ynuympa _ ]-_‘H,U,)\Taﬁ.“’ﬂsfﬂ/...po' L FHUATQBW’YJNV...pH-

A general geometrical framework defined by a metric and affine connection is char-
acterized by a number of tensorial quantities, namely non-metricity, torsion, and
curvature.

Non-metricity is defined by

Qa,uy = vag,uua (2.2)

while torsion is defined by the antisymmetric part

T =21, 2.3)
Curvature is defined by the Riemann tensor
R“’,,pg = 28[[,1““‘”‘0] + QF“A[pFAMU]. (2.4)
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There are various ways to contract the indices of the Riemann tensor. However,
only the ones listed below will be used in this thesis, and hence, we omit to define
other contractions. From this the Ricci tensor

R, = Rauw, (2.5)
and Ricci scalar
R := g‘“’RW (2.6)

are defined. The unique symmetric and metric compatible connection is the Levi-
Civita connection

o 1
{N I/} = iga)\ (g)\u,,u + Gury — g,uzx,)\) . (2.7)

The affine connection can be decomposed into

re,, = {May} + K+ L%, (2.8)
where
1
K®,, = §T°‘W +T,%,) (2.9)

is called contortion, while

fe! 1 e! fe!
L pr = 5@ pr Q(M v) (2.10)

is the disformation. As a special case, choosing the connection to only depend
on the Levi-Civita connection, or in other words to only posses curvature and not
torsion nor nonmetricity, we denote these quantities by R*, 5, R, and R instead.
These quantities are central in the conventional description of general relativity.

Going to the special case of a connection with no curvature nor nonmetricity,
equation 2.3 can be written out in more detail. Since the metric is symmetric it does
not suffice to be used to express torsion. However, so-called tetrads or vielbeins
which defines the metric by

Guw = napb? .07, @2.11)

can be used, with nap = diag (—1, 1,1, 1) is the Minkowski metric. The inverse
tetrads (cotetrads) are denoted by e4*. The tetrads and cotetrads satisfy the or-
thogonality condition

GANeB“ = 51‘3, GAMeA” =

v, (2.12)
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The torsion components can be written explicitly in terms of tetrads in the follow-
ing way:

T4, = D04, — D04, = 9,64, — 8,04, +wip.67, — w505,
(2.13)

where the spin-connection is defined as
wip, = A9, A5, (2.14)

with A4 5 denoting Lorentz matrices. Since teleparallel gravity assumes a con-
nection with zero curvature and nonmetricity these expressions will be very useful
for the major part of this thesis.

2.1.2 General relativity

The most conventional action formulation of general relativity is through the
so-called Einstein-Hilbert action

1
Spy = o /d4x\/—g72+ S, (2.15)

where /=g := \/—detg, x = 87G, and Sy is the matter action defined by.
Varying this action gives rise to Eistein’s field equations

Gap = 8TGTag, (2.16)
where
1
Gap = Rap — 5 Rap, (2.17)

and 7, is the stress-energy tensor. The matter action can be written as

Sm = /d%LM\ﬁ, (2.18)

and from this the stress energy tensor is defined as

0Ly

77u/ = _ZOgHV

+ Larguu- (2.19)

The Hamiltonian analysis of general relativity will not be covered in this thesis,
although there are many sources which cover this topic [13, 14]. Hamiltonian
analysis of general relativity reveals that the nonlinear theory has two propagating
degrees of freedom, which corresponds to a massless spin 2 field.
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These two degrees of freedom are also expected to appear in linear perturba-
tions. For later use consider the simplest case, being perturbations around Minkowski
spacetime at lowest order. We define a perturbation of the metric by

Guv = Nw + hyw + O (K?) (2.20)

where 7, = diag (—1,1,1,1) is the Minkowski metric. A consistent definition
for perturbations of the inverse metric is given by

g =" — " + 0 (h?), (2.21)

where W = ntPn¥?h,,. With these perturbations the field equations become
[15]

Ohy + 0,0,k — 0,00k, — 0w Oh + 1,,0,000 = —167GT,,.  (2.22)

2.1.3 The geometric trinity of gravity

The Einstein-Hilbert formulation is not unique in describing general relativity.
This can be seen from the following observation. Consider the Ricci scalar of an
affine connection

R =g (0,T"p — 0T pp + T, 17 oy = TH5, 17 ) (2.23)
Using equation (2.8) this can be written as

R=R+T+Q+ Qu,T" +Q,T" - Q,T"+ D, (Q" — Q" —2T"),

(2.24)
where
L P % 1 p v p o
T := ZT w It + §T wI Py =TF, T, (2.25)
— 1 pvp 1 vip 1 Iz L Hn

Q T ZQ,uupQ - iQ,uz/pQ - ZQ#Q + §QMQ ) (2'26)

and traces
Tu = Tpp,w Q,u = Quppa @,u = Qpp,u» (2.27)

and D,, is the covariant derivative with respect to the Levi-Civita connection.
The concept of teleparallelism is defined by R*,,, = 0. This condition further
implies R = 0. By imposing teleparallelism equation (2.23) can be written as [16]

R=-T-Q— Qu,T" - Q,T"+Q,T"—D, (Q" — Q" —2T").
(2.28)
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We can now insert this expression into equation (2.15). Note that the total deriva-
tive becomes a boundary term under the integral sign and can, hence, be dropped
since it does not contribute to the field equations, although, these terms might be-
come relevant for black hole entropies.

We will now look into two special cases within teleparallel gravity (without
curvature). Firstly, let us assume that torsion 74 uv €quals to zero. Then we get
the symmetric teleparallel equivalent to general relativity

1
SSTEGR = “or /d4:r\/ —gQ + Sm. (2.29)
In the second case we instead consider non-metricity @), to be equal to zero
while torsion is not. The action of teleparallel equivalent to general relativity is
obtained in this case

1
STEGR = —5 / d*20T + Sy (2.30)

This action theory is the most basic of the theories considered in this thesis. Al-
ternatively the action can be expressed as

1
STRGR = — 7~ / d* 20T Spp + Sw, (2.31)
where the superpotential is defined as

1 g
Sopv = §Tp/w + Tyl + 295,17 o (2.32)

The action given by equation (2.30) is, for the scope of this thesis, the starting point
in building modified teleparallel theories of gravity.

2.2 New general relativity

Changing the fixed parameters of equation (2.25) yields two parameter space'
of new theories historically named “new general relativity”

1
Stxon = 5 / d*z0Tngr + Sm (2.33)
where

Tnar = Clpr,Tplw + CQpr,TVMp + CngHpTUMU.

"Note, that the theory is normalized such that only two of three constants become independent.
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The torsion components can, alternatively, be decomposed into irreducible com-
ponents [17]

2 1

Tywp = 3 (tuvp = tupr) + 3 (Guvp — GupVv) + €uvpoa’ (2.34)
where
v =T, (2.35)
= LT 2

a, = _geul/po (2.36)

1 1
tuwp = 3 (Tvp — Topp) + g (GupVv + GupVu — 290p) , (2.37)

are the vector, axial, and tensor irreducible components of torsion. Torsion scalars
can be expressed in these terms in the following way?

1
Taxi = ayal = BT (TP, T —=21°,T",), (2.38)

1 1
Tien := tput™” = 3 (TP T +TP,,T",) — §T“MJT,,””, (2.39)

Tyee := vyt = TH,,T,"°. (2.40)

In this decomposition we can write

TNGR = Caxilaxi + CtenTten + CvecTvecs (241)
with the relations
€= —1—18caxi + %Cteny C = %Caxi + %Ctenv €3 = Cvee — 5Cten; (2:42)
or inversely
Caxi = 6(ca —c1),  Cten = ; (2c1+c2),  Cyec = é (2¢1 +c2 + 3c3) .

(2.43)

These irreducible components turn out to have a physical interpretation, where the
tensor and vector parts are tightly related with the gravitational spin-2 field while
the axial part is related to a Kalb-Ramond field (which is a pseudo-vector field).
This will be discussed in more detail in section 3.6, and section 3.8.

2In [17] there is a sign mistake for the term Tlxi.
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2.3 f(T)-gravity

In the spirit of f(R) theories of gravity, we can create f(T)-gravity

1
St = 5, / d*z6f (T) + Su. (2.44)
Which in its scalar-tensor representation becomes
1
Spmy = 5 / d*z0 (4T — V(9)) + Swu, (2.45)

under the assumptions f”(T) # 0 and f'(T) = ¢. Here ' denotes derivative with
respect to the torsion scalar.
Note that

f(T) # f(R) = f(=T + B), (2.46)

where B is defined as B := 2D, T*, which can be realized from equation (2.28).
It turns out that in contrast to f(R), the scalar field ¢ in f(T) cannot easily be
identified with a healthy? scalar field. This peculiarity will be further discussed in
section 3.7 and section 3.8.

24  f(Tngr)-gravity

In order to study new general relativity and f(T)-gravity simultaneously, it is
possible to study a parent theory called f(Tngr)-gravity with its defining action
being

1
St(Tner) = o / d*z0f (Txgr) + Su. (2.47)

This theory is a special case of f(Taxi, Tten, Lvec)-gravity introduced in [17], how-
ever, the aim in this thesis is to study the simplest models of teleparallel gravity.
The scalar-tensor representation becomes

1
St(tnar) = 3, / d*z6 (¢Txcr — V(9)) + S (2.48)

The Hamiltonian analysis of this theory was first approached by IV. One of the
main findings in this thesis is the first steps towards an explicit covariant Hamil-
tonian formulation of f(Tngr)-gravity. This has not been explicitly performed in
any other publications, even though important insights for how this would be done
was pointed out in I, and II.

31t is meant that a field is healthy if it is not strongly coupled nor giving rise to ghost instabilities.
See the discussion on viability of a theory in section 1.2.
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Chapter 3

Hamiltonian analysis in
teleparallel theories of gravity

Contents

3.1 Dirac-Bergmann algorithm . . . . . . ... ... ... ... ...
3.2 3+1decomposition . . ... .. .. ... ..o
3.3 Different approaches to Hamiltonian analysis of teleparallel gravity 30
3.4 Implications of choosing the Weitzenbock gauge . . . . . . . . ..
3.5 Hamiltonian and primary constraints for f(Tngr) . - - - - -« . .
3.6 Hamiltonian analysis for new general relativity . . . ... .. ..
3.7 Hamiltonian analysis for f(T) . .. ... ... ..........
3.8 Viability of teleparallel gravity . . . . ... ... ... ......

27



This chapter introduces the Hamiltonian analysis for f(7\gr)-gravity. In or-
der to reach to this point the Dirac-Bergmann algorithm for Hamiltonian analysis
is shortly revised in section 3.1. The 3+1 decomposition of the fundamental fields
are introduced in section 3.2, while different approaches to the Hamiltonian anal-
ysis in teleparallel gravity are discussed in section 3.3. In section 3.4 the role of
the spin connection is discussed for the Hamiltonian analysis of general teleparallel
theories of gravity. Finally, the Hamiltonian and primary constraints for f(7ngr)-
gravity is discussed as well as the implications for new general relativity and f(T)-
gravity. Section 3.5 is dedicated to f(Tngr)-gravity. Since f(Ingr)-gravity has
many subcases which implies that the calculations of Poisson brackets has to be
performed for very many special cases we will stop the algorithm after the deriva-
tion of the so-called primary Hamiltonian. In section section 3.6 the subcase new
general relativity is discussed and in section 3.7 the subcase f(T)-gravity is con-
sidered. These are the two theories which have attracted most attention in the
literature. Finally, the viability of teleparallel gravity is discussed in section 3.8.

3.1 Dirac-Bergmann algorithm

This section gives a brief introduction to the Dirac-Bergmann algorithm [18],
on the example of simple mechanical systems. A more detailed description can be
found in IV section 2 with an overview figure of the Dirac-Bergmann algorithm.
The Dirac-Bergmann algorithm provides a method in going from the Lagrangian
formalism to Hamiltonian formalism. It also includes a derivation of constraints
as well as a classification of constraints which can be used to count the number
of nonlinear degrees of freedom in the theory. The steps can be summarized as
follows:

1. Let ¢®(x, t) be the canonical fields for which the Lagrangian is expressed as
L(q, ¢), where dots ¢ are time derivatives: ¢ := %. The conjugate momenta are
then defined as

(g, ) = g{fk = ¢(q,4"). (3.1)

2. Next the relation between the velocities and momenta should be inverted
such that it is possible to write everything in terms of the fields ¢(x, t) and their
conjugate momenta 7 (X, t).

3. One then identifies, from the definition of the conjugate momenta, a poten-
tial number of primary constraints

with p indexing the numbers of primary constraints. Simultaneously the following
Legendre transformation is performed:

He(q,p) = ¢"mx — L(g,4). (3.3)
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4. Add the primary constraints to the canonical Hamiltonian with the help of
Lagrange multipliers u*

H, = H. +u¢,. (3.4)

This is the primary Hamiltonian.

5. Demand that the constraints, in equation (3.4), are preserved in time. This
can equivalently be written as demanding that the Poisson bracket between the
constraints and the primary Hamiltonian H), vanish on the constraint surface

{Hp>¢p} é Oa (35)

where “ &' denotes weak equality (that is, only demanded on the constraint sur-
face). This could lead to an identity or restrictions on the Lagrange multipliers u”.
If it turns out that this is not the case, i.e. the Poisson bracket yields something
that is not trivial. Then this is identified as secondary constraints. They should
then be added to the Hamiltonian and the equation is again calculated with the
new constraints. This algorithm continues until the equation becomes trivial.

6. Finally, all constraints will be divided into first and second class constraints,
where first class constraints have weakly vanishing Poisson brackets with all con-
straints, whereas they are called second class if not. The Dirac-Bergmann algo-
rithm has now come to its end and with this information it is possible to count the
number of degrees of freedom for the full non-linear theory. It is most straight-
forward to count them in phase-space where we start with 2k degrees of freedom.
First class constraints then remove 2 degrees of freedom each, whereas second
class constraints remove 1 each.

#degrees of freedom = 2k — 2 - #F.C.C — #S5.C.C, (3.6)

where F.C.C and S.C.C represents first and second class constrains.

The Dirac-Bergmann algorithm can be extended to field theories where the
point particle ¢* and their velocities ¢* are replaced by fields and field velocities
(for instance in this thesis point particles are replaced by tetrad fields 9’4# (x,1),
and their field velocities 8, (x, t)). More details can be found in IV.

3.2 3+1 decomposition

From the definition of the conjugate momenta, time derivatives have to be iden-
tified. In order to do this a 3+1 decomposition is useful. Geometrically, this can be
obtained by splitting spacetime into 3 dimensional hypersurfaces of constant time
slices and normal vectors to the aforementioned hypersurfaces. In order to param-
eterize this ADM variables are often adopted, where ADM stands for R. Arnowitt,
S. Deser, and C.W. Misner [13]. These variables consist of the induced metric on
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the hypersurfaces of constant time slices ~y;; and the normal vector n* which has
components written out in the new variables lapse « and shift 3* satisfying
o_ 1 B

no=-—-—, n
«o o

3.7

In these variables the metric components can be written as

oy = —a? + B35 Bi:| g = —a7 7 o (3.8)
v = s = .. T . *
" Bj Vij e -

Teleparallel gravity is formulated in terms of tetrads 6 u- They can be written in
terms of ADM-variables in the following way

04 = an® + 564, (3.9)
04,05 inap = vij. (3.10)

The following relations are very useful:

napnn® =nant = -1, napn®04; =na0 =0, (3.11)
o_ 1 i g g

eqa = ——nay, eqs' =04"+na—, (3.12)
« «

where the short-hand notation 64° = 145765 is used. These equations are suf-
ficient to make a 3+1 decomposition of the Lagrangians considered in this thesis.

3.3 Different approaches to Hamiltonian analysis of telepar-
allel gravity

In the literature various formulations for teleparallel gravity can be found. The
simplest is to work in the gauge where the spin connection does not appear. This
is, however, not covariant under local Lorentz transformations [19]. Anyway, this
formulation is very often used in the literature and section 3.4 is, hence, dedicated
to discussing the implications of this formulation for the Hamiltonian analysis.
The section presents the finding of
refteine for which the main conclusion is that the counting of the number of degrees
of freedom is unaffected by this gauge choice. In the community a gauge where
the spin connection vanish is normally referred to as the “Weitzenbock gauge”.
Therefore, we refer to this approach as “teleparallel gravity in the Weitzenbock
gauge”.

Another approach is to include the spin-connection. The minimal way to do
this is by working in the formalism presented in section 2. In section 3.4 Hamilto-
nian analysis in this approach will be discussed and compared to the one done in
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the Weitzenbock gauge. Let us refer to this approach as “conventional formulation
of teleparallel gravity”.

Finally, another covariant approach is to demand flatness by Lagrange multi-
pliers A\,"P? R, ,, within the Poincaré gauge theory of gravity [20]. Due to the
appearance of the Riemann curvature tensor, the spin connection can be treated as
adynamical variable a priory in contrast to the conventional formulation of telepar-
allel gravity, where no derivatives appear on the spin connection. This formalism
has a priory very many degrees of freedom, since it is formulated with a connec-
tion both with torsion and curvature. Let us refer to this approach as “teleparallel
gravity as a special case of Poincaré gauge gravity”. Note that there is in princi-
ple an endless amount of ways to formulate teleparallel gravity as a special case
of a more general theory, imposing constraints through Lagrange multipliers as
was done in this case. Hence, there are no strong motivations for considering this
formalism since it is more tedious to work in. However, it was considered in [19].

3.4 Implications of choosing the Weitzenbock gauge

In section 3.3 various formulations for teleparallel gravity were discussed.
When it comes to the Hamiltonian analysis, there are a different amount of fields
treated as being fundamental. Note that the two last approaches have an action for-
mulation which is invariant under local Lorentz transformations, whereas the first
one is not. Working in the Weitzenbock gauge, there are 16 fields to be treated as
fundamental in the beginning. However, one may ask whether this gauge choice
have any implications for the degrees of freedom, and if we lose anything by de-
riving Hamilton’s equation. In II it is argued that this gauge choice does not affect
the resulting number of degrees of freedom for a quite general class of telepar-
allel theories of gravity, although no explicit examples were done to prove this.
In section 3.5 we will explicitly write down the Hamiltonian for f(TNgr) in the
covariant formulation. Regarding Hamilton’s equation the notion of “good” and
“bad”! tetrads may play a similar role to what they do for the field equations [21].

From now on we shall only work in the conventional formulation of teleparallel
gravity. In II this formulation was adopted for the following action:

S04, AcP] = 21 /dx40f (Gor, TP ) + S (3.13)

K

ISince the tetrads can be transformed under local Lorentz transformations one may wonder if
there are any tetrads preferred over others. While the tetrads need to still solve the field equations
they might impose restrictions in the fuction f in f(T)-gravity if spin connection is chosen to be
zero. In [21] it is shown that what they define as “bad” tetrads impose restrictions on the form of
f(T) while they define “good” tetrads to be those which do not impose any restrictions on the form

of f(T).
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Here it might not be very clear to the reader what is actually meant with f(go+, 7% 1),
so it will be explained here. The meaning is the following. Take the torsion com-
ponents 7%, and imagine any contraction you can make of a function involving
them, metrics, tetrads, and cotetrads. This involves very general theories of telepar-
allel gravity and in particular f(Tnggr)-gravity which is the most general theory
considered in this thesis is included.

Next step is to make a 3+1 decomposition of the Lagrangian and write down the
conjugate momenta. Let us a priory work in the covariant formulation of telepar-
allel gravity where the spin-connection is assumed to appear in the theory. The
simplest way to do this is to work in the conventional formulation of teleparal-
lel gravity. Hence, we will simply express the theory in terms of torsion and not
consider the potential degrees of freedom that could appear from formulating the
theory with vanishing curvature enforced by Lagrange multipliers. In this formu-
lation the tetrads and Lorentz matrices are a priory considered dynamical. The
Lorentz matrices have only 6 independent degrees of freedom. Introducing the
auxiliary field

_1\D
aap = nacw® po = ne(ahpido (A1) g < oA s = acpnPA9p,
(3.14)

makes it easy to keep track of the Lorentz symmetry by the antisymmetry in its
indices which results in 6 degrees of freedom. Our starting point is, hence, 16
degrees of freedom corresponding to tetrad degrees of freedom plus 6 degrees of
freedom corresponding to the Lorentz matrices.

Next step is to identify field velocities in these fields so that we can define
the conjugate momenta. All velocities appear in the torsion components, and in
particular they appear only in the terms of the form

TA0 = —T40 = 04,170 = 00”; — 9;0%0 + w pob?; — wpi0P,. (3.15)

The conjugate momenta of the tetrads are given by

: oL oL
= = . 3.16
TA T 90064, ~ aT Ay, (5-16)
Note that 74° = 0 since Ty = 0, so time derivatives never appear on the

temporal parts of the tetrads #4.
The conjugate momenta of the Lorentz matrices are converted to conjugate
momenta with respect to the auxiliary fields a4p. To do this we first identify

wA Bonac = acp. They are then expressed as

wap_ OL i cwgn) (3.17)
Oaap
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Two things are important to note here. Firstly the conjugate momenta 747 is an-

tisymmetric in its indices and have, hence, 6 linearly independent components.
Secondly, this relation manifests 6 primary constraints, namely that the Lorentz
matrix momenta and the tetrad momenta are linearly dependent. According to
the Dirac-Bergmann algorithm they need to be added to the Hamiltonian. In II
the relation between Hamiltonian teleparallel gravity theories in the Weitzenbock
gauge is schematically compared with the Hamiltonian of conventional formula-
tion of teleparallel gravity theories. By schematically deriving the Hamiltonian
H of the conventional formulation and then performing a Lorentz transformation
back to the Weitzenbock gauge H it is argued that the conclusion of the number
of degrees of freedom is unaffected. In particular the schematic expression for the
Hamiltonian in the conventional is given by

AB _ [ 4 primary constraints, (3.18)

H = ﬂAiageAi + ﬁABaAB +7 AABT
where * )\ 4 are Lagrange multipliers corresponding to equation (3.17). By per-
forming a Lorentz transformation of this Hamiltonian back to the Weitzenbock
gauge (characterized by putting tildes over the transformed quantities) the spin-
connection drops out. It is then claimed that the Poisson bracket {%AB , H} which
could alter the counting of the number of degrees of freedom vanish on the con-
straint surface. It is, thus, concluded the covariant formulation predicts the same
number of degrees of freedom in the Dirac-Bergmann algorithm as the prediction
in the Weitzenbock gauge.

3.5 Hamiltonian and primary constraints for f(Tngr)

In recent years there have been a lot of development in the Hamiltonian for-
mulation of teleparallel equivalent to general relativity, f(T)-gravity, and specific
examples for new general relativity (see IV and references therein). In order to ad-
dress all of these theories it is useful to study the parent theory f(Tngr)-gravity.
In this section this will be done in the covariant formulation treating tetrads and
the spin connection as fundamental variables. This has not been done before even
though it was shown to be possible in II.

In equation (2.47) the action was presented as

1
St(Tror) = o /d4539f (TNGR) + SM, (3.19)

and its scalar-tensor representation is given by

1
St(tner) = 3, / d'z6 (§Tner — V(9)) + Sw. (3.20)
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Note that all velocities of this action are in Tnggr, and that all tetrads have at most
first order derivatives”. In the following coupling to matter will not be considered
(for a discussion regarding coupling to matter see [22]). By the expressions derived
in subsection 3.2 it is possible to split the action into parts quadratic, linear, and
independent of T4;5 which itself is linear in velocities. The Lagrangian written in
this way becomes

VY 2 sid A B
Li(rwarn) = 55 M'A 5770l 0j

7
_ %TA0¢TB - (3.21)

M pBF + %Wﬂ (CQTLB@Ak + CS”AeBk):| + Hg,

with
. b B .
M= . (26172JﬁA§ — (e2 + 63? nangy? (3.22)
+c20470B" + c304°087) ,
and
Hg = %TAz‘jTBklﬁl [2MJAlBﬁk - %Fyﬂ <CQnB€Ak * c3nAHBk>]
(3.23)
/73 oV ()
+ T — ’
2K 2K
where
(3.24)

=0 (ClﬁAB’Yk[in]l — a0l llEg 41T — 039A[i7j”k93”) 74T .

The conjugate momenta are given by equation (3.16) and (3.17). Using this action
theory we get that
ma' = ng}f 510

— gTBk:l |:M% Bﬁk + %’721 (CQHBQAk + anA93k>:| .

(3.25)

The Hamiltonian is schematically given by

H = WAiéAi + frABCLAB — Lf(TNGR) — AAB (ﬁ'AB + ﬂ'CiT]C[B@A]i) — P.C,
(3.26)

%A crucial difference from Brans-Dicke theory (scalar-tensor representation of f(R)-gravity)
where second order derivatives appear in R and integration by parts brings first order derivatives
appearing on the scalar field as well.
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where P.C represent, additional theory specific primary constraints, which de-
pends on the coefficients c;, co, and cs, given by equations (3.33)-(3.36), pre-
sented later in this section. Firstly, it can be noted that the primary constraint can
be used to rewrite equation (3.26) as

H=m4" (éAi + HABQCMCB) — Ly(Tyer) — AAB (ﬁAB + WciUC[BeA]i)

- P.C.
(3.27)

Next step for the Hamiltonian analysis is to express velocities in variables canonical
to the Hamiltonian formalism (fields, and conjugate momenta). For this we note
that all velocities are in the terms of the form 74,y. We can rewrite equation (3.16)
as

o

Nal
. « .

+ T84 {MZAI BB" + %’Yﬂ <C27”LB€Ak + C3nA93k>]

= S4%

MiAjB (éBj + UBDaD090j> = 7TAi + MiAjB (8j930 + chjGCO)

(3.28)

Note that velocities always appear in the combination (9“2 +n*Bacp GCZ-) , since

the origin of all velocities in the action are T4,;. Hence, by finding the “Moore-
Penrose pseudo inverse” of M"} 5 it is possible to invert all velocities and express

them in canonical variables. Calculating the determinant of M ‘ AJ p» however, re-
veals that it may vanish and we hence need to find a way to invert this equation.
This can be done by writing out the velocities and conjugate momenta into irre-
ducible parts under the rotation group. Those are a vectorial part projected to the
normal vector to hypersurfaces of constant time slices ¥, antisymmetric part 4,
symmetric trace free part ©, and trace part 7. The velocities of the tetrad are

04 = V0™t + 40,704, + 50,704, + T 004, (3.29)
in this decomposition, and the conjugate momenta is decomposed as
TI‘Ai = VwinA + ATrjiyijAk + Sﬂ'jiykﬂAk + T7T9Ai. (3.30)

As anew result, we write down the auxiliary field a 4 5 into irreducible components
under the rotation group, which reads

aap = Yapang +*ai04"057, (3.31)
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which have vanishing symmetric parts since it is completely antisymmetric. Under
this decomposition M"; 5 becomes

MiAjB =Y Mnang 4+ AMFIGC 04007 mpp

o o (3.32)
+ SMEKINGC 0 4ctP mpp + T MO AR

In IV equations (57)-(60) primary constraints are found to appear with the follow-
ing choices of c1, ¢z, and c3:

Ay =2ci+ca+e3=0 = YO = ¢7\T/g + esTPuy"05F ~ 0,  (3.33)
A vij Axii g il jkmA

Ap=2¢c1 —cp =0 = *CY = Ve — o' YT pma = 0,  (3.34)
Y
S, _ij
.. YK

As=2c1+c=0 = S0V = ——_ »0, (3.35)
vl

Ar=2c14+c+3c3=0 = 7C ML (3.36)

T = 4C1 T C2 Cc3 = = ~ V. .
Vol

These equations are in general found by writing equation (3.28) in its irreducible
decomposition. Introducing the index,

T e {V,AS T}, (3.37)
one notes that

Az =0 = det M'J , =0. (3.38)

It is anyway possible to find the Moore-Penrose pseudo inverse of M : Aj p Which is
found in T, and 11 ® to be

_1\NAC K K
( 1) = vaTLATLC’YZ‘k — 78A’7T[s’7m}n7kr’75i914mecn

ik 4¢ 4¢
_i r(s m)n_}sm nr A C_i A pC
4¢BS <'7 Y 3’7 Y ’Ykr'Ysze me n 12¢BTH 2‘9 ks
(3.39)
with
1 .

g7 HTAT70 (3.40)

0, it Az =0.

3The definition of M iAj 5 may slightly change by an overall multiple which do not change the
form of the inverse expressed here.
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Now it is possible to write the Hamiltonian 3.27 in canonical variables. Before
doing this it turns out to be useful to make use of the following relation

.. . . o .
gMZAjBTBOj =mu' + ?TBM I:MZAZ B,Bk + g’yzl <CQ7”L39AI€ + C3n,493k>] .
(3.41)

As an intermediate result, we hence, obtain
H= ﬂ-;i (GAZ + nABQCiaCB>
+ (252\? (éAi + TIADQCMCD> TP " (canHAk + c3nAgBk) (3.42)
— Hg — Aap (frAB - wcinC[BHA]i> — PC,
where
Hs = _ﬂ;i (0:6%0 +w 5it%0) — %”AiTAijﬁj
+ gTAijTBklﬁk [MiAl 53 + %(b,yil (CQnAgBj + C3n39Aj)] (3.43)

—i—Hs.

By decomposing the first term of the Hamiltonian into irreducible parts it is found
that

Al <9A¢ + T]ABQCMCB) =— (Véi + Vai) Vi

+ (Aéji + Aaij) At + Séji St + ToTx

Ve Vo }
— o (B G Baag, A (3.44)
1 1
—%SC@' Snil — 733?70 T’/T)

+mat (0,04 + wpi0P0) — mA' T8,
and
<9Ai + UADHCNCD> TPy (CQnBQAk + C3”A9Bk> =
(4 V) T+ (469 4 40) T4 =
- —%BVC3TAij9AJ'VCi - %B AT A2 C (3.45)
(0% + i) TP ™ (canpba® + csnats”)

+T4;,T8 877 <02nB9Ak + C3nA93k) .
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Note the appearance of what could be primary constraints. If parameters cho-
sen such that they are indeed primary constraints those terms are multiplied by Bz
which in that case is zero and they do not appear in the Hamiltonian (except as La-
grange multipliers). All terms of the Hamiltonian do now appear in its canonical
variables and collecting everything gives us the Hamiltonian

H= O‘g/? [ByYCIVC; — BAAC,;ACT — BsSCi;5C1 — 387707 (]

. . V
+ma’ [0:0% + w0 — T4 8] — O;\??’T + a\/ZH @)

~Aap (ﬁAB + rein® [BeAlz) —PC.
(3.46)

The Hamiltonian can then be written as Lagrange multipliers in lapse and shift
after an integration by parts

H=a [gd) chVC f@b AcijAcij
.3
—‘g) Bs®CiSCY — \?quTTCTC

v
,ﬂ:"]r + \ﬁ (¢) —
2K 2K
+ B [—9’4 Omal + matwd 0 — TrAiTAij]
= Xap (P42 4w nB0N,) — P.C+ 0 (ra'0%)
From this expression it is easy to go into the subcases of new general relativity,
f(T)-gravity and teleparallel equivalent to general relativity.

) ) 3.47
nAdmat + walw? gin® (3.47)

3.6 Hamiltonian analysis for new general relativity

The Hamiltonian for new general relativity can be obtained by choosing ¢ = 1
and V' (¢) = 0 in equation (3.47):

H=oa [WBVVCWC’Z» - é/ZB AACACH

8k
3
_ﬂBSSCijSCm - \ﬁBTTCTC
8k 8k
) ) 3.48
,\QE&E _ nAaiﬂ.Az + WAlWABinB:| ( )
K

Bj [—HAjaﬂTAi + WAiwACiQCj - WAiTAij]

=X (P47 4w nB0N,) — P.C+ 0, (ra'0%)

38



In I a list of different non-trivial theories of new general relativity have been listed
and we display it here again:

Theory Constraints Location in figure 3.1
Ar#0VI e {V, A S, T} No constraints white area
Ay =0 VC;i =0 red line
As=0 AC;i =0 black line
As=0 SCji=0 green line
Ar=0 TC=0 blue line
Ay =A,=0 VC; =40 =0 turquoise point
Ap=A4s=0 ACji =95 Cji=0 purple points (perimeter)*
Ap=A7r=0 AC’ji =TC=0 orange point
Ay =As=A7=0 VC; =%C; =TC=0 gray point (center)

The same list applies to f(Tngr), Where the scalar field ¢ needs to straightfor-
wardly with reference to section 3.5 and was also displayed in IV. Paper I, section
V also provides a plot of the different choices of theories within the parameter
space of new general relativity. The same figure is presented in II, but in the pa-
rameters obtained from the irreducible decomposition of torsion. Since it is found
in this thesis that the irreducible decomposition gives more physical insights, the
figure from II is presented in this section.

In equation (2.41) new general relativity in irreducible components is obtained
by rewriting the torsion scalar as

TnGR = Caxilaxi + CtenTten + CvecTvec, (3.49)
with the relations (2.42). In terms of these new coeflicients it is clear that III

Ay X Cten + Cyec, A < —4¢axi + ten,
V te vec A a te (350)
As X Cten, AT X Cyec-

As shown in section 3.8 and [10, 23] among the parameters in new general relativ-
ity, it is necessary, as a condition to avoid instabilities, that Ay, = 0. Furthermore,
As # 0 and A7 # 0 are necessary conditions to have a theory of gravity. In the
end this means that the (at this point) viable coefficients are fixed to be

3 2 2
Caxi = 5 + 18e, Cten = g; Cvec = _g' (3.51)
For € = 0 teleparallel equivalent to general relativity is recovered. In section 3.8

the viability of the case € # 0 is discussed. In Figure 3.1 the red line YC = 0

“This is actually only one point in the parameter space, since antipodal points on the perimeter
correspond to the same theory.
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mAz=0

mA-=0

mAg=0

mAy=0
WAy=Az=0
BAgz=Ar=0
WAz =As=0
BAr=Ag=Ay=0

A=0VI

Figure 3.1: Visualization of the parameter space of new general relativity, colored
by the occurrences of primary constraints. The radial axis shows the zenith angle 6,
while the (circular) polar axis shows the azimuth angle ¢, following the following
definition of definition of the parameters: First the coefficients of the irreducible
torsion components are normalized as:

e — Caxi - — Cten - — Cvec
Caxi = 77— 25— Cten = 75— 5= Cvec v — . Then they
axi ten vec axi ten vec axi ten vec

are visualized in polar coordinates (6, ¢) on the unit sphere with
Caxi = €080, Cten, = sin b cos ¢, and Cyec = sin Osin @.

various with € except for the gray point at the origin (6, ¢) = (0,0) (or 7C =
SC =Y = 0) which is not describing a theory of gravity anyway. Furthermore,
the point ¢ = 0 corresponds to the turquoise point YC' = “AC = 0 describing
teleparallel equivalent to general relativity.

3.7 Hamiltonian analysis for f(T)
The f(T) limit of f(Tngr)-gravity obtained by fixing the parameters in the
following way

1 1
c1 = Z, Cy = 5, C3 = —1. (3.52)
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This imposes the primary constraints

Vi _ TR

= ~TBur05" ~ 0, (3.53)
Vel
L A 1 ., .
.AC'L]_ Tk L g ]kTA ~0
= — Yy wna ~ 0. (3.54)
oY 2

These are 3+3=6 primary constraints. In IV it was shown that these are equivalent
to the alternative form

Vel
CaB = TaB) — %RDS[A\MB} ~ 0, (3.55)

where S4pp is the superpotential introduced in equation (2.44). In this limit the
primary Hamiltonian becomes

3
Hy) =« [—g¢8550ij80” - gZQSBTTCTC - \2/—:371‘

VAV ()
2K
+ 5j [—QAjaﬂTAi + TFAiwACZ'HCj — WAiTAij}

—Xap (F4E + me'yB0,) = XAECap + 0, (ma'0%) .

4 — nA(‘?ﬁrAi + TFAiWABinB:| (3.56)

This is the first time the Hamiltonian for the covariant formulation of f(T)-gravity
is presented. From this it is possible to calculate the Poisson brackets among con-
straint, and it would provide an independent calculation from [11, 12] while pro-
viding an explicit verification (alternatively disproving) the claim of II.

3.8 Viability of teleparallel gravity

In this final section we will discuss the current state-of-art for teleparallel grav-
ity and draw conclusions for the viability of teleparallel gravity. It turns out that
most points towards that f(Tngr)-gravity is not a viable (in the sense discussed
in section 1.2) theory, except for the special case of teleparallel equivalent to gen-
eral relativity. However, there are still some points that need further investigation
before f(Tngr)-gravity can be completely discarded as not viable.

To determine the viability of teleparallel theories of gravity the following ques-
tions should be answered

* How many degrees of freedom propagate at the nonlinear level for the given
theory?
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* Does the answer to the previous question depend on any gauge choices?

* Do the degrees of freedom at nonlinear level depend on the initial values of
the fields?

* How many degrees of freedom appear on linear perturbations around phys-
ical backgrounds?

* Is there a discrepancy of the numbers of degrees of freedom between per-
turbations and the full nonlinear theory?

* Are the perturbative degrees of freedom depending on any gauge choice or
choice of frame?

* Are there ghosts?

Many of these questions are connected. To address these it is insightful to start
with the simplest choice for perturbations. At first order, tetrad perturbations can
be written as

hyy +0
0% = 0% + 0P8 By = 6%, + P8 g R, (3.57)
where h,,, = h,, are completely symmetric perturbations, while b,,, = —b,,, are

completely antisymmetric. The general structure of f(Tngr )-gravity has quadratic
terms of torsion components, which involve first order derivatives of the tetrad
components, while the scalar field ¢ appears completely without derivatives. This
means that at lowest order B, must appear to be of second order, since derivatives
of the background vanishes. Furthermore, at lowest order only the background of
¢ is contributing. As a consequence, no extra degrees of freedom appear in f(T)-
gravity compared to teleparallel equivalent to general relativity. This answers the
question of the most simple, physically motivated background for f(T)-gravity.
Namely, only two degrees of freedom propagate at lowest order for perturbations
around Minkowski spacetime defined by (3.57).

Since the scalar field has trivial contributions at lowest order for the most sim-
ple perturbations the attention is now directed to new general relativity only. Since
only the lowest order is considered the perturbations B,,,, appears at second order.

3In [24] an example, which contradict this statement is presented, and this is discussed further
later in this section.

42



These terms can be grouped into those quadratic in completely symmetric, com-
pletely antisymmetric and mixed terms. Consider the form of the Lagrangian given
by the torsion scalar in its irreducible components (2.41)

SnGR = / Q2L + Smattors (3.58)

decomposed as
L=Lpn~+ Lpp+ Lpp. (3.59)

Then

3
Lpy = WM <Qcten‘jhm/ + (Cvec - 2Cten) apa,uhup

1
- <Cvec - 2Cten) (aual/h + nuuapaahpa) (360)
1
+ <Cvec - 2¢ten> npUDh> >
with b := h,,nH",
Ly =2 (Cten + Cvec) h“”@uapbp,,, 3.61)

and

4 1 2
Ly = b <<_96axi - Cvec) &Japbpu + (2Cten - gcaxi> Db/ﬂ/) . (3.62)

Note that if and only if Ay  Cten + Cvec = 0, then Ly, = 0 in general. A theory
consisting of mixed symmetric and antisymmetric modes is in general pathological
[25] © Furthermore, if one would demand either cien, OF Cyec to be zero, then this
would also hold for the other under the condition cten + Cyee = 0. Then Ly, = 0
and all that is left is Ly;. However, this term alone cannot describe anything that
is just to call gravity [10].” Hence, the parameterization (3.51) is justified. Thus,
the only possible viable theory admits the following form

Lpn = b (Dh,w — 26”5‘uhl,p + 0,0,h + n,ﬂ,apaghp" + nMVDh) ,  (3.63)
and

Ly = —4e (20,0°by, + Ob) B (3.64)

®In [26] it is claimed that ghosts and tachyons are only absent if the symmetric and antisymmetric
fields are decoupled.

"In this case the theory would be described by a pseudo-vector field and the field equations would
be completely antisymmetric. This is physically not close to anything describing gravity.
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For teleparallel equivalent to general relativity, Ly, = 0. While, Ly, # 0 the
perturbations corresponds to a Kalb-Ramond field and this is characterized by the
value the coeflicient c,xi. However, it was shown in [10] that continuing with these
perturbations around Minkowski up to cubic order reveals a discrepancy in the
number of degrees of freedom. Those the Kalb-Ramond field is strongly coupled
and the perturbations are not valid. Thus, this theory loses its predictive power at
perturbative level and is, hence, not considered viable. There is, however, still an
open question. All these arguments were carried out considering Minkowski being
the physical background. Though, our universe should strictly admit cosmological
backgrounds, like Friedmann-Lemaitre-Robertson-Walker spacetime or De Sitter.
By considering cosmological backgrounds instead of the Minkowski background
might turn out to avoid the problem of strong coupling.

Regarding the degrees of freedom at the nonlinear level new general relativity
lacks a fully completed work on the Hamiltonian analysis. In [27] the new general
relativity theory with Ay # 0, A4 # 0, As # 0, and A7 # 0 have a com-
plete Hamiltonian analysis. The conclusion is that there are 8 propagating degrees
of freedom. However, as already mentioned this theory is not viable. Though,
the calculations performed there can be useful to investigate the one parameter
theory with Ay, = 0. The one-parameter theory was investigated in [28]. How-
ever, a strange behavior of the matrix of Poisson brackets among constraints was
encountered where the rank depends on the field values, therefore it presents a
variable rank. This peculiarity is also mentioned in IV and for related theories in
[29, 30, 31, 32]. Since, the matrix of Poisson brackets depend on the field val-
ues, the viability might in principle depend on the initial values for the fields [28].
Field dependence in the nonlinear constraint structure is thought to be associated
with the propagation of acausal degrees of freedom. However, the variable rank of
the matrix of Poisson brackets among constraints is not necessarily implying the
presence of acausal degrees of freedom, and it hence, need to be shown explicitly
[32].

The Hamiltonian analysis of the aforementioned literature always assumed the
Weitzenbock gauge (where the spin-connection is set to zero) in the beginning.
Could this assumption have any impact on the conclusion for how many degrees of
freedom present in the theory? In section 3.3 as well as in I and II it is argued that,
assuming the Weitzenbdck gauge contra working in covariant formulation does
not affect the conclusion for the number of degrees of freedom. This statement is
also valid for more general theories, including f(TNgr)-gravity, and hence, also
f(T)-gravity IL

Shifting focus to f(T)-gravity a quick literature study reveals contradicting
statements regarding the nonlinear propagating degrees of freedom. In particular
the conclusions are contradictory between [11] and [12]. In IV it was found that
the Hamiltonian analysis of [11, 12] are consistent up to the point of writing out
the primary Hamiltonian. Therefore, the contradictions have to appear in a later
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stage of the Dirac-Bergmann algorithm and indeed there were mistakes in [11]
pointed out by [12]. The conclusion in [12] is that f(T) gravity generically has
five propagating degrees of freedom in the full nonlinear theory (compared to three
degrees of freedom stated by [11]). Confirming this, however, lies beyond the
scope of this thesis.

As argued above the f(T)-gravity does not reveal any additional degrees of
freedom compared to general relativity at lowest order in perturbation theory. This
is a discrepancy of three compared to the nonlinear degrees of freedom accord-
ing to [12]. In general also other works point to more than two degrees of free-
dom IV. Comparing to perturbations given by (3.57) f(T)-gravity seems to suf-
fer from strongly coupled fields. In [33] cosmological perturbations were consid-
ered with no additional degrees of freedom propagating at lowest order. Further-
more, a new mode was explicitly found in [34] at the fourth order perturbations
around Minkowski confirming the claims of strongly coupled field(s) in f(T)-
gravity. Interestingly, [24] considered perturbations around Lorentz rotated non-
trivial Minkowski tetrads (still consistent with the field equations) and found extra
modes propagating at lowest order. However, these modes do not correspond to the
full degrees of freedom of a propagating field expected from the nonlinear analysis.
Hence, the perturbative theory of f(T)-gravity still seems ill-defined.

In conclusion, as stated in section 1.3 there are many indications that both
f(T)-gravity and new general relativity, both suffer from strongly coupled fields
around physically motivated backgrounds. However, the finding of extra pertur-
bative modes around nontrivial Minkowski backgrounds [24] raises the question
if there is a possibility to find a background solution to the field equations which
avoids strongly coupled fields. In particular, this has not been investigated in new
general relativity. Furthermore, only perturbations around Minkowski have been
considered for new general relativity, while the strong coupling problem might not
appear for cosmological perturbations.

It should be emphasized that this thesis consider f(Tngr )-gravity, and its spe-
cial cases f(T)-gravity, new general relativity, and teleparallel equivalent to gen-
eral relativity. While teleparallel equivalent to general relativity is viable, all other
theories of f(Tngr)-gravity seem to not be. Further modifications of f(Tngr)-
gravity by introducing more degrees of freedom may in principle circuamvent the
strong coupling problem, while a more likely scenario is that they still suffer from
these pathologies. However, teleparallel theories with the structure of teleparal-
lel equivalent to general relativity [35] are not considered here, but they are more
likely to be viable.

In general, there are a few directions for making a better understanding of the
viability of teleparallel theories of gravity. One direction is to consider the Hamil-
tonian analysis for covariant teleparallel theories of gravity. This has never been
done explicitly, and this could shed some light on how Lorentz symmetry is bro-
ken. Perturbations of physically motivated background at both lowest and higher
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order could give further insights of the viability of teleparallel gravity. The last,
and probably the most promising, direction, would be to consider teleparallel the-
ories based on constructions different from new general relativity and f(T) such
as the theory considered in [35].
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Summary

The main focus of the thesis has been on the Hamiltonian analysis of telepar-
allel theories of gravity. In particular, new general relativity and f(T)-gravity are
considered among their parent theory f(Tngr)-gravity. The main conclusion is
that the viability of those theories is in serious doubt, although some clarifications
are still needed. In IV f(Tngr)-gravity was considered, and their primary con-
straints were derived for the first time. Furthermore, it was argued in II that the
conclusion of the number of degrees of freedom drawn from the Dirac-Bergmann
algorithm is independent on gauge fixing of the spin-connection for general telepar-
allel theories of gravity including f(Tngr)-gravity. In I and III the special case of
new general relativity is considered. The primary Hamiltonian is derived in I and
nine distinct classes of theories are found. The arguments presented in II are made
here for the special case of new general relativity.

Newly for this thesis physical interpretations of the irreducible parts of torsion
are discussed. In III the Hamiltonian and primary constraints for new general rel-
ativity are derived, however, no clear realization of the physical interpretation is
found there. From section 3.6 and 3.8 it is argued that the axial part of the Torsion
scalar is tightly related with the appearance of the so-called “Kalb-Ramond” field
while the other two parts are connected with gravity. The most novel finding in
this thesis is an explicit expression for the covariant formulation of the primary
Hamiltonian for f(Tngr)-gravity. This paves the way for a complete covariant
Hamiltonian formulation of teleparallel gravity, which might resolve any doubt
about the viability of the methods in previous works while giving new insights on
the role of the spin connection in teleparallel theories of gravity.
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Kokkuvote (in Estonian)

Kovariantsete teleparalleelsete gravitatsiooniteooriate Hamiltoni analiiiis

Viitekirja peamine fookus on teleparalleelsete gravitatsiooniteooriate Hamil-
toni analiilis. Tdpsemalt uuriti new general relativity (New General Relativity, Uus
Uldrelatiivsusteooria) ja f(T) gravitatsiooniteooriaid ning nende iihendit, f(TxnGr)
gravitatsiooniteooriat. POhiline tulemus niitab, et nende kooskdla on tdsiselt kaht-
lustav, kuid tulemus vajab veel selgust. Artiklis IV uuriti f(Tngr) gravitatsioo-
niteooriat, ning esmakordselt tuletati selle teooria esimest jirku sidemeid. Lisaks
seletati artiklis II et Dirac-Bergmanni algoritmist tuletatud vabadusastmete arv ei
sOltu spinni seostuse kalibratsiooni valikust iildistes teleparalleelsetes gravitatsioo-
niteooriates, seehulgas ka f(Tngr) teoorias. Artiklites I ja III uuriti new general
relativity erijuhtu. Artiklis I tuletati esimest jarku Hamiltoniaani ja leiti iheksa
erinevat teooriateklassi. Siin rakendati artiklis II esitatud pohjendusi new general
relativity erijuhule.

Kéesolevad viitekirjas on lisaks kirjeldatud vidnde taandamatute komponenti-
de interpretatsioon. Artiklis III tuletati new general relativity teooria Hamiltoniaa-
ni ja esimest jarku sidemeid, kuid ei leidnud selget fiilisikalist interpretatiooni. Pe-
atiikkides section 3.6 ja 3.8 seletati et viaindeskalaari aksiaalosa on tihedalt seotud
nii-nimetatud “Kalb-Ramond” vilja ilmumisega, ning teised kaks osa on seotud
gravitatsiooniga. Kdige uues tulemus selles viitekirjas on f(Tngr ) teooria esimest
jarku Hamiltoniaani kovariantne kirjeldus. See tulemus avab teed teleparalleelse
gravitatsiooni tdielikule kovariantsele Hamiltoni kirjeldusele, mis vdib taandada
kahtlust varasemates toddes rakendatud meetodite kehtivuse kohta ning anda uusi
perspektiive spinni seostuse rollile teleparalleelsetes gravitatsiooniteooriates.
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Hamiltonian and primary constraints of new general relativity
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We derive the kinematic Hamiltonian for the so-called “new general relativity” class of teleparallel
gravity theories, which is the most general class of theories whose Lagrangian is quadratic in the torsion
tensor and does not contain parity violating terms. Our approach makes use of an explicit expression for the
flat, in general, nonvanishing spin connection, which avoids the use of Lagrange multipliers, while keeping
the theory invariant under local Lorentz transformations. We clarify the relation between the dynamics of
the spin connection degrees of freedom and the tetrads. The terms constituting the Hamiltonian of the
theory can be decomposed into irreducible parts under the rotation group. Using this, we demonstrate that
there are nine different classes of theories, which are distinguished by the occurrence or nonoccurrence of
certain primary constraints. We visualize these different classes and show that the decomposition
into irreducible parts allows us to write the Hamiltonian in a common form for all nine classes,
which reproduces the specific Hamiltonians of more restricted classes in which particular primary

constraints appear.

DOI: 10.1103/PhysRevD.99.084025

L. INTRODUCTION

General relativity (GR) is usually formulated using the
Levi-Civita connection induced by a pseudo-Riemannian
metric. Alternatively, one may employ other connections,
such as the flat connections used in teleparallel [1,2] or
symmetric teleparallel gravity [3], in order to obtain sets of
field equations equivalent to those of GR. In this work we
consider teleparallel gravity, where the field variables are
the 16 components of a tetrad (or vierbein), instead of the
10 components of a metric. Nowadays it is known that 6
components are related to local Lorentz transformations,
while at most 10 encode the gravitational interaction. How
many of them actually encode dynamical degrees of free-
dom (d.o.f.) of a teleparallel theory of gravity is not
conclusively answered in general, and to gain insight into
this question is one motivation for this work.

Large varieties of teleparallel theories of gravity have
been constructed [4-6]. Since the building block of these
theories is the torsion of the teleparallel connection and not
the curvature of the Levi-Civita connection, second order
derivatives of the fundamental fields do not appear in the
Lagrangians, as long as no terms with additional derivatives
on the torsion are introduced, and so no Gibbons-Hawking-
York boundary term is required. In this way the teleparallel
formulation allows for more freedom in the construction of
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'manuel.hohmann@ut.ee
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gravity theories with second order derivative field equations
than the metric approach. Moreover, teleparallel gravity
theories can be understood as gauge theories with a Yang-
Mills theorylike structure [7-9], which brings gravity closer
to the standard model of particle physics, and might hence
open a path to its unification with the other fundamental
forces in physics. The other prominent reason to construct
modified theories of gravity is to shed light on astrophysical
observations which lack explanation within GR coupled to
standard model matter only; the most famous ones being the
dark matter and dark energy phenomena.

Before studying the phenomenology of modified tele-
parallel theories of gravity it is essential to identify those
which are self-consistent, i.e., to understand the properties
of their d.o.f. and if they contain ghosts. This can be
done best in terms of a full-fledged Hamiltonian analysis
in terms of the Dirac-Bergmann algorithm for constrained
Hamiltonian systems. It is known that the teleparallel
equivalent of general relativity (TEGR), which yields the
same dynamics and solutions for the metric defined by the
tetrads as general relativity and contains no additional
d.o.f., is self-consistent and ghost-free [10-16]. The hope is
that this is not the only contender of the class of healthy
teleparallel theories of gravity in this sense. Because of the
complexity in the calculation of the constraint algebra, the
Hamiltonian analysis for modified theories of gravity is not
done for all the models considered in the literature. With
this work we aim to contribute to this goal.

One widely studied class of modified teleparallel theo-
ries of gravity are the f(7') models. They are based on the

© 2019 American Physical Society
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Lagrangian T employed in TEGR, and can be thought of as
the teleparallel counterpart of f(R) theories considered in
the metric formalism. While it is known that TEGR and GR
are equivalent, this is in general not true for f(7T') and f(R)
theories. The Hamiltonian analysis of f(7') theories has just
recently been presented [15,17] with the conclusion that
there are three propagating d.o.f., which differs from
previous results [18,19]. Other, more general models are
based on a Lagrangian that is a free function of the three
parity even scalars that are quadratic in the torsion tensor
and do not involve further fields than the tetrads [20]. Their
Hamilton analysis is still missing, and, due to the generality
of the model, could be very involved. However, among
these general models, there are the new general relativity
(NGR) models [21]: the most general class of teleparallel
theory of gravity in four spacetime dimensions, whose
Lagrangian is quadratic in the torsion tensor and contains
only the tetrad and its first derivatives. This class is
parametrized by three constant parameters appearing in
the Lagrangian and contains TEGR for a special choice of
the parameters.

Various work has been performed on NGR. Solar system
constraints have been investigated [21] as well as the
propagation and polarization modes of gravitational waves
on a Minkowski spacetime background [22]. This analysis
found that already on the linearized level, in general, NGR
models predict more than two gravitational wave polar-
izations. However, it was also found that there exist NGR
models different from TEGR with two gravitational wave
polarizations. What remains open from the analysis of the
linearized theory is if it differs from the full nonlinear
theory. On the nonlinear level strongly coupled fields may
appear, similar to what was pointed out in early attempts
to formulate massive gravity theories [23]. A complete
Hamiltonian analysis is needed in order to answer this
question.

In this article we work towards the goal of a full
Hamiltonian description of NGR. In particular, we derive
the fully generic kinematic Hamiltonian for NGR, which is
valid for any choice of the parameters appearing in the
action. Further, we discuss the occurrence of primary con-
straints depending on the parameters of the theory. This
analysis is an important cornerstone for further studies of
NGR in its Hamiltonian formulation. Knowing the primary
constraints, it is possible to calculate the successive Poisson
brackets, and thus to derive the full constraint algebra, which
implies the number of d.o.f. of the theory. In addition, it is
the starting point to study the presence or absence of ghosts,
and hence to test the viability of different theories within the

Additionally, this line of research extends to the
Hamiltonian formulation of more general Poincaré
gauge theories, where both torsion and curvature are
present [26,27].

The main difference between the previous studies and
the approach we present in this article lies in the method
which is employed in order to implement the vanishing
curvature of the teleparallel connection. Previous studies
can mainly be divided into two groups, either assuming
a vanishing spin connection (which is known as the
Weitzenbock gauge) [10,15-17,25], or an arbitrary spin
connection, whose curvature is then enforced to vanish by
using Lagrange multipliers in the action functional [12,13].
Here we use a different ansatz, by allowing for a non-
vanishing spin connection, as mandated by the covariant
formulation of teleparallel gravity [1,2], which is obtained
explicitly by applying a local Lorentz transformation to the
vanishing Weitzenbock gauge spin connection. This spin
connection is flat by construction, and we will show that it
enters only as a gauge d.o.f.

The article is organized as follows: In Sec. II we present
the Lagrangian for new general relativity. Then we write
down the Lagrangian in 3 + 1 decomposition and derive
its conjugate momenta, and discuss the gauge fixing, in
Sec. III. In Sec. IV we perform a decomposition into
irreducible parts and find the possible primary constraints.
Finally the kinematic Hamiltonian is written down in
Sec. V, where we use the irreducible parts to write it
in a block structure showing the most general expression. In
Appendix we sketch how one can derive the Hamiltonian
without fixing the gauge. Index conventions throughout
this article are such that capital Latin indices A, B, C, ...
are Lorentz indices running from O to 3, Greek indices
u,v,p, ... are spacetime indices running from 0 to 3, and
small Latin indices i, j, k, ... are spatial spacetime indices
running from 1 to 3. A dot over a quantity always denotes
derivative with respect to x° X = d,X. The signature con-
vention for the spacetime metric employed is (—, +, +, +).

II. THE NEW GENERAL
RELATIVITY LAGRANGIAN

Teleparallel theories of gravity are formulated in terms of
tetrad fields 04, their duals e, and a curvature-free spin
connection @” 5, which can at least locally be constructed
out of local Lorentz transformations A . In local coor-
dinates (x*,u =0,...,3) on spacetime they can be
expressed as

NGR class. Further, the 3 + 1 Hamiltonian formalism also oA = HAydx“, e = "0,
leads to the initial value formulation of NGR, required for A u_ Ad CINC L aA NC g
numerical calculations, such as the precise prediction of ~ * B =@ ¥ = A cd(ATH = A%, (A7) pdr,
gravitational wave signatures. (1)
Hamiltonian analyses of specific theories within the
NGR class besides TEGR have been studied [24,25]. and satisfy
084025-2
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0 (ep) = 0" et = 5, 04 en =6 (2)
Implementing the flat teleparallel spin connection in this
way has the advantage that it avoids the use of Lagrange
multipliers as done in Refs. [12,28]. The spacetime metric
Guw» Which is a fundamental field in other gravity theories
such as GR, here becomes a derived quantity defined by

G = r]ABaAyeBp’ g = 'YABEA”eB”- (3)
The fundamental tensorial ingredient from which actions
for the fields are built are the first covariant derivatives of
the tetrad with respect to the covariant derivative defined by
the spin connection

T4 = DO = (9,04, + 0 5,07, )dx A dxt

1
=5 Thudr A e, (4)

which is nothing but the torsion of the connection. Using
the covariant derivative D in the definition of the torsion
ensures a covariant transformation behavior under local
Lorentz transformations of the tetrad [1,2]. Changes of
index types on tensors are performed by multiplication with
tetrad components, for example, T#,, = T polal.

‘We now consider the most general Lagrange densities, in
four spacetime dimensions, quadratic in torsion, which can
be built from the components 7%, of the torsion tensor and
the tetrad alone, while not introducing further derivatives or
parity violating terms. This class of theories can be para-
metrized in terms of three free parameters ¢, ¢,, and c3,
and its Lagrangian is given by

Lngrl0. A] = Lygr (6, 00, A, OA)
=6|(c 17, T + 17, T, + 517, T",)
= 101G T TP py = |01Gag" " T, T 5.
(5)
In the last equality we introduced the convenient
supermetric or constitutive tensor representation of the

Lagrangian [8,9,15], where below the metric must be
read as a function of the tetrads’

G = cinapg’V' ¢ — cze[gg”]L”eZ] - 5382‘!}&]&@‘9 (6)
Teleparallel theories of gravity with the action

1Allernalively, one may introduce the so-called axial, vector,
tensor decomposition of the torsion, in which the NGR Lagran-
gian becomes L = a;Ty + asTens + 3Ty [20]. The coeffi-
cients translate as ¢; = —%(a; +2a,), ¢ =3(a; —ay), and

€3 = %(“z - a3).

NEAN :ALNGR[G. A]d*x (7)
Choosing the

are called NGR theories of gravity [21].
= %, and ¢3 = —1

parameters of the theory to be ¢; = %, c)

the theory reduces to TEGR [4].

III. 3+1 DECOMPOSITION AND
CONJUGATE MOMENTA

In order to derive the Hamilton formulation of the
previously introduced NGR teleparallel theories we need
to split spacetime into spatial hypersurfaces and a time
direction before we derive the canonical momenta of the
field variables. We introduce the 3 4 1 decomposition in
local coordinates (x°,x'), where the submanifolds x° =
const are the spatial hypersurfaces. As for the Hamiltonian
formulation of general relativity, see, for example, the
modern review [29] and references therein, the metric can
be decomposed into the lapse function e, the shift vector 4,
and the metric on the spatial hypersurfaces /;;

|

Spatial indices i, j,... are raised and lowered with the
components of the spatial metric &;;, i.e., f; = /h;;.

In the teleparallel formulation of theories of gravity
we need to apply the 3 + 1 decomposition to the tetrad
0" = 04,dx" + 04,dx’ and its dual ey = e,°0) + e,'0;
instead of to the metric. They can be further expanded
into lapse and shift by writing

bi
h

—o® + BB hy;
Bi

G =
ij

0y =t + fio;, ©)
where we introduced the components & of the normal
vector 1 to the x” = const hypersurfaces in the dual tetrad
basis [10]

n=fley = (10)

1 .
A B nC oD k
— £ pept®0° 07 .

Lowering and raising upper-case Latin indices with the
Minkowski metric 77,5, the & satisfy

ﬂABfAfB = fAfA =- ﬂABﬁAeBi = ngAi =0. (11)

The dual tetrads and the spatial metric can be expanded into
lapse, shift, and spatial tetrads as

hi/' = ”ABGAIBBj-
(12)

1 S
eAO:_ggAv eA’:HA'+§A;-

084025-3
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Observe the following possible source of confusion. The ~ Hamiltonian of GR, we do not expand tensors into com-
spatial components of the tetrad with noncanonical index  ponents parallel or orthogonal to the spatial hypersurfaces,
positions are defined as 64" = 1aph"0%; # ex' = 0,'+ byt parallel to the hypersurfaces or the time direction.

&,Z. This is related to the fact that in contrast to other Inserting these expansions into the NGR Lagrangian we

approaches, such as the standard calculation for the  obtain the 3 + 1 split of the theory
|

Lycrla. f, 0%, A g] = |9‘(4G/\Bi0jOTAiOTBjO + 4GABiijTAijTBkO + GABijk]TAijTBkl)

Vh NG ) )
= ZTAiOTBjOMlAJB + TTAioTBkJ[M‘AIBﬁk + 2ah’ (c2E0,% + c3£,05"))
Vh
a

S .
+ T4, TPy [EM!A[Bﬁk + 2ah’!(cpép0," + c3€405")] + avi T (13)

T
The matrix M,/ is a map from 3 x 4 matrices to their a ;  a OLyer
: . . . L=
When we oxpress the velocides of e teaads miemmoof ¥ VE 0%
when we express the velocities e tetrads in terms o Bk Al a L ,
the canonical momenta and vice versa. It can be written in + TPalM' s g + 2ah™(e28504" + c3€a05")],

s i
=T M'\'

the form (18)
M)y = 8a?G "0 while the momenta for the connection generating Lorentz
i . transformations turn out to be completely determined from
= =2Q2c1hnag = (e + e3)Ea8h" the momenta of the tetrad.
+ 20,4705 + c30,'057). (14) To see this first observe that the Lorentz group is six-

dimensional and therefore not all components of the A%,

The purely intrinsic torsion scalar on the x” = const A€ independent of each other. To reflect this during the

hypersurface is given by derivation of the corresponding momenta we introduce the
auxiliary antisymmetric field a,p in the following way:

T = cimagTA TP ™ W'+ 20,05 T4 T ;h* G = a0 = 1A gy (A1) 5 A

+ OO N TG TR = Hag T, 1) TR B TR e

= “MN’?A[NAM]B- (19)

The independent components of the momenta of the
Lorentz matrices are then given by

where the spatial supermetric is

Hyp™ = cinaghtih)! = 05110k, — 30, nilkel .
(16) B OLNGR’ (20)
Dap

In the 3 + 1 decomposed form (13) it is not difficult to
derive the canonical momenta of the tetrads 9“‘” and the
Lorentz transformations A%z which generate the spin
connection. Time derivatives on the variables of the theory
only appear in torsion terms 7*; and never act on 6%, due
to the antisymmetry of the torsion tensor in its lower
indices, nor on the lapse a and the shift f. Hence the
canonical momenta of lapse and shift are, not surprisingly,

and satisfy
B = _g inCBeAl (21)
which can easily be realized from

OLxgr _ OLngr oA _ OLnar AT Ay

all identically zero, dayy — ON'g dayy — OTCq DAYy Dayy
OLnor I o ~—1ys 105
OLxGr OLxGr =—— o [07i(AT)Pp (22)
Ty = T =0, ﬂ-'/;v = a—ﬂ' =0. (17) T’ 0k (‘%)A, a("IMN
oL
The canonical momenta of the spatial tetrad components = —ﬁ[wf(/\“)”p]n”NA’”‘s. (23)
are given by i
084025-4
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The fact that the momenta 7 are not independent of the
momenta 7 demonstrates that the A% are not independent,
but only gauge d.o.f.

In the following, we introduce new field variables
(@, B, 8, A"p), where 8*,(0, A) := 05,(A~" )4 is the so-
called Weitzenbock tetrad and all other fields are not
changed: @ = a, i = #, and A%y = A% . Using the inverse
of this definition 68, = ;A8 to express the Lagrangian
(5) in terms of the Weitzenbock tetrad yields that
Lyarla. B, 6%, A% 5] = Lygrla, B, 04:(0, A), Ag) s in-
dependent of A, respectively, A. The @ and f# momenta
are not affected by this field redefinition at all. For the
momenta in the new frame we find the transformation
behavior

7yl = Oxan _ 7p A,
99",
AN = ‘;%G; = mp WOMI; AN (24)
with inverse transformation
myl =7 (A1),
AN = N — gy I (ATDE ANAMIGC, (25)

Applying the constraint (21) to the second part of the
transformation (24) shows that in the Weitzenbock gauge
the momenta of the Lorentz transformations all vanish,
#F=0.

This reproduces the well-known fact that in teleparallel
gravity the spin connection represents pure gauge d.o.f.
[1,2]. Therefore, without loss of generality, we can set
the spin connection coefficients to zero and work in the
so-called Weitzenbock gauge, in which the connection
coefficients of the spin connection vanish identically.

The Hamiltonian in the Weitzenbock gauge is then given
by the Legendre transform of the Lagrangian where we
have to add the primary constraints we already discovered,
Eqs. (17) and (21) with Lagrange multipliers ®A, #1’, and 72
HNGR[aﬂ»ﬁlia T ABs d,ﬁ'm/}i,ﬁﬂ', gAi., ﬁAi, ;\AB.I%AB]

= Bali 4 A + 7T+ B + i + P Ay

+Faapi® = Lyrld@. 7.0, A (26)

The term 7483, is identical to the term one would use

naively in terms of the canonical variables

OL/(\’P: A B> as can
easily be seen from the definition of the auxiliary variable
asp in Eq. (19). As mentioned @ =a, f' =/, and
Ap = Ay Lygrl@f.0;,A] is independent of A.
Therefore, on shell, where the constraint 7248 =0 is
implemented, the gauge fixed Hamiltonian does neither
depend on A nor on #*%. Moreover the evolution of the

constraints is preserved since their Poisson bracket with
the Hamiltonian vanishes {7,, H} ~0, {ﬁ/,'.ljl}z(),
{#8, A} ~0 on the constraint surface 7, = Ay =
2P =o0.

These findings on the level of canonical momenta
demonstrate that we do not need to include the variables
#q, g, A and 7 in the Hamiltonian and again justify the
approach in Ref. [30]. In the following we will work in the
Weitzenbock gauge and omit the tilde from 6,7, 7 for
readability.

IV. INVERTING THE MOMENTUM-VELOCITY
RELATION

One essential step in the reformulation of a physical field
theory from its Lagrangian to its Hamiltonian description is
to invert the relation between the momenta and the
velocities, to express the latter in terms of the former.
For NGR this amounts to inverting Eq. (18). To do so we
rewrite the equation as a linear map from the space of 4 x 3
matrices to the space of 3 x 4 matrices

Sat =M\ g0", (27)
with a source term S,/, which only depends on the
momenta, the fields, and their spatial derivatives,

Sy'la. f. 04 74]
@
N

= 20T h™* (c28504" + c3€405"),

7a"+ [Di(al® + pr6P,,) — TP IM "

(28)

where D; is the Levi-Civita covariant derivative of the
hypersurface metric h;;. By inverting this equation we
can reexpress the field velocities in terms of the canonical
variables: the fields themselves and their momenta.

To explicitly invert Eq. (27) we decompose the velocities
of the spatial tetrads into irreducible parts with respect to
the rotation group. It turns out that in this decomposition
the matrix M has a block diagonal structure which can be
inverted block by block. Since for certain combinations of
the ¢y, ¢,, c3 parameters of the theory some blocks become
identically zero, we employ the Moore-Penrose pseudoin-
verse of a matrix [15] to display the inverse in a closed form
for all choices of the parameters. This then carries over
when we display the Hamiltonian.

The irreducible decomposition with respect to the
rotation group amounts in defining a vectorial (V), anti-
symmetric (A), symmetric trace-free (S), and trace (7) part
of the tetrad velocities and their momenta:

0 = V0,8 +40,;hM0° + 50,1404 + T 007, (29)

mal = ValEy + A hy 0,5 + Snihy 0,5 + Tr0,. (30)
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Decomposing S, into the same irreducible parts and using the explicit form of M, see Eq. (14), yields

Vei — —éASAi

=Vai & 2ae, T8 0, + 2

NG

(2¢1 + ¢34 ¢3)[Dp(a® + p6°,,) — TEup1Esh™

= =2Y0,1(2¢; + ¢; + ¢3). (31)
for the vector part,
Asmp — HA[_hi[mSA]ﬂ
= A= 2T iy = 226, = ¢2)[Dilag? + 07 = T 0yl
= 249" (2¢) — ¢5) (32)
for the antisymmetric part,
SSmp — gAqhq(mSAp) _ %HA’_SAihmp
1
=S % 2(2¢, + ¢;)[D4(al® + p65,) — T ] (HBWW - fhf'"egk)
vh 3
= 250" (2¢) + ¢3) (33)
for the trace-free symmetric part, and
7§ — igA_S i
3 QA
=T, l_gz 3¢:)[D BgmoB \ _ TB, pllg k
™ Jh 3(01+Cz+ ¢3)[Di(a®pm0",) P10,
= 270(2¢; + ¢3 + 3¢3) (34)

for the trace part.
These equations are easily solved for the velocities in

terms of their dual momenta in case the coefficients

Ay =2c; + ¢ +c3,

and A7 =2c¢; 4+ ¢, +3c;

Apg=2c; -y,

As =2¢| + ¢, (35)

are all nonvanishing. In case one or more of these
coefficients vanish they induce primary constraints:

T
Observe that YC' correspond to 3 constraints, “C"? to 3
(since it is antisymmetric in its indices), SC"7 to 5 (since it
is symmetric in its indices, but does not contain the trace
part), and 7C corresponds to 1 constraint. For any choice of
the parameters ¢, ¢,, c3 we either can invert the appearing
velocities of the tetrads in terms of the tetrads and their
momenta, or we obtain a constraint from the Lagrangian,
which must be implemented in the Hamiltonian later by a
Lagrange multiplier.

The Moore-Penrose pseudoinverse of the matrix M in the

A= Vi Vi e TE ik | — irreducible decomposition of the rotation group we
v=0="C":= ﬁ =26 TPuh"05' =0, (36) employed is given by the inverse of the separate blocks
if the coefficient in front of the block Ay, A 4, Ag, or A7 is

o Agii o ishing. I f th fficients i ishi
_ A i kB -~ nonvanishing. In case one of the coefficients is vanishing
Ag=0= Y= N 260" W TP als = 0. (37) e block in the inverse matrix is simply a block of zeros.
- For completeness we display M and its Moore-Penrose
Ag =0 = SCil = Sutl —0 (38) Pseudo-inverse expli‘citlyA Expanding M itself into the

Vi irreducible parts basis
o Tn Mgl y = YMUg &g + AMITHOC 0,c0° g
Ar=0="C:=—7=0. 39 iNGs in i
4 h (39) + SMIIGC 4060 npp + TMO, 057 (40)
084025-6
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yields A and 7, as discussed below Eq. (26). We display the
dependencies on the remaining variables explicitly for
M I = 24 E,E5hT = 2A 40U R OC 1, 0P mgp clarification, and the square brackets shall indicate that
N 1 the function may depend on the spatial derivatives of the
—2Ag (h'whw -3 h”h”) 0°,14c0” 1sp fields,
_g A+0,10,7 41 i k ) i Ky i
3AT04'08. (1) Hla.p, 0%, 5] = 0% . p 0%, np¥]my

- — Lla. 04,0 [a. pr. 0%, ™).
By using the identity 7% + &¢8 = 04,081 one may [0, 1, 0%, O sl . 0 24"

check that this representation of M is indeed identical to its (43)
definition (14). Its pseudoinverse is

We will suppress these dependencies in the brackets from

(M~1AC = lefAéch[k — lBAh’[‘Yh"’]”hk,hxﬂAmac,, now on for the sake of readability. Moreover, we comment
2 2 on how to remove the gauge fixing, i.e., how to reintroduce
1 1 the dependence on A and # at the end of this section.
— ZBeol| hrlpmin — Z psmpnr \ gy C P
S( ) w00, A sketch on how the calculations would be carried out

1 without gauge fixing is made in Appendix.

- EBTaAiGCke (42) To derive the Hamiltonian explicitly we can first use the

source expression S, defined in Eq. (28), to simplify the

where the different blocks are implemented by defining  Lagrangian. This can be done by expanding the T4, terms

(I=V,AS87T)B, = {ifﬁiﬁ’ig- in Eq. (5) into the time derivatives of the tetrad and

A combining them with the M matrices to the source term

whenever possible. By their definition, they can then be

expanded in terms of the momenta and spatial derivatives

To obtain the Hamiltonian from the Lagrangian we use  acting on the fields. As an intermediate result the
its definition as Legendre transform omitting the variables =~ Hamiltonian becomes

J

V. THE NGR HAMILTONIAN

1o o
H= EgAi”AI - \/ﬁTijaAihU [c2€p04" + c3€405"]

+ %”AiDz(afA +504)) + VATE Dy (e + PO h* (20, + c3E405]

| - . .
- E”B’Tﬁjk/fk — VITA TPy il (264057 + ¢3830,7] — aV'h - °T. (44)
To eliminate the remaining velocities we expand them into the V, A, S, 7 decomposition we introduced in the previous
section and replace them according to Egs. (31) to (34).

Expanding the first term in the irreducible decomposition yields

éA[ﬂAi = —Vé[vﬂi + Aéj,Anj[ + Sé/,-‘sfrﬁ +3707x (45)

VO Vi  Ac.Alij  SC. Spij AT T
C;'n C;j7nt °Cyont 30 Chx i A .
= - - - D; BrON,) — A T 4
< 24, 24, 245 24, + 7' Di(agt + ot ,,) — mx T (46)

while for the second we find

\/ZTBjkéAihij[szyeAk + 36055 = CzTBjkAémihkmhij - CSTB/kVéihiigb‘k

a ” a .
=34, 28T 3 ACHk + b 3058 ,VCI
= [Di(a€ + pm0° ) = TC 1T e 28500 + c3écOp]. (47)

Inserting the expressions (45) and (47) into Eq. (44) finally yields the kinematic Hamilton density of the NGR teleparallel
theories of gravity,
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2
3

e
2

FIG. 1.

B Ar=As=Ay=0
A0V

Visualization of the parameter space of new general relativity, colored by the occurrences of primary constraints. The radial

axis shows the zenith angle #, while the (circular) polar axis shows the azimuth angle ¢, following the definition (50).

VCI-VCi AC,-jACi/ SCijSCij 3TCTC

3 _ 'fADi”Ai

H=a h( A, 44,
+ Dyl (a&t + pI64))].

4As

which we here display in terms of the constraints (36) to
(39), as this is the most convenient expression. Observe that,
even though we use the irreducible V, A, S, 7 decom-
position of the fields to display the Hamiltonian, since in this
form the dependence on the parameters ¢; becomes most
clear, the canonical variables on which the Hamiltonian
depends are {a,p".0";, 7,}. As in general relativity we
immediately see that we deal with a pure constraint
Hamiltonian up to boundary terms. Lapse a and shift f
have vanishing momenta, 7z, = 0 and 75 = 0, and appear
only as Lagrange multipliers. To obtain the dynamically
equivalent Hamiltonian to the Lagrangian (5) we need to add
possible further nontrivial constraints via Lagrange multi-
pliers. To find all constraints it is necessary to calculate the
Poisson brackets between all primary constraints, check if
they are first class, and, in case they are not, add possible
secondary constraints. This algorithm has to be continued
until a closed constraint algebra is obtained [31].

From our analysis in Sec. IV we conclude that the NGR
theories of gravity decay into nine subclasses depending

4A1

NG ) = AT ya? + 64 Dymy’)

(48)

T
on the choice of the parameters ¢, c¢,, and c¢3, which
correspond to the appearance of different primary class
constraints, in addition to the lapse and shift constraints
arising from the diffeomorphism invariance of the action.
We have visualized these classes in Fig. 1, which we
constructed as follows. We started from the assumption that
at least one of the parameters ¢, ¢, ¢3 is nonvanishing,
since otherwise the Lagrangian would be trivial, and
introduced normalized parameters

Ci
NEE
fori = 1, 2, 3. One easily checks that the constraint classes
we found only depend on these normalized parameters. We

then introduced polar coordinates (6, ¢») on the unit sphere
to express the parameters as

(49)

&) = sinfcos ¢, ¢ = sinfsin g, ¢3 = cos .

(50)
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Since the same constraints appear for antipodal points on
the parameter sphere, we restrict ourselves to the hemi-
sphere ¢3 > 0, and hence 0 < ¢ <7; this is equivalent to
identifying antipodal points on the sphere and working with
the projective sphere instead, provided that we also identify
antipodal points on the equator ¢; = 0. We then considered

(0, ¢) as polar coordinates on the plane in order to draw the
diagram shown in Fig. 1. Note that antipodal points on the
perimeter, such as the two gray points for the most
constrained case, are identified with each other, since they
describe the same class of theories. To summarize, we find
the following constraints:

Theory Constraints Location in Fig. 1
A #£0VIe{V,AS T} No constraints white area

Ay =0 YC; =0 red line
Ay=0 AC.. =0 black line
As=0 Sc.. green line

Ar =0 Tc—0 blue line
Ay=A,=0 Ve, =4C;; =0 turquoise point
Ay=As=0 AC;; =5Cj; = purple point (center)
Ay=Ar=0 Ac, =TC = orange point
Ay=As=Ar=0 Ve, =5¢C; =TC=0 gray points (perimeter)”

“This is actually only one point in the parameter space, since antipodal points on the perimeter correspond to the same theory.

In order to understand the d.o.f. and derive the full
Hamiltonian of the theory, we would need to calculate the
Poisson brackets and deduce whether they are first or
second class constraints and if more constraints appear
(secondary, tertiary, etc). For teleparallel equivalence
to general relativity this has already been done in
Refs. [10-12,14-16,28,30] and it was found that the
dynamical equivalent Hamiltonian to TEGR can be
expressed with the help of two sets of Lagrange multipliers,
Vi and 499, as
]

Vi { avh VZ}:VC' for VA # 0
VRVAYC for YA =0,
_— G for SA#0
Vh3;5CT for SA =0,

l
Hrpor = \/il(vl[vci + AfliMCij) +D; [ﬂA[(afA + ﬂjeA;')]
ls~ s ij 3741 3 Dy
- ~Sc.. _= 3T
(l\/ﬁ<4 C,/ C 3 c'C+ + \/ﬁ
(51)

— AT gl + 0% Dyma?).

In the future we aim to derive the dynamically equivalent
Hamiltonians for all nine classes we identified among
the NGR theories of gravity. By introducing additional
Lagrange multipliers SA" and 74" in the short-hand notation

Ac,Act A
ay {—a\/fz o for A #0 2)
Vi ACT for 44 = 0,

37¢. TCii
—avh=3— forTA#0

R i (53
VHTATCT for TA =0,

we can display a first step towards the dynamical Hamiltonians

H=(H+4H +%H +TH) — a(Vh’T — & D,z,’) -

+ secondary-, tertiary-, ... constraints.

However, the list of secondary-, tertiary-, ... constraints,
which have to be added in addition, has to be investigated
separately for the nine classes we derived. Even within a
single class there may appear different constraint algebras.
For example, in the class with all A; being nonzero, the

BT jum? + 0N Dimy') + Di[my " (al + pI04))]

(54)

T
Poisson bracket of the Hamilton constraint with itself in
general generates new constraints since the Poisson brack-
ets of the Hamiltonian and momenta constraints do not
form a closed algebra. However, for particular values of the
parameters the terms which cause this behavior are absent
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from the action, thus allowing the Poisson brackets to close
[25]. Because of the lengthiness of the calculations even in
seemingly simple cases such as TEGR [11] we present
these studies in separate articles. Another potential issue
that must receive attention is the possible bifurcation of
constraints, i.e., the situation where the closing or non-
closing of the Poisson brackets depends on the particular
values of the fields, as found in previous studies [32], which
we plan to investigate in detail in further work.

Before we conclude this article we like to add one more
remark on the gauge fixing. The Hamiltonian we obtained
is derived in the Weitzenbock gauge. To remove the gauge
fixing and to reintroduce the variables A and #, which we
removed in the course of the discussion in Sec. III, the
following two steps have to be performed. First replace the
Levi-Civita covariant derivatives D; in Eq. (54) by a total
covariant derivative ®; which also acts on the Lorentz
indices of the objects appearing,

Dizy) = Dzl = Dimy) — 0 i/, (55)
and, second, add the constraint (21) with the help of a
Lagrange multiplier. The result is a gauge invariant
Hamiltonian depending on the field variables a. /",
0, my', and Ay as well as #45.

VI. CONCLUSION

We have derived a closed form for the kinematic
Hamiltonian of new general relativity theories of gravity,
starting from its Lagrangian formulation including the
teleparallel spin connection. The latter we implemented
explicitly in terms of local Lorentz transformations, thus
avoiding the need for Lagrange multipliers in the action.
We found that the canonical momenta for the spin con-
nection are not independent and can fully be expressed in
terms of the momenta for the tetrad. Further, only the 12
spatial components of the tetrads have nonvanishing
momenta, while the 4 temporal components can be
expressed in terms of the ADM variables lapse and shift,
whose momenta vanish identically. We have shown that it is
not possible to invert the relation between the time
derivatives of the spatial tetrad components and their
conjugate momenta, which results in the appearance of
up to four types of further primary constraints, depending
on the choice of parameters defining the theory. We find
that the family of NGR theories is divided into nine
different classes, which are distinguished by the presence
or absence of these primary constraints. We visualized the
locations of these nine classes in the parameter space of the
theory, and identified a prototype of a dynamically equiv-
alent Hamiltonian for the different classes, which serves as
a starting point for the continuation towards a complete
systematic Hamiltonian analysis of NGR.

Our results invite further investigations in various direc-
tions. The most logical next step is the calculation of the

Poisson brackets for all possible constraints. This will show
under which circumstances the constraint algebra closes,
and under which circumstances additional constraints must
be included, and finally lead to the full, dynamical
Hamiltonian. It should be noted that the calculation of
the Poisson brackets is straightforward, although it can be
very lengthy, even in the case of TEGR [11]. Naively, the
unconstrained case would be the easiest, since it involves
the least number of constraints to calculate Poisson brack-
ets with. However, the Poisson brackets do not form a
closed algebra, hence are not first class, except for special
cases [25], and thus generate further secondary constraints.
Another class of new general relativity theories of particu-
lar interest besides general relativity is the one where only
the vector constraint Ay, = 0 is imposed. It has been argued
that this constraint is necessary in order to avoid the
appearance of ghosts at the linearized level [33,34]. The
constraint algebra has been worked out for this case, and it
turns out that also in this case the constraints are not first
class, so that secondary constraints appear [24].

An important result which we expect from the afore-
mentioned further work on the constraint algebra is the
number of d.o.f. for general parameters of new general
relativity. A hint towards the existence of further d.o.f.
compared to TEGR comes from comparing the d.o.f. in
new general relativity with the number of polarization
modes of gravitational waves in the Newman-Penrose
formalism [22]. This result gives a lower bound of the
number of d.o.f., since the polarization modes which
appear in the linearized theory must come from the
fundamental d.o.f. in the complete nonlinear theory.
Once the full Hamiltonian is derived, it can be compared
with the propagators presented in Ref. [35]. Results for a
systematic categorization of theoretical pathologies (tachy-
ons and ghosts) in a large class of theories including NGR
was recently presented in Ref. [36]. Future work could
consist of confirming their results using the Hamiltonian
analysis and getting guidance in which theories are mostly
motivated and perform the full-fledged Hamiltonian analy-
sis in these cases.

The full dynamical Hamiltonian would also be useful for
further tests of NGR with observations, in particular
considering gravitational waves. The results we presented
here show that the vicinity of TEGR in the parameter space,
which is known to be compatible with post-Newtonian
observations in the solar system [21], is composed out of
different classes of possible constraint algebras. Studying
their Hamiltonian dynamics one may expect new results on
the generation of gravitational waves in these theories, from
which tighter bounds on the NGR parameters would be
obtained.
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APPENDIX: HAMILTONIAN ANALYSIS
WITHOUT GAUGE FIXING

Looking at Eq. (18) and noting that the conjugate
momenta are related to each other via an algebraic
equation (21) it at first seems like it is impossible to solve
the velocities for momenta. However, there is a way to
attack this problem and successfully derive the
Hamiltonian. First, we note that Eq. (27) before fixing
the gauge becomes

Syt = MiA/If(éBj - (Ail)chchBlﬁ

= M4 pAE 5066 (A)P ), (A1)
with
Sa'la, p. 0%, 7]
= 5+ MDD + 50 (A1)
— T8 \M ¥ g = 2aT" | h* (2650, + ¢36405").
(A2)

In the Lagrangian, velocities only appear from terms of the
structure
TP = APpdo(6<;(A)P¢)

= APpDj[(a€ + proC, ) (AP (). (A3)

Hence, the velocities in the Lagrangian appear exactly as in
Eq. (Al). This means that we can get rid of all velocities
and express them in terms of conjugate momenta by
applying (M~')4£ on both sides of Eq. (Al), where we
have used the same decomposition of the Weitzenbdck
tetrad &, = 0y(08;(A~")4}) as in Eq. (29) into irreduc-
ible parts.

Second, we need to write down the Hamiltonian
together with its primary constraints. The algebraic
relation between the conjugate momenta is a primary
constraint and needs to be added. The Hamiltonian is
then by definition

H=m,'0" + #*Pa,, — L(0*;, 7,)

— A (R84 + maTgPINOM ), (Ad)

which is the gauge independent correspondence to
Eq. (26). Using the equation imposed by the Lagrange
multiplier to express all conjugate momenta solely in the
conjugate momenta with respect to the spatial tetrad field
74" we get that the Hamiltonian is of the form

H =y N 309 (0,(A")P ) = Lla, . 6", ma", A ]

— A p(#% 4 + mTPINOM,). (AS)

From this we can see that the Hamiltonian can be
expressed in canonical variables without gauge fixing.
By using Eq. (Al) we get

H[a-ﬂyeAquTAiqAAB,ﬁBA]

=7\ (M)AEScKa, p.0% . m)") = Ll p. 0% my" A )
— A (R 4 + mA PN OM),). (A6)
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Abstract: The covariant formulation of teleparallel gravity theories must include the spin connection,
which has 6 degrees of freedom. One can, however, always choose a gauge such that the spin connection
is put to zero. In principle this gauge may affect counting of degrees of freedom in the Hamiltonian
analysis. We show for general teleparallel theories of gravity, that fixing the gauge such that the spin
connection vanishes in fact does not affect the counting of degrees of freedom. This manifests in the
fact that the momenta of the Lorentz transformations which generate the spin connection are fully
determined by the momenta of the tetrads.

Keywords: teleparallel gravity; Weitzenbock gauge; Hamiltonian analysis

1. Introduction

General relativity (GR) has successfully passed a huge amount of experimental tests, which probe
the nature of gravity, up to today. Despite this success there are still many open questions associated
with our understanding of gravity. Firstly, general relativity is highly non-renormalizable, so it cannot
be formulated as a quantum field theory in the same way as it is done for the other fundamental
forces, and thus can not directly be embedded into the standard model of particle physics. Secondly,
there is strong evidence for inflation. To describe this, one is led to either introduce an extra field
(like the inflaton) in the early universe or modify the laws of gravity. The latter gives a better fit
to the data [1]. Thirdly, there are tensions in cosmological data, such as the value of the Hubble
constant [2,3], which need to be explained. Furthermore, the standard model of cosmology is based on
the ACDM model, whose main ingredients are cold dark matter particles and a cosmological constant
as dark energy, to explain the dark sector of our universe. However, also this model faces some issues,
where the biggest issue probably is the smallness of the cosmological constant.

In order to deal with the aforementioned issues, modified theories of gravity have been studied.
Most are based on the formulation of general relativity in terms of the Levi-Civita connection,
which is induced by a spacetime metric. However, general relativity has other equivalent formulations,
based on connections that are not induced by the metric. One of these is called “symmetric teleparallel
equivalent of general relativity” (STEGR) and uses a flat (no curvature) and torsion free connection
with non-metricity (Vg # 0). Another is called “teleparallel equivalent of general relativity” (TEGR)
and employs a flat metric compatible connection with torsion. The Lagrangian of STEGR is given
by the so-called non-metricity scalar Q, while the Lagrangian of TEGR by the so-called torsion
scalar T. These reformulations of Einstein’s theory of general relativity are sometimes referred as
“the geometrical trinity” [4].

Universe 2019, 5, 143; d0i:10.3390 /universe5060143 www.mdpi.com/journal /universe
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Due to the experimental success of general relativity we need to formulate modified theories
of gravity such that they are compatible with experimental tests on solar system scales. That is,
they should not deviate too much from general relativity on these scales. Since general relativity can
equivalently be formulated in different geometries, we have the freedom to choose which geometry
we want to formulate modified theories of gravity in. After modifying general relativity, the modified
theories will in general be in-equivalent.

For example, popular modifications of general relativity are to consider functions of the defining
Lagrangian. In the three different formulations this amounts to consider as Lagrangian either f(R),
where R is the Ricci scalar of the Levi-Civita connection, f(T) or f(Q), which lead to non-equivalent
theories. The reason for this is that they differ by a boundary term, which can no longer be completely
neglected when a function is acting on the original GR, STEGR or TEGR Lagrangian.

In this work we will consider the Hamiltonian analysis of modified theories of gravity in the
teleparallel framework. The Hamiltonian analysis gives the number of degrees of freedoms in a theory.
However, in the so-called f(T) theories of gravity disputing results have been found for this number.
Where it was claimed in [5,6] that the theory has 5 degrees of freedom. More recent work, on the
contrary, found that f(T) has 3 degrees of freedom [7]. The aforementioned works were, however,
done in a gauge where the spin connection is put to zero, which is not the covariant formulation of
teleparallel gravity [8,9]. We show in this work, for general covariant teleparallel theories, that the
spin connection momenta are determined by the tetrad momenta .

In Section 2 we display the most general teleparallel gravity theories we consider in this article.
Section 3 is devoted to derive the conjugate momenta, and to show that the gauge fixing does not
affect the counting of numbers of degrees of freedom. A concrete example is provided in Section 4
with an explicit expression for the Hamiltonian. Finally, discussion and concluding remarks are made
in Section 5.

We use the following conventions. Greek indices y, v, p... denotes global coordinate indices which
are raised and lowered with the metric gy, capital Latin indices denotes Lorentz indices raised and
lowered with the Minkowski metric 17 4p, and small Latin indices are spatial indices and 0 denotes
the temporal index. The Minkowski metric 1745 is taken to be diag (—1,1,1,1). Brackets [] denote
dependence on the explicit variables and their derivatives.

2. Generalized Theories of Teleparallel Gravity

The fundamental variables for teleparallel gravity theories are the tetrads (or vierbeins) 84, and for
the covariant formulation a curvature-free spin-connection w?p is needed [8,9]. In local coordinates
these variables can be expressed as

04 = 04,dx¥, e =ea"dy,

wAB = wAB}, {ACD} dxt = AAcd <A7]>C B = AAC%)}‘ (Afl)CBdXM, @

where A% are Lorentz matrices. Any Lorentzian metric can be expressed in terms of tetrads by the
following relations

8uv = 8uv (GA;A) = ']ABGA;IGBM g = UABEA}[EBV- 2)
The torsion components expressed in tetrad fields and the spin connection are

TP = eAPTA, [04,,d04,, A% g, dA% 5] = 24 (a[ 04, + wAB[},aBV]) ®)

I3

We can write a generic action made from the Torsion components ¥, and the metric (which
depend on the tetrad fields) as
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s[04, AcP] = [ s[04, AcP] = [ dx 181f(goe ), )

where |6] := det(6",,) which is the normal volume element (/=g in metric formalism). This is the
most general teleparallel gravity theory in 4 dimensions without introducing extra fields, and without
breaking local Lorentz invariance, with all derivatives being of first order and coming from the torsion
components, and includes the theories discussed in [10]. The analysis can easily be extended to higher
dimensions. In order to derive the conjugate momenta and make a canonical Legendre transformation
to the Hamiltonian, we make use of the 3 + 1 decomposition analogous to [11]. In this decomposition
we have

v =

— By Bi| | B 5

. Tl e= : ©)
/S ] 7

The indices i, , ... are spatial and run from 1 to 3 and are raised and lowered with the induced

metric hyj, e, B = ﬁf h,-j. For the tetrad fields (which are canonical variables for teleparallel gravity
theories) we have

0% =g’ + g0, (©)
where &4 are components of the normal vector 1 to the x0 = const hypersurfaces in the dual tetrad
basis [12]

n=gtes, = gehnenl® o0 e, %)
The components ¢4 further satisfy
napge? = 8M8a = =1, napetoti = a0t = 0. ®)

Furthermore, the dual tetrads and the induced metric can be expressed as

. ‘ ‘ i
en’ = — b ea' =04 +CA%’ Iij = 145016 )

For readability we sometimes suppress metrics which raises or lowers indices, even when indices

are at non-canonical positions. For example 6,4/ = UABhifGB]- #eal =041 +Ca %

3. Conjugate Momenta

To derive the conjugate momenta we note that time derivatives always appear in TPp; = —T¢;) =
eAPT*; due to the antisymmetric property of the torsion components TPy = 0. Time derivatives act
on tetrad fields #4; and Lorentz matrices A and explicitly it reads

C C
TAOZ' = aoeAl' + AACa[) (Afl) 393,‘ — a,‘er — AACa,‘ (Afl) 3930. (10)

One immediately finds that time derivatives never act on temporal tetrads (§4) nor lapse and
shifts («, B). They only act on the spatial tetrads 64; and Lorentz matrices A% 5. Hence, the conjugate
momenta only need to be defined for these variables. The conjugate momenta with respect to the
spatial tetrad fields are defined by

oL of dTty u Of
‘G‘WE)BOGA,' = |0lea . 11)

i
i
A 9TV y;

T 90004,
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Since the Lorentz matrices only have 6 independent components, we introduce an auxiliary
antisymmetric field which preserves the Lorentz symmetries and thus also those of the spin connection

D
aag = 1acw o = 11c(aA D0 (Afl) B < oA = acprPAp. (12)

The conjugate momenta of the independent components of the Lorentz matrices are hence
represented by

. .
#AB ._ — 19| af dTHy; —rcinClBgAl, 13)

BaAB aTVg,‘ aﬂAB -

This can be realized from

oL 9L 999ACp 9L 9THy 999ACp
aLZAB - BBOACD allAB - BTF‘O,v aaoACD E)uAB
L ATy [,p (._1\F ] 930ACF
__ ) il 14
aTHo; 9906C; [9 /(A ) Dl aas (14

P
=_|9| af e ;1|: (A—l) D] 7IC[BAA]F

The conjugate momenta 774; and #4® are hence manifestly algebraically related to each other.
This means that we need to add Equation (13) as a Lagrange multiplier. Furthermore, it can be
cumbersome to express the velocities into their conjugate momenta, but for new general relativity
it has been shown how this can be done [11]. To simplify we perform a transformation in which
the spin connection vanishes and show that this transformation in this gauge is consistent with the
constraints in the covariant formulation. This transformation is done by introducing new field variables
(& B',64;, A4p) so that §4; = 65, (A’I)A B, & =a,B=p,and Al = A4}, Tt follows that 45 = asp,
S =& 6] = |6 and that TPy = EAPE)[”éAV]. Furthermore,

L= Iélf(gm, pr/) = |f~9|f(g'm, Tp;n/) = 01f(gor, Tp;w)r (15)

which manifestly is independent of the Lorentz matrices A o®. From this transformation we find that
the conjugate momenta transforms as

oL

~ i iAB
= ——=, =7 A Ar
A
ag%e i (16)
2AB _ — i C[BgA] | ~AB
T nn eyt Pet 4+ At
Inverting these formulas gives
. . B
7TA1 = ﬁ.’BI (A_l) Ar
a7

s i D ~
AAB — ZAB _ 7 (A’1> CWC[BAA]EgEi_
Applying Equation (13) to Equation (16) shows that 748 = 0 in the Weitzenbock gauge, and they
are hence pure gauge degrees of freedom as expected from [8,9]. A vital point is now to show that the
gauge fixing is imposed consistently with the constraints. Hence, we need to show that {#4, A} ~ 0.

The transformed Hamiltonian is defined as

H = 72479084 + A8 45 + A8 — L + primary constraints, (18)
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where primary constraints need to be added (which differ from different theories). Looking at the
transformation behaviors of each term it is hence clear that {#48, H} ~ 0. The gauge fixing is hence
consistent with the constraints and can not in any way affect the counting of degrees of freedom for
teleparallel gravity theories.

4. New General Relativity

One interesting class of teleparallel gravity theories is the so-called “new general relativity” theory
introduced in [13]. In this section we derive the Hamiltonian for “new general relativity” as was
done in [11]. In this section we work in the Weitzenbock gauge motivated by the preceding sections.
Furthermore, we drop all = for readability. Assume that we want a teleparallel theory defined by
Equation (4) and only consider terms quadratic in the torsion components T¢;,, without introducing
parity violating terms. Then the action looks like

SnGR = / d4x[0] (TP Ty + 2 TP Ty + c3TP y T,) . (19)

After a 3 + 1 decomposition it is found that

LNGR = 7TA1'0TB]'0M1/]‘ BT+ TTAioTBkz [Ml/lx B+ 20" (02§B9Ak + CsCAGBk)]

jﬁABilflk i k k 3 0
+ 2T T [EMABIS + 2 (czggeA + 38 a8 )} + avVH 3T,
Here
M) L= =220 ki ap — (c2 + c3)EalBh + c204105" + c30,4'081), 1)
and
3T = cyyapTA T W' + 204" 07 T4 T 4™ + c30,4'057 W T4, T2, (22)

The theory is covariant and the spatial derivatives can all be replaced (simultaneously) by
the Levi-Civita covariant derivative D; associated with the induced metric such that D;hy = 0.
Derivatives on the temporal parts of the tetrads (6) generally do not appear and hence the conjugate
momenta for new general relativity are

a _;_ « Lngr B agii B ik gl ik 1 i
= =T"M +T M + 20k 04" + 0 .
N A T 99064 oM 4 Kl [ ABB +2u (CZCB A"+ 35408 )} (23)

We can now define

i X B gmgB \ _ 1B al| afik o B pik 1 1
Sa' = Jral + [Dic (a8 + 510%) = TPup' | ME g =20 TPl (ol +statil), 29

so that S4' is independent of velocities and Equation (23) can equivalently be written as
Sal =090, M') . (25)

The remaining task is then to invert the M /{ p and solve for 900" j- This is a rather non-trivial
task, and hence, we refer to [11] for details. Here we simply write out the possible primary constraints
and the expression for the Hamiltonian. Existence, or non-existence of primary constraints depend on
the specific values of ¢1, ¢y, ¢3, related to the irreducible components under the rotation group into
vectorial, antisymmetric, symmetric (but trace-free), and trace parts (V, A, S, T). We define
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Ay =2c1+cp+c3, Apg=2—c, As=21+c, Ay =2c1+cy+3c3, (26)

and anindexZ =V, A, S, T. Putting any of the A7 = 0 gives rise to primary constraints.

Ay =0 = YC:=5,/¢4 =0, (27)

AA =0 = ACif = SAkgA[/h,']k =0, (28)
; 1

As =0 = SCU:= 5,504y, — gsAkeAkh,»j =0, (29)

Ar=0 = TC:=5,/64 =0. (30)

The important thing to note is that if any of these primary constraints are imposed, they need to
be added as Lagrange multipliers in the Hamiltonian. For new general relativity, the expression for the
Hamiltonian is

veVei Ac.Acii Sc..Scii TcT, AD. i
H:aﬁ(BV C'C—BA Ui _B i _B 32C73T7§D17TA
(€]

- 1 T T Vi
-~ /Sk <TA]'k7TAj +9AkD;7TAi) +D; [ﬂAi (”‘éA +W9Af)} !

where

1 .

- if A 0

pp= {7 fAr7 (32)
0 ifAr=0.

This is, however, not the final Hamiltonian. As mentioned before, Lagrange multipliers related
to primary constraints need to be added. Furthermore, the analysis might further provide secondary,
tertiary, etc., constraints after the evaluation of the Poisson brackets. This also needs to be added.

5. Discussion

We showed that for a very general class of teleparallel gravity theories one is allowed to fix the
gauge such that the spin connection vanishes without affecting the counting of degrees of freedom
in the theory. This significantly simplifies the Hamiltonian analysis of teleparallel gravity theories,
assuring that the result does not differ from the covariant formulation. Furthermore, this justifies
previous work where this gauge choice has been implemented in the analysis. Since the Hamiltonian
analysis tends to be very cumbersome, it is highly suggestive to use this result and put the spin
connection to zero in theories covered by this analysis. If one looks at more general teleparallel
gravity theories (for example addition of extra fields or more dimensions, as they are discussed in the
literature [14-16]) one can follow the same approach in order to figure out if the gauge fixing affects
the counting of degrees of freedom.
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Abbreviations

The following abbreviations are used in this manuscript:

GR

General relativity

STEGR Symmetric teleparallel equivalent of general relativity
TEGR  Teleparallel equivalent of general relativity
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It is known that one can formulate an action in teleparallel gravity which is equivalent to
general relativity, up to a boundary term. In this geometry we have vanishing curvature,
and non-vanishing torsion. The action is constructed by three different contractions of
torsion with specific coefficients. By allowing these coefficients to be arbitrary we get the
theory which is called “new general relativity”. In this note, the Lagrangian for new gen-
eral relativity is written down in ADM-variables. In order to write down the Hamiltonian
we need to invert the velocities to canonical variables. However, the inversion depends
on the specific combination of constraints satisfied by the theory (which depends on the
coefficients in the Lagrangian). It is found that one can combine these constraints in 9
different ways to obtain non-trivial theories, each with a different inversion formula.

Keywords: Teleparallel gravity; New general relativity; ADM-variables.

1. Conventions

Greek indices denote global coordinate indices running from 0 to 3, small Latin in-
dices are spatial coordinate indices running from 1 to 3, whereas capital Latin indices
denote Lorentz indices running from 0 to 3. We are always dealing with Lorentzian
metrics. Sign convention for the Minkowski metric is nap = diag(—1,1,1,1).

2. Introduction

Gravity is conventionally described with the Levi-Civita connection which is in-
duced by a pseudo-Riemannian metric. This means that the covariant derivative of
the metric is zero, and the connection is torsion-free but has curvature. However,
there are equivalent theories to general relativity!. We will focus on teleparallel
gravity? where we have vanishing curvature, but non-vanishing torsion.

In particular we will perform the Hamiltonian analysis of “new general rela-
tivity” (NGR)?®. For discussions of certain issues with these theories see* 6 Pre-
vious work on the Hamiltonian analysis on teleparallel gravity theories have been
performed in%'8. However, the full Hamiltonian analysis of NGR has not been
performed. NGR is described by the following action:

vptp W P

Sxar = mb, / 10| (a1 T, T, + axTh, T, + agT“uT"‘,’,) da, (1)

2With NGR, we refer to the more general three-parameter teleparallel gravity in contrast to the
special one-parameter teleparallel gravity theory which NGR originally referred to?3.
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where mp; is the Planck mass, T‘,ﬂp =TI*,, —T'*,, is the torsion component with
A . . o
Th, = ef'0,04 +ef (A1), 9,A565, with 6 being the tetrad, e its inverse

14
and A is a Lorentz matrix. Global spacetime indices are raised and lowered with
Juv = 9“L9€77A B, while Lorentz indices are raised and lowered with nap. A theory
equivalent to general relativity is obtained by setting a; = i, as = %, and az = —1.
Alternatively, the NGR action can be written down in the so-called axial, vector,

and tensor decomposition!?. Then

Sxai = mi [ 16](exTue + exion + caThee). @
with a; = 7ﬁc1 + %cz, as = ém + %CQ, as = c3 — %027 and
Tyee =17 T,
Tax = *% (Tpp T — 2T, TH) (3)

1 v v 1 v,
Tien = 5 (T T + Tpp TH) = ST7, T,

3. Method

In order to go from the Lagrangian to the Hamiltonian analysis we need to identify
the velocities, derive the conjugate momenta and express everything in canonical
variables. We may decompose the torsion scalar in the ADM variables!® lapse «,
shift 5° and the spatial components of the tetrad 64;:

1 A ij
T= 5 5TuT5%M {5

1 . ) .
ET;QTB,;[ [MY) 58" + 20ash™ €50 f + 2aazh™ €40 ] (4)

1 1 ) ) ) ) . . .
+ TR | M 4B 8 + 200207640 58" + 2005076405 67| +°T,

+

where h;; = 9Ai03_7'77AB is the induced metric, which is used to raise and lower

spatial indices, €4 = —1ed pop0P;0C ;07 velk |
M'] g =—2a1h"nap + (a2 + as)éaéph” — az0 {05 — a30,10,], (5)

and
5T = ainapT TN W + aynac6S, ' npp6 WP T4, T WM

+ aznactS, h M0 WPRE T TS

(6)

Without any loss of generality” we can restrict ourselves to the Weitzenbdck gauge
for which the torsion components are expressed as TA,“, = 61,6"‘“ - BMGA,,, and
hence the conjugate momenta become,
T B prij B il pk il k il k
a\/ﬁ =THM' ) 5 +T5 [M'J 5B + 20a2h™¢p0 i + 20a3h™ €05 . (7)
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The velocities can now be inverted and expressed in canonical variables using
Siy =070 . ®
with
Si = D; (ag” + 570%,) M']
T ©)
v

where D; is the Levi-Civita covariant derivative with respect to the induced metric.

— T8 [M) 5B + 20a2h™Ep0 f + 20a3h €40 +

However, M in equation (8) is singular for certain combinations of parameters of
the theory and can hence only be inverted by the Moore-Penrose pseudo-inverse
matrix 2. This is apparent if one decomposes the equation into irreducible repre-
sentations of the rotation group, which generates the following constraints,

201 +as+ag=YA=0 = VO = Siet =0,
201 —ay = 1A =0 = ACy; = S’f;eA[jhi]k =0,

10)
11)

12)

(
(
1
201 +ay = SA=0 = SCij = Sf\(')A(jhi)k - gsﬁ‘ﬁihij =0, (
(

20 +ag+3a3="A=0 = TC:= 8,04 =0. 13)

These are primary constraints, since these constrain both the tetrad field and their
conjugate momenta, which also can be decomposed into irreducible parts. In the
axial, vector, tensor decomposition we have that

cotez=YA=0, (14)
7301 +%cz =44=0, (15)
gcz =SA=0, (16)
3c3="TA=0. (17)

In this language the primary constraints get some further geometrical meaning.
Equations (14) and (15) together imposes the teleparallel equivalent to general
relativity and impose invariance of the Lagrangian under pure tetrad local Lorentz
transformations®. This is, however, not more apparent from the axial, vector, tensor
decomposition we made. What is more interesting are the constraints imposed by
equations (16) and (17). In this decomposition of the torsion scalar they exactly
correspond to putting Tien and Tyee to zero respectively.

4. Results

Different combinations of (10)-(13) yield 9 non-trivial classes of theories:
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Theory Constraints Location in figure 1
Ar #0VI e {V,AS,T} No constraints white area
Ay =0 YC; =0 red line
Aa=0 AC;i=0 black line
As =0 SCji =0 vertical green line
Ar=0 TC=0 horizontal blue line
Ay =A,=0 Ve, = ACji =0 turquoise point
Ap=As=0 AC; =5C; =0 purple points (perimeter)
Ap=A7=0 ACji =7C=0 orange point
Ay =As=Ar=0 VC;=50;=TC=0 gray point (center)

Any other solutions would be trivial (¢; = ¢2 = ¢3 = 0). Excluding these triv-
ial solutions we can normalize our parameters to

Ci
NCETEr
for i = 1, 2,3, which means that we can make a 2-dimensional plot to visualize these

theories in the normalized parameter-space. This can be nicely visualized in polar
coordinates (0, ¢) on the unit sphere with

C; =

(18)

¢1 =cosf, ¢y =sinfcosp, ¢3=sinfsinp.

(19)

Every pair of antipodal points on the sphere corresponds to a ray in the 3-
dimensional parameter space, whose elements describe the same theory. Hence,
it suffices to display only the upper half sphere ¢; > 0, which is done in figure 1.
However, note that points on the equator ¢; = 0 still appear twice, and both copies
should be identified with each other. This applies in particular to the two purple
points in figure 1, both describing the class of theories defined by pure vector tor-
sion ¢; = ¢ = 0. The Hamiltonian is found to always appear with four Lagrange
multipliers (linearity in lapse and shifts) with,

H=aH (0,M") + B5H, (0, M) + D; [(ag? + p704) )], (20)

in the unconstrained case”.

5. Discussion

One can distinguish 9 different classes of NGR theories by the presence or absence of
primary constraints appearing in their Hamiltonian formulation. What remains to
be determined is how many secondary constraints are induced by demanding closure
of the constraint algebra. Some considerations in this direction have been studied
in%'8 however, our work invites for further investigation. The theories satisfying
A £ 0,V I € {V, A8, T} can be parameterized by two free parameters (and a
global rescaling of the Lagrangian, fixing the value of the Planck mass, which does
not affect the presence or absence of primary constraints). Models which exhibit
one primary constraint A; = 0 have one free parameter left, while for those with
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mAz=0

A =0

mAs=0

Ay =0

WAy =Ag=0

8 Az =Ar =0
Az =As=0
A =Ag=Ay=0

Az0v1

Fig. 1. Visualization of the parameter space of new general relativity in coordinates reflecting
the axial, vector, tensor decomposition of the Lagrangian, colored by the occurrences of primary
constraints. The radial axis shows the zenith angle 6, while the (circular) polar axis shows the
azimuth angle ¢, following the definition (19).

more primary constraints all parameters are fixed. The free parameters might affect
the vanishing, or non-vanishing of certain Poisson brackets, which therefore have to
be calculated in order to obtain the number of degrees of freedom.

The number of degrees of freedom can be compared with polarization modes
in gravitational waves2?. Furthermore, it can be compared with the linear level in
order to find out if the theories are strongly coupled. One may extend this analysis
t0 f (T Then, Tvee) * or include parity violating terms.
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‘We review different approaches to the Hamiltonian analysis of teleparallel theories of gravity. In par-
ticular the Hamiltonian analysis for f(T) theories led to disputed results in the literature. The aim of
this review is to relate the different notations and assumptions in the different approaches in a compre-
hensive way, so that they can be compared more easily. To do this we present the primary constraints
of the f(Tngr) gravity class of theories for the first time. The particular cases studied in the litera-
ture, f(T) gravity and new general relativity, are contained in this parent theory. We compare their
Hamiltonian analyses done by different authors in the literature among each other by relating them to
our analysis of f(Tngr) in detail.

Keywords: teleparallel gravity; Hamiltonian formalism.

1. Introduction

In the recent years the geometric foundations of general relativity (GR) have been re-
assessed, and it has been highlighted that its commonly known formulation in terms of the
curvature of spacetime is not unique. Equivalently GR can be formulated in terms of a flat,
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metric compatible connection with torsion, called the teleparallel equivalent to general rel-
ativity (TEGR) or in terms of a flat, torsion free connection that is not metric compatible,
called the symmetric teleparallel equivalent to general relativity (STEGR) [1].

From there on, numerous modified theories of gravity have been constructed to over-
come the shortcomings of GR such as not explaining the dark matter and dark energy
phenomenology, not being consistently quantizable and predicting singularities [2—10].

To understand the properties of the theories of gravity beyond GR based on its telepar-
allel or symmetric teleparallel formulation, it is crucial to have a proper understanding of
their canonical structure. Applying the Hamiltonian formalism to these theories allows a
nonperturbative counting of the physical degrees of freedom, it states the well-posedness
of the Cauchy problem, and can shed some light on canonical quantization.

In this article we investigate and review the canonical structure of the most famous
teleparallel generalizations of general relativity, so-called f(T) theories [1 1] and new gen-
eral relativity (NGR) [12]. Both kinds can be studied collectively by considering f(Tncr)
teleparallel theories of gravity.

In the literature there are several approaches to the Hamiltonian analysis of TEGR [ 13—

], of f(T) gravity [25-27] and NGR and special cases of it [28-34], in which slightly
different definitions of the Lagrangians, the canonical momenta as well as the primary
and secondary constraints, and many different notations for all appearing quantities are in
use. The approaches differ in how they perform the canonical analysis of the theories, i.e.
employing an ADM decomposition or not (whose necessity one can already discuss on
the level of GR [35]), using tensor components or differential forms and how the gauge
freedom encoded in the spin connection is taken into account.

In particular for f(T) gravity these studies come to different result on the number
of physical degrees of freedom. It is believed that extra degrees of freedom should appear
from the breaking of local Lorentz invariance, although the machinery on how this works is
complex and requires special care to be taken in its application. There is evidence that some
partial or total violation of Lorentz invariance occurs for some circumstances that remain
to be studied. The constraint algebra of f(T) gravity is very involved and the matrix of
Poisson brackets among constraints presents a variable rank. As a consequence, the number
of d.o.f. might not be uniquely defined independent of the field configuration, therefore the
disagreement about its number. More details on the current status of the discussion will
be presented in Subsections 7.1 and 7.2. The evidence points most probably to 5 d.o.f. in
the most general case [25,27], for Minkowski and Friedmann-Lemaitre-Robertson-Walker
(FLRW) spacetimes there is contradictory claims whether it should be 3 d.o.f. [26] or 2
d.o.f. as in GR [27], and some far-fetched cases could give 4 d.o.f. or even zero [27].
Despite all controversy, f(T) gravity seems an intriguing toy model to build, hopefully,
more healthy modified teleparallel gravities.

Less work has been committed to new general relativity. The name of this theory was
introduced in [12] as a one-parameter theory agreeing with solar system tests of grav-
ity. However, in this review we refer to new general relativity as the most general par-
ity even teleparallel gravity theory quadratic in the torsion components. In particular the
one-parameter theory is the most general of the NGR-theories different from TEGR whilst
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avoiding pathologies of mixing symmetric and antisymmetric perturbations which is nicely
shown in [36] (see [37] for earlier works, and [38] regarding the pathology in general).
In [28] it is found that this one-parameter theory has a non-deterministic evolution for
certain intial values. In [33] the Hamiltonian analysis of the NGR-theory with minimal
amount of primary constraints was carried out and a special case of this theory was studied
in [39]. They found that the constraint algebra close without any introduction of secondary
constraints (except for the Hamiltonian and momenta constraints generic for any telepar-
allel theory of gravity). Furthermore, the Hamiltonian analysis for general NGR have been
partly carried out in [27,30,31,34].

The disagreement in the conclusions which are drawn from the canonical analysis of
modified teleparallel theories of gravity by different authors motivates us to presents a com-
parison of the approaches, and how they can be translated into each other. To do this we
present the primary constraints of the parent class of theories, f(Tngr) gravity, which in-
cludes f(T) gravity and NGR as special cases, as reference. We then compare the existing
approaches in the literature against our findings and discuss how they are related among
each other. We hope this work will simplify the comparison between different approaches
to the canonical analysis of modified teleparallel theories of gravity, and thus enable the
community to come to a definite answer on the number and nature of the degrees of free-
dom in these theories.

This work is organized as follows. We perform an introduction to the Dirac-Bergmann
algorithm in Sec. 2. In Sec. 3 we introduce the covariant formulation of the teleparallel for-
malism and TEGR. Some important points to consider in the Hamiltonian analysis are dis-
cussed in Sec. 4. In Sec. 5 we introduce f(Tngr) gravity, its primary constraints and their
classification. We make a compilation on the different notation and primary constraints for
f(T) gravity and NGR that can be found in the literature in Sec. 6. A discussion on the
difficulties in applying the Dirac-Bergmann algorithm can be found in Sec. 7. Finally our
outlook and conclusions are in Sec. 8.

2. Dirac-Bergmann algorithm for Hamiltonian analysis

Most theories of physical interest are gauge systems: the equations of motion do not de-
termine all the dynamical variables, since there are relations among them that leave the
state of the system unaltered. Such situation translates as a constrained Hamiltonian sys-
tem; in this picture the canonical variables are not all independent. All gauge systems can
be regarded as constrained Hamiltonian systems, but not all constraints from a Hamil-
tonian system arise from a gauge invariance. Hamiltonian systems with constraints can
be studied through the Dirac-Bergmann® algorithm. In what follows, we will review this
method [41-43] and put emphasis on some of its peculiarities [44—46]. The main steps of
the Dirac-Bergmann algorithm are highlighted throughout the text in concordance with the
notation introduced in Fig. 1.

2Also called Rosenfeld-Dirac-Bergmann algorithm, see [40] and the discussion on Rosenfeld’s contribution in

[35]
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In the following, we will introduce the Lagrangian formulation of a theory with finite
degrees of freedom, that is a finite number of coordinates depending on time ¢* = ¢*(t),
which define the state of the system. However, later we will study gravitational theories,
on which the fields depend on the space-time coordinates. Each field represents, strictly
speaking, infinite degrees of freedom. The counting convention therefore is that each field
component is called a single physical degree of freedom.

We give a brief introduction to the Lagrange formalism in section 2.1. The canonical
momenta and primary constraints are defined in section 2.2. The Dirac-Bergmann algo-
rithm and determining the constraint surface is laid out in section 2.3. Finally, we define
the notions of first and second class constraints in section 2.4. The algorithm is summarized
in figure 1.

2.1. Lagrangian formalism

Let us consider a finite-dimensional system with an n-dimensional configuration space
Q spanned by the coordinates ¢*,i = 1,...,n. The system is described by a La-
grangian L(g(t),(t)) without explicit dependence on time ¢, which defines the action
S = f:f dtL(q, q). The variational principle, i.e. the requirement of the action to be sta-
tionary

trS§L .
08 = dt———90¢'(t) =0 1
/ il (1

under variations vanishing at the endpoints ¢;, ¢y, yields that physical trajectories q(t)
must satisfy the Euler-Lagrange equations

oL 0L d [OL
—=_— - - | = 2
o¢t  Oq¢t dt <8(jl> @

Expanding the time derivative in (2), we obtain
0%L ; 0*L . 0L
i g 95

(ateam) 7 + (kg ) ¥ = e = @
Vi = Wi’ =0, (4)

. . 0%L
where Vj, = gtﬁj — (ijﬂ) ¢’ and Wy; = <W> The object W is the Hessian of

L with respect to the velocities ¢, and it has an important role. If the rank of the Hessian
Rank(W;;) = r = n, then all accelerations ' can be solved in terms of ¢’ and ¢'. For a
constrained physical system the Hessian has non-maximal rank, that is Rank(W;;) = r <
n. This means that not all accelerations ¢* can be uniquely determined in terms of ¢* and
¢*. In the Hamiltonian picture, this implies the existence of primary constraints.

We now recall the steps of the Dirac-Bergmann algorithm needed to obtain the con-
strained Hamiltonian formulation of the dynamics of the physical system described by the
Lagrangian L.
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\

Identity Restrictions
on u”

LNy
First ¢ Second cl
constraints constraints

Fig. 1. Dirac-Bergmann algorithm
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2.2. Canonical momenta and primary constraints

Step 1. For going to the Hamiltonian formalism of a dynamical system, we start with the
definition of the canonical momenta as functions of (g, §)

. oL ~ .
Pk‘(%Q):W:@c(%Q)v k=1,...,n. ®)

The fact that the Hessian W;; = % has non-maximal rank 7 implies that it has a non-
trivial kernel of dimension n — r. This kernel is spanned by n — r vectors with components
l’; such that

FWe =0, p=1,....n—r (6)

Step 2. When the rank of Wy is » < n (also that det(W};) = 0), we can solve r
velocities in terms of the momenta and positions from Eq.(5),

i = F'(¢.pa: 4", ©)
where, without loss of generality, it can be assumed that i= 1,...,r, label the solvable
velocities, and i = r + 1,. .., n are the velocities that can not be solved. We also assume

that the index « can take r values. If we substitute (7) in (5), we obtain
i = &1(a,d"d") = O1(a, F'(¢,Pard'),d") = 1(g, Par ') ®)

The functions (&k (¢, Par,s qz) cannot depend on (f any longer, otherwise it would be possible
to solve for more of the velocities.

Step 3a. For £ = 1,...,r the equations p, = ék, (8), are trivially satisfied, from thg:
definition of the momenta and the assumption of being able to express the velocities ¢
as functions of ¢ and p, while for £ = r,...,n one obtains n — r non-trivial relations
Py = z;Aﬁp(q, Do) that relate coordinates and momenta. These give rise to the so called
primary constraints

¢p(q7p):pp*</5p:0., p=1,....,n—r )

An important notion for the Hamiltonian formalism is “weak equality” (denoted by the
symbol “~” ) which is an equality on the constraint surface. The symbol “&” will denote
that weak equality is imposed, which means that the equality of both sides of the equations
is not necessarily implied by the previously found constraints, but must be imposed as an
additional condition in order to obtain the final constraint surface.

Step 3b. The canonical Hamiltonian can be obtained in terms of the momenta as

H, =d'p; — L(g,9) (10)

which can be proved to depend only on ¢’ and p;, not in the velocities ¢*. This Hamil-
tonian does not encode a priori the primary constraints and thus does not describe the
same dynamical system as the Lagrangian. To keep the predictions in the transition
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from the Lagrangian to the Hamiltonian formulation of the dynamics of the system un-
altered one needs to add the primary constraints with the help of Lagrange multipliers
H. — H.+u”¢,(q,p).

Step 4. We consider the primary Hamiltonian

Hy(q,p) = He +u"¢,(q,p) an

where the u” are Lagrange multipliers (arbitrary functions); they ensure the primary con-
straints from the beginning. It can be shown that H,, generates the time evolution of the
physical system through the Poisson brackets (PB) in the following way. For any function
F in the phase space, it is

F={F H,} ~{F,H}+u{F,¢,}, (12)

where the term {F, u”}¢, is dropped since it vanishes weakly, and the PB between two
functions F'(p, ¢) and G(p, q) is defined as

OF 0G  OF 0G
9q' Ip; ~ Op; g’
This definition allows to compute the time evolution of any primary constraint (12), whose
outcome has many different branches, as we explain in the next section.

{rG}= 13)

2.3. Dirac-Bergmann algorithm and determination of constraint surface

Step 5. In order for the physical system to be consistent, the evolution on time @,, of
primary constraints should be zero. This imposes the condition

. !

¢p = {¢p7 H} + u”{d)pv ¢a} ~ 0. (14)
If we define h, = {¢,, H} and C,,, = {¢,, ¢, }, then (14) can have two outcomes, de-
pending if det(C') is weakly zero or not.

Step 6a. If det(C') ~ 0, then the multipliers are not uniquely determined, and (14) is
only solvable if the h,, satisfy the conditions

Woh, % 0, (15)

where w?, are p — m linearly independent vectors spanning the kernel of C, which has rank
m.

Step 6b. These conditions can be fulfilled like in the previous step, or lead to a certain
number s’ of new constraints

¢5~0, p=n—r+1,....n—r+s (16)

called secondary constraints.

Step 6c. If det(C') % 0, Eq.(14) is an inhomogeneous system of linear equations with
solutions

u” & —(C1)7h, a7
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and the Hamilton equations of motion for a function F'(p, ¢) become
F o A{F,Hey — {F.0,}(C™")" {9g, Hc}, (18)

which do not contain arbitrary multipliers, that is, they are fully determined.

Unlike primary constraints, secondary constraints have been derived from the equations
of motion. The procedure of vanishing the time evolution should be iterated with secondary
constraints, which could give rise to tertiary constraints and so on, until no more constraints
appear. In most cases of physical relevance, the algorithm terminates at the stage of sec-
ondary constraints, but it is not hard to build pathological examples on which there is an
infinite tower of constraints, or the conditions of time consistency give rise to physically
inequivalent branches [43]. We could also face the unlikely case on which the consistency
conditions are incompatible with each other, then it is said that the Hamiltonian system is
inconsistent, and the algorithm is terminated [44]

Step 7. When no more constraints appear, we are left with a hypersurface defined by

$p~0, (p=1,....,n—1), 19)
¢p=0, (p=n—r+1,....,n—r+s). (20)
The first set {¢,} contains all p primary constraints, while the set {¢5} contains s sec-

ondary, tertiary, etc. constraints. By using a common notation for all constraints as ¢;,
withp=1,...,n —r + s, we can define the matrix of constraints as

Cﬁp = {¢ﬁ=¢p}~ 21

If w?, span the left kernel of Cj,, then the conditions w? {¢;, H.} ~ 0 are satisfied. Also
for the multipliers, the equations

{7 He} + {d5, ¢p}u” = 0 (22)

are fulfilled. Note that the weak equalities are defined with respect to the final constraint
hypersurface of all constraints.

2.4. First and second class constraints

Solving the multiplier functions from (22) leads to the definition of first and second class
constraints. If the rank of the matrix Cj;, is n — r, then all multipliers are fixed, but if its
rank is k < n — r, there are n — r — k linearly independent solutions of the equation

CppVE = {95, 0p}VZ = 0, (23)
which is the homogeneous part of (22). Notice that V2 span the right kernel of Cj,. With
all this, the most general solution of (22) is a sum of a particular solution U” and a linear
combination of the solutions of the homogeneous part, that is

w =UP + vV (24)

where the coefficients v are arbitrary.
It is important to keep in mind that the rank of Cj, can be variable, and in such case
it can still give rise to different, but consistent physical evolution. This is not always the
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case, and some counterexamples can be found at [43]. This feature seems to be crucial for
modified teleparallel gravities.

Step 8a. We define a function F(p, ¢) in the phase-space to be first class if the PB with
all constraints in the theory vanishes,

{F(.9), 95} =0. (25)

Step 8b. If a phase-space function is not first class, it is called to be second class.

Since the PB satisfy the Jacobi identity, it is possible to prove that the PB of two first
class constraints is itself first class. It is convenient to reformulate a theory in terms of its
maximal number of independent first class and second class constraints. Let us assume
that the maximal number of first class constraints is obtained after building some linear
combination, which we will denote as &7, = 1,...,1, and the remaining set of second
class constraints is y 4. Then, to make sure that the maximum number of ®; has been
found, it is convenient to build the PB matrix of second class constraints

Aap = {xa,xs} (26)

and check that it has non-vanishing determinant. After this, we make sure that A 45 has
an inverse, and that the Lagrange multipliers for second class constraints can be solved
univocally. After all this procedure, it is possible to count the physical degrees of freedom
of the theory through the formula

1
Number of d.o.f. = Number of (p, ¢) — Number of f.c.c. — i(Number of s.c.c.). (27)

In summary the procedure of the Dirac-Bergmann algorithm has two main goals: firstly
finding all primary, secondary, tertiary, ..., constraints from the definition of the canonical
momenta and the time evolution of the system, and secondly grouping them into first and
second class constraints.

3. Covariant formulation of teleparallel gravity

In the following a covariant formulation for teleparallel gravity will be introduced and nota-
tion and conventions for this article will be fixed. Greek letters 1, v, p, . . . denote spacetime
indices, Lorentz tangent space indices are denoted by the first letters of the Latin alphabet
A, B,C,..., and their spatial part is denoted with hats A,B,C,.... The sign convention
for the Minkowski metric is the mostly negative one: nap = diag(1,—1,—1,—1). The
torsion components are defined as

T4, = 0,04, — 9,64, + w'p.07, — w507, (28)

where 64 u are tetrad components and wip . are components of the spin connection defined
as

whp, = — (AN gAY, 29)

where Ac# are Lorentz matrices. Taking into account this spin connection and apply-
ing Lorentz transformations simultaneously to spin connection and tetrad only, yields that
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the torsion tensor transform covariantly and the formulation of teleparallel gravity, in this
sense, satisfy local Lorentz invariance [47,48].
Cotetrads are denoted by e 4* and the following relations are satisfied

naB = guveatep”, 30)

Guv = 1apd*,0%,. @31

Lorentz indices and spacetime indices can be transformed between each other by contrac-
tion with a tetrad resp. cotetrad in the obvious correct way, i.e a spacetime index # becomes
a Lorentz index 4 through contraction with a tetrad 84, while a spacetime index , be-
comes a Lorentz index 4 through contraction with an inverse tetrad e 4*. Lorentz indices
are raised and lowered with the Minkowski metric, while spacetime indices are raised and
lowered with the spacetime metric.

The teleparallel equivalent to general relativity (TEGR) is obtained from rewriting the
classical Einstein-Hilbert action of general relativity in the teleparallel geometric language,
and yields the action

5= / d*sLrpcr + Su 32)

where the Lagrangian is given by

1 1
L = —0T = —0T""S,,., 33
TEGR = 5 - I o (33)
1 0 1Tp T," 1Tp T, —-1T°, ,T" 34
- % 1 prtp - 5 v P P o] ( )
K= S:F, 0 is the determinant of the tetrad and S,,,,, is the so called superpotential
1 o
Sppv = §me + Thogp + 2901, T )0 - (35)

The scalar T is called the canonical torsion scalar. It is related to the Ricci scalar I of the
Levi-Civita connection of the metric generated by the tetrad by a total derivative term

1 .
T=—=0,(/det¢gT,)"*) — R, 36
Jdetg u( etyg ) (36)
which is used to prove the dynamical equivalence between TEGR and GR [22,49].

4. Aspects of Hamiltonian analysis of teleparallel gravity

We now state relevant, preliminary steps which are necessary for the Hamiltonian analysis
of teleparallel gravity theories. First, we discuss different possible choices for the fun-
damental fields and gauge choices in section 4.1, then in section 4.2 we discuss how to
establish the proper split of the teleparallel geometry into space and time components.
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4.1. Fundamental fields and gauge fixing

Before starting the Dirac-Bergmann algorithm one should consider another step, which
could be labeled as “step 0” in the diagram in figure 1. This step comprises of identifying
the fundamental fields ¢°, which constitute the dynamical variables of the theory. Here, it
is desirable to reduce the number of constrained variables as much as possible, in order
to reduce the dimension of the Hessian and the number of Poisson brackets between con-
straints to be calculated. In the ideal case, one may parametrize the physical phase space
using only independent variables, and obtain a system without constraints. Even if this
is not always possible, one may usually reduce the number of constrained variables by a
change of parametrization. Nevertheless, this reparametrization possibly comes at the cost
of a more complicated Lagrangian.

As an example, one may consider general relativity. In the usual metric formulation, the
fundamental fields, which correspond to the generalized coordinates qi in section 2, are the
ten independent components of the metric. However, it is possible to formulate GR purely
in the tetrad formalism. If the tetrad components are used instead of the metric ones, there
are six more fundamental fields to be treated in the Hamiltonian analysis. In consequence,
there are as well six additional primary constraints corresponding to generators of local
Lorentz transformations. They reflect the arbitrariness in the choice of the tetrad for a
given metric. Hence, choosing the metric components as fundamental variables reduces
the number of constrained variables, compared to the tetrad formulation.

In teleparallel gravity the metric components do not suffice as the fundamental fields,
due to the formulation of the Lagrangian in terms of the torsion tensor, which cannot
be obtained from the metric alone. The most common variables chosen in the covariant
formulation of teleparallel gravity displayed in the previous section, which is manifestly
invariant under local Lorentz transformations, are the tetrad 6 and the flat Lorentz spin
connection w. The latter may further be parametrized by finite Lorentz transformations.
However, it follows from the Lorentz invariance of the teleparallel gravity action in the
covariant formulation that the canonical momenta of the spin connection are related to the
momenta of the tetrad, revealing that these spin connection degrees of freedom are not in-
dependent [32]. As a consequence, one may choose a different parametrization, in order to
reduce the number of constrained field variables. These different parametrizations give rise
to several approaches on how to consider the spin connection as dynamical field in telepar-
allel gravity; see Ref. [50] for an extended discussion. In summary, we have the following
choices for our fundamental fields:

(1) The most straightforward approach is to consider both, the 16 tetrad components and
the 24 components of a Lorentz spin connection, as fundamental variables. However,
since the spin connection components are not independent of each other, but con-
strained by the flatness condition, in addition a set A,"”? of Lagrange multipliers is
required, which enforce the vanishing of the curvature. The full teleparallel action then
takes the symbolic form [51]

St6 = Sta(6,w) — / d*z 0N, R* 0 . 37
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(2) Alternatively, one may implement the flatness of the spin connection by exploiting the
relation (29) in order to express the spin connection in terms of a local Lorentz trans-
formation. In this case, the fundamental variables become the tetrad components and
the components of the Lorentz matrices that parametrize the inertial spin connection,
so that the action takes the structure Stg = Stg(6, A) .

Finally, one may use the aforementioned approach as a starting point to further re-
duce the number of fundamental variables, based on the aforementioned observa-
tion that the canonical momenta of the spin connection are linearly dependent on the
tetrad momenta. This is a consequence of the fact that the spin connection is a pure
gauge degree of freedom, so that the Lorentz matrices introduced above enter the ac-
tion only in the combination 6 . = 08, Ap™. Hence, one may replace the tetrad 6
in the action by é, and obtains an action which is independent of A; schematically,
Ste = Sta(f,A) = Sta(0). This leaves only the 16 components of the tetrad 6 as
fundamental field variables, and is formally equivalent to imposing the Weitzenbock
gauge w? g, = 0 (or alternatively Ag” = const).

@3

=

Clearly, while all three approaches lead to the same physical phase space, and thus equiv-
alent results, the latter approach introduces the smallest number of fundamental field vari-
ables. In the following, we will therefore assume that the Weitzenbock gauge is imposed,
leaving the tetrad as only fundamental variable, and not consider the other two approaches.
Also we will drop the tilde in the notation and simply denote the tetrad by 6.

4.2. 3 + 1 decomposition

The Hamiltonian formalism requires a Legendre transformation from the set of fields and
their velocities to the fields and their conjugate momenta. To invert the velocity momentum
relations it is very convenient to employ a 3+1 decomposition of spacetime. Geometrically
this mean that we split the 4-dimensional spacetime into 3-dimensional hypersurfaces and
a time direction. The geometry of such a foliated spacetime can be described in two ways.
The first is by introducing adapted coordinates (z°, 2%),i = 1,2, 3, where 2% denote intrin-
sic coordinates on each hypersurface, and the time coordinate ° labels the hypersurfaces
of the foliation, such that each hypersurface is given by setting z° = const. These coor-
dinates define a coordinate basis J,, of the tangent space, with 0; being tangent to each
hypersurface, and an extrinsic basis vector field dy. Alternatively, instead of the coordinate
vector field Jy associated to time coordinate, given a metric g, one may use the normal
vector n to the hypersurfaces as additional extrinsic reference direction. Both descriptions
are related by the so called lapse function «v and shift vector 3 = 3'9;, by expanding the
20 tangent direction as

00 = om,“(?u + 3161 (38)

From this we can read off that the component of the normal vector to hypersurfaces of
constant time slices reads

nt=—-=. (39)
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Introducing a negative definite intrinsic metric ¥ = v;;dz’dz’ on the hypersurfaces the
metric can be written as

o + B i /3@} _ 40)

Ipw = [ Bi Vij
The variables «, 3;,7;; are normally refrerred as “ADM-variables”, named after R.
Arnowitt, S. Deser, and C.W. Misner [52]. It is not difficult to find a tetrad for which
the ADM decomposition of the metric is reproduced. For instance

0
oA, = | 0 |, 41
[ |:619A77 aAl:| ( )

yields that g, = QAMGB,,UAB has the form (40), where v;; = HAiGBJvr)AB. However, a
few things must be remarked about this tetrad. First, note that it requires a 3 + 1 split into
space and time components not only for the spacetime indices, but also for the Lorentz
indices. Further, its form is not invariant under (global or local) Lorentz transformations.
This implies that the choice of this tetrad explicitly introduces a gauge condition, by im-
posing certain components of the tetrad to vanish. Fixing the gauge does not go without
consequence in teleparallel gravity theories, since in general such theories are not invari-
ant under (local) Lorentz transformations of the tetrad alone. It follows that by imposing
gauge conditions on the tetrad, one must allow for a non-vanishing spin connection, in or-
der to restore the Lorentz invariance under simultaneous transformations of the tetrad and
the spin connection. The alternative approach, which we favor here, is to impose a gauge
condition on the spin connection only, such as the Weitzenbsck gauge w? By = 0, and
to keep all 16 components of the tetrad as unrestricted dynamical variables. Also in this
case an ADM decomposition (40) can be achieved. The crucial insight is that the spatial
metric components v;; = na564;6F;, and in consequence the Lorentz components n*t
of the unit normal vector, can be fully expressed in terms of the spatial tetrad components
G’Ai, and do not involve the time components GAO. To express the latter, one realizes that
(n4,04,) are a linearly independent set of four Lorentz vectors, and hence form a basis of
the Minkowski space. One may thus express the Lorentz vector 64 in this basis as

04y = an + 564, (42)

thereby defining the lapse o and shift 57 as the coefficients of 4 with respect to this
basis. One finds that the metric is indeed of the form (40), while keeping 16 independent
dynamical variables (c, 37, 04;) without imposing gauge conditions on them.

5. Canonical momenta and primary constraints in f(Tngr)

In the literature of the Hamiltonian analysis of modified teleparallel theories of gravity,
the focus lies on two different classes of theories: new general relativity (NGR) [12], and
f(T) gravity [ 1]. To compare the different approaches in an efficient way later, we newly
present here the derivation of the momenta for f(Tngr) teleparallel theories of grav-
ity, from which different primary constraints in different subclasses of the theory arise.
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f(Tncr) gravity is a special case of the f(Zhax, Tten, Tvec) gravity theories which were
introduced in [53]. Phenomenologically this theory has not yet been studied in full detail,
but some results about gravitational waves [54, 55] and its post-Newtonian limit [50] are
known.

The starting point of the analysis is the Lagrange density

1
Lyrer) = %ef(TNGR)y (43)
where
Taor = HapoTABC (44)

with
C2 C:
Hapc = c1iTapc + 5(TCBA —Tpca) + g(UABTDDC —nacTPpp).  45)
We call H 4pc the NGR induction tensor, in resemblance with induction tensors in elec-
trodynamics [57], or the NGR superpotential. By fixing the three parameters ¢y, co, c3 to
the specific values

a=-, =5, c=-1, (46)

the NGR induction tensor becomes proportional to the usual superpotential (35), as one
finds Hape = %SABC, and the Lagrangian (43) becomes the standard f(T) gravity
Lagrangian.

To perform the Hamiltonian analysis of f(Tngr) gravity a Legendre transform is per-
formed, in order to obtain a mathematically equivalent formulation of f(Tngr) gravity.
This is done with help of a scalar field ¢(Tncr) in the form

1
L = %9((/)TNGR - V(9). én

The fundamental variables of the theory are now the tetrad 8, as well as the scalar field
¢. This theory reduces to NGR by setting ¢ = 1 and V(¢) = 0, and it reduces to f(T)
gravity for the TEGR choice of parameters (46).

The canonical momenta of these fields are identified as

oL oL 2
v - - Op
TA 207, ~ aTA,, HW’HA , (48)
K oL
— = = 4
5™ = 9000 0, 49)

The momentum equations yield immediately five trivial universal primary constraints
74°=0and 7y =0, (50)

where the first four come from the index symmetries of H4pc:.
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For further analysis we consider the momenta 74 g with pure lowered Lorentz indices.
These are related to the momenta 7 4# with the canonical index positions as

K K 4
57TAB = §7FA“9CM73€ =¢0HA 5 = ¢En;A,HA“B
= ¢y Hapg, 61

where we used that in a coordinate basis we have ng = « and n; = 0.
It satisfies n® 74 = 0, which represents the four constraints

74’ =0. (52)

Further, we can decompose the remaining 12 components with respect to the three dimen-
sional rotational group on the equal time hypersurface, also called V.AST decomposition,

with help of the projectors =4 = da — npn? as

(1) a Vectorial part

kA A, D
—(—N TAaAp=N"N HADB
207
1 c
= 5(201 + e2)n*nPTupp + ;(TAAB —npn”T* 4p)
1 c; D
=50 +e+ es)nnPTapp + ESTQPDEEZQ ; (53)
(2) an Antisymmetric part
K =c=D KA Ca
367 A=BITeD = 552 (Ran — nan o)z

1 c —P =
= <§(201 — Cg)nDTpDQ + EanTDPQ> 5545632] ; (54)

(3) a Symmetric trace free part

K e = 1 -
2¢ﬂ(:‘(CA:‘g)7TCD - g("]AB - nATLB)ﬂ'CC)
1 —C — 1
=5(2e+ ) (EGER) — 3(nap — nang)n“P)Teopn®; (55)
(4) a Trace part
K AB=C=D K A
27 ATETOP T g a4
1
=52+t 3es)nPTAp 4. (56)
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From these relations we can identify possible constraints as

VA=2¢ci+cot+c3 =0
— VC'B: ul ILATFAB+ il g4 PDE

20\ 2
AA: 2(,’1 — Cy = 0

=D=P
Peb~0,

1 oo K
= 4Cup = By EfER) ((ZTHTFCD —Cz’nETECD>
S.A = 261 +co = 0

S v —C =
= “Cap = 2¢\/,(<C;;g 3
TA=2(31+02+3(33=0
T KA
= T™ax0.
207

07

1
—(nap — nAnB)UCD) mop ~ 0,

(57)

(58)

(59)

(60)

Which of the relations 7C' = 0, Z = V, A, S, T, imposes a primary constraint on the
canonical momenta depends on the choice of values for the parameters ¢, co, c3. Setting
the scalar field ¢ = 1 in these equations one obtains the corresponding relations for the

NGR class of theories.

For the f(T) choice (46) the vector and antisymmetric parts impose primary con-
straints, while the trace and the symmetric trace free parts represent invertible equations
which relate the time derivatives of the tetrad to the momenta. The general analysis for all
f(Tncr) classes gives the following additional constraints to the universal ones (50): No

Theory parameter combinations #
TA 2¢1 + ¢y + 3 2¢1 — ¢y 2c1 + ¢ 2¢1 + ¢o + 3¢3
Ci;’;‘i“ri“(‘)s VOp~0 | ACup~0|SCap~0| TC~0

Case 1 #0 #0 #0 #0 0
Case 2 0 #0 #0 #0 3
Case 3 #0 0 #0 #0 3
Case 4 #0 #0 0 #0 5
Case 5 #0 0 #0 0 1
Case 6 0 0 #0 #0 6
Case 7 #0 0 0 #0 8
Case 8 #0 0 #0 0 4
Case 9 0 #0 0 0 9

Table 1. All possible non-trivial combinations of primary constraints in f(Tngr). The last column denoted #
contains the number of independent primary constraints which are incurred in case that the given combinations

of theory parameters vanish.

112



Review of the Hamiltonian analysis in teleparallel gravity 17

more possibilities to set combinations of the parameters ¢y, c2 and c3 to zero without fix-
ing all of them to zero exist. This classifies all possible primary constraints in the f(Tngr)
class of theories.

As a final remark of this section we would like to display the constraints for the class of
theories defined by the relation (2¢; 4+ ca +¢3) = (2¢1 — ¢2) = 0, which contains basically
TEGR and f(T) gravity, in the following compact form

1
Cap = Tap) — ;¢ﬁ7LDS[A|D\B] ~ 0. (61)

In TEGR (¢ = 1) these constraints represent the freedom of applying local Lorentz trans-
formations only to the tetrad alone without considering a spin connection. An important
remark is that such constraints slightly differ from the Lorentz constraints obtained in the
tetrad formulation of GR [58, 59]. ® Lorentz constraints from tetradic GR and TEGR are
different since in TEGR there is an additional term, represented by the second term depend-
ing on the superpotential .S in (61). This essential difference has not been noticed enough
in the literature (probably only mentioned in [23] and [61]), but it can be understood by
considering that the TEGR Lagrangian is pseudo-invariant under local Lorentz transfor-
mations. That is, the Lagrangian is modified by a four-divergence once we perform such
transformations, which is integrated out once in the action. This fact has a great importance
for f(T) gravity, where the four-divergence is not integrated out and the Lorentz symmetry
of the tetrads alone is partially or totally broken [61].

6. Dictionary relating the analysis from different authors

Using the general form of the primary constraints in f(Tngr) theories introduced in the
previous section, we can now relate the primary constraints obtained by other approaches
and the more specific f(T) and NGR classes of theories. We briefly summarize the key
aspects of the discussed approaches in section 6.1. A detailed discussion is then given in
section 6.2.

6.1. Summary of methods used by different authors

In Table 2 we summarize the notation used by different authors in the Hamiltonian formal-
ism for TEGR, regarding the use of indices and definition of fields. Some of the formalisms
introduced here have been applied for NGR and f(T) gravity cases. The heading of each
column denotes the surname of the first one of the authors (in alphabetic order), that repre-
sents a groups of independent references that encompass similar notation and analysis. We
enumerate the different groups as follows

bHowever, it is possible to consider tetrad-based formulation of GR in the same sense as it has been done for
TEGR. This was considered in [60].

“This reference essentially uses the same notation as Maluf.

dThis reference essentially uses the same notation as Blagojevic.

©For the auxiliary field related to the spin connection the notion of its conjugate momenta is 7 5.
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Blagojevi¢ Blixt Ferraro Maluf Okotéw
TEGR [16] - [23] [19,22] [21,39]
f(T) (271 - [26] [25]° -
NGR [33]¢ [30] - - [29]
Spacetime indices  p,v,p... HaVsPoee  VsP.oe V)P Vs p..
Lorentz indices k... AB,C... aybec... a,b,c A, B,C.
Time index 0 0 0 0 0
Spatial indices - i, k... iLWi k... i,5,k.. 04, k..
Tetrad 9 64 E° e 04
Cotetrad e; ea eq eq -
det of tetrad 9 10 E e -
Metric sign 1o +1 -1 +1 -1 -1
Lorentz 3+1 Yes No No No No
Spin connection w wip 0 0 0
Tetrad momenta it T4t e I+ pa
Scalar momenta T - ™ - -
NGR Coefficients  hq, ho, hs C1,C2,C3 - A, B,C ai,ag,as
Lapse N o - - N
Shift N g - - N
Induced metric implicit hij - - Qij
Normal vector n; n - - IS8

Table 2. Dictionary for notation of various authors (only the first author is given).
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(1) Blagojevi¢ et al. (section 6.2.1): In [16] by M. Blagojevi¢ and I. A. Nikolic the full
Hamiltonian analysis for TEGR was performed. The Hamiltonian analysis and con-
straint algebra for NGR has been calculated in detail by P. Mitric at [33], but only for
the case with the least amount of constraints. This analysis has been applied for f(T)
gravity in [27] by M. Blagojevi¢ and J. M. Nester.

Blixt et al. (section 6.2.2): In [30, 32] by D. Blixt, M. Hohmann, C. Pfeifer the
Hamiltonian analysis for NGR has been introduced and primary constraints have been
found for all possible cases. It was proved that the formalism is independent of the
Weitzenbock choice in the connection. These two articles use a notation in tensor com-
ponents; the same calculation is performed using differential form notation in [31], by
M. Hohmann.

Ferraro et al. (section 6.2.3): In [23] by R. Ferraro and M.J. Guzman the Hamiltonian
formalism for TEGR has been introduced in a premetric approach. For f(T) gravity it
has been studied in [26], some guidelines for f(T) in the Einstein frame in [62], and
the role of the pseudoinvariance in the Hamiltonian formalism in [61], by the same
authors. The same notation has been used for the classification of primary constraints
in NGR in [34] by M.J. Guzman and Sh. Khaled-Ibraheem.

Maluf et al. (section 6.2.4): There are several works of J. W. Maluf, J.F. da Rocha-
Neto, A.A. Sousa and S. C. Ulhoa. on the Hamiltonian formalism of TEGR, some of
them are: [ 1 3] Hamiltonian analysis of TEGR with gauge fixing conditions, with a time
gauge [15], considering a null surface and no time gauge condition [14], without any
condition of gauge fixing, [19] analysis of unimodular teleparallel gravity [20], and a
review on TEGR which includes a summary on Hamiltonian formalism of TEGR [22].
The formalism introduced by J. W. Maluf et al. has been used for f(T) gravity in the
work of [25] by M. Li, R.X. Miao and Y.G. Miao.

Okoléw (section 6.2.5): Calculations are performed using the language of differential
forms. In [29] by A. Okoléw, a simple subcase of NGR is studied, where Z.A # 0 for all
7 so that none of the primary constraints in equations (57)-(60). TEGR is considered
in the articles [21, 39], by the same author. The Hamiltonian, primary constraints and
their PB are calculated for all cases.

2

-

@3

=

4

=

5

=

6.2. Dictionary of primary constraints

We now provide a detailed discussion and comparison of the primary constraints derived
by different authors. These are Blagojevi¢ et al. in section 6.2.1, Blixt et al. in section 6.2.2,
Ferraro et al. in section 6.2.3, Maluf et al. in section 6.2.4 and Okotéw et al. in section 6.2.5.

6.2.1. Blagojevi¢

In [16] the Hamiltonian analysis of new general relativity, [03], has been presented. In [17]
the gauge symmetries of teleparallel gravity in the framework of Poincaré gauge gravity
has been investigated. Finally, in [27] the Hamiltonian analysis of f(T) gravity, [1 1], has
been studied. The results of the investigations [16] and [27] are reproduced by our analysis
in Section 5 with help of the following relations.
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First, for the analysis of the constraints of f(T) gravity the parameter choice (46) has
to be employed. Under this condition the induction tensor (45) is directly related to the
usual superpotential (35), Hapc = %SABC.

Second, in [16] and [27] the following notation for the identification of the constraints
from the irreducible decomposition (53) to (55) is employed. In the local cotetrad basis
the normal vector to the hypersurfaces of the foliation of spacetime can be expanded as
n = n“*e4. This can be used to expand every vector V as

V=V4a=V_.+V, (62)

where, with help of the projector 24 = (5 — npn?), we can write
Vi=VAiun, V=V-V.=VBEkep="V"e,, (63)
i.e. barred indices are projected indices. Moreover /7y = % =Janday = 2]7 In addition

in [16] and [27] the momenta with lower Lorentz indices are denoted by 7 4.
With this translation it is easy to see the relations (53) to (56) become

nAiap = —2a06JT 15, (64)
#ag) = aodJT L a5, (65)

~ 1 ~ —nan o
(*ap) — 5(7]/13 —nang)ic) = 2a0pJ (T(Amg) - W%*"”Tclc> ,  (66)
744 = dagdJ T 4, . (67)

The six equations (64) and (65) are primary constraints, since the right hand side of
these relations do not contain any time derivatives of the tetrad, while the six equations
(67) and (66) relate momenta and time derivatives of the tetrad. In a compact way the
constraints can be captured with help of equation (51) or (61) as

Cap = @jap) — 4aopJ Hia|1|B) = TlaB) — 2000 S[ajL i3] = 0. (68)

6.2.2. Blixt

In [30] the primary constraints for new general relativity are expressed in the irreducible
decomposition under the rotation group. This also goes for the conjugate momenta which
are decomposed as:

74t =Vring + Afrﬂ'yhﬂAk + Sﬂ'ﬁ’yhﬁAk +Trh 40 (69)

This leads to primary constraints consistent with equation (53)-(56). They are expressed in
spatial components instead of Lorentz components and explicitly written out in lapse and
shift. Coupling to matter is not considered in their work and their coefficients ¢y, c2, c3
differs from those in equation (45) by a factor i Starting with the vector constraint satis-
fied in theories with 2¢; + ¢2 + ¢3 = 0 and ¢ = 1 which brings (53) to

" pArap = 2795,2825. (70)

207 2
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Multiplying this equation with 82 ;%7 yields'

KA c B ij _ ©7Q B . ij (P P
0=——=n"ma"0 07 47 — =T 0% ;v (65 —
QWTI TA 0% mBcO” ;v o 1707y (Q ”Q”)
le] ij _ C3pP B ij , ©3 B _ij P
:72f7l 7a*0% kmpc” ]"/']*ET rpo j'y7]+§TQPBa TInen’  (71)
Koy B Lyjik.
BTB L0
2\/, + 5 o Lkl

The antisymmetric constraints are obtained for theories with 2¢; + ¢co = 0 and ¢ =
which brings equation (54) to

=C =D ~ co i
2¢\/, AHE #opf?i07; :571 TDPQ HB]H A 08 py M (72)
Further we multiply this with 64,65 ,7i™~7P so that
K kgE A B _im_j E B i
0= —7a"0"kmBEd”nd= """ —77TB ROE 1 nap? 0 497
47 P 47
C
- ZQnD (TP ap — TP pa) 0407 4™y ? 73
KA _ @2 ik jlpB
Q\f 2”/ Y kIMB-
If the theory satisfies 2¢; — co = 0 and ¢ = 1 equation (55) reduces to
L (26,E fp — (nan — nang)iCc) = 0 74
NG S@=pTep — 3lnap —nang)i-c) = 0. (74)

Similar to the antisymmetric constraints we multiply this with 84,67 ,7"™~97 and get

0= aE 0 (9B im . jp HE 0 HB im
r\fﬁA k"BE pY T+ 74\/—778 kNAE P
C,ij
- 77Fc Y
6y
kel kTm (75)
= -5 =7
2.7 2.7
K S
2 A
If 2¢1 + ¢2 + 3¢3 and ¢ = 1 are satisfied equation (56) reads
Kk AB=ZC=D.~ Kk -a
n*PEREgtep = ——=7"4=0. (76)
25 TATE 2037

fNote that the relative sign of this constraint differ from [30]. They have a different sign convention but equation
(69) is defined in the same way. When the irreducible vector part then is contracted with n4, this particular term
will have the opposite sign compared to those in [30]. Note that we could have defined Y 7* with the opposite
sign to make the expression look like the one in [30].
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Expanding this notion from the definition gives

A I K
== a0 i Pnpo = ATA _FMw KT
2.7 27 2.7 24
3k T an
= 7%

All of the above constraints can now easily be seen to be consistent with [30].

6.2.3. Ferraro

We will present the primary constraints for f(T) gravity as presented in [26]. The Jordan
frame representation of f(T) gravity has been taken as a starting point, with the Lagrangian

Ly = 0[¢T - V(¢)]. (78)

This differs from (47) only in the gravitational constant factor i, which appears in the
action instead of the Lagrangian. The torsion scalar is rewritten as

T = 09,0,9,0% xec"er”ep”er* x ap PP, (79)

where the object x 43¢ PF is the constitutive tensor, a mathematical object depending

only on the components of the Minkowski metric and Kronecker deltas. Although in [26]
it was only considered the generalization of TEGR, it is possible to write this object for the
most general NGR case as [34]

Xap“FPE = 4einapn©PnFIP — 4eoslPnPICSE) 4 dcaslnPIPsEL (80)

where the particular TEGR case is obtained for the values of the ¢; presented in Eq. (46).
The canonical momenta are defined as

0L

00004,

where we remark that the ADM decomposition has not been used for the tetrad. The fol-

lowing trivial constraints appear

At = 00,05 \ec e ep”er x ap LY, (81)

Ca=m4"~0. (82)

These can be extracted from (81) by noticing that for ;1 = 0, it appears the pair ec’eg"
which is symmetric in C'E, but is multiplied by the constitutive tensor x 43 *P¥ which
is antisymmetric on such indices. These constraints are equivalent to (52).

In Ref. [26] it has been proposed an alternative way of obtaining these primary con-

straints in terms of the kernel of the Hessian matrix C1g%F = ec%ep®xap“FPF . The
canonical momenta in (81) is rewritten in terms of C 4 & as
7TA”9EN =0C 5" er 08\ + 00,0% xecepier* x ag LT, (83)
By noticing that e Eo5é lies in the kernel of the Hessian, that is
ep?66CAs"" = ep%eclep 6ixas“EPF =0, (84)
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we obtain the primary constraints C'4 ~ 0. Notice that in Ref. [26] uppercase Latin indices
have been used to define the superindices (which denote pairs of Lorentz indices). In order
to avoid confusion, we have omitted their use in this review.

Lorentz constraints can be obtained by an additional set of vectors in the kernel given
by 26, [A(;U - We can prove that these lie in the kernel by calculating

20{gmmeCas®" = 26immpec e’ xap“PPr. (85

‘We obtain the following contraction of the constitutive tensor

5[Ac7]H]EXABCEDF = nexa P = 20655, (86)

The triple totally antisymmetrized Kronecker delta 58%5 has been defined in [23,

Equation (A5)] as
— 6 E = 6[A65)05 + 0740805 + (408108 - 87

Here notice that the triple antisymmetrization has not been defined with the conventional
1/3 factor. However, antisymmetrization of pairs of indices is defined as usual, that is

1
Viap) = 3 (Vap —Via). (88)

Taking into account these subtleties, it is found the primary constraints

Cup = QT]E[BWA]iGEi + 4901-90_7' (C[BOGA]iecj + e[BieA]jCCU + S[BjeA]Oeci) . (89)
These constraints can alternatively be written as
Cap =maB —TBA — 200[04°087T;; — (0465° — 05°04°)T7;;].  (90)

This expression is found to be consistent with equation (61), as we will explicitly demon-
strate in the next section 6.2.4.

6.2.4. Maluf

In this section we will present the primary constraints of the Hamiltonian formalism in
f(T) gravity performed by Li, Miao, Miao [25]. Their analysis heavily relies on the Hamil-
tonian approach to TEGR done by W. Maluf [22], so the name of this subsection. The
authors [25] start from the following action

S=—/¢wﬂm 1)

where G = ﬁ was taken. After passing to the equivalent scalar-torsion form (47) and

considering the form of the torsion scalar T = TapcEABC = %TABCSABC?’ identifies

2In [22] there is an overall factor k = ﬁ, also the matter is rescaled compared to our convention by a factor %
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the ©4BC as half the superpotential S4B . Note that in the convention of this article this
action is recovered by choosing £ = 1. We find that the momentum is
0L
880614;1,

= —4pgxnA%, 92)

which is consistent with equation (61)". In this expression notice that the first index
in ©4% is Lorentzian and the next two are spacetime ones. Notice that it is consid-
ered 24B¢ = HABC Jike in (45), but using the TEGR coefficients. After remov-
ing the trivial primary constraints 749 ~ 0 from (92), and considering that the object
§A0i — GABC¢ 10¢ i remains, one can obtain the following primary constraints

CAB — 7TAB _ 7_‘,_BA + 2¢9 [eAmijTOmj _ (9A7r1930 _ GBWGAO)ij]} 93)

In the works of Maluf et al. [22] it can be found another form for these constraints (for
TEGR, but they can be easily generalized for f(T)): |

CAB — _OBA — glABl _ 1AB _ 1BA | 440 (5408 _ 5B0A) 94)
We can prove that the term X408 — 504 gives indeed the torsion components appearing
in (93) as follows.
1
A0B _ x"BOA ApgBr _ gAOqw B | gBOqyu A
SAM 3B = O (10,0410 — 04T + 00T, ) 95)

The first term in the previous expression correspond to
T0,,0419B7 = T0,,9BigA0 4 70, gBO9Ai 4 70, pAigBi (96)
while the remaining terms can be worked as
_HAOT;;"B + HBOT;;A — _gAOgBYTO, 4 gBOQAVTO  _ gAOgBYi | gBOgAvTi
— _gAOYBITO . | gBOGAITO . _ gAOgBOTE, _ gAOgBiTk
+9B0gAOTR, 4 gBOgAITE, I

By combining (96) and (97) in (95) we recover the form (93) for the Lorentz constraints.

6.2.5. Okotow

The action is written in the form

3
1 "
S:——/ a0t Ax (Y aido) :/ dtALL, (98)
2 Jm < 4 M -

i=1
where * is the Hodge star of the spacetime metric g, M = R x ¥ is the spacetime manifold
and L is a differential three-form. It depends on three constants a; 2 3 which determine a

hNote that [25] as well as [22] use the opposite metric sign convention nuv = diag(—1,1,1,1) which must be
taken into account when contracting n in equation (61)

!Note that [22] has a different convention for antisymmetrization brackets compared to this article. Their conven-
AB] _ AB _

tion is 7! nBA
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particular choice of the NGR Lagrangian. The three terms appearing in the action are the
tensor, vector and axial torsion components

404 = doa — a0 — a0, (99a)
1

a9 = 304N (e - 65y, (99b)

a0t = %eA _ (65 A dOB), (99¢)

where the Weitzenbock gauge is assumed, so that no spin connection appears. Writing the
torsion in the tetrad basis in the form

1
d0y =Ty = 5TABceB A0S, (100)
the three terms are related to the torsion components by
1 2
a9y = 3 <TABC - gﬂABTDDC - T[ABC]) 0% A 69, (101a)
1
a0'P = gnABTDDCGB AOC (101b)
1
a6} = 5T[/,Bc]eB A6C (101c)
Further using the expressions for the Hodge star given by
1
*] = IeABCDaA NGB AOC AOP = 0d*x, (102a)
1
*(64 A 6B) = 55/“30090 ANOp, (102b)
from which follows the inner product
04 A OB A x(0° A OP) = 2pACnPIB (1| (103)
the three terms in the action are found to be
1 5 . .
04 Axd0y) = S (TP Tape + TP Topa = Ta*“TPpc) x 1, (104a)
. 1
464 A% = gTAACTB po*1, (104b)
1 .
404 A %o = ETABC’(TABC —9Topa)*1. (104c)

Hence, by comparing with the general Lagrangian (45), one finds that the constants a; 2 3
are related to c; 2 3 by

1 1 1
c1=—(2a +az), c2=(a1-a3), c3=;(a2—a1), (105)
6 3 3
or equivalently,
a; =2c1+co2, az=2c; +ca+3c3, asz=2c —2cs, (106)
where in addition the convention x = —1 for the value of the gravitational constant and the

sign of the action are used. Setting a; = as = a3 = 1 then yields the toy model studied
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in [29], while for a; = 1,a2 = —2,a3 = —1/2 one obtains TEGR [21, 39]. They are
related to the constants in [31] by a; = —2C7, a9 = —2Cy, a3 = —2C4.
The tetrad one-form is then split in the form

04 = 04 dat = 940dt + 04da’ = 0dt + 67 (107)
Time derivatives are defined as
04 = L£5,0". (108)

One finds that only time derivatives of the spatial tetrad components G4 appear in the
Lagrangian L, but not of the time components Gf. Thus, the canonical momenta are
introduced only for the spatial tetrad components, since they would be vanishing for the
time components. They are defined as the differential two-forms 74 by

S0 =864 ATy, (109)
which are related to the momenta 7 4* in the definition (48) by
aatdte =dt Adat Ama. (110)

Explicitly, they are given by

1 5 .
TA = 5{(2(11 + ag) * {GA — d(anA) — L/;HA]

+(a1 7@2)§BA*<§B/\§A+EBA> +(a37a1)§A/\*<é.B/\§B+EBB>}
(111)

for general NGR [31], using the Hodge star * of the induced metric « on the spatial hyper-
surfaces, as well as the abbreviation

EBA:—d(anB)AgA+anAd§B—(£[;§B)A§A. (112)

Rewriting this in the parameters c; 5 3, we thus have

1 {(2(‘,1 + o + c3) * [5,4 — d(omA) - [:55,4]

A= —
o

—cslp A (07 A Oa+ EP4) — calla A x (67 A5+ EP ) | (113)
With the particular choices of the three constant parameters one thus obtains
1 5 -
TA = — % [QA—d(anA)—EﬁeA] (114)
e
for the toy model studied in [29], as well as

1|~ 5 - 1~ 5 I
R {93/\* (HB/\HA—i-EBA) CZGA Nk (03/\€B+EBB>} (115)
« 2
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for TEGR [21, 39]. Depending on the choice of the constant parameters a;, the following
primary constraints may appear, which are given by

1 —
VOu=+Yma+ s az)nafy — df” (116a)
1 "
ACy =214+ 3(as = a1)0% = (67 Adnp), (116b)
SCu =54, (116¢)
TCa=+Tny4, (116d)

where we made use of the musical isomorphism, which for a one-form 74 yields the vector
field

mh =971, 7a) (117)

and the irreducible decomposition introduced in section 5, which acts on one-forms as

Vra=-nanPrp, (118a)
Ara =5 [17 O 0Py 7 @) (118b)
Sta= % [771(§A7§B)TB + 771(5A773)§B] - %771(§B=TB)§A7 (118¢)
Tra= %771(53-,73)91’ (118d)

is extended to the momentum two-forms as * *74 = *(*74).

7. Discussion

An essential point in the discussion of the Hamiltonian formalism of modified teleparallel
gravities is the correct implementation of the Dirac-Bergmann algorithm. Two crucial steps
in the algorithm that should be taken with care are: (i) that the Hessian could have variable
rank, which we discuss in section 7.1, and (ii) that the matrix of PB among constraints has
variable rank, as discussed in section 7.2. An important conclusion one can draw from the
Hamiltonian analysis is the number of degrees of freedom which, when compared with the
outcome of perturbation theory, may reveal eventual strongly coupled fields; this will be
discussed in section 7.3.

7.1. The Hessian in modified teleparallel gravities

A caveat of concern in the proper application of the Dirac-Bergmann algorithm occurs
when we are in presence of a Hessian that can have variable rank once evaluated in the
constraint surface [64]. The Hessian for our classical finite-dimensional system

_ 9PL(¢". ")

= " peiad (119)
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can be generalized for a field theory dependent on the tetrad as the following tensor
_ OPL(6°),6°))

00004,00005,°
whose expression has mixed Lorentz and spacetime indices. The full Hessian for NGR was
presented in [34] as

Waph = ec’eperter’ xap FPY = epter”Wag®", (121)

Wap"” (120)

where the expression W4 BEF =ecV%p? XA 5CEDPE has been explicitly written in matrix

form in [34, Appendix A]. We notice that the NGR Hessian is linearly dependent on a
quartic combination of cotetrad components e4*. It is reasonable to assume that in the
NGR case such expression does not vanish on the constraint surface. This is because no
dynamical terms for the tetrad or cotetrad appear there, therefore no constraints can show
up. Therefore, the rank of the Hessian in NGR remains constant.

We notice that the Hessian (121) for NGR can be easily extended to the f(Tngr)
gravity case by following equation (47) and realizing that the f(Tngr) Hessian is just
the NGR Hessian multiplied by the auxiliary scalar field ¢. For f(Tngr) the fundamental
fields are the tetrads and the scalar field ¢, however the Lagrangian does not contain any
derivatives of ¢. Hence the components of the Hessian emerging through the extra scalar
field are zero, since 865>L = 0. Therefore, the nonvanishing components of the f(Tncr)
Hessian are obtained from (121) by multiplication with ¢.

Note that ¢ is a field whose value in principle can be zero. This can impose a vanishing
Hessian for f(Tngr) as well, which would also be the case for f(T) gravity. This unlikely
case might need an special considerations in the Dirac-Bergmann algorithm [64].

7.2. Matrix of PB among constraints with variable rank

There are several indications that modified teleparallel theories suffer from variable rank
on their matrix of PB among constraints. Firstly, it was found that in the one-parameter
teleparallel gravity model [28] a field-dependent PB among constraints exists, which would
change its value for certain tetrad configurations. The authors suggest that this could be a
generic feature of teleparallel theories. Later, for Poincaré gauge gravity similar results
were found [65-68]. For f(T) gravity, such findings appear throughout the literature but
probably their impact has not been stressed enough, as for instance in [25-27]. There is an
ongoing discussion in the literature regarding the physical number of degrees of freedom
in f(T), and although a better understanding on the constraint structure is needed, it is
believed that in the most general case there are five degrees of freedom. A controversial
point is what happens when the scalar field ¢ does not depend on the spatial hypersurface
coordinates, for example ¢ = $(z°) only. In this case the PB of the Lorentz constraints
is weakly zero, and there is some apparent recovery of the invariance of the theory under
pure tetrad Lorentz transformations. However, there could still be room for other pieces of
the algebra to be different from zero, since some Lorentz constraints could become second
class due to noncommuting PB with additional primary constraints [26,62]. Other evidence
pointing towards three d.o.f. in this subcase comes from perturbative analysis [69, 70].
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The results do not immediately contradict each other, since more than one jump in the
rank of the PB matrix among constraints could be possible. Further work to clarify the
aforementioned discussion is motivated in order to resolve controversial points stated in
the literature for f(T).

7.3. Possible conclusions from perturbation theory

Although the Hamiltonian analysis provides solutions for the complete non-linear theory,
perturbation theory becomes very important not only for doing practical calculation, but
also for understanding the properties of the fundamental physical fields. In particular apply-
ing perturbation theory around different backgrounds might reveal an issue with strongly
coupled fields, which invalidates the perturbation theory around this particular background.
Another important piece of information perturbation theory might give us is a consistency
check of the Hamiltonian analysis. We do not expect more modes at the perturbative level
than at the nonlinear level.

To summarize the work that has been done for the main teleparallel gravity theories
discussed in the literature (that is TEGR, f(T) and NGR) we collect results for perturba-
tions around several backgrounds. In the end of the section we list the main conclusions in
a compact way firstly for linear perturbations and then for higher order.

Starting with TEGR, the second order (lowest order) perturbations around a Minkowski
background is consistent with linearized general relativity, see Ref. [71] in Section 4.6.
These perturbations are known to be those of a massless spin-2 field and consists of two
degrees of freedom. Furthermore, many works agree, through a Hamiltonian analysis, that
the full nonlinear theory propagate two degrees of freedom [16, 19, 23]. Hence, it is ex-
pected that exactly two degrees of freedom propagate for TEGR in any background, which
is explicitly observed for Minkowski and flat FLRW backgrounds [72].

For f(T) the lowest order perturbations are very reminiscent to those of TEGR around
diagonal tetrads for Minkowski spacetime [72-75] and, hence, two modes propagate
around these backgrounds. However, it was found in [70] that there are non-diagonal
tetrads representing Minkowski spacetime, still consistent with the vanishing spin con-
nection, which exhibit non-trivial dynamics. In [69] hints towards extra modes at 4th order
around Minkowski backgrounds were found, which indicates the presence of strongly cou-
pled fields. Cosmological perturbations around a diagonal tetrad for flat FLRW cosmology
do not exhibit additional modes [72] , and the same result is obtained when considering the
spin connection [75, 76]. The Hamiltonian analysis suggest that more than two degrees of
freedom propagate at the full nonlinear level [25—27] even though their conclusions for the
case 0;¢ = 0 are inconsistent (the claims are that in this case there would be two [27] or
three of them [26]). There is evidence that for the most general case 9;¢ # 0 the number
of propagating degrees of freedom is five.

For the one-parameter teleparallel gravity, which is a particular subcase of NGR, it
was found in [36] that, by considering cubic interactions, the gauge symmetry in the linear
theory required to avoid ghostly modes [71] cannot be extended to higher orders. So far, up
to our knowledge, there are no works studying perturbations for NGR around backgrounds
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other than Minkowski. The Hamiltonian analysis of the one-parameter teleparallel gravity
has only been presented in [28] (references therein present full calculations) where their
claim is that the number and type of constraints depends on special values of the dynamical
variables, and “conditional bifurcations” of the constraint algorithm appear.

Below we summarize the conclusions for the aforementioned theories around
Minkowski, FLRW, and general backgrounds:

(1) Around Minkowski spacetime, TEGR recovers linearized general relativity as ex-
pected [71]. The propagating degrees of freedom for f(T) is disputed [75]. In addition
to the massless spin-2 field, the one-parameter parameter family of NGR propagates a
massless Kalb-Ramond field [36,71].

(2) Around flat FLRW spacetime, f(T) does not seem to propagate any additional de-
grees of freedom, whilst the TEGR limit is consistent with general relativity [72]. To
our knowledge no work have considered perturbations around FLRW backgrounds for
NGR.

(3) TEGR is expected to have 2 degrees of freedom around general backgrounds, since the
Hamiltonian analysis consistently gives 2 propagating degrees of freedom at the non-
linear level [16, 19,23]. To our knowledge perturbations around general backgrounds
have not been considered in the literature for teleparallel theories of gravity.

Furthermore, the conclusion for higher order perturbations are listed below:

(1) TEGR is expected to propagate 2 degrees of freedom at all orders since the Hamil-
tonian analysis gives the consistent value of 2 degrees of freedom at the non-linear
level [16,19,23].

(2) Higher order perturbations for f(T) around Minkowski backgrounds were considered
in [70] and they found indications of extra strongly coupled modes appearing at higher
order.

(3) Cubic interactions of the one-parameter family of NGR-theories around Minkowski
backgrounds were considered in [36]. They found the Kalb-Ramond field to be
strongly coupled around those backgrounds.

8. Summary and Outlook

We have provided a review over the current understanding of the Hamiltonian analysis in
teleparallel theories of gravity. Firstly we have derived the primary constraints for f(Tncr)
gravity, from which the derivation of the primary constraints for f(T) and new general rel-
ativity is straightforward. Taking this theory as reference, we present a table from which
the reader can compare five different classes of notation and conventions [22,26,27,29,30].
We show that the primary constraints in these works are all consistent among them, and
with the primary constraints we derived for f(Tngr ). This also holds for [25,31,34] which
have been using similar notation as the aforementioned references. We have also provided
valuable discussion on important aspects relevant for the Hamiltonian analysis in tetrad-
based teleparallel theories of gravity, as for instance the different fundamental fields con-
sidered, the choice of the spin connection, and the necessity of the ADM decomposition.
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‘We also discuss possible difficulties and misinterpretations in the application of the Dirac-
Bergmann algorithm regarding the change in the rank of the Hessian matrix and of the
matrix of PB among constraints, both of them appearing for some particular subcases of
modified teleparallel gravities.

We observe that our parent theory f(Tngr) possess 16 + 1 canonical variables repre-
sented by the components of the tetrad 64 » and an auxiliar scalar field ¢. The theory is
universally endowed with 4 + 1 primary constraints m4° 2 0 and 7, ~ 0, the five of them
being also present in f(T) gravity. Meanwhile, for TEGR and NGR the auxiliary scalar
field ¢ does not appear, the theories possess only 16 canonical variables, and only the first
four constraints apply. We have performed a decomposition in the remaining 12 compo-
nents of the momenta obtaining nine possible cases with different number of if-constraints,
in agreement with nine combinations of vanishing some of the coefficients Z.4 (presented
in table 1). Notice that the structure of cases and their number of primary constraints is
identical for both f(Tngr) and NGR, but due to the appearance of ¢ in the primary con-
straints of f(Tngr), it could be expected that the constraint structure of this theory is much
more intricate than that of NGR. Finally, for the particular case VA =044 =0we
obtain 6 primary constraints, which appear in both f(T) and TEGR, being associated with
local Lorentz transformations. A good understanding of the structure of the Lorentz con-
straints is crucial for the comprehension of Lorentz violation in non-linear modifications
of TEGR, and henceforth in the study of their viability.

We expect that this review will pave the way for future work on the Hamiltonian anal-
ysis for teleparallel theories of gravity. A good understanding of the Hamiltonian and con-
straint structure of TEGR is expected if committed to the task of proposing a teleparallel-
based approach to canonical quantum gravity. The outcome of the Dirac-Bergmann al-
gorithm on the counting of degrees of freedom is also a relevant issue for f(T) gravity,
on which there are disputing conclusions even for the simplest Minkowski and FLRW
spacetimes. We have shown that the primary constraints for f(T) gravity are consistent
throughout the literature, therefore the differences on the outcomes must lie in the calcu-
lations of the PB, as pointed out in [27]. Furthermore, the full analysis for new general
relativity have only been done for the ghost-free one parameter teleparallel gravity theory
in [28] which does not provide many calculation details. With a better understanding for
f(T) and new general relativity (which are the most simple teleparallel theories) will give
us more insights for more general modified teleparallel gravity theories. Still, Hamilton’s
equations have not yet been derived for any teleparallel gravity theory. And the primary
Hamiltonian have not been written down without going off from the Weitzenbock gauge
either. Finally, some considerations on Hessian and matrix of PB among constraints with
variable rank might be necessary to take into account in this kind of models, for which the
guidelines proposed in [64] can be helpful.
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