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ABSTRACT

Motion planning under uncertainty is a fundamental challenge in robotics, since
autonomous systems must make safe decisions despite perception noise, imper-
fect localization, stochastic dynamics, and the inherently unpredictable behavior
of dynamic environments. In such settings, safety is naturally expressed in terms
of risk, for example, the probability of collision or violation of safety constraints.
While deterministic planning and control methods are computationally efficient,
they fail to capture the stochastic nature of real-world environments. As a re-
sult, reliable motion planning under uncertainty remains a central problem in au-
tonomous robotics.

This thesis addresses this problem through the framework of risk-aware trajec-
tory optimization, with a particular focus on collision-risk estimation and min-
imization for robot navigation. Collision risk is defined as the probability of
violating safety constraints due to uncertainty in ego dynamics, obstacle mo-
tion, or perception. However, for realistic uncertainty distributions, which are
often non-Gaussian, multi-modal, and available only through samples from mod-
ern learning-based predictors, collision-risk estimation becomes analytically in-
tractable and computationally expensive when approached through conventional
chance-constrained formulations or large-scale sampling methods.

To overcome these limitations, this thesis introduces a sample-efficient surro-
gate for collision risk based on Reproducing Kernel Hilbert Space (RKHS) em-
beddings and the Maximum Mean Discrepancy (MMD). The proposed formula-
tion enables principled risk estimation directly from samples, with finite-sample
convergence guarantees, and without imposing restrictive assumptions on the un-
derlying uncertainty distribution. Building on this formulation, the thesis devel-
ops sampling-based, risk-aware trajectory optimizers that explicitly minimize the
proposed MMD-based risk surrogate.

A central contribution of this work is an optimization-based reduced-set strat-
egy that selects the most informative samples from the underlying uncertainty dis-
tribution while discarding redundant ones. This significantly reduces the number
of collision checks required for reliable risk estimation and improves the compu-
tational efficiency of the overall planning framework. The proposed methodology
is developed and evaluated in three settings: navigation under uncertain obstacle
motion, trajectory optimization under stochastic ego dynamics, and monocular
vision-based navigation with a learned collision model integrated into risk-aware
model predictive control.

Extensive evaluations across all three settings demonstrate that the proposed
framework achieves substantially lower collision rates than existing risk surro-
gates while requiring fewer samples, supporting real-time deployment in uncer-
tain real-world environments.
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1. INTRODUCTION

Autonomous robots operating in the real world must routinely make decisions
under uncertainty. Whether navigating cluttered indoor spaces using vision-only
perception, planning around obstacles whose future motion is inherently multi-
modal, or executing control under imperfect localization and stochastic dynamics,
the robot must ensure that its planned trajectories satisfy a variety of safety con-
straints, for example, collision avoidance. Classical motion planning and MPC
algorithms [9, 10, 11] assume that the system state, environment, and dynamics
model are all deterministic so that constraint satisfaction can be enforced point-
wise in time. While this deterministic assumption enables efficient optimization,
it fails to represent the true nature of real-world robotics systems, where uncer-
tainty is pervasive and unavoidable. Uncertainty in robotic systems can stem from
various sources:

• Perception uncertainty: Depth estimates from monocular vision models
may be biased, noisy, or inconsistent [60, 61, 62] while LiDAR returns
may be sparse or occluded.

• Prediction uncertainty: Trajectories of other agents are often multi-modal
and high-dimensional, produced by black-box learned models [12, 44, 45,
46].

• Dynamics uncertainty: Process noise, imperfect modeling of vehicle dy-
namics, actuator variability, and localization drift introduce stochasticity in
state evolution [40, 57, 47, 58, 59, 56].

Under such conditions, the constraints can no longer be treated as deterministic;
instead, they must be regarded as stochastic. The thesis uses the notion of risk
r, which naturally measures the probability of constraint violation. Minimizing
the risk should yield safer trajectories and more robust controllers. To this end, a
motion planning problem that accounts for both safety and performance is more
appropriately formulated as a risk-aware trajectory optimization problem. This
formulation provides a rigorous and principled framework for enforcing safety by
minimizing risk while maintaining optimality under uncertainty.

The structure of the thesis is summarized in the roadmap below.

At a Glance

Thesis roadmap.
• Chapter 2 - Mathematical preliminaries: risk, RKHS, MMD, reduced-set.
• Chapter 3 - Related work and positioning.
• Chapter 4 (Publications I+II) - Uncertain obstacle motion.
• Chapter 5 (Publication III) - Stochastic ego dynamics.
• Chapter 6 (Publication IV) - Monocular vision-based navigation.
• Chapter 7 - Conclusion and future directions.
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The central challenge, however, is that reliable risk estimation becomes dif-
ficult precisely in the settings where uncertainty-aware planning is most needed.
Modern robotic systems increasingly rely on learned perception, neural trajec-
tory predictors, and stochastic simulation models, all of which induce uncertainty
distributions that are highly complex, often multi-modal, and frequently avail-
able only through samples. As a result, classical deterministic formulations and
conventional probabilistic approximations are often inadequate for capturing the
true safety implications of uncertainty. This observation motivates the focus of
this thesis: developing principled and sample-efficient methods for estimating and
minimizing collision risk in realistic robotic systems.

1.1. Core Challenges of Estimating Collision Risk

A central component of risk-aware trajectory optimization is collision avoidance.
The robot faces a dual objective: it must achieve its navigation goals, such as
trajectory tracking, smoothness, or efficiency, while simultaneously ensuring safe
operation by avoiding collisions with obstacles in its environment. Thus, in this
thesis, we focus on the risk associated with collision, also known as collision risk.
However, the approach is valid for any notion of risk modeled as the violation
of some specified state-dependent constraints. The concepts introduced in this
section are motivated by an example from the autonomous driving domain.

1.1.1. Collision Risk in the Deterministic Setting

In the deterministic setting, both the ego vehicle motion and the obstacle trajecto-
ries are assumed to be perfectly known and free from uncertainty (Fig. 1).

Obstacle

Ego
Lane boundary

Obstacle trajectory

Ego trajectory

Figure 1: Deterministic collision scenario: the ego vehicle and obstacle trajectories are fully known.

Under these assumptions, collision checking reduces to a deterministic feasibility
problem. Let x = {xk}T

k=1 denote the ego trajectory and τ = {τk}T
k=1 denote the
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obstacle trajectory over a finite horizon T . A per-step collision constraint can be
expressed as

hk(xk,τk)≤ 0, (per-step collision constraint) (1.1a)

h(x,τ) = max
k

hk(xk,τk), (1.1b)

h(x,τ)≤ 0, (worst-case collision constraint) (1.1c)

r = max(0,h(x,τ)), (collision risk over the horizon). (1.1d)

Here, the scalar function hk(·) measures the signed collision margin at each time
step, such that negative values indicate collision-free configurations. Throughout
the thesis, the symbol r denotes the deterministic residual max(0,h) in the deter-
ministic setting and the probability of constraint violation P(h > 0) in the stochas-
tic setting; the intended meaning is clear from context. The worst-case constraint
aggregates these per-step evaluations over the entire trajectory, and the resulting
collision risk r penalizes any violation of the collision-free condition. In this de-
terministic formulation, a trajectory is considered safe if and only if h(x,τ) ≤ 0,
yielding strictly zero collision risk.

1.1.2. Collision Risk in Stochastic Setting

In the stochastic setting, either x or τ (or both) may be random variables (Figs. 2, 3).

Figure 2: A collision scenario where the obstacle trajectory is stochastic. In other words, the
obstacle can move in many unknown ways.

In such a setting, strict deterministic enforcement of h(x,τ) ≤ 0 is no longer ap-
propriate – it can still be achieved by considering the worst-case performance, but
it often proves too conservative [106]. Instead, the notion of collision risk pro-
vides a probabilistic way to encode safety requirements by demanding that the
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Obstacle

Ego

Lane boundary

Obstacle trajectory

Stochastic dynamics 
rollouts

Nominal trajectory

Figure 3: Collision scenario when the ego-vehicle dynamics have uncertainty. The different cyan-
colored trajectories show the potential perturbation around the nominal dynamics (blue).

probability of violating the safety constraints must be minimized. We introduce
the following general definition of collision risk:

r = P(h(x,τ)> 0) , (1.2)

which measures the probability of violating the safety constraints. This leads to
the first core challenge that is addressed in the thesis.

Challenge C1 — Tractability

It is generally intractable to obtain an analytical formula for r if the uncer-
tainty in xk or τk is non-Gaussian. State-of-the-art trajectory predictors [12,
44, 45, 46] characterize predicted trajectory distributions through arbitrarily
complex and multi-modal deep generative models. Existing Gaussian chance-
constraint methods for collision risk [47, 28, 49, 48] may therefore yield un-
reliable estimates. Practical risk-aware planning requires tractable surrogate
formulations that approximate the probability of constraint violation while
enabling real-time planning and control.

Example — Gaussian Special Case

Let x denote the ego trajectory and τ ∼N (µ,Σ) [27, 43, 28](Fig.4). For a
given x, the collision risk has closed form r = P(h(x,τ)> 0) = ΦG(x,µ,Σ),
with ΦG derived from the Gaussian cumulative distribution function. Hence,
minimum-risk or specified-risk-level trajectories are analytically computable.
This tractability is lost beyond Gaussian uncertainty, motivating the thesis’s
nonparametric surrogate.
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Obstacle

Ego
Lane boundary

Obstacle trajectory

Ego trajectory

Figure 4: Collision scenario with Gaussian uncertainty over the obstacle trajectory.

1.1.3. Estimating risk via sampling

In the most general case, τ ∼ pτ , x∼ px where pτ , px are either unknown or very
complex distributions, but we can draw samples from them. For example, pτ can
be a neural trajectory predictor (e.g. Trajectron++ [12]) and thus, no exact formula
for P(h(x,τ)> 0) is available which necessitates the need to estimate risk through
obstacle trajectory samples. This leads to the second core challenge addressed in
the thesis.

Challenge C2 — Sample Efficiency

A good risk-estimation algorithm must be sample efficient: the collision-risk
cost should capture the true probability of collision using only a few samples
from the underlying distribution. Suppose we use N samples jτ of a predicted
obstacle trajectory and the estimated collision risk approaches zero — is the
trajectory really risk-free? This question translates directly to the variance of
the risk estimate. Sample efficiency is also tied to computational run-time: a
larger N means more collision checks between the ego vehicle and obstacles,
increasing the computational burden both of estimation and of downstream
trajectory optimization.

This thesis demonstrates that MMD-based risk surrogates in RKHS, combined
with optimization-based reduced-set construction, provide a principled and sample-
efficient solution to both challenges across multiple uncertainty domains. The
following section details the objective and contributions of this work.
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1.2. Objective and Contributions of the Thesis

The overall objective of this thesis is twofold. First, to develop a sample efficient
method for estimating collision risk under arbitrary uncertainty model. Second,
leveraging the risk models in downstream risk-aware trajectory optimization and
demonstrate improved performance in a variety of applications. While the primary
focus of this thesis is robot navigation, the developed methodology is sufficiently
general to extend to other safety-critical robotic tasks.

At the core of our approach lies the problem of quantifying the dissimilarity be-
tween probability distributions. For special cases such as Gaussian distributions,
this can be achieved using closed-form measures such as the Kullback–Leibler
(KL) divergence. However, for arbitrary, non-parametric, and multi-modal distri-
butions, such measures are often intractable. To overcome this limitation, we op-
erate in the RKHS, where a distribution can be represented through its kernel mean
embedding using only a finite number of samples. We then define a collision-risk
surrogate as the MMD between the RKHS embedding of the collision-constraint
residual distribution and a Dirac delta distribution. A key advantage of this for-
mulation is that its sample efficiency can be systematically improved through the
concept of a reduced-set, enabling principled, data-efficient, and computationally
tractable risk estimation for motion planning under uncertainty.

Recalling the two core challenges introduced above, C1 denotes tractable risk
estimation under non-Gaussian uncertainty and C2 denotes sample-efficient risk
estimation under limited computational budgets. The main contributions of this
thesis can be summarized as follows:
1. [C1] We formulate a novel collision-risk surrogate based on MMD and RKHS

embeddings that enables nonparametric risk estimation directly from samples
(Chapters 2, 4).

2. [C2] We develop an optimization-based reduced-set framework that improves
the sample efficiency and computational tractability of collision-risk estima-
tion (Chapters 2, 4, 5).

3. [C1, C2] We design risk-aware trajectory optimization methods for navigation
under uncertain obstacle motion induced by multi-modal trajectory predictors
of surrounding agents (Chapter 4).

4. [C1, C2] We extend the framework to trajectory optimization under stochastic
ego dynamics, showing how reduced-set ideas can improve risk estimation
from perturbed dynamics rollouts (Chapter 5).

5. [C1, C2] We further extend the framework to monocular vision-based naviga-
tion through a learned collision model integrated into risk-aware model predic-
tive control (Chapter 6).
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The remainder of the thesis is organized as follows. Chapter 2 introduces the
mathematical preliminaries underlying the proposed framework, including risk
formulation, RKHS embeddings, MMD, and reduced-set methods. Chapter 3
reviews existing approaches in deterministic planning, chance-constrained opti-
mization, risk-aware planning, kernel-based stochastic optimization, and monocu-
lar vision-based navigation. Chapters 4, 5, and 6 present the main methodological
contributions of the thesis in the settings of uncertain obstacle motion, stochastic
ego dynamics, and monocular vision-based navigation, respectively. These three
chapters correspond to the four peer-reviewed publications on which the thesis is
based, with Chapter 4 covering the two publications on uncertain obstacle motion.
The thesis concludes with a summary of the main findings and their implications
for safe motion planning under uncertainty.
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2. MATHEMATICAL PRELIMINARIES

This chapter provides the mathematical background for the remainder of the the-
sis. We first introduce the notation and formal definition of collision risk used
throughout the thesis. We then review the kernel-based concepts that underlie
the proposed framework, including RKHS embeddings and MMD. Finally, we
present the reduced-set idea, which is central to improving sample efficiency in
the planning methods developed in later chapters.

Symbols and Notation

Throughout the thesis, scalars are written as lower-case letters, vectors as bold
lower-case letters, and matrices as bold upper-case letters. The constraint residual
h(·) = max(0,h(·)) will appear repeatedly and is central to the distributional view
of risk adopted in this thesis.

Table 1: Notation used throughout the thesis.

Symbol Meaning

x, x, X scalar, vector, matrix

(·)⊤ transpose

k time-step index

p(·) probability density

P(·) probability of an event

h(·) safety-constraint function (negative = safe)

h(·) = max(0,h(·)) constraint-violation residual

r collision risk (deterministic residual or P(h > 0))

τ obstacle trajectory

x ego state trajectory

φ feature map into the RKHS H

⟨·, ·⟩H RKHS inner product

K(·, ·) positive-definite kernel (Gaussian or Laplace)

σ > 0 kernel bandwidth

µ[u], µ̂[u] true / empirical RKHS embedding of u

N, N ′ full sample count, reduced-set size
lβ reduced-set weight, ∑l

lβ = 1
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2.1. Algebraic Form of Risk

We begin with a general definition of safety constraints and collision risk that is
broad enough to cover the different planning settings considered later in the thesis.
Let h(·) ≤ 0 denote a safety constraint where h(·) is a scalar-valued function.
Depending on the application, h(·) can depend on one or more arguments. For
example, in later chapters of the thesis based on Publications [1], [2], and [3],
we enforce safety constraints at each time step k as follows: Let hk(xk,τk) ≤
0,∀k denote state and obstacle-dependent safety constraints, where xk is the ego
state and τk the obstacle position at time step k. Let x and τ be obtained by
stacking together the respective values at different time steps. The worst-case
safety constraint value over the horizon is

h(·) = max
k

hk(·). (2.1)

There are several ways to define hk(·). In the most general setting, it can be a
black-box function, for example, one derived from 3D occupancy maps [54]. We
can also derive an analytical form for hk(xk,τk) if we approximate the shape of the
ego vehicle and the neighboring vehicles in terms of geometric primitives such as
ellipses, as done in Publications [1], [2], and [3]. In the stochastic setting, either x
or τ (or both) may be random variables, leading to the following general definition
of risk:

r(·) = P(h(·)> 0) , (2.2)

which measures the probability of violating the safety constraints. This formula-
tion is natural and interpretable, but it is also difficult to evaluate in closed form
when the uncertainty in xk or τk is non-Gaussian or available only through sam-
ples. One can always linearize h(·) and compute a Gaussian approximation of the
uncertainty, but such approximations are often too restrictive for the uncertainty
distributions encountered in modern robotic planning. In the following, we de-
scribe the state-of-the-art sampling based approaches that can work for arbitrary
uncertainty and non-linear constraints.

2.1.1. Constraint Residual and Sample-Based Risk Approximations

We define the constraint residual as:

h(·) = max(0,h(·)) (2.3)

In the stochastic setting, h becomes a random variable with distribution ph. The
residual captures the magnitude of safety-constraint violation: it is zero when the
constraint is satisfied and positive otherwise. The following two sample-based
approximations of collision risk are widely used.
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SAA Risk Estimate. A simple yet effective approximation of collision risk r in
(2.2) can be obtained by averaging over samples of the collision constraint residual
[31], [69]. In practice, these samples may be derived from predictions of obstacle
trajectories (Publications [1] and [2]), from stochastic rollouts of the underlying
system dynamics (Publication [3]), or from models that estimate worst-case ob-
stacle clearance (Publication [4]). That is, we have

rSAA =
1
N

N

∑
j=1

I
( jh(·)> 0

)
(2.4)

where I(·) is an indicator function returning 1 when the conditions in the operand
are satisfied and 0 otherwise. In essence, (2.4) estimates risk by counting the
fraction of sampled realizations that violate the safety constraint. Although con-
ceptually simple, estimates of the form (2.4) have proved useful in the existing
literature [31].

CVaR-Based Risk Estimate. An alternative sample approximation of collision
risk can be obtained by computing the empirical estimate of CVaR of h using the
samples { jh} j=N

j=1 [32, 40, 70]. That is, we define the risk metric as

remp
CVaR =CVaRemp

α (h) (2.5)

where α is a tunable parameter associated with CVaR. Unlike SAA, which counts
violations, CVaR emphasizes the severity of large violations in the tail of the resid-
ual distribution.
Definition 1. Let (·) denote one or more random variables, for example, x or
τ defined previously. Given a parameter 0 < α < 1, the α-VaR of h(·) is ([70]
Definition 6.11):

VaRα(h) := inf{c ∈ R : P(h(·)≤ c)≥ α} (2.6)

Eqn. (2.6) implies that constraint violations larger than VaRα(h) occur with prob-
ability not exceeding 1−α . Thus minimizing VaRα(h) implies reducing the mag-
nitude of risk r(·) defined in (2.2). Note that VaRα(h) is just the α th-quantile
of the distribution of collision constraint represented by h and thus its empirical
estimate VaRemp

α (h) can be easily computed.
CVaRα(h) is the more conservative version of VaRα(h) since CVaRα(h) is an

upper bound on VaRα(h) [70]. Thus, CVaRα(h) is a more commonly used risk-
surrogate [40], [63]. It is defined as follows.
Definition 2. Given a parameter 0 < α < 1, the α-CVaR of h(·) is ([70] Theorem
6.2)

CVaRα(h) := E[h : h≥VaRα(h)] (2.7)
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Figure 5: Sample-based collision-risk surrogates used in this thesis. The MMD-based surrogate
is defined below and further developed in Chapters 4-6. Here, ego dynamics is deterministic and
obstacle motion uncertain. Samples of the constraint residual jh̄, induced by predicted trajectory
uncertainty jτ , are processed into different risk measures. Conventional estimators summarize
samples via expectation (SAA) or tail metrics (CVaR), whereas the proposed approach uses MMD
to compute a distribution-level discrepancy, enabling richer characterization of sample variability.

The empirical estimate CVaRemp
α (h) then follows naturally: one first computes the

empirical quantile VaRemp
α (h) from the samples { jh}N

j=1, identifies the tail subset
{ jk h} for which jk h≥VaRemp

α (h), and averages over this subset.

Unified Perspective

Throughout this thesis, the core computational object is the sample-wise constraint
residual jh of (2.3), evaluated on realizations of the underlying uncertainty (e.g. pre-
dicted obstacle trajectories). Every risk surrogate considered here is obtained by
computing some statistic over the empirical set { jh}N

j=1; the surrogates differ only in
which statistic they use:
• SAA (rSAA) [31], [69] takes the empirical mean of the violation indicator over the

sample set, i.e. the fraction of samples for which jh > 0.
• CVaR (remp

CVaR) [32, 40, 70] averages the largest residuals in the α-tail of the sample
set, emphasizing rare but severe violations.

• The MMD-based surrogate (remp
MMD) developed in this thesis follows the same tem-

plate, but the statistic it computes is different from rSAA and remp
CVaR and is designed

to capture the full distributional aspect of collision constraint violation under un-
certainty.

Fig. 5 illustrates this common template: the samples jh induced by uncertainty in jτ

are the shared starting point, and rSAA, remp
CVaR, and remp

MMD are three different statistics
computed over them. This view makes it clear why remp

MMD is a natural next step: it
stays within the same sample-based framework as the classical estimators but retains
richer information about the residual distribution through distribution matching.
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2.2. Kernels, MMD and RKHS

This section introduces kernels, feature maps, RKHS embeddings, and MMD,
which together form the backbone of the proposed framework. The role of this
section is twofold: first, to explain how probability distributions can be repre-
sented in RKHS; and second, to show how these representations lead to a non-
parametric notion of similarity between distributions. For a detailed exposition of
these topics, please refer to [52].

2.2.1. Feature Maps and Kernels

Let X be a measurable input space. Consider a vector z ∈X and a non-linear
transformation φ called a feature map. We can use φ to embed z in the RKHS
H ([52] Section 2.2) as φ(z). A positive definite real-valued kernel function
K : X ×X → R is related to the feature map through the kernel trick, namely
K(z,z′) = ⟨φ(z),φ(z′)⟩H ([52] Definition 2.1), where ⟨·, ·⟩H is the inner prod-
uct in H . Intuitively, the kernel evaluates similarity in the feature space without
requiring the feature map to be computed explicitly. The kernel trick therefore al-
lows us to work with rich non-linear embeddings while keeping the computations
tractable. We primarily use the Laplace kernel in our implementations, which was
adopted from Publication [2] onward after initially using the Gaussian kernel in
Publication [1]. The Laplace kernel is given by:

K(z,z′) = exp
(
−∥ z− z′ ∥1

σ

)
(2.8)

where ∥ · ∥1 denotes the l1 norm (also known as the Manhattan or Taxicab norm).
Here σ > 0 is a tunable bandwidth parameter that controls the sensitivity of the
kernel to changes in the input.

2.2.2. From data points to probability distributions

Figure 6: Kernel mean embedding of probability distributions pδ and ph into RKHS H

The same ideas can be generalized from individual data points to probability dis-
tributions (see Figure 6). Let u be a random variable with probability distribution
pu. For example, u can denote the obstacle trajectory τ as in Publications [1]
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and [2]. The RKHS embedding of u (or equivalently of pu) is given by the fol-
lowing.

µ[u] = Eu∼pu [φ(u)] = Eu∼pu [K(u, ·)] (2.9a)

=
∫

K(u, ·)d pu(u) (2.9b)

Equations (2.9a)-(2.9b) map a probability distribution to a single element of the
RKHS. This is useful because it lets us reason about distributions through objects
that live in a Hilbert space. For an arbitrary distribution pu, however, it is often
intractable to compute the right-hand side of (2.9b). In practice, we therefore use
an empirical estimate of the RKHS embedding. Let ju be samples of u drawn
from pu. The empirical estimate of µ[u] is given by the following.

µ̂[u] :=
N

∑
j=1

1
N

φ( ju) =
N

∑
j=1

1
N

K( ju, ·) (2.10)

Functions of Random Variables We can extend the concept of RKHS embedding
to functions of random variables [50], [55] as well. This extension is important for
the thesis because the quantities of interest in risk-aware planning are rarely the
raw uncertainty variables themselves; rather, they are functions of those variables,
such as the constraint residual.

Function of a single random variable: We first consider the simpler case in
which the quantity of interest depends on a single random variable. Let g(u) ∈
X → Z be an arbitrary function of a random variable u with pg denoting the
probability distribution of g(u). For example, u can be interpreted as the obstacle
trajectory τ as done in Publications [1] and [2], in which case h(x,τ) represents a
function of the obstacle trajectory conditioned on a deterministic ego state trajec-
tory x. The RKHS embedding of pg, denoted by µ[g], and its empirical estimate
µ̂[g] are given by

µ[g] = Eu∼pu [φ(g(u))] = Eu∼pu [K(g(u), ·)] (2.11a)

=
∫

K(g(u), ·)d pu(u), (2.11b)

µ̂[g(u)] :=
N

∑
j=1

1
N

φ(g( ju)) =
N

∑
j=1

1
N

K(g( ju), ·) (2.11c)

Note that K in the above expressions (2.11a)-(2.11c) is the same as that used in
(2.10).

One of the attractive features of RKHS embeddings is that when constructed
with characteristic kernels (Gaussian, Laplacian, etc.), they can capture informa-
tion about the mean and moments of u and g(u) up to infinite order. Furthermore,
µ̂[u] and µ̂[g] are consistent estimators, meaning that they converge to the true
RKHS embeddings as the sample size N increases. The embeddings µ̂[u] and
µ̂[g] are also tightly coupled through the following theorem from [50].
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Theorem 1. Suppose g is a continuous function and the kernel functions are con-
tinuous and bounded. Then, the following holds

if µ̂[u]→ µ[u], then µ̂[g]→ µ[g] (2.12)

The proof can be found in the Appendix of [50].

Remark 1. Practical consequence. If an approximate (e.g. reduced-set) embed-
ding µ̂[u] converges to µ[u], then the embedding of any well-behaved function
of u also converges. In later chapters this is applied with g = h: preserving the
embedding of the sample distribution automatically preserves the embedding of
the residual distribution needed for remp

MMD.

2.2.3. Maximum Mean Discrepancy

One of the main uses of RKHS embeddings is that they allow us to compare
probability distributions directly. In this thesis, that comparison is made through
MMD, which quantifies how far two distributions are from each other in RKHS.
Definition 3. Let u1 and u2 be random variables denoting two arbitrary distribu-
tions. Let u1 and u2 have probability distributions pu1 and pu2 , respectively. The
MMD between the two distributions is given by

(2.13)MMD(pu1 , pu2) = ∥µ[u1]− µ[u2]∥2
H

= ⟨µ[u1]− µ[u2],µ[u1]− µ[u2]⟩

where ∥(·)∥H is the RKHS norm and can be expressed through inner products,
which in turn can be evaluated using the kernel trick. In other words, MMD
measures the distance between two distributions by comparing their embeddings
in RKHS.

Here, µ[u1] is the RKHS embedding of u1 (or pu1), defined as

µ[u1] =
∫

K(u1, ·)d pu1(u1), µ̂[u1] =
N

∑
j=1

1
N

φ( ju1) (2.14)

Similarly, µ[u2] is the RKHS embedding of the random variable u2 ∼ pu2 . As-
suming the underlying kernel is characteristic [51], the distributions pu1 and pu2

are identical if and only if the following holds [50, 53].

∥µ[u1]−µ[u2]∥2
H = 0

Remark 2. We can approximate pδ through a Gaussian N (0,ε), with an ex-
tremely small covariance ε (≈ 10−5).
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Finite Sample Guarantees. A key advantage of remp
MMD is that it inherits the con-

vergence and finite-sample guarantees associated with RKHS embeddings and
MMD. Specifically, the gap between remp

MMD and the true rMMD can be quantified
by the following theorem, which is a direct application of the result presented in
[51].

Theorem 2. Let u1 and u2 be two arbitrary random variables, respectively, with
corresponding probability distributions pu1 and pu2 .
Given i.i.d. samples X := { ju1}N

j=1 and Y := { ju2}N
j=1 drawn from pu1 and pu2 ,

respectively, and assuming the kernel satisfies 0≤K(ξ1,ξ2)≤ c0 for all ξ1,ξ2 and
some constant c0, the following holds:

PX ,Y

{
|remp

MMD− rMMD| ≤ 2
(

2(c0/N)
1
2 + ε

)}
> 1− exp

(−ε2N
4c0

)
(2.15)

where PX ,Y denotes the probability over the samples X and Y , and ε > 0 is a
parameter controlling the confidence level. The function K(·, ·) denotes the kernel.
Theorem 2 ensures that as the sample size N increases, the probability that the ab-
solute difference between remp

MMD and rMMD is small approaches 1. In plain terms,
the empirical surrogate becomes more reliable as more samples are used. This is
important for planning because it shows that the optimization is not being driven
by an arbitrary heuristic, but by a surrogate whose estimation error can be con-
trolled.

This chapter introduced the mathematical tools that underpin the rest of the
thesis: a distributional view of collision risk, its MMD-based surrogate in RKHS,
finite-sample convergence guarantees, and the reduced-set principle for improv-
ing sample efficiency. Chapter 3 reviews related work, after which Chapters 4–6
develop the full planning algorithms that build on these foundations.
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3. REVIEW OF EXISTING APPROACHES

To address motion planning under uncertainty, this thesis adopts a risk-aware tra-
jectory optimization methodology. This formulation offers a rigorous, principled
framework for enforcing safety through explicit risk minimization while preserv-
ing optimality in the presence of uncertainty. Chapters 1 and 2 introduce the gen-
eral problem setting and mathematical background, while Chapters 4, 5, and 6
develop the concrete formulations used in the three main application settings.
Broadly speaking, the literature most relevant to this thesis spans deterministic
planning, chance-constrained optimization, risk-aware planning, nonparametric
stochastic optimization using RKHS embeddings, and monocular vision-based
navigation. These areas are tightly connected: deterministic planners provide the
algorithmic foundations, chance-constrained and risk-aware methods introduce
probabilistic safety, kernel methods offer nonparametric tools for handling arbi-
trary uncertainty, and vision-based navigation brings the additional challenge of
perception-induced uncertainty. In particular, the review is oriented around the
two core challenges identified in Chapter 1: the tractability of risk estimation
under non-Gaussian uncertainty (C1) and the sample efficiency of risk surrogates
under limited computational budgets (C2). We review these strands next and high-
light how they collectively motivate the methods developed in this thesis.

3.1. Deterministic Approaches

Motion planning is one of the most well-studied problems in robotics. A large
body of work assumes a deterministic setting in which the robot state, environ-
ment geometry, obstacle motion, and system dynamics are sufficiently well known
that safety can be enforced point-wise in time. Under this viewpoint, the plan-
ning problem reduces to constructing a feasible path or trajectory that optimizes
a geometric or control objective while satisfying deterministic constraints. This
assumption has historically enabled a broad range of algorithmic advances and
remains highly relevant whenever uncertainty is weak or can be neglected.

3.1.1. Graph-Search and Lattice-Based Planning

One major family of deterministic methods is based on graph-search and geo-
metric planning. Classical shortest-path methods such as A* [13] and their later
robotic variants [15] operate on discretized maps or lattices and are attractive be-
cause they provide explicit search structure and strong completeness properties
within the chosen discretization. Such methods remain particularly relevant when
the environment can be represented by occupancy grids, road graphs, or state
lattices, and when the main objective is to compute globally feasible paths with
relatively transparent planning logic.
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3.1.2. Sampling-Based Motion Planning

A second major family is sampling-based planning, including Rapidly-Exploring
Random Tree (RRT)-style and Probabilistic Roadmap (PRM)-style algorithms
[17, 18, 19, 20, 21, 22]. These approaches are especially useful in high-dimensional
configuration spaces and for systems with complex geometric constraints, as they
avoid explicit discretization of the full state space. Their success has made them
a standard baseline in robotic motion planning.

3.1.3. Trajectory Optimization and MPC

A third important family is trajectory optimization and model-predictive plan-
ning, where the robot trajectory is optimized directly with respect to smoothness,
tracking, control effort, or obstacle avoidance costs [23, 24, 25, 26, 93]. In ad-
dition to gradient-based trajectory optimization, stochastic-search methods such
as the cross-entropy method [91] have also been used to optimize trajectories and
control sequences in complex non-convex settings. These methods are particu-
larly relevant to the present thesis because they naturally support the inclusion of
task costs, dynamics, and state/control constraints within a unified optimization
problem. In autonomous driving, deterministic planning has also led to practical
methods based on potential fields [9], spatio-temporal semantic corridors [10],
and batch trajectory optimization in structured road environments [11]. More
recently, differentiable and modular control stacks [95] have further bridged clas-
sical planning and learning by embedding prediction and optimization modules
into a common differentiable pipeline.

Despite their effectiveness, deterministic methods inherit a fundamental limita-
tion: they assume that the information used by the planner is sufficiently accurate
to support deterministic collision checking and deterministic constraint satisfac-
tion. In real-world robotic systems, however, obstacle trajectories may be multi-
modal, perception may be noisy, and system dynamics may be stochastic. In such
settings, a trajectory that appears safe under a deterministic model may in fact
have a non-negligible probability of collision. This mismatch is precisely what
motivates probabilistic formulations of planning under uncertainty.

Gap Identified

These methods provide strong algorithmic foundations for planning and con-
trol, but they do not explicitly model the stochasticity induced by uncertain
obstacle motion, stochastic dynamics, or noisy perception. This limitation
motivates the uncertainty-aware formulations adopted in the thesis.

3.2. Chance-Constrained Optimization (CCO)

In the presence of uncertainty, the constraint function becomes a random variable
because it is directly influenced by stochastic effects such as perception noise,
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prediction errors, or process disturbances. In such settings, strict deterministic
enforcement of the constraints is no longer appropriate. Instead, chance con-
straints provide a probabilistic way to encode safety requirements by demanding
that the constraint be satisfied with high probability. Instead of minimizing risk r
(as defined in (2.2)), if we add constraints of the form r ≤ ζ , for some constant
ζ ∈ (0,1], we obtain the setting of Chance Constrained Optimization (CCO). This
formulation captures the intuitive idea that occasional constraint violations may
be permissible, but should occur only rarely. Chance constraints are conceptually
appealing because they retain the semantics of probability of failure while turning
the planner into a tool for enforcing explicit safety levels.

3.2.1. Analytical and Parametric Reformulations

The main difficulty is computational. In many robotics applications, the proba-
bility appearing in a chance constraint is analytically intractable because the un-
derlying uncertainty is nonlinear, non-Gaussian, multi-modal, or only accessible
through samples from learned predictors and simulators [12]. As a result, the lit-
erature has largely focused on developing tractable approximations. A first family
derives exact or approximate reformulations under restrictive assumptions such as
linear dynamics, affine constraints, and Gaussian uncertainty [56, 47, 71, 49, 48].
These methods are attractive because they often lead to convex or optimization-
friendly problems. However, their accuracy depends heavily on whether the as-
sumed distributional and structural conditions hold in practice.

3.2.2. Sample-Based and Monte Carlo Approximations

When such assumptions fail, a second family of methods approximates the chance
constraint directly using samples. In these approaches, the probability of con-
straint satisfaction or violation is estimated by propagating sampled uncertainty
through the system dynamics and collision constraints. Monte Carlo motion plan-
ning and related sample-based chance-constrained methods [30, 29, 28] belong
to this class. Extensions to multimodal environmental uncertainty have also been
studied [96]. The main advantage of these approaches is generality: in princi-
ple, they can accommodate arbitrary uncertainty models without requiring closed-
form reformulations. Their drawback is that they can be computationally demand-
ing, particularly when each sample requires an expensive rollout, collision check,
or evaluation against multiple dynamic obstacles.

3.2.3. Scenario Approaches

A conceptually different use of samples is found in scenario approaches [33, 34,
35, 36, 37, 38]. Rather than estimating the probability in the chance constraint
directly, these methods replace the original probabilistic constraint by a finite col-
lection of deterministic constraints, each corresponding to one sampled realization
of the uncertainty. In this way, the stochastic problem is approximated by a de-
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terministic optimization problem with multiple sampled constraints. While con-
ceptually straightforward, scenario-based methods often require a large number
of enforced scenarios to obtain meaningful probabilistic guarantees, which can
render the resulting optimization problem computationally expensive and conser-
vative [39].

3.2.4. Surrogate Relaxations via Sample Average Approximation
(SAA) and Conditional Value-at-Risk (CVaR)

Another common approach is to replace the original probabilistic constraint with
a tractable surrogate. SAA [31] approximates chance constraints through empir-
ical averages over samples. Closely related methods use coherent risk surrogates
such as CVaR either on the constraint function [63, 64, 65, 66] or on the con-
straint residual [40]. In this section, CVaR appears specifically as a surrogate or
relaxation of the original chance constraint: the goal is still to approximate or
enforce probabilistic constraint satisfaction, but through an optimization-friendly
proxy. These formulations can be easier to optimize than the original probability-
of-failure constraint and often have stronger numerical behavior. Nevertheless,
they inherit the challenge that their quality depends strongly on the informative-
ness and number of samples used.

Gap Identified

The approaches above illustrate the central trade-off between tractability and
fidelity to the true uncertainty distribution. In contrast, the thesis adopts a
risk-minimization viewpoint that avoids prescribing a hard chance threshold
ζ and does not rely on restrictive distributional assumptions.

3.3. Risk-Aware Planning

Risk-aware motion planning algorithms are designed to explicitly account for un-
certainty by minimizing a risk measure associated with undesirable events such
as collisions. Such collisions may arise from multiple sources, including errors in
robot and obstacle localization, inaccuracies in the robot’s dynamic model or in
predicting obstacle motion, and unmodeled external disturbances. Compared with
chance-constrained optimization, risk-aware planning relaxes the requirement of
explicitly satisfying a prescribed probability threshold and instead places a risk
term directly in the objective. This makes it a natural framework when exact con-
straint satisfaction is hard to verify, or when the planner must continuously trade
off safety against task performance.

Existing literature differs both in the choice of risk metric and in the optimiza-
tion method used to minimize it. At the level of risk formulation, several metrics
have been proposed. Time-to-collision and related severity-aware criteria [42]
provide intuitive and interpretable surrogates for safety. Other works define risk
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through the spatio-temporal overlap of the ego-vehicle and obstacle footprint to-
gether with collision severity [41]. A widely used family of approaches employs
coherent risk measures such as CVaR, which are attractive because they capture
tail behavior more explicitly than simple means or frequencies of violation. For
example, [40] estimate risk from samples of the constraint residual, while [57]
adapt the level of risk sensitivity online in stochastic-search-based control.

At the level of optimization, these risk measures are commonly embedded into
sampling-based controllers and trajectory optimizers. For instance, [40] com-
bine an empirical CVaR-based risk estimate with Model Predictive Path Integral
(MPPI) [92] to perform risk-aware control in dynamic environments. Related
approaches use stochastic search, model-predictive control, or adversarial formu-
lations to construct trajectories that remain safe under uncertainty. In [90], for
example, the environment is modeled as a worst-case opponent, yielding an ad-
versarial view of safe planning for autonomous driving. In contrast to Section 3.2,
where CVaR is discussed as a tractable proxy for a chance constraint, here CVaR
is used directly as an objective-level notion of risk to be minimized by the planner.
These works demonstrate that risk-aware formulations can be deployed in realistic
planning and control pipelines without abandoning real-time applicability.

However, a central challenge remains under-emphasized in much of the prior
literature: sample efficiency. In many practical settings, the risk estimate must be
computed from a limited number of predicted obstacle trajectories or stochastic
rollouts. If the risk metric is noisy under small sample budgets, the downstream
planner may become inconsistent, overly conservative, or unsafe. Thus, beyond
asking what risk metric to optimize, one must also ask how reliably that risk can
be estimated from finite samples. This question is central to the present thesis.

These gaps motivate C2: the present framework treats sample efficiency as a
first-class design objective, so the collision-risk surrogate remp

MMD in (4.10) is de-
signed to remain effective under limited sampling budgets as well as to model
safety under uncertainty.

3.4. RKHS Embedding for Stochastic Trajectory Optimization

The methods developed in this thesis are built on the RKHS embedding frame-
work for functions of random variables introduced in [50, 55]. The appeal of
this framework is that it provides a nonparametric way of representing probability
distributions and functions of random variables directly in a reproducing kernel
Hilbert space. This is particularly valuable in robotics, where uncertainty may
come from black-box predictors, learned policies, stochastic simulators, or com-
plex perception models for which no tractable parametric density is available.

A central idea in this line of work is that distributions can be compared through
their kernel mean embeddings rather than through explicit density estimation.
When combined with characteristic kernels, this makes it possible to reason about
rich, non-Gaussian, and multi-modal uncertainty using only samples. The same
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literature also advocates the use of reduced-set representations to enhance the ex-
pressive capacity of empirical embeddings under finite computational budgets [50,
55]. However, in those works the reduced set is obtained by randomly selecting a
subset of the available samples. In contrast, the present thesis treats reduced-set
construction itself as an optimization problem.

Several prior works have explored the use of RKHS embeddings and MMD
for either chance-constrained optimization or risk minimization. For instance,
the authors in [39] use MMD-based rejection sampling to reduce the conserva-
tiveness of scenario approximations of chance constraints. Related work in [68],
[54], and Publication [1] applies Hilbert-space embeddings to stochastic planning
under nonparametric uncertainty. These works demonstrate that kernel methods
can provide a powerful bridge between probabilistic modeling and optimization,
especially when classical Gaussian assumptions are no longer adequate.

A related but conceptually distinct line of work arises in Distributionally Ro-
bust Optimization (Distributionally Robust Optimization (DRO)), where optimiza-
tion is performed over an ambiguity set of possible probability distributions rather
than a single nominal estimate. In that context, MMD can be used to construct
ambiguity sets with finite-sample guarantees [67]. In contrast, the present the-
sis assumes that the uncertainty distribution is sufficiently well estimated and
uses MMD directly to quantify risk rather than to define robustness to distribu-
tional ambiguity. This distinction is important: the focus here is not on robustness
against model misspecification, but on reliable and sample-efficient risk estima-
tion for a given uncertainty model.

Gap Identified

The main distinction of the present work is that MMD is not used only as
an auxiliary tool for sampling or robustness, but as the foundation of the risk
surrogate itself. This makes the reduced-set structure central to the method.
Furthermore, this thesis extends Publication [1], [54], and [68] by jointly op-
timizing the reduced-set selection, sample weights, and kernel parameters
within a unified framework.

3.5. Monocular Vision-Based Navigation Under Perception
Uncertainty

Vision-based navigation has gained significant attention as a lightweight alter-
native to LiDAR- or depth-sensor-based approaches, particularly for platforms
with strict size, weight, and power constraints such as micro aerial vehicles and
compact ground robots. Vision-only navigation is attractive because it reduces
hardware cost, payload, and energy consumption while enabling deployment in
environments where dense range sensing may be impractical. The key challenge,
however, is that monocular RGB sensing does not provide direct metric depth,
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and safe planning must therefore rely on inferred geometry. Recent advances in
monocular depth estimation, from the Dense Prediction Transformer (DPT) [99]
to vision foundation models such as DepthAnything [60, 61] and ZoeDepth [62],
have made this paradigm increasingly viable. At the same time, they highlight a
core difficulty for safety-critical planning: even small depth errors can produce
large mistakes in free-space reasoning, especially in cluttered scenes and near ob-
stacle boundaries.

3.5.1. End-to-End Policies and Foundation Models

A prominent line of work in vision-based navigation adopts end-to-end learning
approaches that map RGB images directly to control commands or waypoints.
These methods typically employ supervised learning or imitation learning [74,
75, 76, 79, 101] and offer conceptual simplicity by bypassing explicit geomet-
ric reasoning. Their appeal lies in reducing the perception-planning pipeline to
a direct policy-learning problem. However, this simplification comes at a cost:
such methods often generalize poorly to unseen environments, remain sensitive to
perception noise, and lack explicit modeling of uncertainty or safety constraints.

Recent foundation-model-style approaches such as GNM [100], ViNT [88],
and NoMaD [83] improve generalization by employing large-scale pretraining
and image-conditioned diffusion models to generate trajectories from RGB in-
put. These methods suggest that richer visual priors can help bridge the gap be-
tween end-to-end learning and generalizable navigation. Nevertheless, they still
rely heavily on high-quality supervision and typically optimize navigation perfor-
mance rather than explicitly modeling collision uncertainty.

Deep reinforcement learning has also been explored for visual navigation [80,
82, 81]. These methods can learn reactive behaviors directly from visual observa-
tions and, in principle, adapt to complex environments without requiring explicit
labels for intermediate geometric quantities. In practice, however, they often re-
quire extensive training, careful reward design, and large-scale interaction data.
More importantly for the present thesis, they provide limited safety guarantees
and rarely expose an explicit probabilistic quantity that can be integrated into a
risk-aware planning framework.

3.5.2. Map-Based and Geometric Planning from Monocular Input

A related class of methods focuses on learning spatial representations from monoc-
ular input for downstream planning. For instance, Active Neural SLAM [77],
Neural Topological SLAM [78], and MonoNav [73] construct occupancy maps or
local 3D representations from estimated depth and plan over them. This family
of methods is attractive because it preserves an explicit notion of geometry and
therefore interfaces naturally with conventional planners. Compared with pure
end-to-end control, it also offers more interpretability: the planner reasons over
maps, obstacles, and candidate trajectories rather than directly over raw pixels.
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The weakness of this paradigm is that the reliability of planning becomes
tightly coupled to the quality of the estimated geometry. If monocular depth
predictions are biased, noisy, or inconsistent, the resulting occupancy map may
contain false free space or false obstacles. In cluttered environments, these er-
rors can translate directly into unsafe behavior or excessive conservatism. Thus,
while map-based monocular navigation introduces valuable structure, it does not
by itself solve the uncertainty problem induced by monocular perception.

3.5.3. Visual Predictive Control and Learned Safety Models

An alternative direction involves learning predictive models of visual dynamics
for planning and control. World models [84, 85, 86] learn action-conditioned
representations that simulate future states, enabling model-based planning from
visual input. Visual MPC approaches [89] output control commands by reasoning
over predicted image sequences and subgoal images. This paradigm is structurally
closer to classical planning because it retains an explicit predictive model and a
downstream optimization step. It therefore offers a promising bridge between
learned perception and risk-aware control.

More closely related to the present thesis are learned safety-model approaches
in which a network predicts a collision-relevant quantity from observations and
candidate actions. For example, [87] predicts collision probabilities from depth
images and actions and minimizes these probabilities within an MPC framework.
Such methods offer a more structured alternative to end-to-end policies, but their
reliability still depends strongly on the quality of the perceptual representation and
the expressiveness of the learned safety signal. In particular, directly predicting a
binary collision probability may discard useful information about uncertainty in
obstacle clearance and near-collision structure.

Gap Identified

From the perspective of this thesis, the key gap in the existing monocular
navigation literature is that most methods either plan directly on noisy depth
estimates, learn policies without explicit probabilistic safety modeling, or pre-
dict a relatively coarse collision quantity. What remains less explored is how
to learn a richer probabilistic safety model from monocular input and couple
it tightly with a planner that can explicitly optimize a risk-aware objective.
Chapter 6 addresses this gap by retaining an explicit planning layer (unlike
end-to-end policies), avoiding direct collision checking on raw monocular
depth (unlike depth-to-map pipelines), and learning a probabilistic action-
conditioned model over minimum obstacle clearance rather than a binary col-
lision predictor. The resulting uncertainty-aware model is integrated into a
risk-aware MPC framework for safe yet non-conservative navigation in dense,
cluttered environments.
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This chapter surveyed the main strands of related work and identified the gaps that
the thesis addresses: the lack of tractable, nonparametric risk surrogates (C1) and
the absence of principled mechanisms for sample-efficient risk estimation (C2).
The following chapters present the methodological contributions: Chapter 4 de-
velops the MMD-based framework for planning under uncertain obstacle motion,
Chapter 5 extends it to stochastic ego dynamics, and Chapter 6 integrates a learned
collision model with risk-aware MPC for monocular vision-based navigation.
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4. MAXIMUM MEAN DISCREPANCY–BASED
COLLISION RISK MINIMIZATION

(PUBLICATIONS [1] AND [2])

At a Glance

• Setting: Autonomous driving with multi-modal predicted trajectories of
surrounding vehicles; ego dynamics deterministic.

• Challenges addressed: C1 (tractable non-Gaussian risk) and C2 (sample
efficiency under costly collision checks).

• Method: MMD-based collision-risk surrogate remp
MMD with a bi-level jointly

optimized reduced-set (samples + weights + kernel).

• Key Result: Considerably lower collision rate than SAA and CVaR base-
lines on nuScenes with Trajectron++.

4.1. Introduction

This chapter considers risk-aware trajectory optimization in autonomous driving
when nearby vehicles follow multi-modal future trajectories. This setting makes
challenges C1 (tractable risk under non-Gaussian predictions) and C2 (sample ef-
ficiency under costly collision checks) concrete. The development is based on
Publications [1] and [2]: the former introduced an RKHS-based trajectory opti-
mization framework operating on sample-level obstacle predictions, and the latter
consolidated it into MMD-OPT by sharpening the risk surrogate and strengthen-
ing the reduced-set construction. A representative scenario is shown in Fig. 7.

4.2. Problem Formulation

Ego dynamics are modeled deterministically in the Frenet frame, while obstacle
motion is represented by a predictor-generated stochastic trajectory distribution.
Thus, the chapter isolates uncertainty in the surrounding agent’s behavior.

4.2.1. Motion Model in Frenet Frame

We formulate trajectory planning in the road-aligned Frenet frame, with s as lon-
gitudinal displacement and d as lateral offset. We use the bicycle model of [90].
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Figure 7: Multi-modal obstacle prediction scenario. The obstacle has two intents (lane-change vs.
lane-following) with unequal probabilities. The proposed reduced-set selects the most representa-
tive trajectory samples from a black-box distribution, enabling probabilistically safe planning that
appropriately discriminates between low- and high-probability maneuvers.

sk+1 = sk + ṡk∆t,dk+1 = dk + ḋk∆t (4.1a)

ψk+1 = ψk + ψ̇k∆t,vk+1 = vk +ak∆t (4.1b)

ṡk+1 =
vk cosψk

1−dkκ(sk)
, ḋk+1 = vk sinψk (4.1c)

ψ̇k+1 =
vk tan(θk)

B
−κ(sk)

vk cosψk

1−dkκ(sk)
(4.1d)

where subscript k denotes the time step, ψk is the ego heading, B the wheelbase,
ak,θk the longitudinal acceleration and steering inputs, and κ(sk) the curvature
at sk. The state is xk = (sk,dk,ψk, ψ̇k,vk), and x concatenates the states over the
horizon.
Differential Flatness The model (4.1a)-(4.1d) is differentially flat, so control in-
puts can be written as functions of position and its derivatives:

vk =

√
(ṡk(1−dkκ(sk)))2 +(ḋk)2,ak =

vk+1− vk

∆t
(4.2)

ψk = tan−1(ḋk, ṡk), ψ̇k =
ψk+1−ψk

∆t
(4.3)

θk = tan−1
(
(ψ̇k +κ(sk)ṡk)B

vk

)
(4.4)

4.2.2. Risk-Aware Trajectory Optimization

Let τ ∈ R2T denote an obstacle trajectory (time-stamped waypoints over horizon
T ), modeled as a random variable with distribution pτ and known only through
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Optimal control    
sequence

Figure 8: The mass of ph lies to the right of h = 0. The optimal control input is one that leads to the
uncertainty distribution for which ph resembles a Dirac-Delta distribution.

samples from a black-box predictor. Leveraging differential flatness, we formulate
risk-aware trajectory optimization directly in the trajectory space:

min
x

c(x)+ r(x,τ) (4.5)

s.t. f(x) = 0 (4.6)
g(x)≤ 0,∀k (4.7)

c(·) is a state-dependent cost (any state- or control-dependent term can be rolled
into it via differential flatness), r(·) ((2.2)) is the collision risk associated with the
uncertain obstacle trajectory, (4.6) enforces boundary conditions on the initial and
final ego states, and (4.7) enforces per-step kinematic limits (velocity, accelera-
tion, steering) and lane-boundary constraints.

The per-step collision constraint hk(xk,τk) ≤ 0 is aggregated over the plan-
ning horizon via a worst-case operator, h(x,τ) = maxk hk(xk,τk), so that a single
trajectory-level constraint is imposed rather than T per-step constraints. Since τ

is a random variable, replacing T chance constraints with one horizon-aggregated
constraint avoids joint-risk bookkeeping at each time step, and the induced risk
r(x,τ) = P(h(x,τ) > 0) is a single scalar that the optimizer drives toward zero.
The formulation extends to multiple obstacles by computing one h-residual per
obstacle and summing (or taking the max of) the corresponding risks, so the
single-obstacle presentation above carries over without loss of generality.
Remark 3. pτ can be arbitrary; we only require samples from it. Sampling is
cheap relative to evaluating r on each sample, which is where the computational
bottleneck lies and motivates the reduced-set construction developed later in this
chapter. The optimizer is used in a receding-horizon MPC loop: at each step, the
current ego state and the latest predicted obstacle distribution are fed in, (4.5)–
(4.7) is solved, the first control is applied, and the horizon slides forward.
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4.3. Main Algorithmic Results

1. [C1] We formulate a sample-efficient surrogate for collision risk associ-
ated with uncertain obstacle trajectory predictions (samples), based on the
concepts of RKHS and the associated MMD.

2. [C2] We propose a bi-level optimization that leverages the concepts of
RKHS embedding and MMD to reduce the number of collision checks
required to estimate the collision risk associated with uncertain obstacle
trajectory predictions (samples) - Alg. 1.

3. [C1, C2] We propose a custom sampling-based optimizer to minimize the
proposed collision risk surrogate - Alg. 2.

4.3.1. Risk as Difference of Distributions

Recall the per-step collision constraint hk(xk,τk) ≤ 0. Aggregating across time
via a worst-case operator yields h(x,τ) = maxk hk (Eq. (2.1)). The corresponding
collision risk is defined as r = P(h(x,τ)> 0). For a general trajectory distribution
pτ , this risk does not admit a tractable analytical form (challenge C1).

To address this, we introduce a surrogate based on the collision constraint vio-
lation residual:

h(x,τ) = max(0,h(x,τ)).

Main Intuition: When τ is modeled as a random variable representing uncertain
obstacle trajectories, the residual h(x,τ) also becomes a random variable. We
denote its induced distribution by h∼ ph.

The key insight is that although we do not know the parametric form of ph,
we know that all of its mass lies to the right of h = 0 (see Fig. 8). Moreover, as
P(h(·)> 0) approaches zero, ph approaches a Dirac-Delta distribution pδ concen-
trated at zero. In other words, a low-risk trajectory is one for which the residual
distribution becomes increasingly similar to the zero-risk reference distribution.
This motivates the following surrogate view of risk, following [54] and Publica-
tion [1]:

r(·)≈Ldist(pδ , ph), (4.8)

where Ldist is any measure that characterizes the difference between two distribu-
tions. For example, KL divergence measures distribution similarity but requires
analytical forms, making it unsuitable for comparing ph and pδ from samples
alone. This thesis adopts MMD as a practical non-parametric L dist, measuring
how far the residual distribution ph is from the ideal zero-risk Dirac-delta dis-
tribution pδ . Thus, we define the following MMD-based surrogate for collision
risk.

rMMD = Ldist(pδ , ph) =

MMD︷ ︸︸ ︷∥∥µ[h]−µ[δ ]
∥∥2

H
. (4.9)
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As rMMD decreases, ph becomes increasingly similar to pδ . In the limiting case,
as rMMD→ 0, the distribution ph→ pδ and consequently P(h(x,τ)> 0)→ 0.
It is important to clarify the role of rMMD as a surrogate: it is not a direct proba-
bility bound on P(h > 0), but rather a distributional distance between the residual
distribution ph and the ideal zero-risk distribution pδ . The equivalence rMMD =
0⇔ ph = pδ requires the use of a characteristic kernel [51] (the Gaussian and
Laplace kernels used in this thesis are characteristic). The empirical estimate
remp

MMD converges to rMMD as N → ∞ (Theorem 1), but at finite N it remains a bi-
ased surrogate; its value as a risk cost therefore rests on the distribution-matching
interpretation rather than on any pointwise relation to the probability of collision.

Typically, it is intractable to obtain the exact MMD for arbitrary ph; thus, we
resort to an empirical estimate based on sample-level information, as follows.
This empirical form is the quantity that is optimized in the planning algorithms
developed in the thesis.

remp
MMD =

∥∥µ̂[h]− µ̂[δ ]
∥∥2

H
(4.10)

Unlike SAA or CVaR, this surrogate admits a principled reduced-set mechanism
and thus directly addresses C2. Publication [1] used a Gaussian kernel; Publi-
cation [2] switched to the Laplace kernel due to its sharper peak under bi-level
optimization.

Key Idea

Instead of estimating a collision probability directly, we measure how far the
residual distribution ph is from the ideal zero-risk Dirac-delta distribution pδ

via MMD. This distributional viewpoint (i) requires only samples, (ii) admits
a principled reduced-set mechanism, and (iii) drives the planner toward zero-
collision trajectories as remp

MMD→ 0.

4.3.2. Improving Sample Efficiency Via Reduced-Set

Consider the setting of Fig.9 where the ego vehicle trajectory is deterministic
but obstacle motion is uncertain, represented by a multi-modal distribution, and
we have access to a samples drawn from this distribution. Estimating risk, as
shown in the previous sections, require computing collision residual h(x,τ) over
all drawn samples. This can be computationally heavy, e.g if the collision checks
are expensive. Thus, a key question arises: Is it possible to discard few sampled
trajectories without compromising the efficacy of the risk estimation? This sub-
section provides an answer to this question which is one of the key results of the
thesis.

One of the key features of remp
MMD is that it allows us to leverage tools from

RKHS embeddings and MMD to systematically improve sample efficiency. This
motivates the concept of a reduced-set: a carefully selected and possibly reweighted
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→ The obstacle trajectory predictions are 

multi-modal and the ground truth is not available. 

→ Cannot feed all predicted obstacle trajectories as 

inputs to the optimizer. Why?

Computationally 
heavy

The ego might get 
stuck owing to lack 

of space

ObstacleEgo Reduced-set

Figure 9: Evaluating collision constraints over all samples from the uncertainty source is the com-
putational bottleneck in risk-aware planning. The reduced-set replaces the full sample set with a
smaller, representative subset of samples that captures the maximum information about the total
samples, thereby reducing the number of expensive constraint evaluations.

subset of samples that preserves the essential statistical properties of the full sam-
ple set in RKHS. Classical risk surrogates such as CVaR or SAA do not natu-
rally admit an analogous reduced-set interpretation, because discarding samples
in those settings typically reduces estimator fidelity. In contrast, the reduced-
set formulation provides a principled way to retain the most informative samples
while respecting the computational limits of planning and MPC. The purpose of
this section is to explain the underlying principle; the full optimization formula-
tions are developed later in the thesis for the different application settings.

More formally, let lτ
′
, l = 1,2,3, . . .N

′
be the reduced-set formed by sub-

selecting N
′

samples out of N samples of τ . Moreover, let us attach weights
lβ with every lτ

′
such that ∑l

lβ = 1. Let lh′ be the samples of h evaluated on
lτ
′
. The empirical RKHS embeddings of pτ and ph computed using lτ

′
and lh′ are

given by :

µ̂[τ
′
] = ∑

l

l
βφ(l

τ
′
), µ̂[h′ ] = ∑

l

l
βφ(lh′) (4.11)

Now, Theorem 1 from [50] shows that if µ̂[τ
′
] is close to µ̂[τ] in the MMD sense,

then µ̂[h′] will also be close to µ̂[h] in the same sense. Consequently, remp
MMD com-
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puted using µ̂[h′], which requires only N
′

predicted obstacle trajectories, will re-
main close to the quantity computed from the larger set of N samples. Equiva-

lently, if we reduce the sample size while keeping
∥∥∥µ̂[τ

′
]− µ̂[τ]

∥∥∥2

H
small, then

the loss in risk-estimation accuracy will also be small. There are two levers for
doing so. The first is a random reduced-set: one randomly selects a subset of
N′ samples and then optimizes only the weights lβ to best approximate the full
embedding. The second is a jointly optimized reduced-set: one simultaneously
optimizes the selection of which samples to retain, the weights lβ , and the ker-
nel parameter σ . We present the first approach below. Next, we develop the full
jointly optimized formulation.

Random Reduced-Set with Optimal Weights. In this approach, the N
′
reduced-set

samples lτ
′

are simply a random sub-selection from N samples of τ . We then
optimize the weights of the lτ

′
through the following optimization problem.

min
lβ

∥∥∥∥∥∥ 1
N

i=N

∑
i=1

φ(i
τ)−

l=N
′

∑
l=1

l
βφ(l

τ
′
)

∥∥∥∥∥∥
2

H

(4.12a)

∑
l

l
β = 1 (4.12b)

Using the kernel trick, optimization (4.12a)-(4.12b) can be rephrased as an equality-
constrained QP. Conceptually, (4.12a)-(4.12b) distills the information contained in
a larger set of predicted obstacle trajectories into the reduced-set by reweighting
the retained samples.

Optimal Reduced-Sets, Weights and Kernel Parameters We now present the op-
timized reduced-set construction central to MMD-OPT. We formulate this as a
bi-level optimization, where O stacks the N samples of τ row-wise:

min
λ ,σ

∥∥∥∥∥∥ 1
N

i=N

∑
i=1

φ(i
τ)−

l=N
′

∑
l=1

l
β
∗
φ(l

τ
′
)

∥∥∥∥∥∥
2

H

(4.13a)

Fλ (O) = (1
τ
′
,2 τ

′
, . . . ,N

′
τ
′
) (4.13b)

l
β
∗ = argmin

lβ

∥∥∥∥∥∥ 1
N

i=N

∑
i=1

φ(i
τ)−

l=N
′

∑
l=1

l
βφ(l

τ
′
)

∥∥∥∥∥∥
2

H

s. t.∑
l
β = 1

(4.13c)

The inner level solves for optimal weights lβ ∗ given a fixed subset and kernel.
The outer level searches over the subset selection effected by Function F (details
below), parametrized by parameter λ , and along with it, also finds the optimal
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kernel parameter σ . This jointly eliminates the variance of random selection (the
fixed-selection baseline of Section 4.3.2) and yields a tighter embedding µ̂[τ ′].
Selection Function Fλ : Let λ ∈ RN , with |λt | encoding the value of including the
tth row of O in the reduced-set. Fλ is then defined through:

S = Argsort{|λ1|, |λ2|, . . . , |λN |} (4.14a)

O
′
= [Ot1 ,Ot2 , . . . ,OtN ],∀te ∈S (4.14b)

Fλ (O) = O
′
t
N−N′ :tN

= (1
τ
′
, 2

τ
′
, . . . ,N

′
τ
′
) (4.14c)

Rows of O are sorted by |λt | and the top N′ are chosen, so solving (4.13a)-(4.13c)
reduces to finding the right λ . Alg. 1 combines gradient-free Cross Entropy
Method (CEM) [91] with equality-constrained Quadratic Programming (QP).

Validating the Optimal Reduced-Set: To empirically demonstrate the importance
of the optimal reduced-set, we sample 500 obstacle trajectories to form O. From
this, N′ samples are selected either randomly or via the bi-level optimization
(4.13a)–(4.13c).

We evaluate the quality of the reduced set by computing the average, mini-

mum, and maximum of
∥∥∥µ̂[τ

′
]− µ̂[τ]

∥∥∥2

H
over multiple random selections, and

compare it with the optimal reduced-set. As shown in Fig. 10(b), the optimal
reduced-set achieves performance close to the best-case random selection, with
more pronounced gains at smaller N′. Since exhaustive search is computationally
prohibitive in practice, (4.13a)–(4.13c) provides an efficient one-shot alternative.

Fig. 10(c) shows that this advantage extends to the embedding of constraint
residuals, where

∥∥µ̂[ f ]− µ̂[ f ′]
∥∥2

H
remains close to the best achievable value. To-

gether, these results validate that minimizing
∥∥∥µ̂[τ

′
]− µ̂[τ]

∥∥∥2

H
and

∥∥µ̂[ f ]− µ̂[ f ′]
∥∥2

H

leads to minimal loss in estimating remp
MMD.

To quantify this, we compute

(4.15)∆rMMD =

∣∣∣∣∣∣
∥∥∥∥∥ N

∑
j=1

1
N

φ( f j
)−

N

∑
j=1

1
N

φ(δ j)

∥∥∥∥∥
2

H

−

∥∥∥∥∥ N′

∑
l=1

β
l
φ( f ′

l
)−

N′

∑
l=1

1
N′

φ(δ l)

∥∥∥∥∥
2

H

∣∣∣∣∣∣ .
The first term corresponds to remp

MMD computed using all N samples, while the sec-
ond uses the reduced set. As shown in Fig. 10, the optimal reduced-set yields
∆rMMD close to the average error obtained via exhaustive random sampling.

Physical Manifestation: We now present additional empirical analysis to further
understand the optimal reduced-set. In particular, we investigate whether the se-
lected trajectory samples carry physical significance.

Consider Fig. 11, which illustrates a synthetic multi-modal obstacle trajectory
distribution corresponding to two distinct lane-change intents. This distribution is
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Algorithm 1: Reduced-Set Selection, Weight Optimization, and Kernel
Tuning using the Cross-Entropy Method (CEM)

1 ecem = Maximum number of iterations, N= size of O, N
′
= size of

reduced-set
2 Initialize mean and covariance νe,Σe, respectively, at e = 0 for sampling

and sorting λ and the kernel σ parameter respectively .
3 for e = 1,e≤ ecem,e++ do
4 Draw ncem samples (1λ , 2λ ,mλ , . . . ncemλ ) and (1σ , 2σ ,mσ , . . . ncemσ)

from N (νe,Σe).
5 mλ = (m,1λ ,m,2λ , . . .m,Nλ ) // The dimension of mλ is equal

to the rows of O
6 Initialize CostList = []
7 for m = 1,m≤ ncem,m++ do
8 (1τ

′
, 2τ

′
, lτ

′
, . . . ,N

′
τ
′
) = Fmλ (O) // Reduced-Set selection

formulated as sorting of the elements of mλ

9 lβ ∗← Solve optimization (4.13c) with the reduced-set formed
above and with kernel parameter mσ

10 costmmd ← Compute MMD cost in (4.13c) using lβ ∗

11 append costmmd to CostList

12 end
13 EliteSet← Select top nelite samples of (mλ )m=ncem

m=1 and (mσ)m=ncem
m=1

with lowest cost from CostList.
14 νe+1,Σe+1← Update distribution based on EliteSet // Empirical

mean and covariance estimate from the EliteSet
samples

15 end
16 return (1τ

′
, 2τ

′
, . . . ,N

′
τ
′
), weights lβ ∗ and optimal kernel

hyperparameter σ corresponding to lowest cost in the EliteSet

generated by sampling lateral offset set-points (from a binomial distribution) and
forward velocities (from a Gaussian mixture model), and then mapping them to
trajectories using a Frenet-frame-based planner. Owing to the discrete nature of
lateral offsets, the relative likelihood of different lane-change maneuvers can be
approximately inferred.

Applying Alg. 1 to construct the optimal reduced-set, we visualize the se-
lected samples in Fig. 11. At early iterations, the reduced set is dominated by
less likely trajectories. However, as the algorithm progresses and the outer MMD
cost (4.13a) decreases, its composition shifts significantly toward more likely tra-
jectories. Eventually, the proportion of samples in the reduced set closely matches
the underlying ground-truth distribution.
This behavior is consistently observed across simulations and suggests an im-
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Figure 10: Validation of performance of Alg.1. Fig. (a) shows the progression of outer-level
cost (4.13a) across iterations. Fig. (b) validates the efficacy of our optimal reduced-set selection.
We sampled different random reduced-sets and computed the average, minimum and maximum of
MMD ∥µ̂[τ ′ ]− µ̂[τ]∥2

H . As shown in Fig. (b), our optimal reduced-set leads to an ∥µ̂[τ ′ ]− µ̂[τ]∥2
H

that is very close to what can be achieved by exhaustively trying out different randomly selected
reduced-set. Fig. (c) validates our hypothesis based on Theorem 1 and insights from [50]. As
µ̂[τ

′
]→ µ̂[τ], the MMD ∥µ̂[ f ]− µ̂[ f ′ ]∥2

H→ 0. We can once again observe that our optimal reduced-
set performs close to the best-case performance than can be hoped to be achieved by trying-out
different random reduced-sets. Fig. (c) verifies that our optimal reduced-set selection ensures
minimal loss in estimation of remp

MMD while reducing the sample size. To this end, we computed
∆rMMD through (4.15) which captures the estimation error between remp

MMD computed over a large
set and the smaller reduced-set. As can be seen, remp

MMD computed over the optimal reduced-set
samples perform close to the average performance that can be achieved by exhaustively trying out
different random choices of the reduced-set. It should be noted that in real-world setting, exhaustive
sampling is not possible and our bi-level optimization (4.13a)-(4.13c) provides a one-shot solution
that is as good as exhaustive sampling in expectation.

portant emergent property of Alg. 1: although it does not explicitly use trajec-
tory probabilities, minimizing the MMD implicitly biases the selection toward
more representative (i.e., higher-probability) samples. Consequently, the result-
ing remp

MMD computed on the optimal reduced-set accurately captures collision risk,
leading to safer motion plans.

4.3.3. Trajectory Optimizer

We minimize (4.5) subject to (4.6)–(4.7) using remp
MMD as the risk cost via a sampling-

based optimizer that combines elements of CEM [91], MPPI [92], and its variants
[93]. At each iteration, a batch of ego trajectories is sampled from a paramet-
ric Gaussian distribution, evaluated on both the cost and the risk surrogate, and
used to refit the sampling distribution around the low-cost, low-risk modes. Since
such sampling-based optimizers are inherently unconstrained, we add a projec-
tion step that pushes each sampled trajectory onto the feasible set defined by (4.7)
(e.g., lane boundaries, control limits) before the cost is evaluated. This avoids
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Iteration 20 Figure 11: The figures demonstrate the physical significance of the trajectory samples used to form
the optimal reduced-set. We generate a synthetic multi-modal trajectory distribution that captures
the different lane-change intents of a dynamic obstacle (orange rectangle). More importantly, due to
our specific generation procedure, we know the approximate probability of each lane-change intent.
When Alg.1 starts, the optimal reduced-set in the first iteration consists mostly of the less likely
samples due to the random initialization of the Gaussian distribution from which λ is sampled.
For example in the left figure, the reduced-set samples are mostly formed by the left lane-
change maneuvers which is less likely. But as Alg.1 makes progress, the composition significantly
changes. For example, in the right figure, the majority of the reduced-set samples switch from left-
lane to the right-lane maneuvers. Thus, by just minimizing MMD between two sets of trajectory
samples, Alg.1 is able to implicitly infer which trajectory samples are more likely and accordingly
split the composition of the optimal reduced-set between the less and more likely samples.

penalty-tuning and keeps the sampling distribution concentrated on kinematically
consistent trajectories.

The overall procedure is summarized in Alg. 21. The algorithm takes as in-
put the iteration budget emax and the optimal reduced-set samples (1τ

′
, . . . ,N′τ

′
)

together with the kernel parameter σ produced by Alg. 1. Exploiting problem
structure, we do not sample in the full state space. Instead, we parametrize ego
trajectories in the Frenet frame by a small number of low-dimensional behavioral
inputs bi (e.g., desired lateral offset and longitudinal-velocity set-points over the
horizon), drawn from a Gaussian N (ν̃e, Σ̃e) (line 4). Each bi is mapped to a full
ego trajectory xi via a Frenet planner [107] (line 6). The raw trajectories xi are
then projected to the feasible set (line 7) using a parallelizable constrained opti-
mizer based on [108, 11], producing projected trajectories xi. Constraint residuals
∥max(0,g(xi))∥2

2 are evaluated on these projected trajectories (line 8), and the top
nc(< n) samples with the smallest residuals form the ConstraintEliteSet (line 9),
ensuring that the risk and cost evaluations spend their budget on (approximately)
feasible trajectories. An augmented cost caug, combining the state-dependent cost
c(xi), the MMD-based risk surrogate remp

MMD(xi,
lτ
′
) computed against the reduced-

set, and the constraint residual, is computed (line 10) and stored in CostList (lines

1Right subscripts denote ego trajectory samples per iteration, while left superscripts denote ob-
stacle trajectory samples.

51



Reduced-set
(Alg. 1)

Obstacle 
trajectory 
samples

         Cost evaluation
                        

Update sampling 
distribution

Projection on 
feasible set

Sampling

Optimal 
sample

Sampling-based 
optimizerSelect an optimal subset of 

trajectories that captures 
the maximum information 
about the total samples.

Elite samples 

iterations

Figure 12: Overview of MMD-OPT. It consists of two main parts. The first part is the so-called
reduced-set algorithm, which tells us which obstacle trajectories can be discarded without com-
promising our MMD-based surrogate’s ability to capture the collision risk in a given scene. The
second part is a sampling-based optimizer that minimizes the MMD-based collision risk cost. The
sampling-based optimizer also exploits the problem structure to improve computational efficiency.

11–12). The best nelite(≤ nc) samples from the ConstraintEliteSet define the
EliteSet (line 13), which is used to update the sampling distribution (line 14) via:

ν̃e+1 = (1−η)ν̃e +η
∑

i=nelite
i=1 ωi bi

∑
i=nelite
i=1 ωi

, (4.16a)

Σ̃e+1 = (1−η)Σ̃e +η
∑

i=nelite
i=1 ωi(bi− ν̃e+1)(bi− ν̃e+1)

T

∑
i=nelite
i=1 ωi

(4.16b)

ωi = exp
(
−1
γ

caug(xi)

)
(4.16c)

where γ and η denote the temperature and learning rate. The EliteSet follows
CEM, while the update rules align with MPPI [92, 93]. By parameterizing trajec-
tories via low-dimensional behavioral inputs bi, the method significantly improves
computational efficiency for long-horizon planning.

4.4. Main Qualitative and Quantitative Results

Only a representative subset of the results is presented in this chapter; for the
complete analysis the reader is referred to Publications [1, 2].

Key Result

On nuScenes with Trajectron++ predictions, MMD-OPT achieves the lowest
collision rate compared to SAA and CVaR baselines in both in-lane and lane-
change settings, with∼2× improvement in the lane-change setting at N′= 25.

4.4.1. Qualitative Analysis

Premise and setup. To empirically check that minimizing remp
MMD actually pulls the

residual distribution ph toward the ideal zero-risk distribution pδ , we run Alg. 2 on
a controlled synthetic scene. The ego vehicle must avoid a static obstacle whose
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Algorithm 2: Sampling-Based Optimizer to Solve (4.5)-(4.7) with remp
MMD

as the risk cost
1 emax = Maximum number of iterations, reduced-set samples of obstacle

trajectories (1τ
′
,2τ

′
, . . .N

′
τ
′
) and kernel parameter σ from Alg. 1

2 Initiate mean ν̃e, Σ̃e, at e = 0 for sampling Frenet-Frame behavioural inputs b
3 for e = 1,e≤ emax,e++ do
4 Draw n samples (b1,b2, . . .bi, . . . ,bn) from N (ν̃e, Σ̃e)

5 Initialize CostList = []
6 Query Frenet-planner for ∀bi: xi = Frenet Planner(bi)

7 Project to Constrained Set

xi = argmin
xi

1
2
∥xi−xi∥2

2

f(xi) = 0
g(xi)≤ 0

8 Define constraint residuals: ∥max(0,g(xi))∥2
2

9 ConstraintEliteSet← Select top nc samples of bi,xi with lowest constraint
residual norm.

10 Define caug = c(xi)+ remp
MMD(xi,

l τ
′
)+∥max(0,g(xi))∥2

2
11 cost← caug, over ConstraintEliteSet, ∀i
12 append each computed cost to CostList
13 EliteSet← Select top nelite samples of
14 (bi,xi) with lowest cost from CostList.

15 (ν̃e+1, Σ̃e+1)← Update distribution based on
16 EliteSet
17 end
18 return Frenet parameter bi and xi corresponding to lowest cost in the EliteSet

position is uncertain: we model the obstacle centre as a Gaussian distribution,
draw N position samples, form the reduced-set via Alg. 1, and then track, itera-
tion by iteration, both the optimized trajectory and the empirical distribution of
the constraint residual h(x,τ) evaluated on those samples. This isolates the effect
of the risk surrogate - with the obstacle static and known up to a simple distri-
bution, any residual risk in the solution is attributable to the optimizer, not to the
uncertainty model.

Observations. Fig. 13 shows the result. In early iterations, the sampled ego trajec-
tories (top row, red) pass close to the uncertain obstacle region (blue-shaded), and
the histogram / KDE of h (bottom row) has a long right tail, indicating non-trivial
probability of constraint violation. As the CEM update concentrates the sampling
distribution on lower-cost behavioural inputs, the trajectory moves clear of the
uncertainty cone, and the residual distribution collapses toward a Dirac-delta at
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zero. By the final iteration, essentially all the mass of ph sits at h = 0, empirically
confirming the claim from (4.9) that driving remp

MMD → 0 is equivalent to driving
ph→ pδ , and hence the probability of collision to zero.
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Figure 13: Top: iteration-wise evolution of the optimal trajectory (red) avoiding uncertain static
obstacles (blue-shaded region). Bottom: histogram of h with kernel density estimate. As iterations
progress, ph converges to a Dirac delta distribution, confirming risk reduction.

4.4.2. nuScenes Dataset with Trajectron++ Predictor

Premise. We consider the nuScenes [94] benchmark and the state-of-the-art Tra-
jectron++ predictor [97] to provide predictions for potential future motions of the
neighboring vehicles. Our goal is to analyze how our MMD based approach per-
forms in this real-world setting. To this end, we run Alg.2 with different risk costs:
remp

MMD, rSAA (defined in (2.4)), and remp
CVaR (defined in (2.5)). We individually tune

each run to ensure the optimizer converges to a solution with zero risk cost. Thus,
in this way, we negate the trajectory optimizer bias and exactly evaluate how well
the finite sample approximation of each risk metric truly captures the collision risk

Setup. We evaluate on 160 scenes drawn from the nuScenes validation split. For
each scene, Trajectron++ provides a set of predicted future trajectories (samples
from the learned predictive distribution) for every nearby agent around the ego
vehicle. These samples are fed into the planning pipeline as the obstacle distri-
bution pτ . The 160 scenes are partitioned into two driving settings that stress
different aspects of the risk surrogate: (i) an in-lane setting, where the ego is
constrained to its current lane and must regulate speed/longitudinal spacing in
response to the stochastic predicted motion of the lead vehicle; and (ii) a lane-
change setting, where the ego executes a full overtaking/lane-change maneuver
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Figure 14: Risk-aware planning at an unprotected intersection. Blue trajectories: multimodal ob-
stacle predictions. The trajectory from remp

MMD (closest to ground-truth) correctly identifies the more
likely left-turn intent of the cyan vehicle, while remp

CVaR and rSAA produce overly conservative devia-
tions.

with adjacent-lane traffic, making the risk term substantially more sensitive to the
multi-modality of the predictions. For each scene we draw N = 500 predicted
obstacle samples to form the full set O, and use Alg. 1 to construct a reduced-
set of size N′ ∈ {5,10,15,20,25}; the trajectory optimizer (Alg. 2) then solves
(4.5)–(4.7) with remp

MMD computed over the reduced-set. We compare against two
sampling-based baselines under the same optimizer and identical reduced-set bud-
get: rSAA (Sample Average Approximation) and remp

CVaR (empirical CVaR surrogate
[40]). To measure collisions, the predicted obstacle trajectories are split into an
optimization set and a validation set. Only the optimization set is used to con-
struct the reduced-set and to evaluate remp

MMD, rSAA, and remp
CVaR inside the trajectory

optimizer 2; the validation set is never seen by the planner and is at least two or-
ders of magnitude larger than the optimization set. We then check the computed
optimal ego trajectory against each obstacle-trajectory sample in the validation set
and report the collision percentage as the fraction of validation-set samples that
the ego trajectory collides with.

Results. Fig. 14 shows a representative unprotected-intersection scene. The cyan
vehicle has two likely maneuvers: going straight and turning left. Among the
three surrogates, remp

MMD produces the trajectory closest to the recorded ground-truth
ego motion, because the reduced-set machinery implicitly upweights the more
likely left-turn mode. The rSAA and remp

CVaR baselines, lacking an analogous mode-
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(a) In-lane scenario
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(b) Lane-change scenario
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Figure 15: Collision-rate comparison of remp
MMD, rSAA, and remp

CVaR on nuScenes with Trajectron++
[97] predictions. Our surrogate remp

MMD achieves the lowest collision rate in both scenarios.

discrimination mechanism at low sample counts, plan overly conservative detours.
Quantitatively (Fig. 15), remp

MMD achieves the lowest collision rate across both the
in-lane and lane-change settings and across the full sweep of N′, with the margin
widening as N ′ shrinks. At N′ = 25 in the lane-change setting, remp

MMD attains an
approximately 2× reduction in collisions over the best-performing baseline.

4.4.3. Computation Time

On an RTX 3080 laptop GPU (16 GB), the reduced-set optimization (Alg. 1) runs
in 0.006–0.007 s, and the downstream trajectory optimizer (Alg. 2) runs in 0.02–
0.07 s for N′ ∈ [10,50]. On an RTX 3090 desktop GPU (16 GB), MMD-OPT
consumes roughly 5–8 ms for reduced-set construction and 10–23 ms per planning
cycle across 1–3 obstacles and N′ ∈ [5,50], enabling MPC at approximately 50 Hz.
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Artefacts and code.. Open-source implementations are available at https://
github.com/arunkumar-singh/RKHS_Stochastic_Traj_Opt (Publication [1])
and https://github.com/Basant1861/MMD-OPT (Publication [2]).

4.5. Conclusion

This chapter addressed collision risk under uncertain obstacle motion. Tractability
(C1) is handled via the MMD-based sample surrogate, and sample efficiency (C2)
via joint optimization of reduced-set selection, sample weights, and kernel band-
width. On nuScenes with Trajectron++ predictions, MMD-OPT achieves lower
collision rates than SAA and CVaR baselines in low-sample regimes.

Next Chapter

Chapter 5 shifts the uncertainty source from obstacle prediction to stochastic
ego dynamics, where the reduced-set mechanism is extended to control-space
sampling.
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5. TRAJECTORY OPTIMIZATION UNDER
STOCHASTIC DYNAMICS LEVERAGING MAXIMUM

MEAN DISCREPANCY (PUBLICATION [3])

At a Glance

• Setting: Stochastic ego dynamics; nominal acceleration and steering com-
mands are perturbed, inducing a state-trajectory distribution.

• Challenges addressed: C1 (non-Gaussian, nonlinear-dynamics-induced
risk) and C2 (reducing N2 rollout-based evaluations of h).

• Method: MMD-based surrogate with a reduced-set that selects N out
of N2 rollouts jointly with sample weights and kernel bandwidth; a
CEM+MPPI+convex-optimization trajectory optimizer.

• Key Result: On CARLA T5/T10, with both methods evaluated under iden-
tical perturbation settings, remp

MMD achieves 0% collision at N = 2 in the most
challenging Beta-noise case where CVaR reaches up to 45%.

5.1. Introduction

Unlike Chapter 4, where uncertainty originates in obstacle prediction, this chap-
ter considers stochastic ego dynamics: acceleration and steering commands are
perturbed, inducing a distribution over state rollouts. Sampling-based optimiz-
ers evaluate control candidates by many perturbed rollouts, which is expensive
when each rollout requires costly simulation or collision checking. The same
RKHS/MMD framework from Chapters 1-2 is specialized here, but the reduced-
set now acts on state rollouts rather than obstacle samples.

The pipeline in Fig. 16 draws Ñ stochastic rollouts and evaluates a risk statistic
(e.g. CVaR) on safety-distance violations. The question is how to retain reliability
when only a very small number of expensive constraint evaluations is affordable.

5.2. Problem Formulation

We reuse the Frenet-frame representation of Chapter 4; the difference is that un-
certainty now enters through the ego dynamics. Let s and d denote longitudinal
and lateral displacements, and ψ the heading relative to the path. The risk-aware
stochastic trajectory optimization problem is given by:

min
a,θ

w1E[c(x)]+w2r(x)+w3

∥∥∥∥a
θ

∥∥∥∥2

2
, (5.1a)

xk+1 = f (xk,ak + εa,k,θk + εθ ,k), x0 ∼ p0, (5.1b)

θmin ≤ θk ≤ θmax,amin ≤ ak ≤ amax∀k, (5.1c)

58



Obstacle

Ego

       rollouts

Lane boundary
Ego nominal 
dynamics

Reduced 
set/subset-selection 
of        samples

Figure 16: A standard pipeline for risk-aware optimization based on control sampling, along with
our improvement. This class of approaches relies on simulating the vehicle’s forward dynamics to
obtain Ñ samples from the state trajectory distribution, which are then used to estimate risk. Our
work provides a novel risk surrogate and a systematic way of estimating it using a reduced number
(N) of state trajectory samples (also known as the reduced-set).

where c(.) represents the state-dependent cost function. The vector
xk = (sk,dk,ψk, ψ̇k,vk) represents the vehicle’s state at time step k. The vector
x denotes the concatenated state trajectory, with dynamics f adopted from [90]
and vk representing longitudinal velocity. Control inputs ak (acceleration) and θk
(steering) are stacked to form a and θ . Stochasticity is introduced via control
perturbations εa,k and εθ ,k, with stacked vectors εa ∼ pa and εθ ∼ pθ , inducing
a trajectory distribution px through f . We allow control-dependent noise (e.g.,
slippage at higher inputs) and make no parametric assumptions, relying solely on
sampling and rollouts.

The first term in (5.1a) minimizes the expected state cost, typically address-
ing path-following errors where average performance suffices. The second term
captures risk in the state trajectory x, accounting for higher-order noise charac-
teristics, including variance, skewness, and kurtosis. Intuitively, it represents the
probability of an event (e.g., collision) for a given control sequence. The last term
in (5.1a) penalizes large control inputs, with weights wi tuning the ego-vehicle’s
risk-seeking behavior. Control bounds are enforced through (5.1c).

5.3. Main Algorithmic Results

1. [C1] We specialize the MMD-based collision-risk surrogate of Chapter 4
to stochastic ego dynamics, where uncertainty in the state trajectory x is
induced by perturbations εa,εθ on nominal acceleration and steering in-
puts.

2. [C2] We propose a bi-level reduced-set optimization that selects N out
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of N2 stochastic rollouts, along with the associated weights and kernel
parameter, so that collision-constraint evaluation can be performed on the
reduced-set without compromising risk-estimation accuracy.

3. [C1, C2] We develop a sampling-based trajectory optimizer (Alg. 3) that
uses the reduced-set machinery to minimize the proposed risk surrogate in
a receding-horizon MPC loop.

5.3.1. Risk as Difference of Distributions

Recall that the per-step collision constraint is hk(xk) ≤ 0, aggregated across time
as h(x) = maxk hk(xk) (Eq. (2.1)), and the corresponding collision risk is defined
as r(x) = P(h(x) > 0). Because x is now a random variable induced by εa,εθ

through the nonlinear dynamics f , this probability does not admit a tractable ana-
lytical form even for simple pa, pθ (challenge C1).

Following the distributional viewpoint developed in Chapter 4 (Section 4.3.1),
we adopt the constraint-violation residual

h(x) = max(0,h(x)),

which is itself a random variable with induced distribution ph. All mass of ph lies
to the right of h = 0, and as P(h(x) > 0)→ 0, ph approaches a Dirac-Delta dis-
tribution pδ concentrated at zero. We therefore adopt the MMD-based surrogate
from Chapter 4:

rMMD =
∥∥µ[h]−µ[δ ]

∥∥2
H

, remp
MMD =

∥∥µ̂[h]− µ̂[δ ]
∥∥2

H
. (5.2)

The difference from Chapter 4 is that µ̂[h] is now computed from stochastic roll-
outs of the ego dynamics: iεa,

jεθ are drawn i.i.d., and i jx = x(iεa,
jεθ ) are the

induced state-trajectory samples. The empirical embedding is

µ̂[h] =
i, j=N

∑
i, j=1

1
N2 φ(h(i jx)), (5.3)

so that obtaining remp
MMD requires N2 rollouts of the stochastic dynamics and as

many evaluations of h. Theorem 1 ensures remp
MMD→ rMMD as N→ ∞.

Key Idea

Under stochastic dynamics, the embedding µ̂[h] in (5.3) naively needs N2

rollouts and N2 evaluations of h. The reduced-set reduces this to N evalu-
ations by jointly optimizing which rollouts to keep, their weights, and the
kernel bandwidth - without loss in risk fidelity, thanks to Theorem 1.
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5.3.2. Improving Sample Efficiency Via Reduced-Set

We extend the theory developed in Section 4.3.2 for uncertain obstacle motion
to the present setting of stochastic ego dynamics. The embedding (5.3) requires
N2 rollouts of the stochastic dynamics and, more importantly, N2 evaluations of
h. In driving scenarios with multiple obstacles or high-fidelity collision checks,
each h evaluation is expensive, so the N2 scaling is the dominant computational
bottleneck.

Let lx′ , l = 1,2, . . . ,N be a reduced-set of N rollouts chosen out of the N2

samples i jx, with weights lβ , ∑l
lβ = 1. The empirical RKHS embeddings of the

state trajectory and constraint residual distributions over the reduced-set are

µ̂[x
′
] =

l=N

∑
l=1

l
βφ(lx

′
), µ̂[h

′
] =

l=N

∑
l=1

l
βφ(h(lx

′
)). (5.4)

Theorem 1 ensures that if µ̂[x′ ] is close to µ̂[x] in the MMD sense, then µ̂[h
′
] will

be close to µ̂[h] in the same sense. Consequently, remp
MMD computed on N rollouts

will remain close to that computed on all N2 samples. As in Chapter 4, there are

two levers for obtaining a small
∥∥∥µ̂[x′ ]− µ̂[x]

∥∥∥2

H
. The first is a random reduced-

set: randomly select N out of N2 rollouts and optimize only the weights lβ against
the full embedding. The second is a jointly optimized reduced-set: simultaneously
optimize the selection of which rollouts to retain, the weights lβ , and the kernel
parameter σ . We develop the latter here, which is the main algorithmic contribu-
tion of this chapter.

Optimal Reduced-Set, Weights and Kernel Parameters The same idea was devel-
oped in Section 4.3.2 of Chapter 4 for obstacle-trajectory samples; here we con-
tinue it for state rollouts. Let O stack the N2 rollouts i jx row-wise. Minimizing∥∥∥µ̂[x′ ]− µ̂[x]

∥∥∥2

H
over subset selection, weights, and kernel parameter yields the

bi-level program:

min
λ ,σ

∥∥∥∥∥i, j=N

∑
i, j=1

1
N2 φ(i jx)−

l=N

∑
l=1

l
β
∗
φ(lx

′
)

∥∥∥∥∥
2

H

(5.5a)

Fλ (O) = (1x
′
, 2x

′
, . . . ,Nx

′
) (5.5b)

l
β
∗ = argmin

lβ

∥∥∥∥∥i, j=N

∑
i, j=1

1
N2 φ(i jx)−

l=N

∑
l=1

l
βφ(lx

′
)

∥∥∥∥∥
2

H

s. t.∑
l

l
β = 1

(5.5c)

The inner level solves for optimal weights lβ ∗ given a fixed subset and kernel; the
outer level searches over subset selection (effected by Fλ as in Section 4.3.2) and
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the kernel parameter σ . The program has the same bi-level structure as (4.13a)-
(4.13c) in Chapter 4, but acts on state rollouts i jx rather than obstacle-trajectory
samples. It is solved with the same CEM-plus-QP procedure used for Alg. 1.

5.3.3. Trajectory Optimizer

Alg. 3 presents our approach for solving (5.1a)-(5.1c) when the risk cost is given
by remp

MMD. It combines constrained gradient-free CEM [91], MPPI [93, 92], and
convex optimization to iteratively refine low-risk, low-cost control inputs.

The algorithm initializes the sampling distribution (Line 2) and samples lon-
gitudinal velocity and lateral offset setpoints (Line 5), which are fed to a Frenet
planner (Line 6) to generate trajectories. Using differential flatness [90], these
are converted to accelerations and clipped to control bounds. Control perturba-
tions are sampled, and N2 rollouts of (5.1b) yield state-trajectory samples (Line
7). A reduced-set of N trajectories is selected (Line 8), and remp

MMD is estimated
(Line 9). The lowest-risk nc samples form the ConstraintEliteSet (Line 10), from
which costs are computed (Line 11) and stored (Line 12). A final EliteSet of ne

samples is selected (Line 14) to update the sampling distribution (Line 15) using
the same CEM/MPPI mean–covariance update and exponential weighting as in
Chapter 4 (see (4.16a)-(4.16c)), with the only change that the elite samples here
are the behavioural inputs bq of Alg. 3 rather than those of Alg. 2. By parameter-
izing long-horizon control sampling through low-dimensional velocity and offset
setpoints, Alg. 3 significantly improves computational efficiency.

5.4. Main Qualitative and Quantitative Results

Only a representative subset of the results is presented in this chapter; for the
complete analysis the reader is referred to Publication [3].

Key Result

On CARLA T5 and T10 with N = 2 rollouts, remp
MMD achieves 0% collisions un-

der Gaussian and Beta perturbations, while remp
CVaR incurs up to 45% collisions

under high-noise Beta perturbations.

5.4.1. Baselines and Evaluation Metrics

Baselines. We compare our method with two risk-aware surrogates, evaluated
under the same sampling-based optimizer (Alg. 3) and with the same per-step
budget of expensive h(x) evaluations, to isolate the effect of the surrogate from
that of the optimizer: (i) the empirical CVaR surrogate remp

CVaR = CVaRemp
α (h(x))

of [40], which estimates the mean over the worst α-tail of the residual distribu-
tion; and (ii) a deterministic reference obtained by turning off all noise injection
(no perturbations on (a,θ)), which quantifies the benefit of explicitly modelling
stochasticity. Our method rolls out N2 samples but evaluates h only on the N
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Algorithm 3: Sampling-Based Optimizer to Solve (5.1a)-(5.1c)

1 M = Maximum number of iterations
2 Initiate mean mν ,m Σ, at iteration m = 0 for sampling frenet parameters

(velocity and lane-offsets) b
3 for m = 1,m≤M,m++ do
4 Initialize CostList = []
5 Draw n samples (b1,b2,bq, ....,bn) from N (mν ,m Σ)
6 Query Frenet Planner ∀bq :

(aq,θ q) = Frenet Planner(bq),∀q = (1,2, . . . ,n)
7 Compute N samples each of εa,εθ and subsequently N2 rollouts i jxq

for (aq,θ q) control trajectory. Repeat this process ∀q = (1,2, . . . ,n)
8 Choose N rollouts lx′q out of N2 i jxq through (5.5a)-(5.5c) and

compute corresponding lβq and kernel parameter σq. Repeat this
process ∀q = (1,2, . . . ,n)

9 Compute µ̂[h
′
] over the optimal reduced-set through (5.4) and

subsequently remp
MMD. Repeat this ∀q = (1,2, . . . ,n)

10 ConstraintEliteSet← Select top nc batch of aq,θ q, i jxq, bq with
lowest remp

MMD

11 Define cq = w1 ∑
i, j=N
i, j=1 c(i jxq)+w2remp

MMD +w3

∥∥∥∥aq

θ q

∥∥∥∥2

2
12 cost← cq, ∀q in the ConstraintEliteSet

13 append each computed cost to CostList

14 EliteSet← Select top ne samples of (aq,θ q), i jxq, bq with lowest cost
from CostList.

15 (m+1ν ,m+1Σ)← Update distribution based on EliteSet
16 end
17 return Control Inputs aq and θ q corresponding to lowest cost in the

EliteSet

reduced-set samples, while the CVaR baseline rolls out N samples and evaluates
h on all of them, so both consume the same number of h-evaluations per MPC
step and the comparison is fair on the quantity that actually dominates runtime.
In this chapter, we focus only on results comparing remp

CVaR with our MMD-based
approach.

Evaluation metrics. Safety is captured by the percentage of runs ending in a col-
lision. Dynamic-feasibility and lane-keeping are measured by the percentage of
lane-constraint violations, normalized by total path length so that longer runs are
not penalized. Progress is measured by the average and maximum longitudinal
speed over the run, which together flag the degenerate cases of excessive conser-
vativeness (a surrogate that avoids collisions only by stalling or crawling).
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Table 2: (1 dynamic obstacle) Low Gaussian noise: ca,1 = 0.1,cθ ,1 = 0.1. High Gaussian noise:
ca,1 = 0.15,cθ ,1 = 0.15. Low Beta noise: ca,1 = 0.1,cθ ,1 = 0.005. High Beta noise:

ca,1 = 0.15,cθ ,1 = 0.0075. ca,2 = 0.001, cθ ,2 = 0.001

Noise Method

(% Collisions)

N=2 N=4 N=6

Median Worst Median Worst Median Worst

Low Gaussian
remp

MMD 4.1 41.3 0.25 9.2 0.55 9

remp
CVaR 6.4 43.1 2.7 20.1 1.5 12.3

High Gaussian
remp

MMD 7.8 49.2 1.8 11.1 1.35 11.4

remp
CVaR 9 46.3 3.5 19.7 1.6 11.3

Low Beta
remp

MMD 3.95 37.4 0.6 12 0.5 8.9

remp
CVaR 8.5 55.6 3.5 28.3 1.6 12

High Beta
remp

MMD 5.1 35.2 0.65 12.9 1.4 15.2

remp
CVaR 17.3 80.4 5.6 36.3 3.5 22.2

5.4.2. Benchmarking in Stand-Alone Trajectory Optimization Setting

Premise. Before closed-loop MPC, we first test single-shot behavior to isolate
how each risk surrogate converts a small sample budget into a low-collision tra-
jectory, without replanning effects. We fix the scene, solve (5.1a)–(5.1c) once,
and estimate the resulting control sequence’s ground-truth collision probability
via Monte Carlo rollout. Alg.3 is run with remp

MMD and remp
CVaR from (2.5). Each run is

tuned to reach zero risk cost, removing optimizer bias and directly assessing how
well each finite-sample risk metric captures collision risk.

Setup. We use two benchmarks: 200 randomly generated static-obstacle scenes
with varying sizes and placements, and one dynamic-obstacle scene with a scripted
maneuver. In both, nominal acceleration and steering inputs are perturbed by
Gaussian and Beta noise families. The Gaussian case follows Eqs. (5.6a)–(5.6b),
while the skewed Beta case follows Eqs. (5.7a)–(5.7b) to stress surrogates that as-
sume symmetric uncertainty. For each scene, we sweep N ∈ {2,4,6,8} to assess
degradation under shrinking sample budgets.

Observations. Across both benchmarks and noise families, trajectories optimized
with remp

MMD achieve lower ground-truth collision rates than remp
CVaR. The gap is largest

in the low-sample regime (N = 2), the key regime for real-time MPC. Under the
skewed Beta noise, remp

CVaR shows a much larger collision spread than remp
MMD, in-

dicating that the tail-mean estimator is more sensitive to the asymmetry of the
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noise than the distribution-matching MMD surrogate is. Table 2 reports the me-
dian and worst-case collision rates across N ∈ {2,4,6} for the dynamic obstacle
benchmark. For more details, the reader can refer to Publication [3].

5.4.3. Benchmarking in MPC Setting using CARLA

Premise. The stand-alone results show that remp
MMD achieves lower collision proba-

bility with limited samples. In practice, however, the optimizer runs in a receding-
horizon MPC loop, where the surrogate is re-evaluated over a sliding window of
stochastic rollouts. Low overall collision rate does not necessarily imply tempo-
rally stable behavior: high surrogate variability can induce oscillatory controls.
We therefore evaluate closed-loop performance under noisy dynamics in a high-
fidelity simulator.
Setup. We conduct closed-loop MPC experiments in CARLA [98] on two maps
with different clutter: T10 with 8 obstacles and T5 with 10 obstacles. Each run
lasts 40 steps and is repeated over 50 randomized seeds. At every MPC step,
nominal acceleration and steering commands are perturbed before simulator ex-
ecution, making the applied controls stochastic and coupling the surrogate noise
model with executed motion. The Gaussian noise distribution has the following
form:

εa,k ∼ |ca,1ak|N (0,1)+ ca,2N (0,1), (5.6a)

εθ ,k ∼ |cθ ,1θk|N (0,1)+ cθ ,2N (0,1), (5.6b)

where ca,i and cθ ,i are positive constants. As shown, the noise has a control-
dependent component and a constant component. We create different noise set-
tings by varying ca,i and cθ ,i. We also consider a setting where the r.h.s of (5.6a),
(5.6b) are replaced by Beta distribution with probability density function g(x;a,b)∝

xa−1(1− x)b−1 where a,b are control dependent parameters. The Beta noise dis-
tribution has the following form:

εa,k ∼ ca,1B(a,b)+ ca,2N (0,1), (5.7a)

εθ ,k ∼ cθ ,1B(a,b)+ cθ ,2N (0,1), (5.7b)

a = {2|ak|,2|θk|},b = {5|ak|,5|θk|} (5.7c)

Qualitative Results Fig. 17 shows a representative closed-loop run in CARLA
under Gaussian noise with the low-sample budget N = 2. The left column shows
trajectories obtained by minimizing remp

MMD; the ego vehicle smoothly clears the ob-
stacles in both T5 and T10. The right column shows trajectories from minimizing
remp
CVaR; here the ego either gets stuck behind the obstacles or collides with them.

With only N = 2 samples, the empirical CVaR estimate is very unreliable and
changes sharply between consecutive MPC steps, so the risk signal used to guide
the vehicle becomes inconsistent. The remp

MMD estimate, in contrast, remains much
more stable across MPC steps at the same sample budget, providing a consistent
signal that allows the ego to make steady forward progress past the obstacles.
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(a) remp
MMD (b) remp

CVaR

(c) remp
MMD (d) remp

CVaR

Figure 17: MPC simulations in CARLA T5 (a)-(b) and T10 (c)-(d). The red line is the route/ref-
erence path. Trajectories result from minimizing remp

MMD (left column) and remp
CVaR (right column) for

N = 2. The small number of residual samples yields a highly unreliable estimate of remp
CVaR, which

changes sharply between consecutive MPC steps. As a result, the remp
CVaR-driven vehicle often gets

stuck behind the obstacle and eventually collides. In contrast, remp
MMD provides a more consistent risk

estimate to guide the ego vehicle.

Quantitative Results We summarize the closed-loop CARLA results in two regimes
that differ only in the magnitude of the injected control noise. The lower-noise
regime (Table 3) uses ca,1 = cθ ,1 = 0.3 for Gaussian noise and ca,1 = cθ ,1 = 0.01
for Beta noise, i.e., modest perturbations. Here, remp

MMD achieves 0% collisions
in both T5 and T10 under both noise families, while remp

CVaR collides in 7.69% of
T5-Gaussian runs and 16.67% of T10-Gaussian runs. The remp

MMD ego also main-
tains higher average and maximum speeds in every cell of the table. The slightly
lower lane-violation numbers reported for remp

CVaR are a side-effect, not a genuine
advantage: because the CVaR-driven runs end early in collisions or stalls, there is
simply less path over which lane violations can be accumulated.

The higher-noise regime (Table 4) uses ca,1 = cθ ,1 = 0.3 for Gaussian noise
and ca,1 = cθ ,1 = 0.05 for Beta noise, i.e., the control noise is substantially inflated
and in particular the Beta component becomes strongly asymmetric. All methods
degrade in this regime, but very unevenly: remp

CVaR jumps to 15% (T5-Gaussian),
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45% (T5-Beta), and 17% (T10-Gaussian) collisions, while remp
MMD stays at 0% in

three of the four cells and only 4% in the fourth (T10-Gaussian). The Beta-noise
column is particularly informative: a 45% vs. 0% collision rate is a near-total
breakdown of the tail-mean CVaR estimator under skewed noise at N = 2, whereas
the MMD surrogate absorbs the asymmetry through its distributional comparison.
Together, Tables 3 and 4 demonstrate that remp

MMD degrades much more gracefully
than remp

CVaR as either the sample budget shrinks or the noise becomes non-Gaussian.

Table 3: N = 2, Rollout horizon 40 time steps, 50 experiments.
Gaussian noise: ca,1 = cθ ,1 = 0.3, Beta noise: ca,1 = cθ ,1 = 0.01.

ca,2 = 0.3,cθ ,2 = 0.01, Gaussian noise in the initial state.

Method Town

% Collisions % Lane Constr. Viol. Avg. Speed (m/s) Max. Speed (m/s)

Gaussian Beta Gaussian Beta Gaussian Beta Gaussian Beta

remp
MMD T5 0 0 2.39 1.18 2.59 2.68 3.69 5.08

remp
CVaR T5 7.69 0 2.25 1.08 2.12 2.49 3.04 4.61

remp
MMD T10 0 0 0.47 0.99 3.42 3.63 5.94 5.5

remp
CVaR T10 16.67 0 0.07 0.55 2.8 3.02 5.19 5.17

Table 4: N = 2, Rollout horizon 40 times steps, 50 experiments.
Gaussian noise: ca,1 = cθ ,1 = 0.3, Beta noise: ca,1 = cθ ,1 = 0.05.

ca,2 = 0.4,cθ ,2 = 0.01, Gaussian noise in the initial state.

Method Town

% Collisions % Lane Constr. Viol. Avg. Speed (m/s) Max. Speed (m/s)

Gaussian Beta Gaussian Beta Gaussian Beta Gaussian Beta

remp
MMD T5 0 0 2.7 3.5 2.59 2.02 4.06 4.07

remp
CVaR T5 15 45 2.14 2.46 2.08 1.53 3.45 3.4

remp
MMD T10 4 0 0.5 5.11 3.56 2 7.01 3.73

remp
CVaR T10 17 4 0.1 3.23 2.73 1.56 4.55 4.07

5.4.4. Computation Time

On an RTX 3090 desktop GPU, remp
CVaR runs at approximately 0.1 s per MPC step,

while the full remp
MMD with reduced-set construction runs at approximately 0.18 s

per step, corresponding to closed-loop rates of 5–10 Hz.
Artefacts and code.. An open-source implementation is available at https:

//github.com/Basant1861/MPC-MMD.

5.5. Conclusion

This chapter extended the framework to stochastic ego dynamics by constructing
the reduced-set over state rollouts rather than obstacle samples. Stand-alone and
CARLA MPC experiments show remp

MMD is more reliable than CVaR in low-sample
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regimes, with lower collision rates and better progress. Together with Chapter 4,
this confirms that the same RKHS/MMD framework specializes cleanly to two
distinct uncertainty sources.

Next Chapter

Chapter 6 extends this framework to monocular vision-based navigation
through a learned probabilistic collision model, where uncertainty enters via
perception rather than prediction or dynamics.
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6. VISION-BASED NAVIGATION AS RISK-AWARE
TRAJECTORY OPTIMIZATION (PUBLICATION [4])

At a Glance

• Setting: Monocular vision-based navigation in cluttered environments,
where depth estimates are noisy and no explicit uncertainty sampler is avail-
able.

• Challenges addressed: C1 (learned non-parametric uncertainty from per-
ception) and C2 (reliable risk estimation from a small set of learned clear-
ance samples).

• Method: A learned probabilistic collision model predicts a distribution
over worst-case clearance; the model is co-trained with the downstream
MMD-based risk metric (task-aware training) and embedded in risk-aware
MPC.

• Key Result: Up to 7× fewer collisions than ROSNAV/MonoNav and an
order-of-magnitude reduction over NoMaD on real hardware.

6.1. Introduction

Chapter 4 estimated collision risk by assuming access to samples drawn from
the predictive distribution describing obstacle motion. This chapter takes a more
end-to-end approach. We map raw perception and control sequence directly to
collision risk. Subsequently, we embed this predicted collision risk directly into
the downstream risk-aware trajectory optimization.

Key Idea

We use noisy depth from vision foundational models [60, 61] as a proxy for
highly noisy depth perception. So, the key idea is to map this noisy perception
to collision risk in a way that is not too conservative, while also correctly
identifying unsafe control sequences.

6.2. Problem Formulation

We frame monocular vision-based collision avoidance and goal reaching as the
following trajectory optimization.

min
u

w1c(x)+w2r(d(u,o))+w3
∥∥u

∥∥2
2 , (6.1a)

xk+1 = f (xk,uk), umin ≤ uk ≤ umax∀k (6.1b)

where the state at time-step k is xk, and x denotes the concatenated trajectory. The
dynamics are given by f , with control inputs uk stacked to form u.
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The key difference from Chapters 4 and 5 is the scalar d(u,o), a learned proba-
bilistic collision model that, given observations o (from estimated depth) and con-
trols u, outputs a distribution over worst-case obstacle clearance along the induced
trajectory. The first term c in (6.1a) minimizes the state cost, typically addressing
path-following errors. The second term r captures collision-risk based on the pre-
dictions of d. The last term ∥u∥2

2 in (6.1a) penalizes large control inputs, and the
weights wi tune the robot’s risk-seeking behavior. Control bounds are enforced
through (6.1b). We construct an MPC feedback loop by solving (6.1a)-(6.1b) in a
receding horizon manner from the current state.

6.3. Main Algorithmic Results

1. [C1] We develop a learned probabilistic collision model that replaces the
explicit obstacle-prediction or dynamics sampler used in Chapters 4 and 5
with a distribution over worst-case clearance conditioned on monocular
depth observations.

2. [C1, C2] We introduce a task-aware training pipeline that co-trains the
collision model with the downstream MMD-based risk metric, so that the
predicted variance (and kernel bandwidth λθ ) is shaped by safe-vs-unsafe
decision utility rather than pure density fit.

3. [C1, C2] We integrate the learned model in a receding-horizon MPC loop
(Alg. 4) and demonstrate real-time, low-collision navigation on commod-
ity GPUs and the Jetson Orin.

6.3.1. Collision Risk and MMD-Based Surrogate

With robot footprint do, the collision constraint is h(d(u,o)) =−d(u,o)+do ≤ 0
and r = P(h > 0). As in previous chapters, we adopt the MMD-based surrogate
remp

MMD from Eq. (4.10), computed from N residual samples ih drawn via d. We use
the Laplace kernel Kλ with width λ .

Importance of Kernel Parameter. The kernel parameter λ critically controls
the sensitivity of remp

MMD. An overly large λ causes the embeddings to collapse,
making them insensitive to collision risk; a λ that is too small makes embeddings
artificially distinct, leading to overly conservative behavior. Unlike the previous
chapters where λ was optimized through the reduced-set bi-level program, in this
chapter, the collision model learns to predict an optimal λ directly from the current
observations and control sequences (Section 6.3.3).

6.3.2. Learning the Collision Model: Baseline Approach

The collision model predicts obstacle clearance as N (µθ (u,o),σθ (u,o)). The
architecture (Fig. 18) encodes a depth-derived point cloud via PointNet++ [102],
concatenates with the robot state to form o, and passes (u,o) through an MLP.

70



Monocular Image

Initial States
Control 

Sequence

PointNet++ 
Architecture

(CNN)

Point Cloud 
Feature 

Embedding

         MLP

Depth Map 
to Point 
Cloud

Estimated Depth Map

Figure 18: Overview of the baseline learning pipeline for the probabilistic collision model. Given
an RGB image and control sequence, geometric features are extracted from the estimated point
cloud using a pre-trained depth estimator and PointNet++. Combined with the initial robot state,
these form the observation vector, which an MLP uses to predict the mean and variance of obstacle
clearance. The learnable components (yellow) are trained end-to-end using Gaussian NLL loss.

Training uses the NLL loss:

LNLL =
1
2

log(2πσ
2
θ )+

(dgt −µθ )
2

2σ2
θ

, (6.2)

where dgt is the ground-truth worst-case obstacle clearance along the trajectory,
obtained from LiDAR measurements during training.

Key Idea

A probabilistic collision model trained with NLL alone captures the data dis-
tribution but not the decision it will drive: inflated variance can make safe
trajectories look risky, and vice versa. Co-training the model with the down-
stream remp

MMD-based risk estimate aligns predictive uncertainty (mean µθ , vari-
ance σθ , and kernel bandwidth λθ ) with safe-vs-unsafe classification, not
with likelihood fit alone.

6.3.3. Learning the Collision Model: Task-Aware Approach

NLL alone does not supervise how variance should behave in downstream plan-
ning: a safe trajectory may be flagged high-risk due to inflated variance, or vice
versa. We augment the baseline (Fig. 19) with a risk-estimation head. During
training, µθ ,σθ generate N clearance samples via the reparameterization trick:

id = µθ +σθ · iε, i
ε ∼N (0,1), ∀i = 1, . . . ,N (6.3a)

ih(id) =−id +do,
ih(id) = max(0, ih(id)) (6.3b)

The empirical remp
MMD (using predicted kernel width λθ ) passes through an MLP

and softmax to produce ŷ. The ground-truth label is

y =

{
[0,1]⊤, if −dgt +do ≤ 0
[1,0]⊤, if −dgt +do > 0

(6.4)
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Figure 19: Overview of task-aware learning pipeline. The baseline model (Fig. 18) is augmented
with a risk estimation head. The observation vector and control sequence are passed through MLPθ

to predict the mean, variance, and kernel parameter. Using the reparameterization trick, obstacle
clearance samples are generated to compute constraint violations, forming an MMD-based risk rep-
resentation. This is processed by MLPφ followed by a softmax layer. The learnable parts (yellow)
are trained end-to-end with Gaussian NLL and cross-entropy loss.

The combined loss is:

L = LNLL +LCE, LCE =−y⊤ log(ŷ) (6.5)

The cross-entropy term acts as task-aware regularization on σθ , shaping variance
by downstream safe-versus-unsafe decisions rather than data fit alone.

6.3.4. Trajectory Optimizer

Alg. 4 presents our overall approach, in which we solve (6.1a)-(6.1b) using the
trained neural worst-case obstacle clearance model as our collision predictor. We
adopt a sampling-based optimizer from [93], in which a batch of control sequences
is drawn from a distribution that is gradually refined across iterations.

The algorithm initializes the sampling distribution (Line 2) and samples con-
trol inputs (Line 5), which are passed through a trained neural network (Line 6) to
predict the mean µθ ,q and variance σθ ,q associated with the distribution of obstacle
clearances, as well as the kernel hyperparameter λθ ,q. These predictions gener-
ate N distance samples idq, constraint violations ihq (Line 7), and subsequently
remp

MMD,q (Line 8). State trajectories xq(uq) are then generated using the robot dy-
namics (Line 9). The nc lowest-risk samples form the ConstraintEliteSet (Line
10), from which costs are evaluated and stored (Lines 11–13). Finally, the top
ne samples form the EliteSet (Line 14) used to update the sampling distribution
(Line 15) following [93].
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Algorithm 4: Sampling-Based Optimizer to Solve (6.1a)–(6.1b)

1 M = Maximum number of iterations
2 Initiate mean mν ,m Σ, at iteration m = 0 for sampling control inputs u;

Given observation vector o, trained neural network θ (Fig. 19)
3 for m = 1,m≤M,m++ do
4 Initialize CostList = []
5 Draw batch of n control sequences (u1,u2,uq, . . . ,un) from

N (mν ,m Σ)
6 Query collision model ∀uq: (µθ ,q,σθ ,q,λθ ,q) = MLPθ (uq,o), where

µθ ,q,σθ ,q,λθ ,q are the predicted mean, variance, and kernel
parameter for each uq

7 Compute N distance samples idq ∼N (µq,σq),∀i = 1, . . . ,N and
subsequently N constraint violation samples ihq. Repeat
∀q = (1,2, . . . ,n)

8 Compute µ̂q[
ihq] and subsequently remp

MMD,q. Repeat ∀q = (1,2, . . . ,n)

9 Generate state trajectories xq(uq),∀q = (1,2, . . . ,n)
10 ConstraintEliteSet← Select top nc batch of uq,xq with lowest remp

MMD,q

11 Define cq = w1c(xq)+w2remp
MMD,q +w3

∥∥uq
∥∥2

2

12 cost← cq, ∀q in the ConstraintEliteSet

13 append each computed cost to CostList

14 EliteSet← Select top ne samples of (uq,xq) with lowest cost from
CostList.

15 (m+1ν ,m+1Σ)← Update distribution based on EliteSet
16 end
17 return Control inputs uq and xq corresponding to lowest cost in the

EliteSet

6.4. Main Qualitative and Quantitative Results

Only a representative subset of the results is presented in this chapter; for the
complete analysis the reader is referred to Publication [4].

Key Result

On real hardware with a Clearpath Jackal, MonoMPC achieves ∼7× fewer
collisions than ROSNAV and MonoNav in cluttered environments, and an
order-of-magnitude reduction over NoMaD (8.3% vs. 81.6% collisions).

We benchmark against three baseline families spanning the main paradigms for
vision-based navigation.
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• ROSNAV [109] is the classical ROS map-based navigation stack, combining a
global planner with a local DWA controller over an occupancy cost-map. Here,
the cost-map is built online from monocular-depth point clouds, so ROSNAV
treats noisy reconstructed geometry as reliable, isolating the effect of raw per-
ception noise in a classical planner.

• MonoNav [73] combines multi-frame depth estimates to build a 3D occupancy
map and plan over it. It is a stronger geometric baseline than ROSNAV, but
still treats the reconstructed map as fixed geometry without modeling depth
uncertainty.

• NoMaD [83] is an end-to-end diffusion-based image-to-action policy trained
on large-scale teleoperation data. It maps RGB observations directly to action
distributions, bypassing the perception–planning split entirely. It represents the
learned-policy family of approaches and serves as a reference for how a fully
end-to-end alternative behaves on the same hardware.

6.4.1. Implementation Details

Software stack. The trajectory optimizer of Alg. 4 is implemented in JAX [104],
exploiting vmap and jit to batch the n per-iteration control samples, the N worst-
case obstacle clearance samples, and the MMD computation onto the GPU. The
probabilistic collision model of Section 6.3.3 is built in Equinox [105], and Depth-
Anything-V2 [61] is accelerated via TensorRT so that depth estimation runs in
parallel with planning.
Hardware and data. Real-hardware experiments use a Clearpath Jackal equipped
with a RealSense D435i (used only for its RGB stream; depth is never read off the
camera) and a SICK TIM551 2D LiDAR. The LiDAR is used only during training
to provide ground-truth worst-case clearance dgt for each logged trajectory. At
deployment, the robot sees only the RGB image, from which Depth-Anything-
V2 produces a noisy depth that conditions the collision model. The training set
comprises approximately 6 million observation-control-clearance tuples collected
by teleoperating the Jackal through varied cluttered indoor and outdoor scenes,
ensuring broad coverage of realistic depth-noise patterns.

6.4.2. Validation of the Learned Collision Model

Premise. Before full navigation results, we evaluate the learned collision model on
a held-out validation set. This isolates two questions: (i) whether the predictive
distribution is well-calibrated and sharp, and (ii) whether the task-aware cross-
entropy term, which shapes predictive variance through the downstream safe-vs-
unsafe decision, translates to safer closed-loop behavior.
Metrics. We use four complementary metrics.
• UR (Unsafe Rate) = U/(U +CU), the fraction of actually-unsafe configura-

tions that the model classifies as safe. This is the most safety-critical metric,
since each counted event is a would-be collision that the planner does not flag.
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• CR (Conservative Rate) = C/(C+CS), the fraction of actually-safe configu-
rations that the model flags as unsafe. This measures over-conservativeness: a
high CR freezes the robot in safe states.

• ES (Energy Score) is a strictly proper scoring rule measuring the joint accuracy
and sharpness of the predictive distribution; lower is better.

• ECE over PIT is the Expected Calibration Error computed over Probability In-
tegral Transform bins; a value near zero indicates that the predictive distribution
is perfectly calibrated (quantile coverage matches nominal level).

Results. Table 5 shows that the task-aware augmented model (Fig. 19) surpasses
the NLL-only baseline (Fig. 18) on all four axes: UR drops by roughly 50%
(2.97%→ 1.3%), CR drops by roughly 80% (30.88%→ 5.36%), ES improves by
roughly 74% (0.0917→ 0.0236), and ECE improves by roughly 20% (0.1142→
0.0893). The CR improvement is especially telling: the baseline model flags al-
most a third of genuinely safe configurations as unsafe because NLL alone is free
to inflate σθ in regions of the data where the conditional mean is already accurate,
whereas the task-aware loss penalizes exactly this kind of decision-irrelevant vari-
ance. The navigation ablation in Table 6 closes the loop: the task-aware model
yields a 4× collision reduction (6.6% vs. 28.3%) over the NLL-only baseline,
with essentially the same speed profile, and both learned models outperform the
deterministic reference (41.5% collisions) that ignores predictive uncertainty.

Table 5: Validation metrics for the learned collision model.

Method UR (%)
(lower is better)

CR (%)
(lower is better)

ES
(lower is better)

ECE over PIT
(lower is better)

Alg. 4 with remp
MMD-based

Augmented Model (Fig. 19)
1.3 5.36 0.0236 0.0893

Alg. 4 with
Baseline Model (Fig. 18)

2.97 30.88 0.0917 0.1142

Table 6: Navigation with and without task-aware training.

Method % Collisions % Stuck Avg. Speed (m/s) Max. Speed (m/s)

Alg. 4 with remp
MMD-based

Augmented Model (Fig. 19)
6.6 0 0.32 1.02

Alg. 4 with
Baseline Model (Fig. 18)

28.3 0 0.35 0.94

Deterministic 41.5 0 0.52 1.01

6.4.3. Comparison with ROS Navigation Stack

Setup. We deploy ROSNAV [109] at two nominal speeds (0.5 m/s and 1.0 m/s) on
the same hardware and in the same cluttered scenes used for our method, so that
the only difference is the planner. The DWA local controller consumes a cost-map
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(a)

(b)

Figure 20: Monocular navigation in cluttered environments using ROSNAV (top) vs. our approach
(bottom). ROSNAV constructs cost maps directly from the estimated point cloud (green) generated
by DepthAnything[61], which deviates significantly from the ground-truth (red), leading to incor-
rect free-space detection (e.g., top row, panel 3) and collisions. In contrast, our method treats the
estimated point cloud as a conditioning input to a learned probabilistic collision model, integrated
with a risk-aware MPC framework. Snapshots across time steps are shown for both methods (cor-
responding time indices are labeled).

that is built online from the point cloud back-projected out of the Depth-Anything-
V2 estimate, making ROSNAV fundamentally dependent on the accuracy of the
reconstructed geometry.
Failure modes. ROSNAV fails for two coupled reasons, both visible in Fig. 20
(top row). First, systematic depth offsets produce phantom free space between
the ego and real obstacles, so the DWA controller commits to trajectories that the
physical robot cannot execute safely. Second, the same noise inflates the cost-map
near the goal, which causes the global planner to either oscillate or stall short of
the goal. Neither failure mode is fixable by classical cost-map smoothing, because
the error is bias in the depth estimate rather than high-frequency noise.

Table 7: Comparison with ROSNAV.

Method % Collisions % Stuck Avg. Speed (m/s) Max. Speed (m/s)

Alg. 4 with remp
MMD-based

Augmented Model
6.6 0 0.32 1.02

ROSNAV (0.5 m/s) 25 51.6 0.38 0.59

ROSNAV (1 m/s) 48.3 48.3 0.73 1.15

Table 7 quantifies these failure modes. At 0.5 m/s, ROSNAV collides in 25%
of runs and stalls in another 51.6%, i.e., only roughly a quarter of the runs end
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successfully. At 1.0 m/s, collisions jump to 48.3% while the stuck rate remains
near 48.3%, indicating that simply commanding higher speeds converts stalls into
collisions without improving progress. Our planner reduces collisions by up to
7× (6.6% vs. 48.3%) and eliminates the stuck behavior entirely (0% vs. 48–52%),
while maintaining a higher maximum speed than ROSNAV at 0.5 m/s.

6.4.4. Comparison with MonoNav

Setup. MonoNav [73] plans on 3D reconstructions obtained by fusing per-frame
depth estimates over time into an occupancy map. We evaluate on 40 scenes split
into two difficulty levels: an easy setting with sparse obstacle placement and an
moderately difficult setting with denser clutter that forces the planner to reason
about tight gaps.
Observations. Fig. 21 makes the failure mode visible: depth noise translates
into 3D occupancy maps whose reconstructed point clouds do not align with the
ground-truth obstacle cuboids (yellow). In easy scenes, the misalignment is small
relative to the free space and both methods navigate cleanly. In moderately diffi-
cult scenes, the same misalignment collapses the apparent free space between ob-
stacles, so MonoNav either collides or gets stuck. Our method, by contrast, never
commits to a single fixed reconstruction: the noisy depth enters only as context
to the probabilistic clearance model, whose predictive variance then absorbs the
uncertainty into the risk cost of the MPC.

(a) (b) (c)

Figure 21: Comparison between our approach (blue) and MonoNav [73] (red); goal in green. Noise
in the estimated depth translates to erroneous 3D occupancy maps. The yellow cuboids (ground-
truth obstacles) do not align with reconstructed point clouds, causing MonoNav to get stuck or
collide (b–c). Our approach avoids obstacles based on noisy estimated depth by reasoning about
uncertainty.

Table 8 confirms this qualitative picture quantitatively. In the easy setting both
methods achieve 0% collisions and 0% stuck rate. In the moderately difficult
setting, MonoNav degrades sharply (20% collisions, 80% stuck), i.e., four out
of every five runs fail to complete, while our approach maintains 0% collisions
and 0% stuck rate. The gap is explained entirely by how depth noise is handled:
MonoNav commits to a single reconstruction that fails in clutter, whereas our
probabilistic model converts the same noise into a distributional risk signal the
planner can actively reason about.

77



Table 8: Comparison with MonoNav.

Method
Easy Setting Moderately Difficult Setting

% Collisions % Stuck % Collisions % Stuck

Alg. 4 with remp
MMD-based

Augmented Model
0 0 0 0

MonoNav [73] 0 0 20 80

6.4.5. Comparison with NoMaD

Setup. NoMaD [83] is a diffusion-based image-to-action policy. To give the
learned baseline its fairest chance, we fine-tune the released checkpoint on ap-
proximately 10k teleoperation tuples collected in a training-similar environment
on the same Jackal hardware, then deploy it in the same evaluation scenes used
for our method.
Observations. Despite fine-tuning, NoMaD collides in 81.6% of runs (Table 9),
far worse than our 8.3%. This aligns with MonoNav [73], which reports more than
50% collision rates for NoMaD even in simpler hallways. We attribute this to a
structural limitation: NoMaD lacks an explicit trajectory-level collision objective,
relying instead on expert demonstrations, so out-of-distribution failures such as
novel clutter or depth noise are not directly penalized. In contrast, our method
predicts a distribution over clearances, which MPC uses through the risk term to
avoid unsafe trajectories.

Table 9: Comparison with NoMaD.

Method % Collisions % Stuck Avg. Speed (m/s) Max. Speed (m/s)

Alg. 4 with remp
MMD-based

Augmented Model
8.3 0 0.28 1.05

NoMaD [83] 81.6 0 0.46 0.58

6.4.6. Computation Time

On an RTX 3080 laptop, the planning step of Alg. 4 runs in 0.01 s, with an ad-
ditional 0.02 s for parallel depth estimation using TensorRT-accelerated Depth-
Anything-V2. On an NVIDIA Jetson Orin, the planning time increases to 0.065 s,
which remains well within the requirements for real-time re-planning on mobile
robotic platforms.

Artefacts and code.. Videos, additional hardware results, and accompanying
material for MonoMPC are available at the project site https://sites.google.
com/view/monompc.
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6.5. Conclusion

This chapter extended the framework to learned uncertainty from monocular per-
ception. The learned probabilistic collision model is trained jointly with a task-
aware MMD-based objective, yielding uncertainty estimates that are better aligned
with downstream safe-versus-unsafe decisions. On real hardware, the approach
reduces collisions by up to 7× over ROSNAV/MonoNav and by an order of mag-
nitude over NoMaD, while running in real time on a commodity laptop and an
NVIDIA Jetson Orin.

Next Chapter

Chapter 7 synthesizes the three main application settings, discusses the empir-
ical evidence for addressing C1 and C2 across them, and outlines directions
for future work on distributional risk-aware optimization.
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7. CONCLUSION AND FUTURE WORK

7.1. Conclusion

This thesis addressed motion planning under uncertainty through the lens of collision-
risk-aware trajectory optimization. The central premise has been that safety in
robotic navigation should be represented probabilistically, since real systems must
operate under uncertain perception, uncertain obstacle motion, and uncertain dy-
namics. However, the thesis also showed that this natural probabilistic formu-
lation immediately gives rise to two fundamental difficulties. The first is the
tractability challenge identified in Chapter 1: for realistic uncertainty distribu-
tions, especially those that are non-Gaussian, multi-modal, or available only through
samples, the collision risk r(·) = P(h(·) > 0) does not admit a useful analytical
form. The second is the sample-efficiency challenge: even when risk can be ap-
proximated from samples, reliable estimation may require a prohibitively large
number of collision checks or stochastic rollouts, making downstream trajectory
optimization computationally expensive.

The mathematical developments of Chapter 2 provided the foundation for ad-
dressing both challenges. Rather than estimating the probability of violation di-
rectly, the thesis adopted a distributional view of risk by considering the distribu-
tion of the collision-constraint residual h(·) = max(0,h(·)). In this view, low-risk
behavior corresponds to making the residual distribution resemble a Dirac delta
distribution concentrated at zero. This perspective led naturally to a nonparamet-
ric surrogate based on RKHS embeddings and MMD. The key advantage of this
formulation is that it can operate directly on samples, without imposing restric-
tive assumptions on the underlying uncertainty model. Chapter 3 then situated
this approach relative to deterministic planning, chance-constrained optimization,
risk-aware planning, kernel-based stochastic optimization, and monocular vision-
based navigation, thereby motivating the thesis contribution as a principled re-
sponse to the two core challenges C1 and C2.

From this foundation, the thesis developed a unified family of methods across
three distinct sources of uncertainty. Although the applications differ substan-
tially, the same conceptual pattern recurs throughout the thesis: represent uncer-
tainty through samples or learned probabilistic models, convert collision risk into
a distribution-matching problem in RKHS, and exploit structure in the represen-
tation to make risk estimation more sample efficient.

7.1.1. Challenge C1: Tractable Risk Estimation Under Complex
Uncertainty

The first major contribution of the thesis is a principled answer to C1, namely the
intractability of collision-risk estimation under arbitrary uncertainty. In classical
chance-constrained motion planning, exact or approximate probabilistic reformu-
lations typically rely on Gaussian assumptions, linearization, or special geometric
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structure. As discussed in Chapter 1, a closed-form expression ΦG for the colli-
sion risk is available only when the uncertain quantity follows a Gaussian distri-
bution. These approaches become inadequate when uncertainty is multi-modal,
highly nonlinear, generated by black-box predictors, or induced by learned per-
ception systems. The thesis addressed C1 by replacing direct probability evalu-
ation with an MMD-based surrogate defined on the collision-constraint residual
distribution h(·) = max(0,h(·)), leveraging the theoretical framework of Chap-
ter 2. Each of the four publications contributed to this response. Publications [1]
and [2] (Chapter 4) introduced and refined the MMD-based surrogate for uncer-
tain obstacle motion. Publication [3] (Chapter 5) extended it to stochastic ego
dynamics. Publication [4] (Chapter 6) further extended the framework to monoc-
ular vision-based navigation through a learned probabilistic collision model.

In Chapter 4, the MMD-based surrogate was first instantiated for planning un-
der uncertain obstacle motion. Publication [1] showed that RKHS embeddings
can be used to reason directly over multi-modal trajectory predictions of sur-
rounding agents and to define a tractable surrogate for collision risk from sample-
level information, using a Gaussian kernel. Publication [2] refined this idea into
the MMD-OPT framework, which replaced analytically intractable probability-
of-collision calculations by an MMD-based objective and introduced the Laplace
kernel as a more suitable alternative for collision-risk estimation. The shift from
Gaussian to Laplace kernel was motivated by the need for sharper sensitivity to
constraint residuals near zero, since a heavier-tailed kernel assigns more weight to
small but nonzero violations. This kernel choice was retained throughout the sub-
sequent chapters, providing better discrimination between safe and near-collision
configurations.

Chapter 5 extended this same logic to a different source of uncertainty: stochas-
tic ego dynamics. Here the uncertainty no longer comes from predicted obstacle
trajectories, but from the distribution of state rollouts induced by noisy actuation
and model perturbations. Once again, direct computation of collision risk is ana-
lytically intractable. The thesis addressed this by applying the same distributional
viewpoint to the residuals generated by stochastic rollouts. The resulting MMD-
based surrogate preserved the key benefit established earlier: risk can be estimated
in a nonparametric manner directly from samples, without requiring closed-form
characterization of the rollout distribution. Importantly, this chapter demonstrated
that the MMD surrogate remains reliable under both Gaussian and Beta noise dis-
tributions, confirming its nonparametric character in a closed-loop MPC setting.

Chapter 6 then showed that the same core idea extends even to monocular
vision-based navigation. In this setting, uncertainty arises from noisy depth es-
timation rather than from explicit stochastic process models or trajectory predic-
tors. Instead of performing brittle collision checking on raw monocular depth,
the thesis learned a probabilistic model of worst-case obstacle clearance condi-
tioned on the visual observation and control sequence. This learned clearance
distribution was then incorporated into the same MMD-based risk-aware plan-
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ning framework. A task-aware training pipeline further ensured that the predicted
uncertainty is well-calibrated for the downstream risk surrogate rather than merely
statistically plausible. Thus, the thesis showed that the proposed surrogate is not
tied to one particular uncertainty source; rather, it provides a common language
for risk estimation across prediction uncertainty, dynamics uncertainty, and per-
ception uncertainty.

Taken together, the three application chapters establish that the central re-
sponse to C1 is the same throughout the thesis: move from direct probability
evaluation to nonparametric distribution matching in RKHS. This shift is the main
conceptual contribution of the thesis.

7.1.2. Challenge C2: Sample-Efficient Risk Estimation

The second major contribution of the thesis is its response to C2, namely the need
to estimate risk reliably from a limited number of samples. This challenge is
especially important in robotics, because every additional sample may require a
collision check, a trajectory rollout, or an evaluation of a learned model inside an
optimization loop. A risk estimator that is theoretically meaningful but sample-
hungry is of limited practical value for real-time planning. The central mecha-
nism for addressing C2 is the optimization-based reduced-set framework, which
improves both sample efficiency and computational tractability of collision-risk
estimation by preserving the RKHS embedding of the full sample distribution us-
ing a smaller, optimized subset.

The thesis addressed C2 through the notion of a reduced-set introduced in
Chapter 2. The central idea is that not all samples are equally informative for
representing the uncertainty relevant to collision risk. If one can preserve the
RKHS embedding of the original sample distribution using only a smaller subset,
then one can retain the essential structure needed for risk estimation while reduc-
ing computation. This idea provided the bridge from elegant theory to practical
planning algorithms.

In Chapter 4, reduced-set construction became a concrete algorithmic tool for
uncertain obstacle motion. The method selected a compact but informative subset
of predicted obstacle trajectories and, in its more mature form (MMD-OPT), opti-
mized not only the subset itself but also the associated sample weights and kernel
bandwidth through a bi-level optimization scheme. This reduced the number of
collision checks required in planning while preserving the ability of the surrogate
to distinguish between low-probability and high-probability obstacle maneuvers.
On nuScenes with Trajectron++ predictions, the resulting planner achieved ap-
proximately twofold improvement in collision rate over SAA- and CVaR-based
baselines in the lane-change setting with N′ = 25 samples, thereby showing that
sample efficiency is not merely a computational convenience but a decisive factor
in safety performance.
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Chapter 5 extended the reduced-set idea to stochastic dynamics, where the
sample-efficiency challenge is arguably even more severe. In that setting, risk es-
timation depends on a large set of stochastic state rollouts, and each rollout may
itself be costly to generate and evaluate. The thesis showed that a carefully se-
lected reduced-set of rollouts can preserve the distributional information needed
for MMD-based risk estimation while dramatically reducing the number of con-
straint evaluations. Most strikingly, the closed-loop MPC experiments in CARLA
demonstrated that the MMD-based surrogate with only N = 2 reduced-set sam-
ples achieves zero collisions in settings where CVaR with the same sample budget
incurs collision rates as high as 45%. This result provides the strongest empiri-
cal evidence that the reduced-set preserves the distributional structure relevant for
safety even under extreme sample compression.

Chapter 6 addressed C2 in a different but closely related way. Here the ob-
jective was not to compress explicit external samples from a predictor or sim-
ulator, but to learn a compact probabilistic representation of collision-relevant
uncertainty directly from monocular observations. The learned collision model
amortizes a large portion of the computation that would otherwise be required
to reason about noisy visual geometry online. Moreover, the task-aware training
strategy ensures that the predicted uncertainty is useful for downstream risk esti-
mation rather than merely statistically plausible. The ablation study in Chapter 6
confirmed the importance of this co-training: replacing the task-aware augmented
model with the baseline model that uses only NLL loss increased the collision rate
from 6.6% to 28.3%, while removing the probabilistic model entirely (determin-
istic planning) resulted in a 41.5% collision rate. In this sense, Chapter 6 extends
the spirit of C2 from explicit sample selection to learned, decision-oriented uncer-
tainty representations.

Across all three application domains, the thesis therefore developed a coherent
answer to C2: risk estimation must be designed not only to be correct in principle,
but also to remain informative under restricted sample budgets. The two mecha-
nisms for achieving this, optimization-based reduced-set construction (Chapters 4
and 5) and learned probabilistic models with task-aware training (Chapter 6), are
complementary in nature. The former compresses explicit samples into a smaller
informative subset, while the latter amortizes the uncertainty estimation into a
neural model trained to produce representations that are directly useful for the
downstream MMD-based planner. This emphasis on sample efficiency is one of
the defining practical contributions of the thesis.

7.1.3. Synthesis Across the Thesis

The main outcome of the thesis is not only a collection of application-specific
methods, but a unified viewpoint on uncertainty-aware planning. The common
thread is that collision risk should be treated as a distributional object rather than
as a scalar probability that must be evaluated exactly. Once this viewpoint is
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adopted, RKHS embeddings and MMD provide a flexible mathematical frame-
work for representing uncertainty directly from samples, while reduced-set meth-
ods and learned probabilistic models make the resulting computations practical.

The three application chapters show that this viewpoint translates into concrete
gains across very different uncertainty sources. Chapter 4 demonstrates that the
MMD-based surrogate with optimized reduced-set handles multi-modal obstacle
predictions more effectively than SAA and CVaR baselines under tight sample
budgets. Chapter 5 shows the same principle extends to stochastic ego dynam-
ics, with remp

MMD remaining reliable where CVaR estimates break down. Chap-
ter 6 shows that the framework further accommodates learned probabilistic uncer-
tainty from monocular perception, enabling safe navigation in cluttered real-world
scenes. The framework is therefore not tied to a single robotic modality or a single
source of uncertainty.

Chapter Takeaway

Empirical evidence across the three settings.
• Ch. 4 (uncertain obstacle motion): Roughly half the collision rate of SAA

and CVaR in nuScenes lane-change scenarios.

• Ch. 5 (stochastic ego dynamics): Zero collisions for remp
MMD at N = 2 on

CARLA Towns 5 and 10 under low-noise conditions where remp
CVaR incurs up

to 16.67%; the gap widens to 45% under higher noise.

• Ch. 6 (monocular perception): Up to 7× fewer collisions than ROSNAV,
zero collisions and zero stuck rate where MonoNav reaches 20%/80%, and
an order-of-magnitude improvement over NoMaD (8.3% vs. 81.6%).

A notable technical thread running through the thesis is the progression of the
kernel choice. Publication [1] in Chapter 4 initially employed a Gaussian ker-
nel, while the subsequent MMD-OPT framework (Publication [2]) introduced the
Laplace kernel, which was then adopted in Chapters 5 and 6. The Laplace kernel’s
heavier tails provide sharper sensitivity to small but nonzero constraint residuals,
which is important for collision-risk estimation where the critical distinction lies
near the zero boundary. This choice, though seemingly a technical detail, had
consistent empirical impact across all three application domains.

At a broader level, the thesis contributes to the ongoing shift in robotics from
deterministic planning toward uncertainty-aware decision making. It argues that
practical safety under uncertainty requires more than simply adding a stochastic
term to an objective or replacing constraints by loose probabilistic relaxations.
Instead, it requires models and optimization procedures that can faithfully repre-
sent complex uncertainty while remaining computationally efficient enough for
closed-loop planning. The methods developed in this thesis are a step in that di-
rection.
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7.2. Future Work

While the thesis addresses both C1 and C2 in several important settings, it also
opens multiple directions for future research. The directions below are organized
roughly from the most concrete extensions of the current methods to broader open
problems.

7.2.1. Joint Treatment of Multiple Sources of Uncertainty

Key Upgrade

Couple perception, prediction, and dynamics uncertainty in a single
RKHS/MMD surrogate.

Each of the application chapters isolates one dominant source of uncertainty: ob-
stacle prediction in Chapter 4, stochastic ego dynamics in Chapter 5, and monoc-
ular perception in Chapter 6. This decomposition was useful for developing the
methods systematically, but real robotic systems often face all of these sources
simultaneously. A natural next step is therefore to develop a unified risk-aware
planning framework that handles uncertain perception, uncertain prediction, and
uncertain dynamics within a single optimization problem. Such a formulation
would require coupling multiple learned or sampled uncertainty models and rea-
soning about their joint effect on collision risk. This is fundamentally a new in-
stance of C1: the joint uncertainty is richer than any individual source, and the
compositional structure of the RKHS/MMD framework, where kernel embed-
dings can be defined over product spaces, provides a natural starting point for
extending the surrogate to this fully coupled setting.

7.2.2. Learned Reduced-Set Construction

Key Upgrade

Replace the online bi-level reduced-set optimization with a learned one-shot
predictor.

A recurring limitation in Chapters 4 and 5 is that reduced-set construction is itself
an optimization problem that must be solved at each planning step. Although this
optimization improves sample efficiency (C2), it also introduces additional com-
putational cost that partly offsets the gains. One promising direction is to train a
neural network offline that directly predicts the reduced-set, the associated sam-
ple weights, or the kernel parameters from the current scene context or rollout
statistics. Such a learned predictor would replace the online bi-level optimization
with a single forward pass, preserving the reduced-set principle while making it
more suitable for real-time deployment. This approach could also provide warm
starts for the existing optimization-based formulation, blending learned initializa-
tion with online refinement when additional accuracy is needed.
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7.2.3. Adaptive Kernels and Stronger Theoretical Guarantees

Key Upgrade

Turn kernel choice from a hyperparameter into a data-driven, theoretically
grounded design decision.

The empirical performance of the MMD-based risk surrogate depends on the ker-
nel choice and its bandwidth. The thesis established empirically that the Laplace
kernel outperforms the Gaussian kernel for collision-risk estimation, but a rigor-
ous theoretical explanation of this advantage remains open. More broadly, kernel
parameters are either optimized or learned in an application-specific manner in
this thesis, but a more general theory of adaptive kernel selection for collision-
risk estimation is lacking. Future research could study kernel adaptation more
systematically, possibly through meta-learning, Bayesian optimization, or data-
dependent kernel design. A related theoretical direction is to strengthen finite-
sample guarantees for the MMD-based surrogate and to better characterize how
reduced-set quality, kernel choice, and risk-estimation error interact in closed-
loop planning. Such guarantees would provide formal safety certificates rather
than relying solely on empirical validation.

7.2.4. Closed-Loop Interactive Planning in Dense Dynamic
Environments

Key Upgrade

Extend the surrogate to settings where surrounding agents react to the ego
robot’s own plan.

The driving results of Chapter 4 mainly consider the effect of uncertain obstacle
motion on a single ego planner. In dense traffic, however, surrounding agents may
react to the ego vehicle, leading to interactive multi-agent uncertainty. Extending
the proposed framework to interactive prediction-and-planning settings would be
especially valuable for urban driving. More generally, future work should study
how the proposed nonparametric surrogate behaves in densely coupled environ-
ments where the uncertainty distribution evolves as a function of the robot’s own
actions.

7.2.5. Temporal Models for Vision-Based Navigation

Key Upgrade

Add temporal memory to the learned collision model for stability under clut-
tered and dynamic scenes.

The main limitation identified in Chapter 6 is the lack of temporal memory in
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the current monocular navigation pipeline. Since the learned collision model op-
erates primarily on the current observation, it does not exploit temporal consis-
tency across frames, which can lead to oscillatory behavior in cluttered scenes.
A clear future direction is to incorporate temporal information through recurrent
architectures, latent-state models, or short-term memory over images and point
clouds. Another important extension is to move from largely static environments
to dynamic scenes with moving obstacles, where the collision model must reason
jointly about perception uncertainty and temporal evolution.

7.2.6. Broader Robotic Domains and Embedded Deployment

Key Upgrade

Transfer the framework to aerial and manipulation platforms and push
reduced-set construction to embedded GPUs.

Although the thesis focused on ground-robot navigation, the proposed framework
is more general. The same ideas are relevant to aerial navigation, mobile ma-
nipulation, and planning in cluttered workspaces where collision checking un-
der uncertainty is a dominant computational bottleneck. Extending the methods
to quadrotors, manipulators, and other nonlinear robotic systems is therefore a
natural next step. Chapter 6 already demonstrated that the MonoMPC pipeline
can run on embedded hardware (Jetson Orin on a Clearpath Jackal robot) using
GPU-accelerated inference. Extending this level of embedded deployment to the
reduced-set-based methods of Chapters 4 and 5, which currently rely on more ex-
pensive online optimization, remains an open challenge that would benefit from
the learned reduced-set predictors discussed above.

7.2.7. Learning and Planning Integration

Key Upgrade

Train predictors and reduced-set selectors end-to-end for downstream risk-
aware control, not just predictive accuracy.

A final broader direction is to more tightly integrate learning and planning. In
Chapter 6, this thesis already moved toward task-aware uncertainty learning by
coupling the learned collision model to the downstream planner. Similar ideas
could be applied in the other chapters as well: predictors of obstacle motion,
stochastic rollout generators, or reduced-set selectors could all be trained not only
for predictive accuracy but also for their effect on downstream risk-aware con-
trol. Such integration could yield systems whose uncertainty representations are
optimized directly for safe decision making rather than for standalone prediction
quality.
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7.3. Closing Remarks

The thesis began with the observation that uncertainty-aware planning becomes
most difficult precisely in the scenarios where safety matters the most: when
uncertainty is complex, sample-based, and computationally expensive to reason
about. The central contribution of this work has been to show that these difficul-
ties can be addressed in a unified manner through nonparametric risk surrogates in
RKHS and through principled methods for improving sample efficiency. Across
uncertain obstacle motion, stochastic dynamics, and monocular vision-based nav-
igation, the thesis demonstrated that risk-aware planning can be made both mathe-
matically principled and practically effective. It is hoped that the ideas developed
here contribute toward a broader class of robotic systems that can reason about
uncertainty explicitly and act safely in complex real-world environments.
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SISUKOKKUVÕTE

Valimiefektiivne riskiteadlik trajektoorioptimeerimine
maksimaalse keskmise lahknevuse abil

Doktoritöö käsitleb riskiteadlikku liikumise planeerimist autonoomsetele robot-
süsteemidele ebakindlates keskkondades. Peamised väljakutsed on kokkupõrke-
riski arvutuslik hindamine (C1) ja valimiefektiivne riskihindamine (C2), eriti olu-
kordades, kus ebakindlus on mitte-Gausslik, multimodaalne või esitatud üksnes
valimitena. Töö keskne idee on käsitleda kokkupõrkeriski jaotuste võrdlemise
probleemina. Selleks defineeritakse kokkupõrkepiirangu jääk ning mõõdetakse
selle kaugust ohutut olukorda kirjeldavast Diraci delta-jaotusest kasutades RKHS-
esitusi ja Maximum Mean Discrepancy (MMD) mõõdikut. Lähenemine võimal-
dab hinnata riski otse valimitest ilma piiravate jaotuseeldusteta.

Töö esimene rakendus käsitleb autonoomset sõitu ebakindlate takistustrajek-
tooride korral. Välja töötatud MMD-OPT raamistik kasutab trajektoorivalimeid ja
reduced-set mehhanismi, et saavutada väikese valimihulga korral madalam kok-
kupõrkesagedus kui SAA- ja CVaR-põhised meetodid. Teine rakendus laiendab
meetodit stohhastilise dünaamikaga trajektoorioptimeerimisele ja mudelipõhisele
ennustavale juhtimisele, kus näidatakse paremat ohutust ja väiksemaid piirangu-
rikkumisi. Kolmas rakendus käsitleb monokulaarset nägemispõhist navigatsiooni,
kus õpitakse tõenäosuslik kliirensimudel ning ühendatakse see riskiteadliku juh-
timisega.

Peamised tulemused on: (1) üldine MMD-põhine riskisurrogaat mitteparameet-
riliseks riskihindamiseks, (2) reduced-set meetod valimiefektiivsuse parandamiseks,
(3) valideerimine kolme erineva ebakindlusallika korral ning (4) järjepidevalt pa-
rem ohutus väikese valimihulga režiimis. Töö näitab, et RKHS-il, MMD-l ja
reduced-set põhimõttel põhinev raamistik võimaldab ühendada matemaatilise põh-
jendatuse, arvutusliku efektiivsuse ja praktilise rakendatavuse reaalsetes robotsüs-
teemides.
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