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Massless point particle motion from ~-Poincaré

modified dispersion relation in spherical symmetry

There are several reasons to expect that the general theory of relativity is not a complete
picture, and quantum theory of gravity is waiting around the corner to be discovered from
observations. Models of quantum gravity phenomenology are trying to shed some light on
the conundrum by providing us with predictions of observable effects, possibly caused by
the quantum nature of gravity. We’re studying the most general spherically symmetric time
independent modified dispersion relation, later on to consider massless particles subject to
the x-Poincaré modification on curved space-time. We derive the Hamilton equations of
motion in order to obtain corrections to general relativistic solutions for photon orbits around a
Schwarzschild black hole, also for time delay and light deflection differential equations.
Keywords: Hamilton geometry, modified dispersion relations, quantum gravity
phenomenology, spherical symmetry.

CERCS: P190 - Mathematical and general theoretical physics, classical mechanics, quantum

mechanics, relativity, gravitation, statistical physics, thermodynamics.

Massitu punktosakese liikumine sfaarilise
simmeetriaga ~-Poincaré modifitseeritud
dispersiooniseosest

On mitmeid pOhjusi eeldada, et iildrelatiivsusteooria ei ole tervikpilt ning gravitatsiooni
kvantkésitlus on vaatlustest avastamist ootamas. Kvantgravitatsiooni fenomenoloogia
mudelid soovivad sellele probleemile valgust heita, pakkudes meile ennustusi vaadeldavatest
efektidest, mille vdimalikuks allikaks on gravitatsiooni kvantolemus. Kiesolevas t60s
uurime koige iildisemat sféddrilise simmeetriaga ajakoordinaadist sdltumatut modifitseeritud
dispersiooniseost ning hiljem uurime massituid osakesi, mis alluvad kdverale aegruumile
rakendatud x-Poincaré modifikatsioonile. Me tuletame Hamiltoni vorrandid, et leida parandid
tildrelatiivsusteooria lahenditele sfédriliste orbiitide jaoks timber Schwarzschildi musta augu,

lisaks leiame parandid valguse korvalekalde ja ajanihke diferentsiaalvorranditele.

Mirksonad: Hamiltoni geomeetria, modifitseeritud dispersiooniseosed, kvantgravitatsiooni
fenomenoloogia, sfidriline simmeetria.
CERCS: P190 - Matemaatiline ja iildine teoreetiline fiiiisika, klassikaline mehaanika,

kvantmehaanika, relatiivsus, gravitatsioon, statistiline fiilisika, termodiinaamika.
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Conventions

1. Natural units, i.e. ¢ = G = h = 1, where c is the speed of light, G is the gravitational

constant, and % is reduced Planck constant.
2. Metric signature is (—, +, +, +).

3. Spacetime indices labelled with Greek letters take values of 0..3, for ordinary
3-dimensional physical space indices are labelled with Latin letters and take values of
1..3.

4. According to Einstein sum convention, sums are expressed as follows:
o aubt = abt = aoh® + a b' + asb?® + azb?®, same indices (upper and lower)

are summed over.

5. Derivatives:

(a) Differentiation with respect to an affine parameter, in our case proper time: % = gt
(b) Partial differentiation with respect to spacetime coordinates: % =0,

x
(c) Partial differentiation with respect to covariant momentum: ag =9

i

(d) Partial differentiation with respect to four-velocity: a% = 3“



Introduction

Since 1915 Einstein’s general theory of relativity (GR) has remained a fundamental theory of
gravity that is consistent with a vast amount of observations [1, 2]. The first success of GR was
that the predicted value of Mercury’s perihelion advance was compatible with measurements
[1, 3]. Other successful tests, to name a few, include the bending of light around massive

objects, gravitational redshift of Sirius B!, and the Shapiro delay? [1, 2].

In the recent years, further remarkable observations have been made. On 14 September 2015
the Laser Interferometer Gravitational Wave Observatory (LIGO) pushed the boundaries of
measurement sensitivity by detecting gravitational waves for the first time [4]. Just last year, on
10 April 2019 The Event Horizon Telescope Collaboration published the image of a black hole
MS87%*, introducing a new tool to study gravity in extreme limits on mass scales that were so far
inaccessible [S]. Both observations were yet again consistent with the predictions derived from

GR made over the last centuries.

Regardless of the success stories, there are many reasons to expect that GR is not the

fundamental theory of gravity [6, 7, 8]. The most prominent are

e the accelerated expansion of the universe, which requires the existence of the unexplained

phenomenon called dark energy [9],

e unexplained features in galactic rotation curves and galaxy collisions demanding for the

existence of dark matter [10],

e the incompatibility of general relativity with quantum mechanics and the search for a

quantum theory of gravity [11, 12].

Most of the tests probe gravity in a weak-field regime at intermediate length and energy scales
[6, 13]. Effects of quantum gravity are expected to become relevant around Planck length scales
Lp = \/hG/c? =~ 1,6 x 1072 m or the Planck energy Ep = \/hc®/G ~ 1,2 x 10" GeV -

"White dwarf Sirius B is not affected by cosmological redshift due to its proximity to Earth ~ 2, 64pc [1].
%Light passing a nearby massive object arrives with a delay.



far out of reach for current accelerators [14]. Deviations from general relativity are expected to

emerge where gravitational fields are strong, for example, in the vicinity of black holes [13, 15].

Other potential candidates for the manifestation of quantum gravity effects are propagation
effects. When particles propagate through space-time, small quantum gravity effects may
accumulate in a deviation from their trajectory predicted by GR. The pictorial idea is that
particles with energies closer to Planck energy E'p;, should interact stronger with the quantum
nature of gravity as they probe smaller length scales. Distant gamma-ray bursts are good

candidates for such observations [16, 17, 18].

Three fundamental forces are described by Standard Model of particle physics with a great
success, the fourth fundamental force - gravity still remains a classical theory [19, 20]. Since
up to today there is no fundamental theory of quantum gravity yet, phenomenological models
are considered to search for detectable effects of the quantum nature of gravity [15, 21]. The
idea is to observe propagating particles and look for manifestations of quantum gravitational
interactions predicted by a phenomenological model [16, 21].

One intensively studied model in the literature is the possibility that particles are subject to
a modified dispersion (energy-momentum) relation due to their interaction with the quantum
nature of gravity [15, 22, 23]. Dispersion relations can be interpreted as level sets of Hamilton
functions, which determine the motion of particles in the phase space [15, 24]. In the context
of this thesis we consider a spherically symmetric stationary x-Poincaré modified dispersion
relation. The aim of the thesis is to derive the Hamilton equations of motion for particles
subject to this modified dispersion relation. The equations of motion can later be used to find

phase-space trajectories.

In chapter one we focus on the Lagrangian and Hamiltonian formulation of point particle
motion. We explicitly show that both of the formalisms are equivalent and yield the same
equations of motion. In chapter two we introduce the concept of dispersion relations, which can
be interpreted as level sets of Hamilton functions. The importance of the latter two chapters
becomes apparent when we move on to third chapter, which specializes in the first order
modified dispersion relations inspired from quantum gravity phenomenology. With the help of
perturbation theory, we derive the most general Hamilton equations of motion for an arbitrary
modified dispersion relation, then we move on to consider the spherically symmetric stationary
Hamiltonian. In fourth chapter we wish to derive some interesting observables for massless
particles. We calculate circular orbits and differential equations for both, light deflection and
time delays. Finally, we specify the equations further by considering x-Poincaré modified
Schwarzschild geometry. In the appendix we have included important aspects from perturbation

theory used for calculations. We included lenghty derivations in the appendix, as well.



Chapter 1

Lagrangian and Hamiltonian formulation

of point particle motion

The content of this chapter provides the tools from Lagrangian and Hamiltonian mechanics,
which we need in chapter two to understand the meaning of a dispersion relation, and in chapters
three and four to derive the observables from modified dispersion relations. In the next two

sections we follow the papers [25, 26] when not specified otherwise.

1.1 Lagrangian approach

Equations of motion

We consider point particles whose motion is determined by a Lagrange function L(x, ), where
xr = x(7) and & = %(7) denote generalized coordinates and generalized velocities respectively.

The Lagrangian defines the action for the point particles

Sla] = /Tf drL(z, 7). (L.1)

The least action principle states that particles follow the trajectory which extremizes the
action. This means that the variation of the action §.5[x] vanishes for all variations of the path
x(1) = x(7) + dz(7). The end points of the path are fixed - their variations dz(7;) and dx(7y)
vanish. It is well known that such trajectories which do extremize the action must satisfy the



Euler-Lagrange equations,

d . ) .. .
0=——0uL = 0L =0,0,L + 0,0, - O,L = 0,0, L + 2i'gl, — 0L (1.2)
1 )
=i’ + §gL“"(j;”&,8“L —0,L), (1.3)
where one can introduce the abbreviation g~ w = %EL@L, called Lagrange metric, and its

inverse g"# which satisfies g, ¢" = &7/ [27].
Momentum conservation from Lagrangian

The Lagrangian unveils other important information about a system - conservation laws. If a
particular coordinate x*(7) does not occur in the Lagrangian, it is called cyclic. For these the

the Euler-Lagrange equation (1.2) becomes

d .

—0,L =0 1.4
and we see that the conserved quantity is

Pp = 0,L, (1.5)

which is called conjugate momentum. Conservation laws can also be derived from Noether’s

theorem.

1.2 Hamiltonian approach

Hamilton equations of motion

In the Lagrangian approach, the motion of a point particle is described in terms of its position
and velocity. Alternatively, one can describe the motion of a particle in terms of its position
and momentum. Hamiltonian function H (z, p) and Lagrangian L(z, &) are related through the

Legendre transformation in the following way
H(x,p) = i'p, — L(x, &). (1.6)

Instead of the particle’s velocity, the Hamiltonian depends on the particle’s momentum. In the
last subsection we introduced conjugate momentum p,, (1.8) which is to be inverted to obtain

i*(x, p), this in turn is plugged into equation (1.6). In the Hamiltonian approach, the dynamics



of a system is given by a set of two first order partial differential equations

it =0"H (1.7)
P = —0,H. (1.8)

The set of Hamilton equations of motion are also derived from the principle of least action,

where we can express the Lagrangian L(x, ) in the action (1.1) in terms of the Hamiltoninian

T

as Slz,p] = [ dr(i*p, — H(x,p)). Variation with respect to z yields (1.7), and variation
with respect to p yields (1.8).

Equivalence between Hamiltonian and Lagrangian approach
Both, Lagrangian and Hamiltonian approach are equivalent. If we define conjugate momentum
asp, = 0'NL, Hamiltonian as H = &7 (z, p)p, — L(z, ©(x, p)), and the Euler Lagrange equations
(1.2) hold, i.e. p, = 0, L, then

OMH = i* + p,0Mi% — O, L O*& = i (1.9)

OuH = p,0,8° — 9,L — 0y L 0,37 = —p,, . (1.10)
The other way around, if the above Hamilton equations of motion hold, and Lagrangian can be
defined as L = ©%p,(z, %) — H(x, p(z, %)), then

OuL = py + 70,0y — 0" HOups = py (1.11)

_ d .
oL =3°0,p, —0,H —0°HO,p, = —0,H =p, = E@,LL. (1.12)

Hence indeed the formalism are equivalent. In particular momentum conservation p,, = 0 is

equivalent to d,L = 0.

1.3 Relativistic particle motion

As an example for the Lagrangian and Hamiltonian description of point particle motion we
consider a relativistic charged particle which interacts with electromagnetic four potential
A,(x) = (¢, A), where ¢ is scalar potential and A is vector potential. The introduction to
relativistic particle motion in Lagrangian approach is based on the following sources: [28, 29].

The relativistic particle motion in Hamiltonian approach is based on [30].
Relativistic particle motion in Lagrangian approach

We want to describe particles moving through space-time with an arbitrary curvature. The

10



action for a relativistic particle subject to an electromagnetic potential A, () is defined as

dry 1 dry
sl = [ ar (Gmatoits ar,0ir) = [Mirtaete ), 1)
dr; dr;
where m is the invariant mass parameter and ¢ is the charge associated to a particle, # = %

is the tangent vector to particle’s curve x/(7), and g, (x) is called the metric which describes
the geometry of space-time. Again, we want to extremize the action, this yields the equations
of motion

q

BT (2)if37 = -, (1.14)
m
where F'* = 9" A” — 9" A" is an electromagnetic field tensor which is antisymmetric, and I' |

are Christoffel symbols which are expressed through metric the following way

1
Pﬂpa('r) = §g#l/(aagl/p + apgl/a - augpa)- (115)

In the context of this thesis we study motion of massless particles, meaning that ¢ = 0 and the

equations of motion (1.14) then become
@t + I jari? =0, (1.16)

which is also known as the geodesic equation. Solution to this equation is called a geodesic
- generalization of an Euclidean space straight line. What an Euclidean straight line and a
geodesic have in common is that both parallel transport the tangent vector z* along the path
which is also the "shortest" between two points. Whether in curved or flat space, the tangent
vector is kept constant as we move along particle’s path. Also, it’s worth noting that geodesics

are paths along which particles are freely-falling (unaccelerated).
Relativistic particle motion in Hamiltonian approach

The general relativistic Hamiltonian can be derived by performing a Legendre transformation on
the Lagrangian (1.13) by taking ¢ = 0. The factor of m is just a constant and doesn’t affect the
equations of motions derived from a Lagrangian, therefore we can take L(z, &) = $g,, (z)@"@".

The Hamiltonian becomes

1

H(z,p) = x'“(?#L — L =3"(p)p, — Egm,(x)x'“(p)ab”(p), (1.17)

where p,, is covariant four-momentum, and ¢g"” is contravariant metric, which satisfies the
condition g,,g*” = ¢). We find momentum p,, from the Lagrangian L(x,#) and invert it to

get the expression for 2#(x, p), which shall be plugged into (1.17) to eliminate the four-velocity

11



dependence. Conjugate momentum is as follows:
Pa = OuL = gapit. (1.18)
Hence, the four-velocity then becomes
" = g"p,. (1.19)

We plug this into the Hamiltonian (1.17) where four-velocities appear. This yields the covariant

expression for Hamiltonian

1
H(zx,p) = ¢""pupy — 5%(9’”%)(9”%&)
| (1.20)

= 59“”(36)1?#191,.

The Hamilton equations of motion corresponding to the Hamiltonian are

i =9"H = ¢"p, (1.21)
. 1 vo
Pu = _a,uH = _5 ugd DPoDv- (122)

As we already saw in the section 1.2, the Hamiltonian and Lagrangian approaches to point
particle mechanics are equivalent. This means that the Hamilton equations of motion (1.21)
and (1.22) yield the geodesic equation (1.16). This can be seen as follows: firstly, we take 7

derivative of (1.21) which gives us
i = 059" " po + 6" P (1.23)

We notice p,, appearing in the equation above, we replace it with (1.22), also we want to plug

in the expression for p, from equation (1.18) to obtain velocity dependence. We get

) PP
it = Jgg' l’ﬁgawk—ig“ 09" Do Dy (1.24)

Partial derivatives of metric can be expressed in terms of Christoffel symbol in the following

way

aﬂgl&)\ — _gl/)\FRMV o gVHF)\UH' (125)

12



Equation (1.24) then becomes

- vo vppe 4 . 1 o oV Vo . .
it = (_g Fuﬂy -9 “T uﬂ)xﬁga)\x)\ - 59“ (_gp r ap gp r pa).go‘)\x)\gl/nxn (126)

8. I . -
= (I, — ¢""Tavp)i’i — Eg“ (=Tyar — Taga)dtd" (1.27)

|
=173 — gDt — W (1.28)

where in the last step we changed some dummy indices, took into account the symmetry
of metric g = ¢"#, and that Christoffel symbols are symmetric in the last two indices
' = I'xg,. We saw explicitly the equivalence between the Hamiltonian and Lagrangian
approach.

13



Chapter 2
Dispersion relations as Hamilton functions

Special relativistic energy-momentum relation as dispersion relation

Consider the massive Klein-Gordon equation (relativistic version of Schrodinger equation) in

—ikot+ik-& _ ik,zH
= e s

Minkowski spacetime (949, — m?)¢ = 0, and a plane wave Ansatz ¢ ~ e
then the wave covectors k,, have to satisfy w? = \IZ |* + m?, which is called dispersion relation
[31, 32]. A dispersion relation is a constraint which the plane wave ¢ has to satisfy in order to
be physically viable. The quantity %, is usually called the wave covector or momentum. In the
following we will use the notation p,, since we are working on the level of point particles. By
doing the replacement w — £ and k— p'in the dispersion relation w(/g), where we chose units
such that c = i = 1, we get the famous energy-momentum relation from special relativity as a
result

E? =m*+ |p]?, (2.1)

where F is the energy, p'is spatial momentum and m is the invariant mass parameter associated
to a particle. It is also brought out in the literature that dispersion relations can depart from this
well-known relation (2.1) [33, 34].

Dispersion relation and Hamilton functions

Energy-momentum relation (2.1) can be expressed alternatively with the help of inverse of the
space-time metric ¢! and the four-momentum of a particle. The covariant expression of (2.1)
then becomes . .

—5m* = 59" (@)pupy, (2.2)
where we divided both sides by % Equation (2.2) becomes (2.1) when expressed with respect

to an orthonormal frame of the metric. Moreover, the right hands side of the dispersion relation

14



(2.2) 1s precisely the Hamiltonian (1.20). It turns out that this can be used as general principle.

Dispersion relations are level sets of Hamilton functions. Equation (2.1) generalizes to

H(z,p) = ¢"'pupy, = —m”, 2.3)

1
29
the equations of motion, and we wish to follow the same convention as, for example, in the

where for a free falling particle we can forget about the factor =, because it doesn’t affect
paper [15]. Dispersion relation, interpreted as Hamiltonian, determines motion of particles and
geometry of phase space. Dispersion relation is closely intertwined to the space-time metric,
Minkowski space-time is just one of the options. Choosing another type of metric changes the
covariant dispersion relation (2.3) [22, 24]. In the context of this thesis we are interested in
generalizations of the general relativistic dispersion relation. The next chapter is dedicated to

modified dispersion relations inspired from quantum gravity phenomenology.

15



Chapter 3
First order modified dispersion relations

Quantum gravity effects are expected to become relevant around Planck energy scales
(Epr, = Mprc® = \/m ~ 10'¢ TeV) according to quantum gravity models [15, 21, 35].
One way quantum gravity effects may become detectable is when high energetic test particles
probe space-time on Planck length scales (Lp;, = \/Ghi/c2 ~ 1073 m), therefore they are
expected to interact more with the quantum nature of gravity, causing deviations from general
relativistic trajectories [16, 35]. Though, the described pictorial idea needs to be reformulated

in terms of particle’s four-momentum, because energy is an observer dependent quantity [16].

What some of the different quantum gravity models have in common is that they predict
modified dispersion relations, usually in the following form —m? = —E? +p* + f(E, p?, Epr)
[15, 36, 37, 38]. One interesting effect emerging from modified dispersion relations is energy
dependent velocity (v = %—Jj = 1) of particles, and high energetic photons from gamma-ray
bursts are an ideal testing ground for such models [15, 16, 18, 35]. Another place to look for
hints of modified gravity is in the vicinity of massive objects where gravitational fields are
strong [13, 15]. We will derive observables in the regime where space-time curvature can not
be neglected. The aim of this chapter is to derive the Hamilton equations of motion for the most
general spherically symmetric dispersion relation. In the last section we specify the dispersion

relation by introducing the x-Poincaré perturbation function.

3.1 Perturbed particle motion in general background

‘We consider Hamiltonian of the form

1
H(‘I7p> = HGR + Eh(‘rap> = §guy(‘x)pﬂpu + Eh('rup) (31)

16



The perturbation function h(x, p) and metric inverse g"”(z) is right now left unspecified, and
depending on the model one is interested in, different functions i (z, p) can be chosen [15, 16].
Perturbation function h(z, p) is multiplied by a small parameter € (in the context of quantum
gravity phenomenology identified with the Planck length Lp;), for our calculations we make
power expansions in € to first order (also see the appendix A). We consider first order modified

curves to understand the effect of the perturbation function h(z, p)

(@(7), pu(7)) = (26"(7), Pou(7)) + €(@1"(7), P1u(7)) - (3.2)

We find the Hamilton equations of motion corresponding to the perturbed Hamiltonian (3.1)

expanded to the first order in € as

it =il 4 eit =0 Hgr+ €D h (3.3)
= (g5 + €270,95") (Poa + €P1a) + €0’ ho (3.4)
= 90" Poa + €(21785 90" Poa + 90" “Pro + O Do), (3.5)
and
Pu = Pou + €P1p = —O0,Hgr — €0, h (3.6)
1
= _Ea,u(gl(;g + Cl’i\a)\ggg)(pOJ + €p10>(170y + Eply) - Ea,uhO (37)

1 1
= —520001701/3#90”0 - 56(22900}?11}3#90” + pOapOVxl)\a)\a,ugOVU + 20,ho),
(3.8)

where ho = h(xg, po) and g)” = g (z0).

3.2 Particle motion in general spherically symmetric
background

We consider a general spherically symmetric stationary (independent of ¢ coordinate)

Hamiltonian, see [15]

1
H(IL’,p) = H(rvphp’rvw) ’lU2 = pg + mpzﬁ (39)

The conservation laws that emerge from this choice of Hamiltonian make calculations

significantly easier. As we already discussed in the chapter 2, physical trajectories of test

17



particles are determined by dispersion relation
H = —m?, (3.10)

where m is an invariant mass parameter associated to a particle, and the Hamilton equations of

motion. The equations of motion for each of the phase space coordinate are

t=0'H P = —0,H (3.11)
Fr=0"H pr = —0,H (3.12)
0=0d"H po = —0pH (3.13)
¢ =0°H Do = —O0sH. (3.14)

Constants of motion

From spherical symmetry, the equations of motion corresponding to # and ¢ coordinate can be
immediately solved without having to specify Hamiltonian (3.9) further. Equations of motion

for 6 coordinate (3.13) are

OH 1 - OH 1
36 0,2 = 912
b=0"H="" T30 = 5y (3.15)
B 0H 1 OH 1 cosf
= —OH = O = T e (3-16)

Without loss of generality, the equations above can be solved by setting ¢ = 7 and py = 0,
0— 5, pg—0

implying that w® = pj + —5pj p3- We will see that these solutions directly lead to
the conservation of the direction of angular momentum, meaning that orbital motion is planar
[28]. One can choose the orientation of the spherical coordinates such that their equatorial
plane agrees with the orbital plane, hence the solution § = 7, which is also the angle between

the angular momentum vector and the plane in which the particle propagates.

The equations of motion corresponding to ¢-coordinate (3.14) become

OH GH
Y — 3¢
¢ oH ow 0w T ow

Py = —0gH =0, (3.18)

(3.17)

where we already set w = py. The second equation (3.18) yields a constant of motion, we call

it angular momentum. The equation is solved by setting p, = £, where £ = const.

18



Another equation of motion immediately follows from the second equation of (3.11)
pr=—0H =0, (3.19)

which is solved by setting p; = £, where £ = const. We call the constant of motion £ energy.

Spherically symmetric modified dispersion relation and equations of motion

Having presented these general findings, we move on to consider a modified dispersion relation

in the form of

H(Tu Pt Pr 'U)) = HGR(% Pt Pr 'lU) + Eh(?“, Dty Pr, 'U)) (320)
1 1
=3 (—a(r)pf + b(r)p? + 7“_2w2) + eh(r, py, pr, w), (3.21)

where Hgp is a general relativistic Hamiltonian and h(z, p) is a perturbation function. The
expressions for functions a(r) and b(r) are left open for now, later on we proceed to study
perturbations around the Schwarzschild solution, the most general spherically symmetric
solution of the Einstein vacuum equations [39]. We will set a(r) = b(r)~!, and finally, we

specify even further by setting a(r) = (1 — ﬁ)fl.

T

As mentioned earlier, we’re looking for curves of the type (3.2), more precisely with what we

found earlier we are left with

t = t() + Etl Pt = 8() + 651 (322)
T =70+ €r Pr = por + €p1r (3.23)
0 — g pp =0 (3.24)
(Z§ = (b(] + €¢1 Py = ﬁo + Eﬁl (325)

One can calculate the remaining Hamilton equations of motion (3.11)-(3.14) directly from the
perturbed Hamiltonian (3.21) and expand the results to first order in the perturbation parameter
€. Alternatively, one can exploit the general Hamilton equations of motion (3.5), (3.8), and

expand the terms following Einstein sum convention.

Firstly, we find velocity equations for the three remaining space-time coordinates. Hamilton

19



equation of motion for £ motion becomes

f=1y+ ety =0 Hgp+ €D h = glpo, + € (x?@agéypolj + g P + Etho) (3.26)
= —aogo +e€ (gtho - (167’180 - a051) . (327)

Velocity equation corresponding to ¢ equation is

(;'5 — gﬁo + 6951 = 5¢HGR + €5¢h = gg"f’p% + € (Tlargg)d)pod) + géwpw + 5¢h0> (3.28)

i EO El 1 0h0
=04 (rg 25 L0+ aw)' (3.29)

Last but not least, the 7 equation becomes

¢ =g+ ety = 9 Har+ €0 h = gy por + € (m&g&“’“pm + 90 p1r + 5Th> (3.30)

= bopor + €(byr1por + bop1r + 5%0)‘ (3.31)

Finally, we calculate the Hamilton equation of motion for the phase space momentum

coordinate p,, we get

Pr = Dor + €p1r = =0, Hgr — €0,h (3.32)
]. o 1 (6% v (0%
= _§p0ap0ﬁarg()6 —5€ (2p0apm&«goﬁ +p0apogx18u8rgoﬁ + Qarh0> : (3.33)

The above expression can be expanded by following Einstein sum convention, this procedure

yields
) 1 1 L2
Dy = 553@6 — épgrbg + —??
"o (3.34)
1 / 2 2 L3 4L0L4 ’
+ 56(25()@081 + 80 agrl — po,,bf)rl — 2p0rb6p1r - 6FT’1 + T3 — 287«]10> .
0 0

Throughout the calculations we have set ag = a(rg) and by = b(r(), the same applies to their
first and second order derivatives respect to r. Also, the zeroth order of the perturbation function

is denoted as follows: hg = h(ro, por = &o, Por, Wo = Po = Lo)-

We have all the differential equations needed to describe dynamics of test particles. The
dispersion relation induced by (3.21) for particles on trajectories solving the Hamilton equations

of motion can be later on used to make some important substitutions. We shall already expand
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the dispersion relation (3.21) to the first order into perturbation parameter € to get

1 1 1
—m2 = m% + emomy = 5 (—aogg + bopog + ﬁﬁ%) + 56( - aggng - 250(1051 —|—p37~b67“1
0

L3 LoLy

+ 2porbopiy — 2911 + 27— + 2h0>7

7o 70
(3.35)

where we have regrouped zeroth and first order terms.

In this section we have established all important equations needed to calculate observables from

the x-Poincaré perturbation in the next paragraph.

3.3 k-Poincaré modification

Following [15], we now study the influence of the x-Poincaré dispersion relation on particle

motion in spherical symmetry.

Modified dispersion relations are one approach to describe effectively the interaction of
fundamental particles with the quantum nature of gravity. One of the most studied modified
dispersion relations is the x-Poincaré dispersion relation, which emerges from quantum
deformations of the Poincaré algebra [40, 41]. In this framework, without violating the principle
of relativity, the second invariant is the Planck energy Fp;, (or length Lp;) scale in addition to
the speed of light c [42]. To preserve these scales, Lorentz transformations are modified, which

in turn gives rise to modified energy-momentum (dispersion) relations [35, 43].

Particles with x-Poincaré symmetry can be interpreted as propagating on flat Minkowski
space-time. In order to describe quantum gravity effects on generally curved space-times, the
r-Poincaré model can be adjusted in a way that a flat space-time x-Poincaré dispersion relation

can be restored in a local frame.

We already discussed in the chapter 2 that dispersion relations can be interpreted as the level

sets of the Hamilton function. x-Poincaré dispersion relation is as follows:

4 ¢\
Hﬁ(x7p) = _E_Z sinh (ﬁpt) + eéptﬁga (336)

where ¢ is the deformation parameter, which is the inverse of Planck energy FEpp. If
¢ — 0, the dispersion relation above reduces to that of a special relativistic one

H(z,p) = —p} + p* = 7"”p,p,. The point particle motion determined by the Hamiltonian
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(3.36) is argued to be the semiclassical limit of quantum gravity. In the context of this thesis we
are interested in situations where curvature of space-time has to be taken into account. In the
literature x-deformed Hamiltonian (3.36) has been implemented on general curved space-times,

ensuring the local x-Poincaré invariance, likewise GR is locally Lorentz invariant.

The Hamiltonian of interest is defined as

4 14
Hoto) = ~sin (5200 ) + <P @+ 207, B30

where Z(p) = Z*(x)p,, is the timelike vector field action on the momentum, with the constraint
that g, (x) Z"(x)Z" (x) = —1. Performing power-series expansion on (3.37) with respect to the

deformation parameter ¢ yields

Hy(x,p) = g pupy + LZ(p) (9" DDy + Z(p)?) + O(£?) (3.38)
= Hap + Ch(z,p) + O?). (3.39)

The Hamiltonian (3.1) now looks exactly like the Hamiltonian above, except that the
deformation parameter ¢ is denoted with e.

For simplicity, we consider a spherically symmetric static Hamiltonian. The vector field then

takes the form of
Z(p) = Z"(x)p, = c(r)pe + d(r)py, (3.40)

satisfying the constraint

G 2" (2) 2% (1) = — (3.41)

where the components of the GR metric can be found from the inverse metric used in the
Hamiltonian (3.21). Plugging (3.40) into (3.38) yields the most generally spherically symmetric
r-deformed Hamiltonian, where the perturbation function h(x, p) becomes

bl 0) = (e -+ dr)p) (=l 000 + 50 + e+ o) ).
(3.42)

We will derive all observables for the specific choice ¢ = \/a(r), d = 0, where it can be
easily seen that the constraint (3.41) is satisfied. This choice is done for simplicity, so that the

observables can be analyzed well. Our choice of functions simplifies the perturbation function
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(3.42) resulting in

1
h(r, p, pr,w) = v/ a(r)p, (ﬂr@’WH b(r)p; + ﬁwQ +a pt> (3.43)

Now that we have specified the form of the perturbation function, we proceed to calculate some

observables in the next section.
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Chapter 4

Observables from modified dispersion

relations

4.1 Spherical orbits

For the existence of spherical orbits the condition = 0 has to be satisfied [44]. Spherical
orbits are characterized by setting r = const. = ry + ery, which immediately follows from
the condition, which the Hamilton equation of motion 7 has to satisfy. We will calculate the
spherical orbits from the modified dispersion relation to find the correction 7; to the GR value
ro. Spherical orbits then determine the shadow of a black hole [45]. If a photon reaches too
close to a black hole, it is not able to escape, causing a darker area [46]. Though, for realistic

shadows one needs to consider rotating black holes, for example, Kerr black holes [45, 47].

4.1.1 Spherical orbits in general spherically symmetric background

Radius of circular orbits can be derived by setting radial velocity 7 to zero. The Hamilton

equation of motion corresponding to radial velocity (3.31) then becomes
0 = bopor + €(byr1por + bop1r + 0 ho) 4.1)
The zeroth and first order equation can be solved for pg, and p;, assuming that by # 0.
por =0 (4.2)

1 -
DPir = —b—8’"h0 (4.3)
0
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First order momentum py,. can be said to balance radial momentum contribution caused by " ho
so that the total radial velocity vanishes at each order. We found the zeroth and first order
momentum (pg, and py,.) from the Hamilton equation of motion for radial velocity (3.31). Now,
with the help of Hamilton equation of motion (3.34) and momentum equations (4.2), (4.3) we

can derive zeroth and first order radius for spherical orbits.

From the equation (4.2) we can immediately see that py. = 0, and it can be easily shown that
also p1, = 0 by applying the 7 derivative to equation (4.3)
. _ b6 - Aar 1 ar o at Qr b ar qr b 20 ar b 7(]5 ar b _
P1r = %Toa ho — %(@5 ho 7 + 0°0"ho po; + 0"0"ho por + 0”0 hg Pog + 00" hg Pog) = 0.
4.4)
This means that Hamilton equation of motion (3.34) reduces to zero, p, = 0, and plugging it

into the equation (3.34) yields

1 £201 L2 AL L
0 = Por + €P1r = 553% + 2+ e (250%51 + Eagry — 6211 + 03 L 28Th0) . (4.5
o 2 To TS

By solving the zeroth and first order dispersion relation (3.35), we can replace in the equation
(4.5) either £y and £, or & and &£;. We choose the latter two, which yields for the zeroth order

energy solution the known expression

& _ VL 2 (4.6)
0 rov/a, '

and the first order energy solution is

P 1 [ —L3r+LoLiro+(ho + 2mema)ry  \/LE+2m3rd %r @)
1 — - 1 . .
Vo g/ L&+ 2mird 2roag

For sake of readability, the derivation of & and &; can be found in the appendix B.1. Now that
we have expressed & and & in terms of £, and £, we can plug (4.6) and (4.7) into equation
(4.5). The zeroth order equation of (4.5) yields

/ £2 2 /
m20 4 =0 (— + @) ~0. 4.8)
ap 215 \ro Qo

To find the first order radius correction 71, we analyze the first order equation (4.5), plug in

expressions for zeroth and first order energy, (4.6) and (4.7) respectively. As a result, we get

2 <r§(6rh0 — %(ho + Qmoml)) — 5051(2 + %T0)> (4 9)

2 /! 12
3,20 % 90 20 6y 9,02,.3(% _ %
TO‘CO(aOT(Q) aZr ~ r3ao rg) 2mgro( 2 )

r =




The complete derivation of (4.8) and (4.9) can be found in the appendix B.2. The first order
correction r; depends on the choice of the function «ag, the choice of perturbation function Ay,

and the type of particles we’re observing (whether massive m # 0 or massless m = 0).

4.1.2 Spherical orbits from modified Schwarzschild geometry

We are analyzing massless particles (photons, for example) from modified Schwarzschild
-1

geometry. We set qp = <1 — :—O) , Where r, is the Schwarzschild radius and rg is the zeroth

order radius. For massless particles my = 0 and m; = 0. Assuming that £, # 0, we find that

the zeroth order equation (4.8) takes the following form

2 !/
=45, 4.10)
To Qo
After plugging in expressions for ay and aj, = —@:—2 the equation immediately yields the
general relativistic solution
3
To = 57’5, (411)

which only depends on Schwarzschild radius.

-1
For r; correction we will use the equation (4.9). We can calculate ay = (1 — :—;) and its

first and second order derivatives knowing the zeroth order solution ry = grs. The first order
correction becomes 0,3
r
= ——=(4ho + 3rs0,ho). 4.12
" =16 E(Q)( o + 3r50:ho) (4.12)

The intermediate steps are shown in the appendix B.3. Correction 7; can be further specified

for an arbitrary modification hg. In the next subsection apply x-Poincaré modification.

4.1.3 x-Poincaré modification to spherical orbits

We are considering a spherically symmetric x-Poincaré perturbation (3.43). For Schwarzschild

geometry, where ay = %, this becomes

1
h(r, pe, prsw) =\ a(r)py (a(r)lpi + T—QwQ) . (4.13)

We need to find hg and 0,.hq as they appear in the equation (4.12). First let’s find hg. In the
Hamiltonian (3.21) the perturbation function A(r, pt, p,,ps) is multiplied by e, therefore the
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power expansion up to first order respect to € only leaves us with the zeroth order

1
ho = h(ro, por = &o, Por, wo = Lo) = /ao&y (aalp?)r + 735(2)) (4.14)
0
From zeroth order circular orbits for massless particles, we found that py, = 0 (4.2) and

-1
rog = %7“5 (4.11). The latter yields that ay = a(ry) = (1 — :—0> = 3. We wish to express

energy & in terms of angular momentum L, in the equation (4.14). We use equation (4.6),

which becomes & = + fﬁo after we plug in the values of ry and a(rg). Finally, the zeroth

order perturbation function A in equation (4.14) becomes

3
Y

> (4.15)

The last thing left to do is to calculate 0,.hq, we take partial derivative from (4.14) respect to r

2 1 2
— o= 4.1
16 £3
= :F2_7E’ 4.17)

where on the last step we plugged in the GR value of radius 7y, values of ay and af, at 7o, and
the &, expression which only depends on £,. Now the radius correction r; can be evaluated.

We plug in hg from equation (4.15) and the partial derivative 0, hy from (4.17) into (4.12) to get

L
r=+22 (4.18)
3
For the sake of summarizing results
3 L
r=rg+ter; = 27’5 + 6?0 (4.19)

We choose the + sign, since we want that zeroths order particles have positive energy &,.
Radius of a photon sphere depends on the angular momentum L of the particles, which can
also be translated into the energy &, of the particles. Photons with different energies/angular
momenta form a thick shell around the Schwarzschild black hole when x-Poincaré modification
is introduced. In GR case all photons orbit at the same altitude around the black hole. The
difference between our result (4.19) and earlier result from [15], where r; = % comes from
our choice of Hamiltonians. Further observables are immediately influenced by the modified
photon sphere - gravitational lensing [48] and the shadow of black holes, for more information

see [15] and references therein.
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4.2 Time delays

A light pulse will travel a longer distance in three-space between an emitter and a mirror object
when a massive object is brought near a path of the pulse, causing an arrival delay [49]. Possible
time delays in time of flight are very good observables to detect deviations from the general
relativistic dispersion relations. In the context of cosmology, the time of arrival of high energetic
gamma rays and neutrinos from gamma ray bursts is observed, as the quantum gravity effects

might accumulate during the propagation of a particle [16, 18].

Apart from the one way travel time of high energetic particles, radar experiments are considered
in the measurement of the Shapiro delay (gravitational time delay) and Lunar Laser ranging
[50, 51]. The light pulse is sent from an emitter at a position z. to a mirror at position z,,,
where light pulse gets reflected back. The Shapiro delay is a correction to the Newtonian time
of flight, and in Lunar Laser ranging the travel time of a light pulse from Earth to the Moon and

back is measured with high precision.

Q. Planet

The Earth

Figure 4.1: The radar experiment. The source of the image is [1]. The displayed image has
been slightly modified.

The figure 4.1 is an illustration of the radar experiment. A light beam is sent from the emitter
(Earth) at a radial distance r. from the Sun to a mirror object (a planet, Moon, etc) at a radial
distance r,, from the Sun. Light pulse gets reflected back from the mirror object and is sent
back to the emitter. The closest point of the encounter between the light pulse and the Sun is
denoted as .. The left image illustrates the actual curved path taken by a light pulse predicted
by GR. The right image is the path taken in the Newtonian limit, where the closest point of the

encounter is 7. = b, b is the impact parameter.
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Having obtained the general Hamilton equations of motion, we will now derive the differential
equation for radar time of flight of a light signal subject to a spherically symmetric and
stationary modified dispersion relation. In a radar experiment the light pulse propagates on
a phase space curve C(7) = (z(7),p(7)), which satisfies the massless dispersion relation

H(z(7),p(7)) = 0, and the Hamilton equations of motion.

4.2.1 Time delay in general spherically symmetric background

In spherical symmetry the position of the emitter and the observer can be labelled as
Te = (te,Te, 5, @e)s and T, = (tm, T, 5, Om) respectively. Moreover, We assume the emitter
and the mirror are spatially at rest, i.e. they propagate on a worldlines 7.(7) = (t.(7), re, Oc, ¢c)
and 7., (7) = (t,,(7), m, O, G ). For our modified dispersion relation setting, the phase space

curve of the light ray is

C(7) = (to(7) + €t1(7),ro(7) + €r1(7), 5, do(T) + €d1(7), Eo + €E1, por (T) + €por(7), 0, Lo + €L1) .
(4.20)

The differential equation, which is to be solved in order to find time delays, is obtained from
the velocity equations (3.27) and (3.31) in the following way [52]
i dt/dr dt

- 421
7 dr/dr  dr ( )

This differential equation can be solved to obtain time of flight of a radar signal

Te  dt Tmodt
T=2 / dr— +/ dr— |, (4.22)
re dr re dr

where 7. is the radial coordinate of the point of closest encounter to the central mass object
of the light ray trajectory. At the closest point radial velocity is ¥ = 0 and thus the Hamilton
equation (3.31) yields py, = 0 and py, = —%5%00 The zeroth order value of the closest

encounter r-coordinate is determined from the zeroth order dispersion relation (3.35) by

L6

o = Toca(roc) = Toeloe ; (4.23)
0
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where we also set m = 0. The quantity g—g is called impact parameter [52]. We find the first

order correction of the value of the closest encounter from the first order dispersion relation

. 2’/’06(/;0,61 + T%Cho - E—Egl)

Te = 2 2.3 7 )
2L5 + E5rpeag,

(4.24)

where we also also used the equation (4.23).

For the thesis we only derive the influence of the perturbation h(x, p) on dt/dr. For the sake of
clarity, we display velocity equations (3.27) and (3.31)

Li = —aogo + G(Etho — a67“150 — aoé'l) (425)
i = bopor + €(byripor + boprr + ' ho). (4.26)

Dividing both equations as shown in the equation (4.21) yields

@ . —CLQEU + G(Etho - CL6T180 - CLO(€1>
dr bopm + E(b6r1p0r + boplr + gTho) ‘

(4.27)

Using the dispersion relation (3.35) we can replace pg, and p;,- in the equation above. The first

Qo £% 1
p=E - = —, 4.28
Po bo gg CL()T% ( )

and the first order dispersion relation gives us py,

1 Eoﬁl 1 G/E)gg £g 1 2 1/
r= Eo€iag — —h — — =5 by ). 4.29
D1 o-bo ( o&1ag 2 0) + — ( 5 + 2 5P0r% (4.29)

order dispersion relation yields

Derivation of pg, and py, is shown in the appendix C.1. Now that we have expressions for py,

and p;,, the differential equation (4.27) becomes

—=t he | A
dt Clog() bOpOTa hO + ao&) <_E +9 h0> ap Eg&ao g()ﬁo,cl
T M —& + -
dr bopor

_l’_
b3ng, bopor bopg.  TboDG,

+

g() ’ &066 Qg ,Cg 1 2 1
. —v¥0 =0 _g I = 2 b/
6501007”7‘1 ( G+ bo * pebo \ g * g0 ™ QP ) )

(4.30)

where we expanded the equation (4.27) using the formula shown in the appendix A.4, plugged
in py, from (4.29). We grouped together terms with A and its partial derivatives, also terms

30



with and without r;. The intermediate steps up until the (4.37) can be found in the appendix
C.2.

4.2.2 Time delay from modified Schwarzschild geomtery

We choose the Schwarzschild geometry, therefore we can express by and bj, in terms of ay and

ay, more specifically by = L and b, = —29. After the replacements, the differential equation
0 ao 0 a0

(4.37) becomes

—=t 3 1 =T
dt _aggo . e(aopora ho + aj& ( pmho +0 ho) N a_% (_51 . E2E a2 B gogoﬁlao) )

dr— por Do Por P3r r8P5,
goao CZ% ﬁ% 1 2 1 2 G,6
et (et g (34 g8+ i3 )
(4.31)
-1
where ay = <1 — :—O> . Perturbation function hy and its partial derivatives appear in the

differential equation, in the next section we evaluate these considering x-Poincaré modification.

In the Schwarzschild geometry py, in the equation (4.28) becomes

[ L2 1
Por = Fagy /1 — S_é)m (4.32)

4.2.3 «x-Poincaré modification to Shapiro time delay

We consider a perturbation (3.43)

h = \/a(r)p, (+b(7~)p2 + %uﬂ) : (4.33)

and the zeroth order hy was given by (4.14)

1
ho = \/a(r0)& (a(ro)_lpgr + ﬁ£3> : (4.34)
0
Next we calculate the needed partial derivatives of hy. The first one we find is yho
—r 2
6 h() = \/—a_ogopOT (435)
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And finally we calculate gtho, which gives us
=t 1, 1 .,
9 hy = \/ag | —pp, + _250 (4.36)

We plug h( and its partial derivatives, namely (4.34)-(4.36) into the time delay differential
equation (4.31), multiply terms in the brackets, and rearrange terms with It and r;. We arrive
to the final result

it a3€ 1 c
DB (Ve + (a2 - i+ s )
dr Dor o

Por

1 Varlo Lt EyadLoL

e a020 0 + 0@020 I aggggl (4.37)
Por To To

2 2 /

€0do ' ag (Lo  loo, 1, )

+ € 1| —2a +—(—+—5a + =pg, + —
Por 1( 0 (%7" 7’8 2 o 2 ’ o

Intermediate steps from (4.31) to (4.37) which were not shown in this section, can be found in
the appendix C.3. One can also plug in all the remaining quantities ao, ag, po,. Solving this

differential equation is unfortunately out of the scope of this thesis.

The x-Poincaré perturbation causes a complicated dependence on £ and &£ in the first order
dt/dr equation. Photons with different energy and angular momentum will experience different

time delay correction from their GR value.
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4.3 Deflection of light

The deflection angle d¢ of a light pulse passing by a massive object is the deviation of its
trajectory from a straight line, on which it would propagate in empty space [39]. We assume
that the light pulse propagates from infinitely far away towards the source of the gravitational
field, reaching the minimal or closest distance 7., and then propagates away to infinite distance.
The deflection angle in this process is the deviation of the light trajectories ¢ coordinate from the

value 7 after passing to infinite distance. The figure 4.2 illustrates the aforementioned scenario.

Figure 4.2: Bending of light around a massive object. Source of the image is [29]. The displayed
image has been slightly modified.

One way to study the geometry produced by a massive object is by the means of light deflection
[46]. Black holes cause the largest space-time curvatures accessible to observations, thus
providing an ideal testing ground for different phenomenological models and gravity theories.
An interesting effect accompanying the bending of light is the gravitational lensing caused by
very massive objects, such as black holes or entire galaxies. We’ll study the effects of a modified

dispersion relation on light deflection.

4.3.1 Deflection of light in general spherically symmetric background

Having obtained the general Hamilton equations of motion, we will now derive the differential
equation for deflection of light subject to a spherically symmetric and stationary modified
dispersion relation. Light coming from a distant source propagates on a phase space curve
C(7) = (z(7),p(7)), which satisfies the massless dispersion relation H (z(7),p(7)) = 0, and
the Hamilton equations of motion. The light curve we are considering is

C(7) = (to(7)+eti(T), ro(T)+eri(7), 5, ¢o(T)+ep1(T), Eo+€€1, por (T)+€por(T), 0, Lo+eLy),
(4.38)
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satisfying the modified dispersion relation for massless particles. Similarly to time delays, the
differential equation, which is to be solved in order to find the deflection of light, is obtained
from the velocity equations (3.29) and (3.31), see [39]

i’b_dd)/dT_@

7 dr/dr  dr’ (4.39)

The deflection angle d¢ can be obtained from

B o+0¢ B oo dgb
T+ 0 = dp=2 | ar?l, (4.40)
0 Te dr

where r. = ro. + 1. is the radial coordinate of the point of closest encounter of the light ray
to the central mass. (Same as in the time delay section.) Since 7. = 7. + €ry. 1S @ minimum
in the curve r(t), we again have that » = 0 and thus py, = 0 and p;, = —ﬁ@“hoc, The zeroth
and first order value of the closest encounter r-coordinate is given by the equations (4.23) and
(4.24).

For the thesis we only derive the influence of the perturbation h(z, p) on d¢/dr. For the sake
of clarity, we display velocity equations (3.29) and (3.31),

. ,C% ,Cl T1 8h0

_ 20 (Aol T 4.41
¢ r%+€(r(2] T8£0+8w (441
i = boporo + €(Byri00, + bopi, + 0 ho) (4.42)

We plug the velocity equations above into the differential equation (4.39) to get

. L2 L T oh
oo Bre(H-2mn+8)

dr £ bopor + €(byr1p0r + bop1r + érho)

(4.43)

We have already found expressions for pg,. and p;, from the modified dispersion relation,
equations (4.28) and (4.29) respectively. Again, we see that the right side of the differential
equation (4.43) is in the form of a fraction. We can use the formula in the appendix (A.4) to
expand the differential equation to the first order in e. After that we plug in the momentum p;,.,

we get

@ B LO N 6<b0p0r%ﬂw — %2)1 <_I% + 0 hO) n 1 (£1 Lo 5051&0 ﬁ%ﬁl ) )

2.2 2T 2 47 -2
bop()r bopor \ T 0 To bopor T obopw

L 2 ¥ 1 L3 1 1
e <—— o e (—§ + &0 - —p%rba)) ,
rg 2 2

dr B 7,81)0]907’

(4.44)
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where we regrouped terms with h( and its partial derivatives, also terms with and without r;.

All the intermediate steps from (4.43) to the equation above are shown in the appendix D.1.

4.3.2 Deflection of light from modified Schwarzschild geometry

In the Schwarzschild geometry we have that by = a—lo and b = —%. We plug these into (4.44),

ap

which then becomes

Lo [ ho ar
@ _ ano +6<a0p07% o H < por ‘|‘8 h0> + ap (é o &8{)51@% i £%£1&0> >

2 2 27 2 1,92
dr ToPor Por Por \ 79 Ty DPor ToPor

£0 Qo 2 a{) Qo [,(2) 1 9 1 ar
=0 _ 2y 0 (20, g2y 22 70 7
tez—n ( ro + w  p \r? T 5%0% T 2p0ra0

(4.45)

Ts

-1
TO) . The perturbation function hg and its partial derivatives appear in the

where ag = (1 —
differential equation. In the next section we evaluate these considering ~-Poincaré modification.
4.3.3 k-Poincaré modification to deflection of light
We consider a perturbation (3.43)
1
b=/l (4002 + 502 (4.46)

and the zeroth order h, was given by (4.14)

1
ho = 4/ CL(T())(C:Q (a(ro)lpgr + ﬁ£(2)> , (447)

0
where we set by = % due to the choice of Schwarzschild geometry. Next, we find 9 hy

_, 1
0 hy =2—E&,. 4.48
0 N 0 (4.48)

Last but not least, we see that % becomes

dhyg Ly
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We plug the results above (4.47)-(4.49) into (4.45) to get the final result

dp  Loao 1 Lo [ ~/a3&L? Lol
R + € (T%por (\/67350»60 + aoﬁl) + 53 ( 02 0 _ 5051(18 + 2 ag

=2
dr  Tgpor ToPor 7o 0

Lo a 2 ay ag (L% 1 1, d
ety (2245 S (B Ceh )

To Qo Por \To Qo

(4.50)

Intermediate steps from the equation (4.45) to the equation above are shown in the appendix
D.2.

The x-Poincaré perturbation causes that d¢/dr obtains a complicated dependence on £ and L,
hence photons of different energy and angular momentum will experience different deflection

correction from their GR value. However, already on the GR level, the light deflection depends
on & and L.
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Conclusion

We began with a small introduction on Lagrangian and Hamiltonian formalism. We saw that
both formalisms for describing point particle motion are equivalent for they yield the same
equations of motion. The well-known special relativistic energy-momentum relation (dispersion
relation) can be expressed covariantly with the help of space-time metric. The covariant
representation of the dispersion relation was exactly the relativistic Hamiltonian. It’s a general
principle that dispersion relations can be interpreted as level sets of Hamilton functions. The

Hamilton functions, on the other hand, determine the motion of test particles.

Dispersion relations are relevant in the context of quantum gravity phenomenology. Particles
with higher energy are expected to interact stronger with the quantum nature of gravity. These
quantum gravitational interactions are effectively encoded into modified dispersion relations
predicted by some of the quantum gravity models. Hamilton equations of motion determine the
perturbed motion of particles which then can be tested by observations. One interesting effect
implying from modified dispersion relations is energy-dependent propagation velocity. High

energetic gamma-ray bursts are an ideal testing ground for modified dispersion relations.

Another place to look for manifestations of quantum gravity is where gravitational field is
strong, for example, in the vicinity of black holes. One of the most studied models is the
r-Poincaré dispersion relation emerging from quantum deformations of the Poincaré algebra.
Without violating the principle of relativity, another invariant scale besides the speed of light
is introduced - the Planck energy. Lorentz transformation is modified to preserve these scales,
giving rise to a modified energy-momentum (dispersion) relation. Particles with x-Poincaré
symmetry can be interpreted as propagating on flat space-time. In the literature ~-deformed
Hamiltonian has been implemented on space-time with an arbitrary curvature because a lot of
observable effects are expected to become apparent in the strong field regime. The constructed
Hamiltonian takes locally the form of a x-Poincaré dispersion relation. Local x-Poincaré

invariance is ensured in a similar way that general relativity is locally Lorentz invariant.

Initially we considered the most general spherically symmetric and time independent modified

dispersion relation. Depending on the model one is interested in, other perturbation functions

37



can be chosen. We derived the most general Hamilton equations of motion in spherical
symmetry for arbitrarily curved space-time. We then moved on to derive circular orbits
around a Schwarzschild black hole for massless particles. From the generalization of the
r-Poincaré dispersion relation we found that the correction term to GR solution is angular
momentum dependent, which in turn can be translated to energy. Photons with different angular
momentum/energy propagate on different altitudes, forming a thick shell around a black hole.
Last but not least, we derived the differential equations for both effects, light deflection and time
delay. The first order correction terms from s-Poincaré dispersion relation in Schwarzschild
background attained a complex dependence on both, angular momentum and energy, hence
photons with different angular momentum and energy will experience different deflection and

time delay corrections.

Then future prospects are to finish the calculation of the time delay and the deflection angle.
We encountered mathematical difficulties while evaluating the time delay and light deflection
integrals. Solving these is one task for an ongoing research project. Another plan is to derive
observations from axially symmetric modified dispersion relations, since all realistic black holes

are rotating.

38



Acknowledgements

I would like to express my sincere gratitude to my supervisors Christian Pfeifer and Manuel
Hohmann for being supportive and patient. Working alongside them was very inspiring, the
discussions we had were insightful and encouraging. I would also like to thank my professors
and fellow students who have made the university experience one of a kind. Last but not least,

I would like to thank my family and friends for their support.

Dagmar Ladnemets

39



Bibliography

[1] E. Asmodelle, “Tests of General Relativity: A Review,” bachelor thesis, Central
Lancashire U., 2017.

[2] C. M. Will, “The Confrontation between General Relativity and Experiment,” Living Rev.
Rel. 17 (2014) 4, arXiv:1403.7377 [gr-qc]l.

[3] E. T. Akhmedov, “Lectures on General Theory of Relativity,” arXiv:1601.04996
[gr-qc].

[4] A. Krélak and M. Patil, “The First Detection of Gravitational Waves,” Universe 3 (2017)
no. 3,59, arXiv:1708.00918 [gr-qcl.

[5] Event Horizon Telescope Collaboration, K. Akiyama et al., “First M87 Event Horizon
Telescope Results. I. The Shadow of the Supermassive Black Hole,” Astrophys. J. 875
(2019) no. 1, L1, arXiv:1906.11238 [astro-ph.GA].

[6] S. G. Turyshev, “Experimental Tests of General Relativity: Recent Progress and Future
Directions,” Usp. Fiz. Nauk 179 (2009) 3034, arXiv:0809.3730 [gr-qc].

[7] G. Amelino-Camelia, “Quantum theory’s last challenge,” Nature 408 (2000) 661-664,
arXiv:gr-qc/0012049.

[8] L. Perivolaropoulos and L. Kazantzidis, “Hints of modified gravity in cosmos and in the
lab?,” Int. J. Mod. Phys. D 28 (2019) no. 05, 1942001, arXiv:1904.09462 [gr-qc].

[9] A. z. Slosar et al., “Dark Energy and Modified Gravity,” arXiv:1903.12016
[astro-ph.CO].

[10] O. de Almeida, L. Amendola, and V. Niro, “Galaxy rotation curves in modified gravity
models,” JCAP 08 (2018) 012, arXiv:1805.11067 [astro-ph.GA].

[11] T. Padmanabhan, “Gravity and Quantum Theory: Domains of Conflict and Contact,” Int.
J. Mod. Phys. D 29 (2019) no. 01, 2030001, arXiv:1909.02015 [gr-qc].

40


http://dx.doi.org/10.12942/lrr-2014-4
http://dx.doi.org/10.12942/lrr-2014-4
http://arxiv.org/abs/1403.7377
http://arxiv.org/abs/1601.04996
http://arxiv.org/abs/1601.04996
http://dx.doi.org/10.3390/universe3030059
http://dx.doi.org/10.3390/universe3030059
http://arxiv.org/abs/1708.00918
http://dx.doi.org/10.3847/2041-8213/ab0ec7
http://dx.doi.org/10.3847/2041-8213/ab0ec7
http://arxiv.org/abs/1906.11238
http://dx.doi.org/10.3367/UFNe.0179.200901a.0003
http://arxiv.org/abs/0809.3730
http://dx.doi.org/10.1038/35047210
http://arxiv.org/abs/gr-qc/0012049
http://dx.doi.org/10.1142/S021827181942001X
http://arxiv.org/abs/1904.09462
http://arxiv.org/abs/1903.12016
http://arxiv.org/abs/1903.12016
http://dx.doi.org/10.1088/1475-7516/2018/08/012
http://arxiv.org/abs/1805.11067
http://dx.doi.org/10.1142/S0218271820300013
http://dx.doi.org/10.1142/S0218271820300013
http://arxiv.org/abs/1909.02015

[12] C. Rovelli, Quantum Gravity. Cambridge Monographs on Mathematical Physics.
Cambridge University Press, 2004.

[13] E. Berti et al., “Testing General Relativity with Present and Future Astrophysical
Observations,” Class. Quant. Grav. 32 (2015) 243001, arXiv:1501.07274 [gr-qc].

[14] M. Bonaldi et al., “Probing quantum gravity effects with quantum mechanical
oscillators,” arXiv:2004.14371 [quant-ph].

[15] L. Barcaroli, L. K. Brunkhorst, G. Gubitosi, N. Loret, and C. Pfeifer, “Curved spacetimes
with local k-Poincaré dispersion relation,” Phys. Rev. D96 (2017) no. 8, 084010,
arXiv:1703.02058 [gr-qcl.

[16] C. Pfeifer, “Redshift and lateshift from homogeneous and isotropic modified dispersion
relations,” Phys. Lett. B780 (2018) 246-250, arXiv:1802.00058 [gr-qc].

[17] G. Amelino-Camelia, J. R. Ellis, N. Mavromatos, D. V. Nanopoulos, and S. Sarkar,
“Tests of quantum gravity from observations of gamma-ray bursts,” Nature 393 (1998)
763-765, arXiv:astro-ph/9712103.

[18] MAGIC, Armenian Consortium: ICRANet-Armenia at NAS RA, A. Alikhanyan
National Laboratory, Finnish MAGIC Consortium: Finnish Centre of Astronomy
with ESO Collaboration, V. Acciari et al., “Bounds on Lorentz invariance violation from
MAGIC observation of GRB 190114C,” Phys. Rev. Lett. 125 (2020) no. 2, 021301,
arXiv:2001.09728 [astro-ph.HE].

[19] C. Kiefer, “Conceptual Problems in Quantum Gravity and Quantum Cosmology,” ISRN
Math. Phys. 2013 (2013) 509316, arXiv:1401.3578 [gr-qc].

[20] R. Hedrich, “Quantum Gravity: Motivations and Alternatives,” Phys. Phil. 2010 (2010)
016, arXiv:0908.0355 [gr-qcl.

[21] G. Amelino-Camelia, “Quantum spacetime phenomenology,” Living Rev. Rel. 16 (2013)
5, arXiv:0806.0339 [gr-qcl.

[22] D. Raetzel, S. Rivera, and F. P. Schuller, “Geometry of physical dispersion relations,”
Phys. Rev. D 83 (2011) 044047, arXiv:1010.1369 [hep-th].

[23] J. Magueijo and L. Smolin, “Gravity’s rainbow,” Class. Quant. Grav. 21 (2004)
1725-1736, arXiv:gr-qc/0305055.

[24] L. Barcaroli, L. K. Brunkhorst, G. Gubitosi, N. Loret, and C. Pfeifer, “Hamilton
geometry: Phase space geometry from modified dispersion relations,” Phys. Rev. D 92
(2015) 084053, arXiv:1507.00922 [gr-qc].

41


http://dx.doi.org/10.1017/CBO9780511755804
http://dx.doi.org/10.1088/0264-9381/32/24/243001
http://arxiv.org/abs/1501.07274
http://arxiv.org/abs/2004.14371
http://arxiv.org/abs/1703.02058
http://arxiv.org/abs/1802.00058
http://dx.doi.org/10.1038/31647
http://dx.doi.org/10.1038/31647
http://arxiv.org/abs/astro-ph/9712103
http://dx.doi.org/10.1103/PhysRevLett.125.021301
http://arxiv.org/abs/2001.09728
http://dx.doi.org/10.1155/2013/509316
http://dx.doi.org/10.1155/2013/509316
http://arxiv.org/abs/1401.3578
http://arxiv.org/abs/0908.0355
http://arxiv.org/abs/0806.0339
http://arxiv.org/abs/1010.1369
http://dx.doi.org/10.1088/0264-9381/21/7/001
http://dx.doi.org/10.1088/0264-9381/21/7/001
http://arxiv.org/abs/gr-qc/0305055
http://arxiv.org/abs/1507.00922

[25]

[26]

[27]

[28]

[29]

[30]

[31]

[32]

[33]

[34]

[35]

[36]

[37]

H. C. Rosu, “Classical Mechanics,’arXiv e-prints (Sept., 1999) physics/9909035,
arXiv:physics/9909035 [physics.ed-ph].

G. Date, “Lectures on Constrained Systems,” in Refresher Course for College Teachers.
10, 2010. arXiv:1010.2062 [gr-qc].

I. Bucataru and R. Miron, Finsler-Lagrange Geometry: Applications to Dynamical
Systems. 01, 2007.

S. M. Carroll, “Lecture notes on general relativity,” arXiv:gr-qc/9712019.

D. Tong, “General relativity,”.
http://www.damtp.cam.ac.uk/user/tong/gr/gr.pdf.

C. Chicone and B. Mashhoon, “The Generalized Jacobi equation,” Class. Quant. Grav.
19 (2002) 4231-4248, arXiv:gr-qc/0203073.

R. C. Myers and M. Pospelov, “Ultraviolet modifications of dispersion relations in
effective field theory,” Phys. Rev. Lett. 90 (2003) 211601, arXiv:hep-ph/0301124.

P. Alberto, S. Das, and E. C. Vagenas, “Relativistic particle in a box: Klein—-Gordon
versus Dirac equations,” Eur. J. Phys. 39 (2018) no. 2, 025401, arXiv:1711.06313
[quant-ph].

J. Bazo, M. Bustamante, A. Gago, and O. Miranda, “High energy astrophysical neutrino
flux and modified dispersion relations,” Int. J. Mod. Phys. A 24 (2009) 5819-5829,
arXiv:0907.1979 [hep-phl].

C. Pfeifer, L. Barcaroli, L. K. Brunkhorst, G. Gubitosi, and N. Loret, “Hamilton
geometry: Phase space geometry from modified dispersion relations,” in /4th Marcel
Grossmann Meeting on Recent Developments in Theoretical and Experimental General
Relativity, Astrophysics, and Relativistic Field Theories, vol. 4, pp. 3929-3934. 2017.
arXiv:1801.08173 [gr-qcl.

P. Bosso and S. Das, “Lorentz invariant mass and length scales,” Int. J. Mod. Phys. D 28
(2019) no. 04, 1950068, arXiv:1812.05595 [gr-qc].

F. Girelli, S. Liberati, R. Percacci, and C. Rahmede, “Modified Dispersion Relations
from the Renormalization Group of Gravity,” Class. Quant. Grav. 24 (2007) 3995-4008,
arXiv:gr-qc/0607030.

I. P. Lobo and M. Ronco, “Rainbow-like Black Hole metric from Loop Quantum
Gravity,” Universe 4 (2018) no. 12, 139, arXiv:1812.02136 [gr-qcl].

42


http://arxiv.org/abs/physics/9909035
http://arxiv.org/abs/1010.2062
http://arxiv.org/abs/gr-qc/9712019
http://www.damtp.cam.ac.uk/user/tong/gr/gr.pdf
http://dx.doi.org/10.1088/0264-9381/19/16/301
http://dx.doi.org/10.1088/0264-9381/19/16/301
http://arxiv.org/abs/gr-qc/0203073
http://dx.doi.org/10.1103/PhysRevLett.90.211601
http://arxiv.org/abs/hep-ph/0301124
http://dx.doi.org/10.1088/1361-6404/aa9b43
http://arxiv.org/abs/1711.06313
http://arxiv.org/abs/1711.06313
http://dx.doi.org/10.1142/S0217751X09047429
http://arxiv.org/abs/0907.1979
http://dx.doi.org/10.1142/9789813226609_0522
http://dx.doi.org/10.1142/9789813226609_0522
http://arxiv.org/abs/1801.08173
http://dx.doi.org/10.1142/S0218271819500688
http://dx.doi.org/10.1142/S0218271819500688
http://arxiv.org/abs/1812.05595
http://dx.doi.org/10.1088/0264-9381/24/16/003
http://arxiv.org/abs/gr-qc/0607030
http://dx.doi.org/10.3390/universe4120139
http://arxiv.org/abs/1812.02136

[38] F. Girelli, F. Hinterleitner, and S. Major, “Loop Quantum Gravity Phenomenology:
Linking Loops to Observational Physics,” SIGMA 8 (2012) 098, arXiv:1210.1485
[gr-qc].

[39] S. M. Carroll, Spacetime and Geometry: An Introduction to General Relativity.
Cambridge University Press, 2019.

[40] J. Lukierski, H. Ruegg, A. Nowicki, and V. N. Tolstoi, “Q deformation of Poincare
algebra,” Phys. Lett. B 264 (1991) 331-338.

[41] S. Majid and H. Ruegg, “Bicrossproduct structure of kappa Poincare group and
noncommutative geometry,” Phys. Lett. B 334 (1994) 348-354,
arXiv:hep-th/9405107.

[42] G. Amelino-Camelia, L. Barcaroli, G. Gubitosi, S. Liberati, and N. Loret, “Realization of
doubly special relativistic symmetries in Finsler geometries,” Phys. Rev. D 90 (2014)
no. 12, 125030, arXiv:1407.8143 [gr-qcl].

[43] L. Freidel, J. Kowalski-Glikman, and L. Smolin, “2+1 gravity and doubly special
relativity,” Phys. Rev. D 69 (2004) 044001, arXiv:hep-th/0307085.

[44] C. Pfeifer, “Observables from modified dispersion relations on curved
spacetimes:circular orbits, redshift and lateshift,” in /15th Marcel Grossmann Meeting on
Recent Developments in Theoretical and Experimental General Relativity, Astrophysics,
and Relativistic Field Theories. 3,2019. arXiv:1903.04436 [gr-qc].

[45] A. Grenzebach, V. Perlick, and C. Lammerzahl, “Photon Regions and Shadows of
Accelerated Black Holes,” Int. J. Mod. Phys. D 24 (2015) no. 09, 1542024,
arXiv:1503.03036 [gr-qc].

[46] P. Sharma, H. Nandan, R. Gannouji, R. Uniyal, and A. Abebe, “Deflection of Light by a
Rotating Black Hole Surrounded by Quintessence,” arXiv:1911.00372 [gr-qc].

[47] J. Fuller and L. Ma, “Most Black Holes are Born Very Slowly Rotating,” Astrophys. J.
Lett. 881 (2019) no. 1, L1, arXiv:1907.03714 [astro-ph.SR].

[48] J.-F. Glicenstein, “An experimental test of gravity at high energy,” JCAP 04 (2019) 010,
arXiv:1902.01887 [astro-ph.HE].

[49] R.J. Cook, “Gravitational Space Dilation,” arXiv:0902.2811 [gr-qc].

[50] M. Possel, “The Shapiro time delay and the equivalence principle,” arXiv:2001.00229
[gr-qc].

[S1] A. Mirki, “Lunar laser ranging: a review,” arXiv preprint arXiv:1805.05863 (2018) .

43


http://dx.doi.org/10.3842/SIGMA.2012.098
http://arxiv.org/abs/1210.1485
http://arxiv.org/abs/1210.1485
http://dx.doi.org/10.1017/9781108770385
http://dx.doi.org/10.1016/0370-2693(91)90358-W
http://dx.doi.org/10.1016/0370-2693(94)90699-8
http://arxiv.org/abs/hep-th/9405107
http://dx.doi.org/10.1103/PhysRevD.90.125030
http://dx.doi.org/10.1103/PhysRevD.90.125030
http://arxiv.org/abs/1407.8143
http://dx.doi.org/10.1103/PhysRevD.69.044001
http://arxiv.org/abs/hep-th/0307085
http://arxiv.org/abs/1903.04436
http://dx.doi.org/10.1142/S0218271815420249
http://arxiv.org/abs/1503.03036
http://arxiv.org/abs/1911.00372
http://dx.doi.org/10.3847/2041-8213/ab339b
http://dx.doi.org/10.3847/2041-8213/ab339b
http://arxiv.org/abs/1907.03714
http://dx.doi.org/10.1088/1475-7516/2019/04/010
http://arxiv.org/abs/1902.01887
http://arxiv.org/abs/0902.2811
http://arxiv.org/abs/2001.00229
http://arxiv.org/abs/2001.00229

[52] E. Hackmann and A. Dhani, “The propagation delay in the timing of a pulsar orbiting a
supermassive black hole,” Gen. Rel. Grav. 51 (2019) no. 3, 37, arXiv:1806.02547
[gr-qc].

[53] C.-s. Liu, “The renormalization method based on the Taylor expansion and applications
for asymptotic analysis,” arXiv:1605.02888 [math-ph].

44


http://dx.doi.org/10.1007/s10714-019-2517-2
http://arxiv.org/abs/1806.02547
http://arxiv.org/abs/1806.02547
http://arxiv.org/abs/1605.02888

Appendix A

Perturbation theory

We study the «-Poincaré modified dispersion relation and the equations of motion derived from
it by using the well known perturbation theory. The perturbative approach is also chosen in the
article [15], which we used as one of the reference points for our calculations. In our case and
in the article [15] the equations derived from the Hamiltonian (3.37) are impossible to solve

analytically, and perturbation theory turns out to be a good approximation method.

Perturbation theory is based on Taylor expansion [53]. In general, the Taylor expansion of a

function f around the point z is

va) =S A o Liera)| i fera)| ed
f(z+ ey) —k: Rk | z) + —flz +ey 6206 5] (@ ey Ezoe
(A.1)
1
= f(z) + y"0,.f(x)e + Ey“g/l’ﬁuﬁ,,f(yc)e2 + ... (A.2)

where € is a small parameter, f(x) is the so-called zeroth order solution (in our case, general
relativistic solution), and the terms with € of first and higher powers are the first and higher

order corrections to the well-known zeroth order solution.

Another useful formula is the Taylor expansion of a function which is in the form of a fraction.

The Taylor expansion of such function is

1
YLt i o) =t (1-) 0@
vtew vtew vtew v(l+e¥) v v v
(A.3)
= Z4e(2-20) 10, (A4)
v voow
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Appendix B

Derivations for circular photon orbits

B.1 &) and & from modified dispersion relation

We wish to derive expressions for & and £ which appeared in the equations (4.6) and (4.7).
We start off by displaying the dispersion relation (3.35), where we already set pg, and py, equal

to zero,

1 1 1 L3 LoL
—m? = —mi—e2mom, = 5 (—ao(‘)g + —25(2)) +e <——a’08027°1 — Eaoéy — =31 + 02 L+ ho

rh 2 Ty TS
(B.1)
The zeroth order equation is
o _ 1 2 1
o

We rearrange the terms in the equation in a way that the term with &7 is on the left side and the

rest 1s on the right side of the equation. We get
o _ 1 2
0

We divide both sides by a assuming that it is not equal to zero, and we take a square root of

both sides. It can be easily seen that the final result is the following:

& :i—\/m (B.4)
0 rov/@o '
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To find the first order energy correction &£, we analyze the first order dispersion relation (B.1),

1 L3 LoL
—2m0m1 = —éaggng 50a051 — r—’l"l + 2 !
0 0

+ ho. (B.5)

We take terms with & to the left side of the equation and the rest to the right side of the equation
and we divide both sides by £yag. We get

L ay 1 L2 Lol
& =—-Ye 4+ 20y 4+ 22 o+ ho + 2momy ) (B.6)
2 Qo 6'0a0 ’T‘O TO

We plug in the zeroth order energy (B.4) where ever we see & appearing, this yields

1a \/ LE 4 2m2r? 1 L2 LoL
O kP R s /T <_—§T1 + =22 + ho +2mom1) '
2 ap T04/Go ao (£+/L3 4 2mgrd) o ro
B.7)
We notice the global + sign, and both terms on the right side are multiplied by a factor of J%’

we bring it in front of the brackets. Also, in the second term the common denominator is rg.

We arrive to the final result

€ -+ 1 (—L‘%rl—i-ﬁoﬁlro—i-(ho + 2moma)ry /L3 + 2mgrg ag 7“1) ‘ (B.8)

Vao 13/ L2+ 2mir? 2roag
B.2 General expressions for r; and

We have already derived expressions for & and £ which was needed to find the zeroth order
radius 7y and first order correction 1. The next step is to use the remaining Hamilton equation
of motion (4.5)

L3 L3 ALy Ly

) ) 1
0 = por +€p1, = 53 6-1— — + € (250%51 + Eagry — 6= 7’1 + 3
o 0

— 28rh0> . (B9

The zeroth order equation is
£2
= —53 b+ =2 (B.10)
o

We wish to replace & in the equation above by using the expression for & (B.4). We get

1 L% +2mdre N L3

2 o 3"
2 T5ao TS

0= (B.11)
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After regrouping similar terms we arrive to the final result

ay L2 [(ay, 2
ozmga—0+2—7f2 (a—°+r—), (B.12)
0 0 0 0

which is exactly the same as (4.8). After we have specified the function a, this equation can be
solved for zeroth order radius solution rg. First order correction r; can be found using the first
order equation from (B.9),

L3 4Ly L4

0= 280&051 + gga07"1 6— Tl +
o o

— 20,hg. (B.13)

We take terms with r; to the left side of the equation, and divide both sides by the factor

L2 . .
E2af — 6=2. This gives us

To

1
24" c?
oag — 6

4£0£1

7“0
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0
We plug in & and & from the equations (B.4) and (B.6) respectively, yielding
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After multiplying all terms in the square brackets, we get
1 £2 + 2m0r0 2 —5(2)7"1 + ,Coﬁl’r'() + (ho + 2m0m1)rg‘ 4,60,61
= £242m2r2 2 ( 1202 agri + 3 ag — 3 +20.hy | .
e 00— 65 o0 o ’
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We notice that there are terms with 7; on the both side of the equation. After regrouping terms

multiplied with 7, the equation then becomes

(£2 + 2mérs o Ly L+2mgrg g £0a0> . 2£0E1r0 + (ho + 2moma)ry ,  4LoLy N
=0T <70 L= —
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On the left side of the equation we group together terms multiplied with £2 and mZ. On the

right side we choose the common denominator to be rj. We get
5 LoL1ro + (ho + 2memy)rd o
_ —

a/2 2a/ £2 a a/2
0 O—6—f)+2mg<—0——g)]r1: :
4£0£1 287«h07”8)

"
£2 ) o o
O\r2ay 12a} riag o
3 3
o 7o
(B.18)
At this point it can be seen that the final result is
2 (Tg(arho — Z—g(ho + 2m0m1)) — £0£1(2 + Z—2T0)>
T s a  ap 24 G 2 3 agy (®.19)
0L Gz = @z — 7 — ra) — 2mero(Gr — o

which is the r; correction displayed in the equation (4.9).

r-Poincaré modified photon orbits from spherically

B.3
symmetric background

-1
The expression (B.19) can be further specified by taking ay = a(rg) = (1 — :—0> , Where
%rs. As we are considering massless particles, we take m = mg + em; = 0. The values

To =
of ay, its first and second order derivatives at ro = 57 are the following

1 3
=1 " = Qo (7"0 = 57’5) =3 (B.20)
T0
1 T 3 —4
/ - _Ss — = =T == B.21
Qg (1 71:; )2 7“% Qg (rO 2T ) Ty ( )
2 r\ 1 r 3 16
" _ s -3 = " =—ry| =—. B.22
=)’ (r%) i (1-2) (ré) "0 (TO 2’ ) e B2
To

get
2 <a7‘h0 _|’ %ho) 9T3
= (161 4 161 4 «4 8 1 6\ 1622(4h0+3T58Th0>7 (B.23)
£y (ngi T 2902 + 2E27r3§ - 6817~4> 0

which is the result we displayed in the equation (4.12).
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Appendix C

Derivations for time delays

C.1 py- and p;, from modified dispersion relation

We start off by displaying the dispersion relation equation (3.35) for massless m = 0 particles

1 L2 LoL
0= —aogg—i—bopgﬁ-r—zﬁg—i-e (—agé’grl — 25051@0 —|—pg,,b67’1 + 2p0rplrb0 — QT—ST’l -+ 2 01
0

5— + 2hg
7o
(C.1

From zeroth order dispersion relation we find that py, takes the following form

bopgr = (10502 — —258 — Por = + . (C2)

o vbo

By pulling &, and ,/a, out of the square root, it is easy to see that we arrive to the expression

Qo ,C% 1
Y by e N C3
Do 50 b() a ggao/rg ( )

which is the same as (4.28). First order momentum py, can be found using the first order

dispersion relation

L2 LoL
2p0rplrb0 = agé'grl — 28081@0 + pgrbéﬂ“l — 2T—§T1 + 2 ;]2 ! —+ Qho, (C4)
0 0
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where we already took the term with p;, in the equation (C.1) to the left side of the equation

and changed the signs. We divide both sides by a factor of 2pg,.p1,-bg to find that

ahERr + 260Era0 — i, by + 254m — 2522 — 2hy

— 0 0
Pir = o (C.5)
1 [,0[,1 1 (l6(€02 ,C(Z) 1 2 ’
= — —h — by C.6
Porbo (8081a0 7“(2) 0) - Porbo < 2 * 7"8 2 Por ( )

where in the final step we regrouped terms with and without ;. The above result is identical to

that of we wanted to show (4.29).

C.2 General expression for dt/dr

Starting point of the derivation is equation (4.27) which is displayed as (C.7). There are terms
with € in the denominator, as we see in the equation (C.7). To get rid of those, we can perform

a Taylor expansion on the fraction given with the formula (A.4) to obtain

ﬂ . —aogo + 6<5th0 — a6r150 — aogl)

= = (C.7)
dr bopo, + €(byr1por + bopir + 0 ho)
_ ao&o e gtho — agr & — apcy n ao&o(byripor ;l'zboph + 5Tho) ' (C.8)
bopor bopor bsDg,
We plug in the p;, expression from the equation (4.29), which gives us
—=t
dt & 0 hg — ajri&Ey — ap€
_:_@00+€ O Ng — agT1Co — Apca (C.9)
dr bopor bopor
L3 1 ar
aogo (b T1Por + b() ( (80 > <r_§ + %Sga 2p0rb/) porl’O) + 8 hQ)
+ )
b%pOT
(C.10)
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To make it easier to follow, similar terms have been underlined with different colors. We group

those together and see that the final result is the following

—=t h =T
dt bopo,«a ho + CL(](C:(] —T[i + 8 ho 2
ar (logo I 6( < P ) i Qo (_51 n 80516L0 . 50£0£1) )

dr — bopor b3pi, bopor bop3, ré8bop},
(C.11)
0 ’ ao% Qo 52 1 2 1 2 11
— — 5 b C.12
di—ebolU(Jrr1 ( %+ bo - po,nbo ( o * 0 = 2p0r 0 ’ ( ‘

it is the same expression as (4.30) which we wanted to show.

C.3 k-Poincaré modified dt/dr equation from spherically

symmetric background

We start off with displaying the equation (4.31)

=t =7
2 aopor0 ho + a3& —%ho + 0 hg 2 2¢ 2

+ -
dr Por s Por s 308,
(C.13)
SQCL() a2 £2 1 a’
—2a, + 2 [ =0 52 ! 2. C.14
+€p07’r1( a0+pgr 700 00+2 a% ( )

We plug in A and its partial derivatives from the equations (4.34)-(4.36) to get

dt _ ap&d 1 pOr L3 3 Vo p(2)'r L3 2
dr - Poro e p%r aopom/% Qo ] 7”0 - aoéfo Por & Qo 7“8 * \/a_o Eopor

(C.15)
& £ o1 1
+e2 pom( 2a0—|——< + 53 ag + pgr%>) (C.16)
ao 2o\ 2" " ay
2 2838, E1LoL
+ e <—£1 4 %= s 1a0) . (C.17)
Dor Doy T'oPor
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After multiplying all terms in the brackets, the equation above becomes

dt  a€ N \/_52 2,/ao
= (\/_p0r+\/7 +<‘3o< ) pT) (C.18)

pOr Por r0p0'r T
Eoag ( (ﬁz Lag ) 1o a/0>)
b, + S8Rl + 5P (€19)
Por ! pO'r ’ 0 2p0 o
a’l&2E 5 Lol
€ (—51 + 20 > - — 02 - 21a0) (€20
DPor PorTo
20 1 L2
__as (m—opw b (Y Z - e+ i ) c2n
Por DPor TO
2
( Var&o L2 50a0£0£ aé&?&) (C.22)
pOr 7’0 TO
2 1 1 !
+e€0a07“1 ( 2ay + —- (/: + 53 + 505, + @>) ’ (€.23)
Por Pi \ 70 T2 o

where in the last step we grouped together terms with z%’ p%, and r,. We arrived to the same
r or

result which was displayed in the equation (4.37).
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Appendix D

Derivations for deflections of light

D.1 General expression for d¢/dr

The differential equation (4.43) of interest is the following

5 r1 oh
@ _9_ G Gl L) . O.1)
dr t bopor + €(byripor + bOplr +0 ho)

We perform a Taylor expansion on the differential equation above using the formula in the

appendix A.4, this yields

do Lo f_%l B B f_g(bﬁﬁpm + bopir + 0 o) 02)
- = + € — .
dr 7"8 bopor bOpOr b(%p gr
Next, we plug in p;, from (4.29) which we derived from the dispersion relation. We get
r1 Bh
do _ Lo C A A
— = € — (D.3)
dr T5bopor bop0r

b3p3,

<b r1por + bo ( (5051@0 B [:1 B @> + (f_g + %Ega 2p07~b/> p(? bo) +0h ) >
(D.4)

To make it easier to follow, similar terms have been underlined with different colors. We group
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those together and see that the final result is the following

Ohg Lo 0
@ B £0 N 6<bopori — % ( ;7;)7‘ + 0 h0> 1 (£1 ;CO (9051&0 i £(2)£1 ) )

— + -
dr T(%bOPOr b(QJpO'r bopor T 3 bopor T E‘jbop?h«

Ly 7 2 b6 1 ﬁ% 1 ) 1
57  \ T — 7 = — £ P T2 b/
+e€ T(Q) bopor < 7o bo bop%T Tg + 5 0Q9 2p07~ 0 )

which is exactly the equation (4.44).

(D.5)

D.2 k-Poincaré modified d¢/dr equation from spherically

symmetric background

We start calculating the final steps for the d¢/dr equation from the (4.45), which is as follows:

Oho _ Lo [ _ ho ar
% _ ano . 6( AoPor 3, r2 ( Por +0 h0> N & (é »CO gogla% £%£1a0> )
Por

dr r(2)p Or p (2)r 70(2) T(Q) b (2)1" T(% b (2)1"
E() Qo ( 2 (16 (EQ 1 9 1 9 a0>)
fe2 B0y (— Sy S0 (20— g2 :
73 Por ro a0 Poy \TH 0 2" ay

(D.6)

We plug in the perturbation function hy and its partial derivatives from the equations
(4.47)-(4.49). We get

2
@ B £Oa0 e 2@[]]707"\/__ — G(Q)EO (—]t <\/a_060 (Z;LOT _20)> + 2—50p0r>
dr  répo, P,

Lo ag ( 2 a (£2 1.,, 1, a0>) (D.7)
+e——nr|—+——— + =&jay + =5,
2 1 To ao P(Q)r 7°o ) o0

i 6& (é _ &50510% I E%Elao)

2 2 2 1,2
7o To  Dor ToPor
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After multiplying all the terms in the brackets the differential equation above becomes

d¢ _ Loao (2\/%%+ VagEoLo L+ V&L 2\/%%)

dr B r(%p()r ToPor T(Q)pOr Tép%r %ngT
EO ao ( 2 Cl6 Qo <£(2) 1 2 1 2 a6)> D.8
tes—nr|——+———5 |3 t58%a0+ 5P (D.8)
7§ Dor ro  ag  pio\rg 2 20 270,

c (El _ &8081@% i E%ﬁlao)

2 2 2 4,2
7o To  Dor ToPor

We regroup terms with - and p%, the final result is
T or

1 0€0L5
@ = EOGO + € ( ( agggﬁg + (Ioﬁl) + 7”2£0 <\/a_0€0£0 - 5051ag + Eifl CL%))

=2 3 2
dr ToPor 0Dor o 0

£0 agp 2 CZE) ao E% 1 2 1 ar
20 X0, Ze2, 4 22 20
( o + ao 2. 7,8, + 2 0% + 2p07“ ao )

(D.9)

and it is exactly the equation (4.50).
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