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Chapter 1

Introduction

Unformally speaking, an integral equation is a functional equation where
the unknown function appears under the integral sign and integro-differen-
tial equation is an equation that contains both derivatives and integrals
of the unknown function. Systematic study of integral equations started
from the Works of Volterra [60], where he transformed an integral equation
fo s)ds = g(t), t € [0,T] by differentiation with respect to ¢, into
an 1ntegral equatlon of the form

/K syds+ ft),  te 0] (VIE)
0

(later called Volterra integral equations of the second kind) and Fredholm
[19], where he gave necessary and sufficient conditions for solvability of
integral equations (later called Fredholm integral equations of the second
kind) of the form

b
y(t) = / Kt s)y(s)ds + f(£),  te[0.b]. (FIR)
0

The main study objects of the present thesis are numerical methods for
solving first order Volterra and Fredholm integro-differential equations of
the form

y(6) = p(B)y(t) + alt) + / K(t,s)y(s)ds, te[0,T]  (VIDE)
0



and
b
YO =pOy®) +al)+ [ Ktoy(s)ds,  te0l]  (FIDE)
0

with appropriate initial or boundary conditions. In these equations K is
called the kernel and assumed to be known. The functions f, p and g are
also assumed to be known. The unknown function is denoted by y.

Both integral and integro-differential equations arise in many applications,
for example in population dynamics [17, 18], identification of memory ker-
nels in viscoelasticity and heat conduction [25, 26, 27|, financial mathe-
matics [34, 35]; we refer the reader for many additional examples to the
monograph [11].

In many applications the kernels K of the integral operators are not smooth
functions and may have an integrable singularity at the diagonal ¢t = s (see
e.g. [6, 16, 55]). It turns out that in that case the solution to the corre-
sponding integral or integro-differential equation is not a smooth function,
its derivatives may have singularities only at 0 (in the cases of VIE and
VIDE, see e.g. [8, 13, 14, 36]) or at both 0 and b (FIE and FIDE, see e.g.
[46, 49, 55, 56, 57]). This property of weakly singular equations makes it
much harder to construct effective numerical methods for solving them.

It is easy to see that integro-differential equations and integral equations
are very closely related. There are two standard ways to relate them:
1) an integro-differential equation can be viewed as an integral equation
with respect to the derivative of the unknown function; 2) by integration,
the integro-differential equation can be transformed to an integral equation.
In the view of such close relationship it is quite surprising that the standard
theory of numerical methods for integral equations often, especially in the
case of nonsmooth K,p and ¢, do not enable to get optimal results for
numerical methods for integro-differential equations.

A standard method for solving integral and integro-differential equations
is the collocation method, where one looks for an approximate solution
in a finite dimensional space and determines the approximate solution by
requiring that after substituting the approximate solution into the original
equation, the equality would hold at certain points (so called collocation
points).

The most comprehensive coverage of the theory of collocation methods
for VIE and VIDE with extensive annotated list of references is [11], we



also refer to the monographs [4, 12, 33] for additional information on the
numerical treatment of Volterra integral equations, to the papers [37, 38,
39, 40] for convergence and stability analysis of collocation methods with
smooth splines for VIE and VIDE and to the survey papers by Baker [2,
3, 5] and Brunner [7, 10]. For the discussion of collocation methods (and
many other methods) for solving Fredholm integral equations we refer to
the monographs [1, 20, 32|, comprehensive treatments of weakly singular
Fredholm integral equations are [55, 57].

In this thesis we study piecewise polynomial collocation methods for solving
weakly singular Volterra and Fredholm integro-differential equations, where
the approximate solution is assumed to be piecewise polynomial function
defined on a partition of the original interval. The general theory of such
methods for weakly singular VIE in the case of special nonuniform grids
is given in [13], where a connection between numerical methods for weakly
singular Volterra and Fredholm equations is established. A comprehensive
convergence analysis of similar methods for VIDE is presented in [14, 15],
see also [9, 23, 51, 52, 54]. In the case of smooth kernels the numerical
solution of FIDE is discussed in [22, 24, 31, 59]. The only paper known
to the author of this thesis considering numerical methods of FIDE in the
case of weakly singular kernels is [58]. This is in contrast to the number of
works on weakly singular Fredholm integral equations, see e.g. [21, 28, 29,
41, 47, 50, 55, 57].

The main contributions of the present thesis to the numerical analysis of
weakly singular VIE, VIDE and FIDE are as follows.

1) Convergence rate estimates for two different numerical methods for
solving initial value problems of VIDE are established in terms of the
length of the maximal subinterval of the underlying grid for unstruc-
tured grid sequences (Theorems 3.2.1 and 3.5.1). The first method
considered (later Method 1) is based on viewing the VIDE as an in-
tegral equation for the derivative of the solution of VIDE, solving
the equation for the derivative by a piecewise polynomial collocation
method and finally determining the approximate solution of the origi-
nal initial value problem of VIDE by integration. The second method
(later Method 2) corresponds to integration of both sides of VIDE to
obtain an integral equation for the solution of VIE, which is solved
by a piecewise polynomial collocation method.

2) Uniform superconvergence results are obtained for Method 1 in the
case of special nonuniform grids (or graded grids). Normally, if an
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approximation of a function is obtained by integrating an approxi-
mation of the derivative at the function one would expect that the
maximal error of the approximation of the function is of the same
order as the error of the approximation of the derivative. It turns
out that in the case of Method 1, by an appropriate choice of the
collocation points it is possible to achieve much higher convergence
rate for the approximate solution of VIDE. Theorem 3.4.1 character-
izes the uniform superconvergence phenomenon for all values of the
nonuniformity parameter of the grids. This result refines the results
of [14, 15] about the convergence of Method 1 in the case of arbitrary
collocation parameters and improves the superconvergence results of
[53] obtained for a special class of weakly singular kernels.

A new local superconvergence result for piecewise polynomial colloca-
tion methods for solving VIE (Theorem 3.3.2). The optimal supercon-
vergence rate at the collocation points in the case of graded grids was
established in [13] for sufficiently large values of the nonuniformity
parameter. Detailed technical analysis (Theorems 2.5.4 and 2.5.6)
enable us to describe the superconvergence phenomenon for all val-
ues of the nonuniformity parameter and to establish the exact value
after which the optimal convergence rate is achieved.

Characterization of (local) superconvergence for Method 2 (Theorem
3.6.1). In [14] an optimal superconvergence of Method 2 at the col-
location points (under some additional assumptions) was established
for sufficiently large values of the nonuniformity parameter of the
graded grid. Numerical experiments showed that the optimal conver-
gence rate is achieved for smaller value of the nonuniformity param-
eter than predicted in [14]. The result of Theorem 3.6.1, which was
originally stated as a conjecture in [42], describes the dependence of
the superconvergence phenomenon for all values of the nonuniformity
parameter.

Convergence analysis of a piecewise polynomial collocation method in
the case of special nonuniform grids (similar to Method 1 for VIDE)
for initial and boundary value problems of FIDE. We study the reg-
ularity properties of a solution of a FIDE (Theorem 4.2.1), derive
optimal global convergence error estimates and analyze the attain-
able order of convergence of numerical solutions for all values of the
nonuniformity parameter of the underlying grid (Theorems 4.4.3 and
4.5.1).
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6) Extensive numerical verification of the optimality of the theoretical
results.

The thesis is organized as follows.

In Chapter 2 we provide definitions of weakly singular Volterra integral op-
erators, relevant function spaces and various grids used for defining piece-
wise polynomial function spaces. We also prove several new approximation
properties of piecewise polynomial interpolation operators which form the
basis for analyzing numerical methods of solving VIE and VIDE in the next
chapter.

Chapter 3 is devoted to studying piecewise polynomial collocation meth-
ods for solving initial value problems of first order linear weakly singular
Volterra integro-differential equations. We introduce two different numeri-
cal methods and analyze the convergence of the methods both for unstruc-
tured and for graded grids.

In Chapter 4 we study initial and boundary value problems of weakly sin-
gular Fredholm integro-differential equations. After introducing relevant
function spaces we prove the existence and uniqueness of a solution to the
boundary value problem and describe a piecewise polynomial collocation
method for solving the problem. We provide a complete convergence anal-
ysis of this method in the case of graded grids.

In Chapter 5 we discuss implementation details of the numerical meth-
ods described in the previous chapters, introduce test problems and verify
the optimality of the theoretical results of Chapters 3 and 4 by extensive
computational experiments.

Most of the results given in Chapters 3 - 5 are published in [30, 42, 43, 44,
45, 46], although the thesis contains also several new results, especially in
Chapter 2. In some cases the results in this thesis are stated and proved
in a more general form than in our published papers. When there are no
cited references for a result in the text, the result is new.
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Chapter 2

Function spaces and weakly
singular Volterra integral
operators

In order to discuss piecewise polynomial collocation methods for solving
weakly singular Volterra integro-differential equations one has to define the
class of weakly singular integral operators, introduce the relevant function
spaces and various grids used for constructing an approximate solution. In
this chapter we provide necessary definitions and analyze approximation
properties of piecewise polynomial interpolation operators. In addition to
quoting well-known results of other authors, this chapter contains also se-
veral original results, some of which have not been published before.

The most important new results are Theorem 2.5.4 and Theorem 2.5.6,
which enable us to improve formerly known superconvergence results for
weakly singular Volterra integral equations and to obtain new superconver-
gence results for various classes of integro-differential equations. Also worth
mentioning is the new L! approximation result (Lemma 2.4.5) for piecewise
polynomial interpolation on regular grids, which leads to new convergence
results for corresponding numerical methods.

2.1. Notation and some basic results for linear op-
erators

Throughout this work we denote by c, c1, co, ... real constants, which may
be different at different places, by IN = {1,2,...} the set of all positive
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integers and by IR = (—o0, 00) the set of real numbers.

By C™(D) (m € NU{0}; D C R", n € IN) we denote the set of continuous
and m times continuously differentiable functions = : D — IR.

By Cla,b] we denote the Banach space of continuous functions z : [a, b] —
IR with the norm

[z = [lz[lcfap) = max [z(t)], € Cla,b].
t€la,b]

By C'[a, b] we denote the Banach space of continuously differentiable func-
tions z : [a,b] — IR with the norm

1zl p = 2l cen + 12 lc@e, — * € CHa,b].

By L*°(a,b) we denote the set of measurable functions z : [a,b] — IR, such
that
inf sup |z(t)| < oo,
QC[a,b):1(2)=0 te[qa,b]\O2
where p(€2) is the Lebesgue measure of the set Q. The set L*>(a,b) is a
Banach space with the norm

nf

i sup |z(t)|, =z € L*(a,b).
Qc[a:b}Zﬂ(Q)zote[a,b}\Q‘ ) (.5)

||xHL°°(a,b) = H$||OO =

Let X and Y be Banach spaces. By £(X,Y) we denote the Banach space
of all linear continuous operators A : X — Y with the norm

|| Az]]
[Al=MAllgxyy= sup [Az[[= sup
zeX, ||lz]|<1 veX,z20 |||l

(A€ L(X,Y)).

We use in this work the following well-known results from the theory of
linear operators (see e.g. [1, 20, 32]).

Theorem 2.1.1. Let X,Y,Z be normed spaces and let A : X — Y and
B :Y — Z be bounded linear operators. Then the product BA : X — Z is
compact if one of the two operators A or B is compact.

Theorem 2.1.2. Banach-Steinhaus theorem. Let A: X — Y be a bounded
linear operator and let A, : X — Y be a sequence of bounded linear op-
erators from a Banach space X into a mormed space Y. For pointwise
convergence Apx — Az, n — oo, for all x € X it is necessary and
sufficient that | Ayl < C for all n € IN with some constant C' and that
Apzr — Az, n — oo, for all x € U where U is some dense subset of X.

14



Theorem 2.1.3. Let X and Y be Banach spaces. If the operators A, B €
L(X,Y) are such that A is invertible (A=' € L(Y, X)) and | B||||A7Y|| < 1
then A+ B is invertible and the estimate

- A~
I(A+B) ™ < s—=iar
1— A= B]|
holds.
Theorem 2.1.4. Let X, Z be normed spaces and let Y be a Banach space.
Let A be a compact operator mapping X into Y and let L, : Y — Z

be a pointwise convergent sequence of bounded linear operators with limit
operator L :' Y — Z. Then

(L, — L)A|| - 0, n — oc.

Theorem 2.1.5. Fredholm alternative. Let X be a Banach space, and let
A€ L(X,X) be a compact operator. Then the equation x = Ax+g, g € X
has a unique solution x € X if and only if the homogeneous equation z = Az
has only the trivial solution z = 0. In such a case, the operator I — A has
a bounded inverse (I — A)~' € L(X, X).

2.2. Spaces C**#[0, T] and WFH(Ar)

Let CH#[0,T], k € IN, u € R, p < 1 be defined as the collection of
all continuous functions z : [0,7] — IR, which are k times continuously
differentiable in (0, 7] and such that the estimation

' 1 if 1<1—p,
‘x(")(t)) <eq 1+logt] if i=1-p, (2.1)
tl—p—i if i>1—p

holds with a constant ¢ = ¢(x) for all t € (0,7] and ¢ = 0,1,..., k.
The set WFH(Ar), with k € NU {0}, p € R, p < 1 and
Ar={(t,s) €cR*:0<t<T,0<s<t} (2.2)

consists of continuous and k times continuously differentiable functions K :
A1 — IR satisfying

aN‘fo o\ 1 if p4i<O0,
|<8t> (at+a> K(t,s)| <c{ 1+|log(t—s)| if p+i=0, (2.3)
’ (t—s)~H" if p+i>0

15



with a constant ¢ = ¢(K) for all (¢,s) € Ar and all integers 4, j > 0 such
that i +j < k.

The asymmetry of (2.3) with respect to ¢ and s is only seeming; actually,

AN
ds \ot Os ot

using the equality

we can deduce from (2.3) the estimate

. . it p+4+1i<0,
IN(2 L 0N kol <ed 14 toglt— ) if pti=0, (24)
s ) \ot " s U su el =, A

(t—s) 1" if u+i>0

with a constant ¢ = ¢(K) for all (¢,s) € Ar and all integers 4, j > 0 such
that ¢ +j < k.

Note that for any £ € INU {0} the function
K(t,s) = r(t,s)(t—s)", e CFAr)
belongs to the space W*#(Ar) for any p < 1 and functions of the form
K(t,s) = k(t,s)(t — s)Plog(t — s), &€ CH(Arp)
belong to the space W*~P(Ar) for any p € {0,1,...,k}. Here
Ar={(t,s) € R*:0<t<T,0<s<t} (2.5)
is the closure of the set Ar.

If < 0 then according to (2.3) the functions K € W¥#(Ar) are bounded
for any & € INU {0}. Actually, we can deduce more from the conditions
(2.3).

Lemma 2.2.1. Assume that K € WFH(Ag) with k > 1 and pp < 0. Then
K can be extended to Ar (defined by (2.5)) as a continuous function.
Proof. Since for i < —1 we have WFH(A7) C Wh—3 (A7) we consider only
the case p € (—1,0).

Fix (t1,s1), (t2, s2) € Ap. Without loss of generality we may assume that
s1 < sy (otherwise we may just swap the indexes 1 and 2). Using (2.3) and

16



(2.4) we get

|K(t1,51) — K(t2,s2)| < |K(t1,51) — K(t2,s1)] + [K(t2,51) — K(t2, 52)]

to 52
0 0
._/mK@ﬁm+ /%K@@@
t1 S1

to $2
< /(t — 31)*“*1dt + co /(tz — s)f‘hlds
t 51
ta 52
<c /(t — min{t, t}) 7F 7 dt| + ¢y /(52 —s) " lds
t 51

<es ([t —to| T+ (s2—s1)7H) .

Thus, the function K is uniformely continuous on the set Ap and therefore
can be extended as a continuous function to Ap. &

Consider the integral operator S, defined by the formula
t
w@api/Kuﬁm@M& 0<t<T. (2.6)
0

Definition 2.2.2. Integral operator S defined by (2.6) is called weakly sin-
gular if the kernel K belongs to the space W*H(Ar) for some k € INU {0}
and p < 1.

Remark 2.2.3. It is customary to consider an integral operator to be
weakly singular if its kernel K(t,s) is not continuous on Az and has an
integrable singularity at the diagonal ¢ = s. If g > 0 then the kernel
K € WFEH(A7) may be weakly singular in the usual sense. If i < 0 then
the kernel K € W*H#(Ar) is bounded on the set A but its derivatives of
certain order may be unbounded at the diagonal ¢t = s.

Since in case of most of the results of this thesis it is not essential to
distinct the cases > 0 and p < 0, we call integral operators with kernels
K € WFH(Ar) weakly singular regardless of the value of .

Remark 2.2.4. If K € C(Ar) then K € WY (Ar) for any u < 1, thus
the class of weakly singular integral operators contains all integral operators
with continuous kernels.

17



Remark 2.2.5. The class of kernels W** (A7) allowed here is an adaption
of a class of kernels originally introduced by Vainikko in his monograph [55]
for n-dimensional weakly singular Fredholm integral equations. In the case
n = 1 we will exploit the corresponding class of kernels in Chapter 4 for
the numerical solution of Fredholm type integro-differential equations.

The proof of the following property of weakly singular integral operators
can be found in the book [55] (Corollary 2.1).

Theorem 2.2.6. Weakly singular integral operators are compact from
L>(0,T) to C[0,T] (and hence also from L>=(0,T) to L*°(0,T) and from
C[0,T] to C[0,T)).

2.3. Grids and the spline spaces S,gd)(HN)

For a given N € IN let
HN:{to,tl,...,tN:O:t0<t1<...<tN:T} (2.7)

be a partition (a mesh) of the interval [0, T'| (for ease of notation we suppress
the index N in ¢, = t,(lN) indicating the dependence of the grid points on

N).
Later we will use various grids. A grid Ily is called regular, if

max (tn, —tnh—1) = 0 as N — oo. (2.8)
n=1,...,

A sequence of partitions for [0, 7] is called quasi-uniform if there exists a
constant © independent of NV such that

— i — < . .
n:rrll’iafN(tn tn_l)/nzr?,l,,r,l,jv(t" th—1) <O, neN (2.9)
We use the notation Il = Il g for quasi-uniform grids. If © = 1, then
IIy1 is a uniform grid. If the grid points of IIx are given by

n

T
tn:T( ) . r>1,n=0,1,...,N, (2.10)
N
then IIy = II%y is called a graded grid. Here r is a parameter describing
the nonuniformity of the grid IIy. If r = 1 we get a uniform grid and if r

increases the density of the grid points near 0 also increases.

18



Let us show that quasi-uniform and graded grids are regular. Denote

hp=1t, —th_1, n=1,...,N; (2.11)
h= tn —th_1). 2.12
n:HiaX’N( n—tn-1) ( )
Since
in hy < L
e e A A

the inequality (2.9) gives us

T
< i <O— 2.1
=0 4y =0y (219)

which proves the regularity of quasi-uniform grids.

In the case of graded grids

ot =1 (5) -1 (*5)

=TN"(n"—(n-1)"), n=1,...,N.

Using Lagrange’s mean-value theorem we get
TN (n"—(n—1)")<TrN"n" ' <TrN~' n=1,...,N.
Therefore, for graded grids
hp <h<TrN7', n=1,...,N, (2.14)
and the convergence (2.8) holds. Thus, graded grids are also regular.

It is easy to see that graded grids IIy with » > 1 are not quasi-uniform.
Indeed, since

h
h—N:NT—(N—l)TZT(N—l)T_I—»oo as N — oo
1
the condition (2.9) is not satisfied.
In this thesis we look for approximate solutions to integral and integro-

differential equations in the form of piecewise polynomial functions. Such
functions are called polynomial splines.
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Definition 2.3.1. Let k and d be given integers satisfying —1 < d < k—1.
We call

S]id)(HN):{w:w‘(t = w, €M, n=1,...,N;

nflytn) -
wd(ty) =w (t,) 0<i<d, n=1,...,N—1}

the space of (real) polynomial splines of degree k and of continuity class
d. Here m denotes the set of polynomials of degree not exceeding k and

w‘(t .y U8 the restriction of w:[0,T] — R to the subinterval (tn—1,ty).

Note that the elements of

S,g_l)(HN):{w:w‘(t emp,n=1,...,N}

nfl)tn)

may have jump discontinuities at the interior grid points t1,...,tn_1.

The space S,g_l)(HN) is thus the least smooth of the polynomial spline
spaces, while Slik_l)(l'[ ~) is the smoothest of these spaces. The dimension
of S,(Cd)(HN) (see [12], Theorem 5.1.1) is given by

dim SV (My) = N(k—d)+d+1, —-1<d<k—1.

We do not consider splines with continuity class d > 1 in this work.

2.4. Piecewise polynomial interpolation

We define & > 1 interpolation points in every subinterval [t,_1, t;]
(n=1,...,N) of the grid Iy by

tnj:tnfl‘k'r}jhna J=1..,k (’I’Lzl,...,N), (215)

where h, = t, — t,—1 and nq,...,m are some fixed parameters (called
collocation parameters) which do not depend on n and N and satisfy

0<m<...<m <1 (2.16)
We introduce an interpolation operator

Py =P clo, 1) — SV (1) ¢ L0, T)

20



which assigns to every continuous function z : [0,7] — IR its piecewise
polynomial interpolation function which interpolates x at the points (2.15):

Pyx € SV (Ty), z € €0, T),

(2.17)
(Pnz)(tn;) = x(tng), j=1,...,k; n=1,...,N.

If 71 = 0, then by (Pyz)(t,1) we mean the right limit . lim . (Pnz)(t).

—tn—1,t>tn—1

If i, = 1, then (Pnz)(tn,) denotes the left limit . 1tli]r{th (Pyx)(t). Thus,

mny n

(Pyx)(t) is independently defined on every subinterval [t,_1,t,], n =
1,..., N, and may be discontinuous at the interior grid points t =t,, n =
1,...,N — 1. Note that in the case n; = 0,7, = 1, function Pyx is contin-
uous on [0, 7.

Later we need the following result, which is stated as an easy observation
in several papers (see e.g. [14, 15, 43], also cf [55] p.115).

Lemma 2.4.1. Assume that the node points (2.15) with grid points (2.7)
and parameters (2.16) are used. Let the operator Py be determined by the
conditions (2.17). Then

PNl 2(cpo,17,Lo0 (0,7)) < € N e N, (2.18)
where ¢ is a constant which is independent of N.
In order to prove this lemma we introduce an operator P,; : Cla,b] —

Cla,b] which to every continuous function = € Cla,b] assigns a function
P, pyx € Cla,b] by the formula

(Pa,b$)(t) :Z x(ﬁz) (5(75 — 51) - (t — fifl)(t — fzqu) - (t — fk)

i=1 i— &) (&G = &) (& —Civr) - (& — &) t €[a, b].

(2.19)
Here a,b € R, a < b and

&=a+n(b—a), i=1,....k

with the collocation parameters 7, ..., ny satisfying (2.16). For the opera-
tor Py, the following lemma holds.

Lemma 2.4.2. Let the operator P,y : Cla,b] — Cla,b] be determined by
the formula (2.19). Then

| Pab

l2(Clap],Clab) < © (2.20)
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and
c1

1Pasll ccctascrpan) < €+ p—0s (2.21)

where ¢ and ¢1 are constants which are independent of a and b.
Proof. Let x € Cla,b]. From formula (2.19) we get for every t € [a,b] the
inequality

t—¢& t—& t—
(Pu (0] < oot >Z|& R S et

Here [t —&j| <b—a (j=1,...,k, j# i) and the differences |§; — &;| (j =
.k, j #1) can be estimated as follows:

G=gl= _min —nlb—a), i=1..k

Thus

k —a k-1
|(Pay)(t)] < <i£}?§k'x(5"”> 2 .

Therefore
[ Papzllcap < cllzlcap),
where
- Z k—1-°
=L min g —
=1y
Since

| Pasllz(Clap),Clab) = sup | Pa vl cla,p)s

zec[avb]vanC[a,b] <1

the estimate (2.20) follows.

In order to prove (2.21) we note that for every ¢ € [a, b] the inequality
|[(Pap)(@®)]']
< (mox, lo(60)

i=1,...k

) i [t =€) .. (t— &)t — Ei1) ... (t — &)
& — &1l & — &1l — &gl - - |6 — &kl
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holds. Since
[t —&) (t =& )t = &) .. (E = &) < (k= 1)(b—a)*?,

we get

k _ _a)k2
(P07 < (o)) 3o O
T _min - mlo- o))

=1,....k,j#i

.
k—1 1
< llellofas;— > t € [a,b].

k—1"
=1 :
min ;i — ;
<j=1,...,k,j¢i i ml)

C1
IPosloras = | Pastlctan + 1PasVlotan < (e 522 ) lellctan

Hence

which proves the estimate (2.21).
Proof of Lemma 2.4.1. Fix an arbitrary function x € C[0,T] and denote

Tn = x|[tn—1,tn].

It follows from

(Pnx)(t) = (Pr_yta@n)(t),  tE€ (tno1,ln),
that

PN || poo0,1) = Hax 1PNl poo (4 ) = Tmax 1Py tn®nll Cltn_i tn)

[AAS}

< max Pt | 2(CTtn 1 stn],Cltn— 1 ) N Cltr 1 0]

< cllzllcpo,n-

Since

PNl 2(cto,,zo0 (0,7)) = sup | Pl poo 0,75
er[O7T]7”x”C[O,T] <1

we get the estimate (2.18). ¢

When studying the properties of piecewise polynomial interpolation oper-
ators one often needs error estimates on subintervals. Here we show that
the estimates of [55] (p.116), proved for graded grids, hold for arbitrary
subintervals.
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Lemma 2.4.3. Let x € C**[0,T], k€ N, p <1 and 0 <a < b <T.
Then for the operator P, defined by (2.19) the estimate

1 if k<1l-—up,
max |(t) — (Popx)(t)] < c(b—a)*{ 1+ |logh| if k=1-—p, (2.23)
tefa] blorkif k> 11—,

where ¢ is a constant which is independent of a and b, holds.

Proof. Let w be a polynomial of order k£ — 1, then P, yw = w. With help of
the inequality (2.20) we get
|z = Papllcap = llz —w = Pap(z — w)llcla
< (14 1Papleciap,clam) 12 — wllcpas
< cllz — wllclap, (2.24)

where the constant ¢ is independent of a and b.

We fix w as a Taylor polynomial for z at t = b:

k—1

200 .
wit)=>" ,(b)(t—b)@, t € [a,b].

7!
i=0

Since x € C*#[0, T, the integral form of the reminder term of the (k—1)th
order Taylor approximation of x at ¢ = b and the estimates (2.1) give us
for all ¢ € [a,b] the inequality

b

1
2(t) =] = 7 —y; /(s — )" 2 ®)(s)ds
t
b if k<l—p
c/s—t 1+]10gs\ if E=1—p pds. (2.25)
f slmn=k if k>1-—p

If £k <1— p we have

b
/ kld _(S_t)k
k
t

If kK =1 — p then we can write

<clb—t)F <eb—a), tela,b). (2.26)

b b
1
/ £ 11+ log s|) dsg/ t (s —t)k (2—Hlogs|)ds, t € [a,b].
t t
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Since for a fixed t € [a,b) the function z(s) = (s — t)k7%(2 + |log s|) is
increasing on [t, b], we obtain

b b
1 1
/ (s —t)* (2+|logs|)ds§(b t)k= 2+\logb\ /
t t

]

< c(b—a)*(1 + |logh|), t€ [a,b). (2.27)

In the case k > 1 — p we can use the equality

b b
/(s — t)k_lsl_“_kds / s—1)" )k Ipgl=p=kgg.
t t

Since for a fixed ¢ € [a,b) the function z(s) = (s —t)k¥~1T#s1=#=F is increas-
ing on [t, b], we get
b b
/ s—1)" )k pgl-p=kgs < (b— t)k Ippl=p— k/ s—t) Hds
t t

<clb—a)ol™**  tela,b). (2.28)

The inequalities (2.24) and (2.25) together with (2.26) if £k <1 — p, (2.27)
if k=1—p and (2.28) if £ > 1 — p give us the estimate (2.23). <

Corollary 2.4.4. Let x € C**[0,T], k € IN, u < 1 and assume that a
grid Iy and the interpolation points (2.15) are used. Then for the operator
Py defined by (2.17) the estimate

sup  |a(t) — (Pya)(t) < chk { 1+[logta| if k=1-—p, (2.29)
te(tnfhtn) ,}Li‘uik Zf kf > 1 - ,U,

where hy, =ty —th—1 and c is a constant which is independent of n and N,
holds.

Proof. Since for t € [t,—1,t,] we have (Pyz)(t) = (P,_,t,2)(t), the esti-
mate (2.29) follows from (2.23) with a = t,—1 and b =¢,. {
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2.4.1. Interpolation error estimates for regular grids

In this subsection we study the approximation properties of Py without
assuming anything about the structure of the underlying grid II. The L™
estimate of the next lemma was originally proved by I. Parts, A. Pedas in
[43], the L! estimate is new and enables us to show in the next chapter that
some convergence results of piecewise polynomial collocation methods, that
were previously proved only for uniform and quasi-uniform grids, also hold
for all regular grids.

Lemma 2.4.5. Let x € CP*[0,T], k € IN, p < 1 and assume that a grid
Iy and the interpolation points (2.15) are used. Then for the operator Py
defined by (2.17) the estimates

Rk if k<1-—p,
o — Prilloo < c { BE(U+[loghl) if k=1-p (2.30)
hl—H if E>1—p
and
T h¥ if k<2-—p,
/ lz(s) — (Pnx)(s)|ds < c{ RhF¥(1+|logh|) if k=2—pu, (2.31)
0 h2—H if E>2—p

hold. Here h is defined by (2.12) and c¢ is a positive constant which is
independent of N and h.

Proof. We prove the estimations (2.30) and (2.31) separately.

(i) Proof of the uniform error estimates (2.30). Using Corollary 2.4.4 we
get

|z — Pnx|loo = _max ( sup  |x(t) — (PN.CC)(t)|>

te(tn—lytn)

=1,...,

1 it E<1-—uyp,
<c max RES 1+ |logt,| if k=1-—p,
M Lok if k>1-—up,
where h,, = t, — t,_1.
If k <1 — p then we estimate
hE < h¥
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and therefore
|z — Pyi|loo < chF.

In the case k = 1 — p, using the inequality t,, > h,, and the fact that the
function x(s) = s*(1 + |log s|) is monotonically increasing for s > 0 we get

|logt,|) < hn(L+loghal) if tn <1 < c1 hF(1 + |loghl)
T ent it ot >1 '

Thus
|z — Pyl < ch*(1+ |loghl).
If K > 1 — p then the observation t,, > h, gives us
hEtl=n=k < pkpl=n=k < pl=n
Therefore
|z — Pyz|loo < ch™H.
This concludes the proof of (2.30).

(ii) Proof of L! estimates (2.31). It follows from Corollary 2.4.4 that

T N ta
/ 2(5) = (Pyz)(s)lds = 3 / j2(s) — (Pya)(s)|ds
0 n=1l; " |
N 1 it E<1-—uyp,
<R T4 |logt,| i k=1-p,
n=1 L=p=k if k>1-—p

If k <1— pthen we get

N N
S OREFL<BEY by, < b
n=1 n=1

In the case k =1 —  we have

N N
> T REFY (L + [logta]) < KD hn(1+ [logty|)

n=1 n=1

/ (1 + |log s|)ds < e1h*.
0
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Ifk>1—pand k <2— pu then we obtain

N N
Z pEFLl=n—k < pk Z hpthH—k
n=1 n=1

T
< hk/slﬂkds < chF.
0

Thus, if & < 2 — p then the statement (2.31) holds. If £ > 2 — p then we
can write

N N
Z prtll—p—k _ hllﬁ-lt%—ﬂ—k + Z pEALl—p—k
n n n n
n=1 n=2
N
2 S ek
n=2
Note that
N N
R N A e e L TR (2.32)
n=2 n=3
Indeed, since
t h
a2y
to to

we get that

which gives us

R A P T
Last inequality is equivalent to (2.32).
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We choose ng so, that h < t,,, < 2h. Using repeatedly the inequality (2.32),
we obtain

N N
k4+1,1—pu—k 2— k+1,1—p—k
Zhn+ tl=n—k < tnou"‘ Z hn+ tl=n

n=1 n=nop+1

N
<@R)P 4 E YT bty F
n=ng+1
T

< (2R)%7H 4 BF / stmrkds

tng
_ 1+ |logty,| if k=2—pu
S<2h)2#+0hk{t%“_k R k>2—pu
1+]|logh| if k=2—p
h2—r—k if k>2—p

< R¥(1+ |logh|) if k=2-pu,
=29 p2n if k>2—p.

< (2R)*H 4 ¢y hF {

So, the statement (2.31) holds true also for k > 2 — u. $

Usually, when studying convergence properties of projection methods, the
corresponding projectors are bounded and converge strongly to the identity
operator on a suitable Banach space. Unfortunately there is no such ”suit-
able” space for the operators Py but the following result (which for graded
grids is established in [14], Lemma 3.2) together with Lemma 2.4.1 still
enables us to apply general convergence theorems to piecewise polynomial
collocation methods for solving integral and integro-differential equations.

Lemma 2.4.6. Let S : L*>(0,T) — C[0,T] be a linear compact operator.
Suppose that the grid (see (2.7)) is reqular i.e. satisfies (2.8). Then for the
operator Py defined by (2.17) we have

||S - PNSHE(LOO(O,T),LOO(O,T)) —0 as N — oc. (233)

Proof. From Lemma 2.4.5 we obtain for every x € C'[0,T] ¢ C*°[0,T]
that
|z — Pnz|looc — O as N — oo.

Since according to Lemma 2.4.1 the operators Py are uniformly bounded
and the set C'[0,T)] is dense in C[0,7T], Banach-Steinhaus Theorem 2.1.2
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gives us that for every x € C[0,T]
|z — Pnx|looc — 0 as N — oo.

Theorem 2.1.4 (with A =S, L, = Py and L = I) yields now the conver-
gence (2.33). Lemma 2.4.6 is proved. <

2.4.2. Interpolation error estimates for graded grids

In the case of graded grids it is possible to reduce the interpolation er-
ror significantly by choosing an appropriate value for the nonuniformity
parameter r. The following lemma characterizes the dependence of the in-
terpolation error in L> and L' norm on the parameter 7. An analog for
multidimensional case and slightly different nonuniform grids is formulated
and proved in [55], the statement of the lemma with an outline of the proof
can also be found in [14].

Lemma 2.4.7. Letx € C**[0,T], k € N, u < 1 and assume that a graded
grid I, with r > 1 and the interpolation points (2.15) are used. Then for
the operator Py defined by (2.17) the following estimates hold:

N—r(=n) for 1<r< %,
|z = Pxzlloe < e § NF(1+1logN) for r={& =1,
—k k _ _k
N for r>qporr=g,>1
(2.34)
and
T N-T(2=n) for 1<r <,
/|x(s) — (Pyx)(s)|ds <c¢{ N7*1+logN) for r= ﬁ,
—k k
0 N for r> PRt
(2.35)

Here c is a positive constant which is independent of N.

Proof. We prove the estimates (2.34) and (2.35) separately.

(1) Proof of the uniform error estimates (2.34). Using the inequality (2.29)
we get,

1 if k<1-p,
|z — Pnzlloc < ¢ max REL 1+ |logt,| if k=1-—up,
e 1=n=k if k>1-—p
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Note that for graded grids (see (2.10)) we have

hg _ (tn—tnq)ﬁ _ (T (%)T_T <n]:[ 1>r>6

< TﬁrﬁN_Tﬁn(r_l)ﬁ, r>1, >0, n=1,...,N (2.36)

B
10 = (T (%) ) —TN"Bp™8 p>1,8>0, n=1,...,N. (2.37)

If k£ <1 — p then, with the aid of (2.36), we have

hfl < ThpkN—rhp(r—Dk < e N=k p=1,... N.

In the case k =1 — y we obtain for all n =1,..., N that

hE(1+ |logty,|) < e N~mhp(r—Dk (1 + ‘log %D

=en (1) (1 foe )
=cN (N 1+ logN

- N=*1+logN) for r=1,
= N~k for r> 1.

Similarly, in the case k > 1 — u we get with the help of (2.36) and (2.37)
that

hflt};“_k < CN—Tkn(r—l)kN—r(l—p,—k)nr(l—u—k)

— o N—r(=p) r(—p)—k

forn=1,...,N.

Combining the results of the three cases we see, that the estimation (2.34)
holds.
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(ii) Proof of L' estimates (2.35) is very similar to the previous one. Ap-
plying the inequality (2.29) gives us

N tn
/ os) = (Puo)(s)lds = Y- [ 1a(s) = (Pya)(s)lds <
n:ltn_l
N 1 it E<1-—uyp,
<D ORI T4 |logt,| i k=1-p,
Louk if k>1—p

Using (2.36) with § =k 4+ 1 we get in the case k < 1 — u that

N N
Z hk+1 < Tk+17"k+1N_r(k+1) Z n(T’—l)(k+1)
n =
n=1 n=1

S CNfr(k+1)N(7'71)(k+1)+1 — CNik.

If K =1 — p then using (2.14) we have

N N
D B+ [logta|) < WP hi(1 + [logty|)

n=1 n=1

<eNTF /(1 + |log s|)ds < ¢ N7F.

Finally, in the case k > 1 — p with help of (2.36) and (2.37) we obtain that

N N
th—f—ltl—u—kz <c¢N™ (k-l—l)N—r (1—p—k) Zn r—1)(k+1) T(l—u—k)
n ‘n =
n=1 n=1
_ N Z (=) —k—1
n=1

Note that for @ € IR, a < 0 we have

N N 1 if a< -1,
Zna:1+2na§1+/sad5§c 14+logN if a<=1,
= ~ Not if a>-1

and for a > 0 the estimate
N N
S ont < 3N = N
i=1 i=1
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holds, thus
1 if a<—1,

N
Y n*<cq 1+logN if a<=1, (2.38)
i=1 Notl if a>-1.

Using (2.38) with a = r(2 — p) — k — 1 we get

N 1 for 1<r< ﬁ
Z Pk < e NTTC= L 1 log N for = ﬁ
n=1 Nr@=w=k for > ﬁ
N—(2=n) for 1<r< ﬁ,
=c¢{ N7%(1+logN) for r:ﬁ,
N—F for r > ﬁ

Combibing the results of the three cases we get the estimation (2.35) of the
lemma. Lemma 2.4.7 is proved.

2.5. Approximation of integrals and integral op-
erators in the case of graded grids and special
collocation parameters

Often numerical methods give approximations for the derivative of the so-
lution of an equation such that the error at the interpolation points is much
smaller than in the maximum norm over the whole interval. Next lemma
shows that this may lead to a good uniform approximation of a solution
itself.

Lemma 2.5.1. Let x € CF11[0,T], w € S,gill)(H’"N), ke N, u<l,

r > 1 and the parameters ny,...,n; be chosen so that the quadrature ap-
proximation
1
/ o(s)ds ~ ZAjcp(nj), 0<m<...<m <1, (2.39)
0 -
7j=1

with appropriate weights {A;}, is exact for all polynomials of degree k.
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Then the estimate

t

max / (z(s) — w(s))ds

t€[0,T]
N2 for 1<r< lg_i;,
<ciey+eaq N ¥ Y1+1logN) for r= %,
N—k-1 for r> %

holds. Here ¢1 and co are positive constants which are independent of N,

I f oy .
N nzl,...%?dlejm’k ‘m( ”]) w( nj)|

and the interpolation points {t,;} are given by (2.15).

Remark 2.5.2. The assumption of Lemma 2.5.1 about the parameters
n; (j =1,...,k) is equivalent to the condition

1
/(8—771)-(5—7)2)'...'(s—nk)dS:O.
0

Proof of Lemma 2.5.1. Fix t € [0,T], let n € {1,...,N} be such that
t € [ta_1,tn]. Then

j (2(s) — w(s))ds| < 71<w<s>—w<s>>ds + / (2(s) — w(s))ds| .
0 0 tn—1

(2.40)

Consider the first term. Using the weights A; (j =1,..., k) from (2.39) we
define an abstract operator @, , by

n—1 k

Qtnflz = Z Z hiAjZ(tZ’j),

i=1 j=1

where h; and t;; are defined by (2.11) and (2.15), respectively. Since the
quadrature approximation (2.39) is exact for all polynomials of order k we
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have
t; 1
/ w(s)ds = hi/w(ti_l —i—Thi)dT
0
k

ti—1

:hiZAjw(ti—1+77jhi), 1=1,....,n—1.

j=1
Consequently
tn—1
Qt, W= /w(s)ds
0
and

tn—1 tn—1 tn—1

/(w(s)w(s))ds - /x(s)ds /w(s)ds - tn/lx(s)dthn_lw
0

[e=]
[e=]
[e=]

x(s)ds — Qp,_, x| + |Qp,_,x — Qp,_,w|.

IN
o\f’“

(2.41)

We choose 0 < 7] <...<n;€_~_1 < 1 such that {nl,...,nk}c{7]/1,...,77;4_1}

and define for each N € IN a piecewise polynomial functon Pyz €S ,gfl)(HR,)
by conditions

(Pua)(thy) = a(th)s j =1, k+1, n=1,...,N,

where

ty; =tn1+M;hn, j=1,...,k+1, n=1,... N.

nj —

Since
tn— 1

Qi _,x = / (Pnx)(s)ds

o
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we get

tn_1 th—1 tn—1
z(s)ds — Qy, x| = x(s)ds — (Pnx)(s)ds
/ [ ]
tn—1

IN

/ 2(s) — (Bya)(s)|ds.

Since & € C*¥*L#[0, T] we obtain from Lemma 2.4.7 (see (2.35)) the esti-
mates

tn—1 N2 for 1<r< g_ii,
/ lz(s) — (Pyz)(s)|ds < ¢{ N7+ 1(1+logN) for r—g_i;,
N—F-1 for r > k'j.
(2.42)

This together with the estimates

@tz = Qe ywl < max - fa(ty) —w(ty)] = cely

and (2.41) gives us

tn-1 N—7(2-n) for 1<r< ]2“_%,
/ (z(s) —w(s))ds| < c1ely+ea{ N Y1+1logN) for r= ’2“_%,
—k—1 k+1
0 N for r > ﬁ
(2.43)

It remains to estimate the last term in (2.40). We have

[ @)~ s < [ fats) - (Pun)e)lds+ [ 1(Pya)(s) - wls)lds,
tn—1 tn—1 tn—1
(2.44)
where the operator Py is defined by (2.17). Since z € C*1H[0,T] C
C*110,T] we have, using (2.29), that

1 if k<1-p,
/\:1: — (Pyx)(s)|ds < chEt1{ 1+ |logt,| if k=1—p,
LRk if k>1-p

36



In the case k < 1 — p, using (2.36), we get

hI:LH < ThHLphL N =r (k) (r=1) (k+1)

< cNfr(kJrl)N(Tfl)(k*Fl) — CN*k*li

In the case k = 1 — p we have with the help of (2.36) that

REFL(1 4 [log ) < e N7F1 (%)(M)(k”) (1+ ‘log%D .

If r =1 then 1+ ‘log%‘ <1+logN and

REFL(1 4 logt,]) < e N7F71(1 + log N).

If r > 1 then boundedness of the function f(s) = s"~D*E=1(1 4 |logs]),
s € (0,1] implies that

REFL(1 + |logty|) < e NTF 7L
In the case k > 1 — p, using (2.36) and (2.37), we obtain

hqlfLJrlt?llf,ufk < TQ*MrkJFlN*T(Q*N)nT(Q*M)*kfl

k+1

N2 for 1 <r< ’;il,
<c —k—1 o
N for r> PR

We can summarize these cases as follows:

tn N—7(2—n) for 1§r§’2“_i}t,k>1—,u,
/\x(s)—(PNx)(sﬂds <c{N7F1(1+41logN) for r = % =1,
tn—1 N—Fk-1 for r > 12“_%
(2.45)

In order to estimate the second addend on the right-hand side of (2.44) we
note that

w(t) = (P, taw)(t), te (th-1,tn)
and
(Pna)(t) = (Pro_y,2)(8), T E (tno1,tn),
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where P, 4, is the operator defined by (2.19) with a = ¢, and b =t,
Hence, using the estimate (2.22) we get

[ 1))~ wlds = [ [(Pryanlz = w))s)] ds

<hy  max  |(Pr,_y ., (@ —w))(s)]
SG[tn71,tn]

< chn, max |x(tnj) — w(tn;)|
j=1,....k

< e N7y, (2.46)

It follows from (2.44), (2.45) and (2.46) that the last term of (2.40) can be
estimated as follows:

t

/ ))ds| < ecN~

N—(2-n) for 1<r< k“ k>1—pu,
+c1{ N *Yl+logN) for r=1, k = 1 — i, (2.47)
Nk for r> ’2%;1;

Combining the estimates (2.40), (2.43) and (2.47) we get the statement of
the lemma. Lemma 2.5.1 is proved. <

If we choose w = Pyx in the previous lemma, then the error at the inter-
polation points t,; is zero, hence we get the following result.

Corollary 2.5.3. Let x € CHL“[O,T], ke IN, u <1 and a graded grid
ITy, r > 1 be given. Assume that the parameters ni,...,n, are chosen so
that the quadrature approrimation fol p(s)ds =~ Z?Zl Ajp(n;), 0<m <

. < < 1, with appropriate weights {A;}, is exact for all polynomials of
degree k and that the interpolation points (2.15) are used.

Then for the operator Py defined by (2.17) the estimate

/ Nreen) for 1<r< gt
max /(az(s) — (PN:E)(S)) <c N_k_l(l +logN) for r= 7’51‘}”
T
tE[Oa ] N,k.,l fO’]” r> gj_i

holds, where ¢ is a positive constant which is independent of N.
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Our next goal is to get sharp estimates for the L* norm of the difference
Sx—SPyx, x € CKTL[0, T), where S is an Volterra integral operator with
a nonsmooth kernel. Such estimates can be used for proving the supercon-
vergence of approximate solutions to integral equations at the interpolation
points.

First we consider integral operators with continuous kernels.

Theorem 2.5.4. Assume:

(a) The function K € C(Ar), where Ar is defined by (2.5), is such that
9K ..y € L'(0,t) for each t € [0,T)] and

Js
t
/ ‘ aK
sup
te[0,T ds
0

(b) The function x € C*11[0,T), k€ N, py < 1.

ds < const.

(¢) The parameters ny,...,n, are chosen so that the quadrature approx-
imation fol o(s)ds ~ E?Zl Ajp(m;), 0<m <...<mn <1, with
appropriate weights {A;}, is exact for all polynomials of degree k.

(d) A graded grid I, r > 1 and the interpolation nodes (2.15) are used.
(e) The operator Py is defined by (2.17).

Then there exists Ny € IN such that for all N > Ny the estimate

t
max // — (Pya)(s))ds
0

te[0,7
N—7(2—m) for 1<r< k“ -
<ec{ N *Y1+1logN) for r= 2’”/}1
—k—1 k+1
N for r> P

holds. Here c is a positive constant which is independent of N.

Proof. Denote

:/@@—uw@@m&temjy
0
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Integration by parts gives us

/K — (Pyx)(s))ds = K(t,s)g
0

t
Y EC T
0
tK
0

Using the assumption (a) and Corollary 2.5.3 we get

t

max / K(t,5)(2(s) — (Pya)(s))ds

t€[0,T]
0

t
< max |K(t,t)g(t)| + sup /’t,sgs ds
e 0901+ [ |55t
< ¢ max |g(t)] + max [g(s)| sup /‘t s

t€[0,T] s€[0,T] te[0,T]
<
¢z max, lg(t)]
N-T(2=p1) for 1§r§2k_%11,
<e{ N7*(1+1logN) for erkal,
Nk for r>2k_iu11.

Theorem 2.5.4 is proved.

When the kernel of the Volterra integral operator is not continuous, then
it is much more difficult to obtain good estimations. In order to shorten

proof of the next theorem we prove first a technical result.

Proposition 2.5.5. Let v < 0 and 3 be real numbers, and let N > 2 be

an integer. Then for all n satisfying 2 < n < N the estimates

) 1 if B+y<—-1 and (<0,
— . NP if B>0 and ~ < —1
By — )7 = ’
le (n=i"<ey NblogN if 8>0 and v——1, 48

NOH L if B4y >—1 and > —1
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and

( log N if B+7v<—-1 and B<0 or
. v ( ) B+y=—-1 and (<0,

. . log N if 6=0 and ~v= -1,
Zmog <z> (n=i)"<eq o if 8>0 and ~ < —1,
=t NBlogN if 8>0 and = —1,

NAFLGif B4y > -1 and v > —1
(2.49)

hold, where c is a positive constant which does not depend on n and N.

Proof. We prove the estimates (2.48) and (2.49) separately.
(i) Proof of the estimate (2.48). In the case f+v < —1 and 3 < 0 we have

Bl <yl if i<n-—i,
#n—i) —{ (n—3)P+7 if i>n—i.

Hence

n—1 n—1 o0
Ziﬁ(n —i)7 < Z (Zﬂ+’y +(n— Z‘)5+’7> < QZZ-[H’Y —c.
=1 i=1

i=1
In the case 8 > 0 and v < —1 we have

n—1

—1
Ziﬁ(n—iﬁ Sn’gnz:(n—i)” §N6§:j7 = cNP.

i=1 i=1 j=1
If 3 >0and vy= —1, then

n—1

n—1
Ziﬂ(n —i) < n’BZ(n —i)"t < e¢NPlog N.
i=1 i=1

In the case B+ > —1 and v > —1 we have

n—1 [%] n—1
i’(n—i)7 = Zz’ﬂ(n i)+ Y iP(n—i)

i=1 i=1 i=[2]+1

B+1 v+1
< (E)’yn +max{1,1}nﬁn§cNﬁ+'Y+l,
v+1



where [%] denotes the integer part of 5. Here, in the last line, we used the
fact that for nonnegative increasing functions x we have

1=p

q q+1
Zx(z)g /x(s)ds

and for nonnegative decreasing functions the estimate

zq: (i) < /q x(s)ds
~1

i=p »

holds. The estimate (2.48) is proved.

(ii) Proof of the estimate (2.49). If f+y < —-land B<0or f+~v= -1
and 3 < 0 then with the help of (2.48) we get

n—1

n—1
N

E i log <> (n—1i)" <log N E #(n—i) <clogN.
i

i=1 i=1

Indeed, if B+ v < —1, [ < 0 then the first line of (2.48) gives us that

n—1

Zi’g(n—z’)7 <g

i=1

if 6+~ < =1, f =0 then v < —1 and the second line of (2.48) gives us
that

n—1
Ziﬂ(n—i)'y <eNP =g
i=1
if 64+4~v=—1, <0, then v > —1 and the last line of (2.48) gives us

n—1
Ziﬁ(n — i)Y < eNBHFL ¢
i=1

In the case § =0 and v = —1 we get

n—1

n—1 n—1
N 1

E i? log <> (n—1)" <log N E (n—i)"t=logN g Z
i

i=1 k=1

i=1

< clog Nlogn < c¢(log N)?.
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In the case 8 > 0 and v < —1 we get

n—1 .\ B n—1

N
g i log <N> (n—1i)” < N? max [(‘] ) log ] (n—1)7
i=1 ¢ N 715

7j=1,..,n
< NP sup (7’5| log7'|) Z(n — )7
7€(0,1) =1

N8 if y< -1
< )
C{ NPlog N if ~=—1.

In the case f+v > —1 and v > —1 we divide proof into two part:
If B > 0 then

n—1 n—1

N
E i?log <> (n—14)" <N sup (Tﬂ\ log7'|> g (n—1)"
i1 ? 7€(0,1) i1

< Nﬁcinvﬂ < NBH+L
= Y1 <

If 3 <0 then

j;lzf’ log (7) (n —1i)"
= - i’ log (7) (n—1i)" + nz_:l i’ log (]2[) (n—1i)Y

= =[]+

Btvy+1 N
< (n)'yNﬂ+1/Tﬁ|logT|dT+c<n> ! log2+log [ — | | NPTYH
2 N n
0

< NP+ Cs NBA++L — cs NBHFL

This concludes the proof of (2.49). Proposition 2.5.5 is proved. <

Now we are ready to prove an analog of Theorem 2.5.4 for weakly singular
integral operators.
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Theorem 2.5.6. Assume:

(a) The kernel K € C(Ar), where A is defined by (2.2), is differentiable
with respect to s in Ar and satisfies fori =0 and i = 1 the inequality

a\' 1+ |log(t—s)] if pw+i=0

il < .
‘(85) K(ts) _c{ [t —s|7H" if p+i>0  (t:5) € A,
with p € [0,1).

(b) The function x € C**111[0,T), k€ N, py < 1.

(¢) The parameters ny,...,n, are chosen so that the quadrature approx-
imation fol o(s)ds ~ Z?Zl Aip(n), 0<m < ...<mn <1, with
appropriate weights {A;}, is exact for all polynomials of degree k.

(d) A graded grid IT;, r > 1 and the interpolation nodes (2.15) are used.
(e) The operator Py is defined by (2.17).

Then there exists Ny € IN such that for all N > Ny for the quantity W

defined by
t

Uy = tre%f}T{] O/K(t, s)(z(s) — (Pyz)(s))ds

the following estimates hold:

(I) If w =0 then

N7C=m)(141logN) for 1<r< %,

Uy <cq NFH1+(logN)?)  for r=g2L, (2.50)
N=+1(1+4+1og N) for r> 2"”_%11

(IT) If u > 0 then

N—T(2=pu—p) for 1<r< ijul—_:l’
Uy <c{ N *1H1(141ogN) for 1":2]‘:37:51:1,
N—k=1+u for r> 2’“_21:/51 orr= 2’“_21::1 > 1.
(2.51)

Here c is a positive constant which is independent of N.
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Proof. Fix t, let n € {0,...,N — 1} be such that ¢ € [t,,t,+1]. Let us
consider the cases u = 0 and p > 0 separately.

I Case pu = 0. If n = 0 then with the help of Corollary 2.4.4 we obtain
for x € C*Lr[0,T] € C*#1[0, T] that

t

/K(t, s)(z(s) — (Pyz)(s))ds

0

<c ( sup |z(s) — (PNa:)(s)\) /(1 + | log(t; — s)|)ds

s€(0,t1) s
1 if k<1—pm,

< et 14 |logty|) ¢ 1+]|logt| if k=1—p,
| S S Ry

Using (2.37) and taking into account that r > 1 we get

/K(t, s)(z(s) — (Pnz)(s))ds

0

N=k+D(1 4 1og N) if k<l—pm
<c{ N77EED(1 4 (log N)?) if k=1— 1y
N=7C=m)(1 +1logN) if k>1-—

N‘T(Q_“l)(l +logN) for 1<r< —Qk_t}l,
<¢{ N7 11+ (logN)?) for r= 2kju11’ (2.52)
k+1

—k—-1
N (1+1logN) for r> 5=

Ifn=1,...,N — 1 then we have

/ K(t,5)(x(s) — (Pya)(s))ds
0
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To estimate the first term, we write it in the form

Z / K(t,s)(2(s) — (Pya)(s))ds

Z/ (t,s) — K(t,t;)) (x(s) — (Pyax)(s))ds

Z / K(t,t;)(z(s) — (Pyx)(s))ds|.  (2.54)

Lagrange’s mean-value theorem and the assumption (a) give us for all s €
[ti_1,ti] (i=1,...,n—1) that

15):¢
E(taf)(s_ti)

< cihilt — |7, § € [s,til.

[K(t,s) = K(t,ti)| =

<t — €7 s — til

Using the assumption z € C*L#1[0, 7] ¢ C*#1[0,T] and the inequality
(2.29) we get

n—1 1 if k<1-—pu,
<D TR — 4T S L+ Jlogty] i k=1—p,
= tmTE i k> 1 — .

Since t € [tn,tnt1] and t, —t; > (n —i)h; (i =1,...,n — 1) we have
t—t|P < (mn—d)thyt, i=1,...,n—1. (2.55)

In the case k < 1 — py, according to (2.36), we have
n—1 n—1
Zh?+2|t_ti‘—l < th+2(n lh 1 th+1 — %) -1
i=1 i=1

n—1
< ClN r(k+1) ZZ r— l)(k+l i)_l.
=1
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Due to Proposition 2.5.5 (see (2.48)3 i.e. the case = (r—1)(k+1) >0
and v = —1) we get

n—1

S DD (i)t < ey NOTIERD(L 4 log V).
=1

Thus in the case £ < 1 — py we obtain

n—1
Z hk+2’t _ ti|71 < c3 NfT(k+1)+(rfl)(k+1)(1 + log N)
i =
=1
=3 N * (1 +1og N).

Analogously, in the case k = 1 — 1 we have

n—1

D R =17 (1 + [log ti])
i=1
n—1 N
< W2 — ) 'h (1 4+ log [ —
<ec ; i (n—1) ; + log ;

n—1 n—1
<c Z hf—i_l (n — Z')il +c Z hf—i_l (n — i)fl log <N>
1

i=1 =1

<ey NP1+ 1log N)

n—1
+ e Nfr(k+1) E :Z-(rfl)(k:+1) log <N> (n _ 2)71
7

i=1
Due to Proposition 2.5.5 (see (2.49)2 and (2.49)4) we get

n—1

ST REF2[E— 6] 7 (1 + [log tl)

i=1

< e N7 11 4+ log N)

+ co N—r(k+1) {

1+ (log N)? for r=1
NO-DED(1 £ 1og N) for 7> 1

N7 Y1+ (logN)?) for r=1,
<c3
N1 +1logN) for r>1.
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In the case k > 1—p, using (2.36), (2.37) and Proposition 2.5.5 (see (2.48);
and (2.48)3), we obtain

n—1 n—1
Z hf+2‘t _ ti’_ltil_ﬂl_k S Z hf-’-l(n _ Z.)_ltil_ﬂl_k
=1 =1

n—1
< CN_T(Q_M) Z ir(2—u1)—k—1(n N i)_l
i=1
k1
. R 1 2 - for 1< ’l"k<1 2= 11
NT(2—p1)—k— (1 _|-logN) for r > ﬁ
N-T(2—p1) for 1<r< ££L
. { S
N7 11+4+1ogN) for r> 2’“,%11

It follows that

t;

i / (K (t,s) — K(t,t;)) (x(s) — (Pyz)(s))ds

=,
N—7(2—m) for 1<r< 2’“'“1 ,
- —H1
<e{ N1+ (logN)?) for r= —2]“:;}1 =1,
N1 +1logN) for r > 2]“_%11 orr = 2kj/}1 > 1.

In order to estimate the second term on the right-hand side of (2.54) we
choose 0 <7y < ... < 17;€+1 < 1such that {m,...,mx} C {"7/17---a77;€+1} and

define for each N € IN a piecewise polynomial functon Pyz € S,(C_l)(HR,)
by conditions

(Pya)(t;) = x(ty;), j=1,....,k+1, n=1,...,N,

where
t;zj:tn—1+77;’hna Jj=1L...;k+1, n=1...,N.

Since (lf’Nx)(tij) = (Pyx)(ti;;) (i =1,...,N, j =1,...,k) and n; are
nodes of a quadrature formula that is exact for all polynomials of order k,
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we have

[ (@)~ pxy)as =o,
ti—1
hence
n—1 G
> | K(tt:)(2(s) — (Pyx)(s))ds
zzlti71
n—1 b i
=13 [ ) (26) - (Pa)) ds|.
=147

If ;o = 0 then with the help of Corollary 2.4.4 we get

Z /K (t,t:) — (Pyz)(s )) ds

zlt

t;

/ (1 + |log(t — ;)| )ds ( (sup !x(S)—(JBNHJ)(S)O

||M|

ti 17t)
n—1 1 lf k < —/1,17
< e S (L + log(t — t) )R 1+ logty| if k= —p,
=1 t;ulfk lf kj > _,ul'

In the case k < —p, using (2.55), (2.36) and Proposition 2.5.5 (see (2.48)4),
we get

n—1

> R (14 [log(t — )| <thk+2 ti)~
i=1

N

[un

<c Zh (n—i)" 2

<o N(E+3) ii(r71)(k+g)(n _ i)—%
=1

< e N3 N =D (k+5) -5 +1

= Cy N—F-1
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In the case k = —pq, with the help of (2.55), (2.36), (2.37) and Proposition
2.5.5 (see (2.49)5), we have

n—1 n—1
STRER(1+ [log(t — t)])(1+ [logti]) < e D ARt — )72 (1 + [log ti])
i=1

i=1

n—1 3

3 N

<c Z hf+2 (n— z)_% <1 + log <Z>>

i=1

n—1 & n—1 & L
= ZhlJrQ(n i) 24 ZhiJrQ(n i)"2 log <z>

i=1 i=1

3 nd 3 N 1
<y NF1 4oy N77(k+3) Z i DER) g <z> (n—1)"2
i=1

<N F1ig NrkE3) g =1 (k+3)—3+1 _ s N~h1,

Consider now the case kK > —pu;. Using the inequalities t1 = h; < h, <
t—t; <T we get

|log(t — ;)| < max{|logti|,[logT|} <

T
logNr' +[logT| < c(1+1logN).

Thus
n—1 -
Z hEF2(1 + | log(t — ti)|)t;“1*’f < e1(141log N) Z hf+2t;,u17k‘
i=1 —
With the help of (2.36) and (2.37) we obtain
n—1
Z hf+2(1 + ’ log(t — ti)\)t;’“_k
i=1
n—1
< c1 (14 log N)N—T(Q—Hl) Z jr(2—p)—k—2
i=1
1 for 1<r< EtL

2—p
< ey (1+1og N)NTC=m) L 1 4 log N for r= %

Nr@=p)=k=1 " for > 2’“'21
—H1
N="C=m)(1 4+ log N) for 1<r< Qk_iﬂl,
=y { NTCI(L4 (logNP) for v =4
N=*=Y1 +1logN) for r > 2’“_‘*';1.
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Summarizing these cases we get

n—-1 b

3 / K(t,t) (:C(s) . (PNQ;)(S)) ds
i:ltFl
N7C=m)(1 +1og N)  for 1<r< ££
<c{ N7C=)(1 4 (logN)?) for r= L££L

N=F=1(141og N) for r> 1

and we have shown that the first term of (2.53) can be estimated as follows:

n—1 b

$ / K(t,5)(x(s) — (Pya)(s))ds

Zzlh—1

N7C=m)(1 £ 1og N) for 1<7< 2k+“1 )

<ec{ N1+ (logN)?) for r= 2’“";}1 (2.56)
N~ =1(1 +1log N) for r > 2’“*/}1

It remains to estimate the second term of (2.53), which we can write in the
form

t

/ |K(t,s)(z(s) — (Pnz)(s))| ds

tn
= / ’K(t,s)( (s) — (Pnx)( ’ds—l—/‘K (t,s) — (Pnx)(s))| ds.
tn—1
(2.57)
Using the assumptions (a) and (b) and inequality (2.29), we get
ln
/ K(t,s)(z(s) — (Pnz)(s))|ds
tn—1
tn
<c < sup |a(s) — (PNfU)(S)|> /(1+ | log(tn — s)[)ds
5€(tn—1,tn) o
1 it k< 1— p,
< e hFH 1+ [loghp)) { 1+ |logty,| if k=1— i,
Lok if k>1-— .
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With the help of (2.36) we have in the case k < 1 — u that
k41 —k—1
hytt (14 |loghy|) <c¢N (14 log N).

Using (2.36) and (2.37) we obtain in the case k = 1 — py that

k+1 —k—1 n

P (1 + log ) (1 + log hal) < e N7F1 (14 ‘logﬁ’) (1+ log N)
<eNF Y1 +1log N)(1 +1og N) < ¢ N7F71(1 4 (log N)?)

and in the case kK > 1 — up that

hEFLI=I=R (] 4 | log hy|) < ¢ NTTC7H)pr@=m)=k=1(] | 160 N)

N7C=m)(1 +1og N) for 1<r< k+1
= —k—1 k+1
N (1+1logN) for r >

Bt

Summarizing these cases we get

/ |K(t,s) — (Pyz)(s))|ds

N77C=m)(1 4+ 1og N) for 1<r< f£L
<c{ N1+ (logN)?) for r= 2k+u11

N=F=1(141og N) for r> 2]“;}1

Analogously (instead of n we have here n + 1) we obtain

t

/ K (t, ) (2(s) — (Pya)(s))|ds

tn
tn+1
<l s o) - Py ) [ (1 ogtus - )]s
E(tnytn+1) h
1 if k<1—p
< chiti(1+|loghny1|) 1+ logtna| if k=1-pm
th ek if k>1—m
N-7C=#)(1 +1logN) for 1<r< 2k+ull
<ed NP1+ (logN)?) for r=g7k,
N=*=1(1+1log N) for r > 2k—+/j1‘
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Therefore for the second term of (2.53) we get the estimation

t

/ }K(t, s)(z(s) — (PNx)(S))‘ ds

tn—1
N*T(Q*MI)(l +logN) for 1<r< ij#ll,
<c¢{ NP1 4 (logN)?) for r= ijil, (2.58)

N=F=1(1 4 1og N) for r> 5=
It follows from (2.52), (2.56) and (2.58) that the estimation (2.50) of The-
orem 2.5.6 holds.
IT Case p > 0. If n = 0 then it follows from Corollary 2.4.4 that

/ K(t,5)(2(s) — (Pya)(s))ds

0

t1
<c ( sup |z(s) — (PNx)(s)|> /|t1 — s|7Hds

s€(0,t1)

1 if k<1—p,

<t 14 logty| i k=1—p,
0T k> 1 — .

Using (2.37) and the condition r > 1 we get

/ K(t,5)(x(s) — (Pya)(s))ds
0

N-rlk1—p) if F<l—pm
<o NOHO0 L logN) i k=1
N7 (2—p1—p) if E>1—
N—T(2—p—p1) for 1<r< zk—t}:;i’
<cq NFUE(I41ogN) for 7=t =1
N*k}*lﬁ’ll fOI' r > ij}j:lill orTr= E‘%ﬁ > L.

(2.59)

If n=1,...,N — 1 then we use the same estimates (2.53) and (2.54) as in
case = 0. We start with the first term of (2.54). Using the assumptions
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(a), (b) and the inequality (2.29) we get

Z / (t,s) — K(t,t;)) (z(s) — (Pnx)(s))ds
i= 1t

et 1 if k<1— o,
§62h§+2‘t—ti‘_p‘_l 1—|—|10gt2‘| if k=1-p,
' T S S

)

Since t € [tn,tnti1], th —t; > (n—3d)h; (i=1,...,n—1)and —p—1<0
we have

t—t;| 7Pt < (n—a)"r R (2.60)
Considering the case k < 1 — u; we get, with the aid of (2.36) and Propo-
sition 2.5.5 (see (2.48)2), that

th+2|t t‘ n— 1<th+2 —p— lh p—1
n—1

<th+1 Ein —pu—1 <CN—r(k+1 ®) Z i(r—1)(k+1- “)(n—z) p—1
=1

< ¢y N~rbtl=p) N (r=1)(kt1-p) _ o N—k—1+n
If £k =1 — pi, then with the help of (2.60), (2.36) and Proposition 2.5.5
(see (2.49); and (2.49)5), we obtain

n—1

> REFR|— 1|7 (1 + [ log )

i=1
< k:+2 —p—1g—p—1 N
c g h; h; 1+ log -

n—1 n—1
N
<cy T e Y T T (- i) og <Z>

i=1 =1

n—1
< N—k—1+p + o Nfr(k+1f,u) Zi(rfl)(k+lfu) log (N) (n _ Z’)*Mfl
)
=1
ke _ _ 1+1log N for r=1
k
S N o N #){ NO-DE) for 51 }

< N=F=1H1(1 4 1log N) for r =1,
AN Nkltw for > 1.
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In the case k > 1 — uq, using (2.60), (2.36), (2.37) and Proposition 2.5.5
(see (2.48)1 and (2.48)2), we get

n—1 n—1

—nu—1,1—p1—k k+1— N—p—1,1—p1—k
E:hf+2|t_ti| a lti M < § :hiJr Fln—a)™ ltz’ &
i=1 i=1

n—1
< e N7TEpmm) Z Z’T(2*u7u1)f’ffl+u(n _ z‘)"‘*l
i=1
k+1—p
< AT N
<e JRETCR— 1 for 1<r< D —
— N-T@—p—p1)=k=1+p  for > k+1—p
= 2—p—m
N=rCw=m) for 1 <p < Sl
= - 2—p—p1’
N—Fk=ltu for r> ktl-p
= 2—p—p1’
Summarizing these cases gives us
n—1 b
> [ (Kts) = Kt.t) (uls) ~ (Pyo)(s)ds
=147
N—r@=p—p) for 1< < ftlon
- f1 2—p—p1’
—k—14p — i
<cq N (1+1logN) for r= 2};#*#1 =1, )
—k—1+p +1l—p — ktl-p
N for r > 5 OV T = 5o > 1.

(2.61)
For the second term on the right-hand side of (2.54), using the same ideas

as in the case u = 0, we have
t;

S [ Kt als) — (Pya)s)) s

Zthifl

t;

n—1
S / K(1.1:) (2(s) — (Pya)(s)) ds

z:lti_l

n—1
<o > hilt— ] ( sup [a(s) - <PNx><s>|>
i=1

Se(ti_l,ti)

n—1 1 it k<-—pm,
< Y - 14| log#s| if k=,
i=1 T if k> —p.
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If K < —pq, then using (2.36) and Proposition 2.5.5 (see (2.48)4), we get

n—1 n—1
DR i) < e NTHIERE DR (g gy
=1 i=1

< N—T(k+2—u)N(r—1)(k+2—u)—u+1 =c N_k_l.

In the case k = —p;, with the aid of (2.36) and Proposition 2.5.5 (see
(2.49)5), we obtain

n—1 n—1

S R — i) (L + |logti]) < ¢ Y AT (n — i) <1 +log (7))

i=1 =1

n—1 n—1
N
=c Z th_“(n —i)H*+ec Z hf+2_“(n — i) Hlog ( >
i=1

, 1
=1

n—1

<y N7F1 4y N—rkt2-p) Z (r=D(k+2=p) log <N> (n—1i)™#

(3
=1

S c1 N—k—l + ¢y N_T(k+2_.u)N(T_l)(k+2_ﬂ)_#+1 =3 N_k_l.

Considering the case k > —pu; we get with the help of (2.37), (2.36) and
Proposition 2.5.5 (see (2.48); and (2.48)4) that

n—1 n—1
thﬂr?—u(n _ i)*“t;“l_k < Nr@-p—m) Z if‘(2*ufm)fk72+u(n — i)
i=1 i=1
< k+1
_ N—r@—nmm) 1 for 1<r< P
Nr(?—,u,—ul)—k—l for r > K+l
= 2—p—m

2—p—p1’
N—k-1 for > kL
= 2—p—m

N—@=p=pm) for 1<y < Etl
<c -

Summarizing these cases we have shown that

n—1

3 / K(t,t) (m(s) - (PNx)(s)) ds

=1y

2—p—p1’
N—Fk-1 for > ktl_

N—T@mp—m) for 1 <p< Bt
<c -
2—p—p1”
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The last inequality with (2.61) and (2.54) gives us the following estimate

for the first term of (2.53):

k+1—p
Lsr<omm

N—r@—p—p) for
—k—1+ _ kHl-p
N F(1+1logN) for r= S =
for 1> SR opp = KR S g

I

—k—1+
N g 2—p—p 2—p—p1
(2.62)

It remains to estimate the second term of (2.53), which we can write in the
form (2.57). Using the assumptions (a) and (b) and the inequality (2.29),

we get

/ K (1, 5) (a(s) — (Pya)(s)) |ds

tn
<e s Jals) - (Pya)s)] / tn — 5| ds
SE(tn_l,tn) 0
1 it k<1-—p,
if k=1-— M1,

< chErl=m 1+ |logt,|
Lok if k>1-—p.

Here, with the help of (2.36) and (2.37), we get in the case k < 1 — p; that
hfﬁrl*u < ¢ Nkt p) p (r=D(ktl-p) < o k=Lt

and in the case k = 1 — p; that
REFIR(1 + |log tp]) < ¢ N~TRH=m)p(r=1)(kt1-p) (1 + ’log ED
n n — N

(r=1)(k+1-p)
meN () (1 ee )
- N—F=1%1(1 4 1og N) for r=1,
= Nkl for r > 1.

If £k > 1— p; then
Pl o N ) (o) kT

N—@p=m) for 1<r< 72]““ L

= = 2—p-m
=\ Nkl for > Al
2—p—pr’
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Summarizing these cases we get

/ K(t, ) (2(s) — (Pya)(s))|ds

N—r@—u—p1) for 1<r< e
—k—14p htlop —
N for r > > U T o L

Analogously (instead of n we have here n + 1) we obtain

t

/ ’K(t, s)(z(s) — (Pyz)(s)) ’ ds

c su z(s) — (Pnz)(s
< (8%5“)1 (5) ~ (Pya) >\) /

[tn+1 — s| " Hds

tn
1 if k<1—
< ehF L T+ [logtna| i k=1-1u
thr if k>1—pm
—r(2—p— k+l—p
N—7@—p—p) for 1< rk< SR
—k—1+ +1—p
<c{ N H(1+1logN) for r= 2,;“1_”1 1, .
—k—1+ tl-p _ ktl-p
N H for r> 5 OU T = ey > 1
Therefore the second term of (2.53) can be estimated as
t
/ K (t, ) (2(s) — (Pya)(s))| ds
tn—1
—r(2—p—p) Ftlop
N—Tlemb—m for 1§r<2—u—m’
<c{ Nkl 4+1ogN) for r= 7;:;}__:1 =1,
—k—1 kt+1— _ kt1-
N Th for r> 27##71 orr= 2*#*/71 > 1.

(2.63)

Finally, it follows from (2.59), (2.53), (2.62) and (2.63) that the estimation
(2.51) of Theorem 2.5.6 holds.
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Chapter 3

Collocation approximations
for linear Volterra
integro-differential equations

In this chapter we study mainly numerical methods for Volterra integro-
differential equations, although some attention is also paid to similar meth-
ods for Volterra integral equations. Most of the convergence results of this
chapter are new, refining previously known ones by H. Brunner, A. Pedas
and G. Vainikko [14, 15], I. Parts and A. Pedas [43, 45], R. Kangro and I.
Parts [30].

3.1. Equation and spline collocation methods

Consider the initial-value problem for the linear integro-differential equa-
tion,

y'(t) =p)y(t) +a(t) + /K(t, s)y(s)ds, t€l0,T], (3.1)
0

with a given initial condition

y(0) =0, o €. (3.2)

Here p,q and K are given functions, yg is a given number and y is an
unknown function.
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The regularity of the solution of the problem {(3.1),(3.2)} is described in
the following theorem.

Theorem 3.1.1. [14] Let p,q € C™"[0,T], K € W™Y(Ar), me N, v <
1, yo € IR. Then the Cauchy problem {(3.1),(3.2)} has a unique solution
y € C™ L=l 7.

Following [14] we construct two different piecewise polynomial collocation
methods for the numerical solution of problem {(3.1), (3.2)}. Our approach
is based on two reformulations of {(3.1),(3.2)}.

First we introduce a new unknown function
z=1y. (3.3)

Then, using (3.3) and (3.2), equation (3.1) may be rewritten as a linear
integral equation of the second kind with respect to z:

s

() = Fu(t) + p(t) ] +(s)ds + / K(t,s)< / Z(T)df)ds, (3.4)
0 0

0

where

£1(6) = a(t) + yop(t) + w0 / K(ts)ds, te[0,T].  (35)
0

Method 1. We look for an approximation v to the solution z of equation
(3.4) in Sf;_li(HN), m,N € IN. We determine v = v(V) ¢ Sﬁn__l} (In)
(m > 1) by the collocation method from the following conditions:

Un(tnj) = fi(tn;) + p(tn;) 7jv(8)ds + 717( (tnj: 5) ( / v(T)dT> ds,
0 ;:1,...,m;(;1:1,...,N. (3.6)

Here v, = v‘(tnq—tn) is the restriction of v to (t,—1,tn), n =1,..., N, the

function f; is defined by (3.5) and the collocation points {¢,;} are given by
tnj:tn_l—l-?]jhn, j=1....m (nzl,...,N), (37)

where {t,,} are the nodes of Iy and 71, ...,n, are some fixed collocation
parameters which do not depend on N and satisfy 0 <n; < ... <ny < 1.
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Having determined the approximation v for z = 1/, we can determine also
the approximation u for y, the solution of the Cauchy problem {(3.1),(3.2)},
setting

u(t) = yo + [ v(s)ds, te[0,T7]. (3.8)
/

The second reformulation of the problem {(3.1),(3.2)} is based on integra-
tion of both sides of (3.1) over (0,%¢). Using this and (3.2), the equation
(3.1) may be rewritten as a linear Volterra integral equation with respect

to y:
t

ym=b®+/%@$wwa te o) (3.9)
0

where

fo(t) = yo + /q(s)ds, Ks(t,s) =p(s) + /K(T, s)dr, t € [0,t], s € [0,¢].
0 s

(3.10)

Method 2. We look for an approximate solution u of equation (3.9) in
Sﬁ,fl)(HN), m,N € IN: this approximation v = v(™) € S-1(IIy) will be
determined by the collocation method from the following conditions

tnj
wmm:hm»+/mmmwwm&
0
j=1,...,m+1; n=1,...,N. (3.11)

Here, fo and K3 are defined in (3.10), u,, = u|( (n=1,...,N) is the

tn—lvtn)
restriction of u € ST({U(HN) to (tn—1,tn), and the collocation points {t,;}
are given by

tnj =tn—1+njhn, j=1,....m+1 (n=1,...,N), (3.12)

where {t,} are the nodes of Iy and 0 < 1 < ... < Npy1 < 1 is a fixed
system of parameters which does not depend on n and N.

Remark 3.1.2. Actually Method 1 is equivalent to the approach, known
also as the direct method, where we look for an approximate solution

61



u=u™ e s (ITx) to the solution y of equation (3.1) and require that

tn;

y(tng) = Pltng)tin(tng) + (tng) + / K (tnj, s)u(s)ds,
0
j=1,...,m, n=1,...,N, (3.13)

as well as

u(0) = yo
t1st] (n=1,...,N) is the restriction of u € S (In)
to [tn—1,tn], and the collocation points {¢,;} are given by (3.7).

hold. Here u,, = u‘[

Indeed, since, in the case of Method 1, the solution u determined by (3.6)-

(3.8) belongs to the space S (ITy) and satisfies equations (3.13), the direct
method and Method 1 are equivalent.

Remark 3.1.3. It is known that in the case of sufficiently smooth p, ¢ and
K the approximate solution u to the initial value problem {(3.1),(3.2)}
found by Method 1 satisfies the estimates (see [11], Theorem 3.2.3)

Ju —y D <ch™,  i=0,1

and approximate solution u found by Method 2 satisfies the estimate (see
[11], Theorem 2.2.3)

lu = ylloo < ch™H,

where h = max (tn, — tn—1)-

n=1,...,
We characterize the convergence behaviour of those methods in the case of
weakly singular equations. We also show that by choosing suitable graded
grids it is possible to achieve the same convergence rates in the case of
weakly singular equations as in the smooth case.

3.2. Convergence results for Method 1 in the case
of arbitrary collocation parameters

First we show that it is possible to obtain convergence rate estimates for
Method 1 in terms of the maximal stepsize h of the grid Iy without im-
posing any constraints to the structure of the grid. The following result
improves the corresponding estimates in [43, 45].
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Theorem 3.2.1. Let p,q € C™"[0,T], K € W™"(Ar), m e IN, v < 1,
and assume that a reqular grid Il and the collocation points (3.7) are used.

Then, for all sufficiently large N € IN and for every choice of parameters
0<m <...<nm <1 equations (3.8) and (3.6) determine unique approzi-
mations u € Sﬁ,?)( N) and v € S( z(HN) (with U’(tn_htn) = (u|(tn 1,tn)>/’
n=1,...,N) to the solution y of the Cauchy problem {(3.1),(3.2)} and its
derivative y', respectively. If n1 = 0, n, = 1, then actually u € S,%)(HN)

andv =1’ € 5’( ) " 1(Mn). The following error estimates hold for i =0 and
1 =1:

' ' h™ if m<2—v—i,
[u® =y Do <cq R™M(1+|loghl) if m=2-v—i,  (3.14)
p2—v—i if m>2—v—i.

Here h is defined by (2.12) and c is a constant which is independent of N
and h.

Proof. Recall, that using equality (3.3) and initial condition (3.2), the
Cauchy problem {(3.1), (3.2)} is equivalent by the equation (3.4):

t t s

z(t):fl(t)+p(t)/z(s)ds+/K (t, s) / rydr | ds,

0 0
where f; is given by (3.5). Let

s

t
(S12)(t /z ds+/Kts / T)dr | ds, te0,T].
0

0

Introduce an integral operator Sy by the formula

(So)(t) = / (s)ds, t€0,T]. (3.15)
0

Evidently, operator Sy is compact from L*°(0,7) to C[0,T].

Define an integral operator S : C[0,7] — C[0,T] with weakly singular
kernel by
t
= /K(t,s)x(s)ds, te0,T].
0
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According to Theorem 2.2.6 the operator S : C[0,7] — C[0,T] is compact.

Let
(Mz)(t) = p(t)z(t), te]0,T].

Evidently M € L£(C[0,T],C[0,T]) and we can rewrite the operator S; in
the form
S1=MSy+ SSp. (3.16)

Theorem 2.1.1 gives us that the operator Sy : L*°(0,7) — C[0,T] is com-
pact. Therefore the operator S is compact from L*°(0,7) to L*°(0,T") as
well. We rewrite function fi, given by formula (3.5), in the form

fi =q+yop + yoS1.

Since S € L(C[0,T],C[0,T]) and yo € R, p,q € C™"[0,T], we get that
f1€C[0,T) C L*>(0,T).

Equation (3.4) can be presented in the form
z = f1+ 512 (3.17)

Since Sy : L*°(0,T) — L*(0,T) is compact, f; € L*(0,7) and the ho-
mogeneous equation z = Sz has only the trivial solution in L*°(0,7"), the
equation (3.17) has (see Theorem 2.1.5) a unique solution

2= (-5,
where [ is the identity transformation and
(I —51)~" e L(L>(0,T),L°(0,T)).
Moreover, z =y’ € C™"[0,T] by Theorem 3.1.1.

Further, the conditions (3.6) are equivalent to the operator equation rep-
resentation
v = Py f1 4+ PnySiv, (3.18)

with Py defined by (2.17) with £ = m in Section 2.4.

It follows from Lemma 2.4.6 that [|S1 — PySi|zizee0,1),0000m)) — 0 as
N — oco. From this and from the boundedness of (I—S1)~!in L*>(0,T), we
obtain with help of Theorem 2.1.3, that I — Py.S; is invertible in L>°(0,T)
for all sufficiently large N, say N > Ny, and the norms of (I — PyS;)™*
are uniformly bounded in /NV:

I(I = PxS1) oo,y < ¢ N> No. (3.19)
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Indeed, since I — PySy, S1— PyS1 € L(L>®(0,T),L>(0,T)), (I —-S1)~ ! e
L(L>*(0,T),L>*(0,T)) and for sufficiently large N

151 = PnSllccroe o), 0 11 = S1) "l 2(roe 0,7, 0,7y < 1,

we obtain by Theorem 2.1.3 that for sufficiently large N, there exist (I —
PynS1)~t € L(L*>(0,T),L>(0,T)) and the estimate

(I = PnS1) ™Ml 2o 0.1),22¢(0.7))

- (I = S1) 7 Ml 2(Loe 0,1), Lo (0,1)
~ 1= (I = S1) " Hle@ee0,1),20 0, 1(S1 = PnS1) 7| (200 (0,7, 25 (0,1))

holds. As N — 0, the right-hand part of this estimation converges to
(I — S1)7Y|, which gives us that the estimation (3.19) holds. Thus, for

N > Ny equation (3.18) has a unique solution v € 57(7;1% (Ily) (v e 51(73)71 if
m =0, 7y, = 1). With the help of (3.17) and (3.18) we get

(I = PnS1)(v—2)=Pyfi— (I — PyS1)z
=Pn(fi +512) —2=Pnz—2z
and it follows that

v—z=(I—PyS)) YPyz—2), N>Np. (3.20)

Using inequality (3.19), we get
lv — zlloo < ¢||Pnz — 2|0, N > N, (3.21)

with a constant ¢ which is independent of N. Applying Lemma 2.4.5 (see

(2.30) with K = m, pu = v) we obtain the estimate (3.14) withi =1, z = ¢/,
/

v=u.

Using the equality
(I —PyS1) t=1I4 (- PyS1)"'PyS1, N> N,
we rewrite (3.20) in the form
v—z= I+ —PyS1) 'PyS)(Pyz — 2)

=Pnz—2z+ (I - PNSl)’lPNSl(PNz - Z).
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Hence we get for ¢ € [0,7T] that (see (3.15), (3.16))

u(®) - y(0) = | [ (065) - 2(s))ds
0

t t

< /(PNz ) (s)ds| + [(I — Py 1) PrSi(Paz — 2) oo / ds
0 0
< |(So(Pnz — 2))(t)] + cl[So(Pnz = 2)l|cpo.1)
<1 [|So(Pnz = 2)llep1
T

< /]PNZ(S) — z(s)|ds, t 0,77,

0

where

c=T|(I = PxS1) @100 |1 PNl cclor,ze 0.1

M + Sl zccpo,11,000,)

and ¢; = 1+ ¢. Applying Lemma 2.4.5 (see (2.31) with k =m, p=v) we
obtain the estimate (3.14) with ¢ = 0 for u — y. {
C

Since in the case of a quasi-uniform mesh, h <  (see (2.13)), Theorem

3.2.1 yields the following result, obtained by I. Parts and A. Pedas in [45].

Corollary 3.2.2. Suppose that conditions of Theorem 3.2.1 are satisfied.
Assume additionally that the grid Iy = Iy g is quasi-uniform (i.e. satis-

fies (2.9)).

Then, for all sufficiently large N € IN, in the notation of Theorem 3.2.1,
the following error estimates hold for i =0 and i = 1:

N—™ if m<2-—v—i,
||u(i) _ y(i)Hoo <cg N™1+logN) if m=2—-v—i, (3.22)
N—@-v=9) if m>2—v—i.

Here ¢ is a constant not depending on N.
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Similar results for a more general weakly singular integro-differential equa-
tions of the form

y'(t) =p(t)y(t)+q(t)+/K1(t, S)y(S)dS+/Kz(t75)y’(8)d8, te0,T],
0 0

(3.23)
with a given initial condition (3.2) are established by I. Parts and A.
Pedas in [44], see also [48]. In particular, if p,q € C™"[0,T], K1,Ks2 €
W™V (Ar), m € IN, v < 1, then the Cauchy problem {(3.23),(3.2)} has
a unique solution y € C™*1¥=1[0, T]. Moreover, denoting z = 3’ and us-
ing (3.2), equation (3.23) may be rewritten as a linear Volterra integral
equation of the second kind with respect to z,

z(t) = f(t)+/K1(t, s)/ drds—i-/ t) + Ka(t,s))z(s)ds, t € [0,T],
0 0

(3.24)

where
£() = a(t) + yop(t) + vo / Ki(ts)ds, te[0.T].  (3.25)

Now we can employ (3.24) in the construction of numerical solutions for
(3.23) by Method 1: for given m, N € IN we find an approximation v to
the solution z of equation (3.24) determing it from the conditions

ve U (M),

v(tnj) =f(tnj)+/ tnj» s </v )
0

+ [ (p(tnj) —l—Kg(tnj,s))v(s)ds, j=1....m;n=1,...,N. (3.26)

— )

Here f and {t,;} are given by the formulas (3.25) and (3.7), respectively.
Having determined the approximation v for z, we can also determine the ap-
proximation u for y, the solution of the initial-value problem {(3.23), (3.2)},
setting

u(t) = yo + /Ot v(s)ds, te[0,77]. (3.27)

The attainable order of the convergence of this method in the case of quasi-
uniform grid can be characterized by the following theorem.
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Theorem 3.2.3. [44] Let p,q € C™"[0,T], K; € W™"(Ar), Ky €
Wmr=L(Ar), m € IN, v < 1, and assume that the underlying grid Iy =
IIny e is quasi-uniform (i.e. satisfies (2.9)).

Then, for all sufficiently large N € IN, say N > Ny, and for every choice
of parameters 0 < m < ... < 1y, < 1 equations (3.27) and (3.26) de-

termine unique approximations u € 57(7?)(1_[]\[) and v € an__l%(HN) (with

v‘(tn_l,tn) = (u}(tn_htn))/’ n =1,...,N) to the solution y of the Cauchy
problem {(3.23),(3.2)} and its derivative y', respectively. If ;i =0, n, =1,
then actually u € S5 (Ty) and v =’ € S (IIy). If N > Ny, then the
estimate (3.22) hold fori =0 andi=1.

The estimate (3.22) shows that the convergence rate of the method may,
in the case of unbounded kernels of the Volterra integral operators (i.e. if
v > 0), be quite slow. The next theorem, by H. Brunner, A. Pedas and
G. Vainikko, shows that it is possible to improve the convergence rate by
using nonuniform grids.

Theorem 3.2.4. [15] Suppose that conditions of Theorem 3.2.1 are satis-
fied. Assume additionally that the grid Iy = II%y, (r > 1) is a graded grid
(i.e. satisfies (2.10)).

Then there exists an Ny € IN such that, for N > Ny, the conditions (3.6)

and the formula (3.8) determine unique approzimation v € Sﬁ;_li(HTN) to

y and u € Sﬁ?’(ny\,) toy (v e S,gg)_l(ﬂ’jv) and u € ST(,%)(H’]’V) if mp =0

and 1y, = 1), where y is the exact solution of the problem {(3.1),(3.2)}.
Moreover, for N > Ny the error estimates

N—TE) for 1<r< ™
lu—ylloo <c{ N-™1+logN) for r="
N—™ for r> %
and
N-r(1=) for 1<r<{
V=1 loo <c{ N ™1+1logN) for r=" =1
1—-v
N—™ for r>{% orr={>1

hold. Here c is a positive constant which is independent of N.

The results of numerical experiments (see Chapter 5) show that the es-
timates of the previous theorem can not be improved unless additional
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assumptions about collocation parameters are made. Our next aim is to
show that specialy choosen collocation parameters lead to a higher con-
vergence rate (so called superconvergence phenomenon). As equation (3.4)
is equivalent to Volterra integral equation of the second kind with respect
to the derivative z = ¢ of the solution of problem {(3.1),(3.2)} we start
by studying supergonvergence properties of collocation methods for solving
Volterra integral equations in the next section.

3.3. Superconvergence results for Volterra inte-
gral equations

Both Method 1 and Method 2 are based on solving certain Volterra integral
equations by piecewise polynomial collocation methods. It is known that
often in the case of such methods the maximal error of the approximate
solution at the collocation points convergences to zero more quickly than
the maximal error over the whole interval, provided that some additional
restrictions on the choise of the collocation parameters are imposed. The
following lemma together with Theorems 2.5.4 and 2.5.6 enables us to prove
such superconvergence results for Volterra integral equations of the form

t
y(t) = / K(t, s)y(s)ds + f(),  te[0,T] (3.28)
0

under various assumptions about the kernel K.

Lemma 3.3.1. Assume:

(a) Integral operator S, defined by (2.6) is compact from L>*(0,T') to
[0, 1.
(b) The function f € C[0,T].

(c) The collocation points {t,;} (n=1,...,N,j =1,...,k) (see (3.7))
are generated by the grid points (2.10) and by the parameters ni, ... ,nk
satisfying (2.16).

Then for all sufficiently large N € IN and for every choice of parameters
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0<m <...<np <1 the collocation conditions
t

tn(tny) = /K(tnj,s)u(tnj)ds—i—f(tnj), Gl ik m=1,....N, (3.20)
0

where u, = u}(t ) (n=1,...,N), determine a unique approzimation

u € S,E;:ll) (ITy) to y, the solution of equation (3.28). For the quantity on
defined by

On=__ max = |unltnj) = y(tn)| (3.30)

and the interpolation operator Py defined by (2.17) the estimate

Oy < max /K(t,s)(y(s) — (Pny)(s))ds

holds.

Proof. We can consider the equation (3.28) as the equation
y=>5Sy+/, (3.31)

with the operator S, defined by (2.6). The collocation conditions (3.29)
can be written in the form

u = PySu+ Pnf. (3.32)

For the solutions of equations (3.31) and (3.32) we have
u— Pyy=PnS(u—y)=PyS(u— Pyy) + PNS(Pny —y)

ie.

(I = PnS)(u— Pny) = PnS(Pny — y).

As I—S isinvertible in L>°(0,T") (see Theorem 2.1.5) and || Py S—S]| N 0
—00

according to Lemma 2.4.6, I — Py S is also invertible for sufficiently large
N, say N > Ny, and the norms of (I — PyS)~! are uniformly bounded in
N (cf the proof of (3.19)):

1T = PnS) gy, Le0m) < N> No.
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Therefore
u— Pny= (I — PNS)_leS(PNy —y), N >N,
implying that

lu— Pnyllzeco,r) < arllS(Pyy — )l Lo 0,1)5

where c1 = ¢||Px||z(cjo,r),z0¢(0,7)) 18 independent of N (see Lemma 2.4.1).
As

t

ISPy =)l =0 = o | | K(t,)(a(s) = (Pag) ()
0

and

o= max - fun(te) = (Pny)(tng)| < flu—= Prylleeo)

the statement of Lemma 3.3.1 follows. $

As an example of the power of the technical results of Section 2.5 we prove
the following theorem.

Theorem 3.3.2. Let f € C™[0,T], K € W™t (Ar), m e N, v <
1. Let the collocation points (3.7) be generated by the grid points of a
graded grid 1T, v > 1 and by the knots nj, 5 = 1,...,m of a quadrature
approximation fol p(s)ds ~ 370 Ajp(n;), 0 < < oo <y <1, with
appropriate weights {A;}, which is exact for all polynomials of degree m.

Then for all sufficiently large N € IN the collocation conditions (3.29) deter-
T(n__l% (Ily) to y, the solution of equation
(3.28). For the quantity dn defined by (3.30) the following error estimates

hold:

mine a unique approximation u €

(i) If v <0 then

N-r(2-v) for 1<r< ’gjyl,
oy <c{ N-™Y1+logN) for r=2El (3.33)
—m— 1
N—m—l for r> —g‘jy
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(ii) Ifv =0 then

N7 (1 +1logN) for 1<r< 2l

2—v?
Sy <ed N™™ Y1+ (logN)?) for r=5EL (3.34)
e 1
N1 4 log N) for r> oL

(iii) If v > 0 then

—r(2— 1—
N—(2-2) for 1<r< by
Sy <cg N™ (1 +logN) for r=mt-r—1,
— 1— 1—
N—m-l4v for r>TESY op = TESE S ]

(3.35)

Here ¢ is a positive constant which is independent of N.

Remark 3.3.3. The best published superconvergence result for weakly
singular Volterra integral equations can be found in [13], Theorem 2.3,
where nonlinear weakly singular equations are considered. In the particu-
lar case of linear equations our result improves it in the following ways:

1) the superconvergence phenomenon is described in Theorem 3.3.2 for all
values of the nonuniformity parameter r while the result of [13] is stated
only for sufficiently large values of r;

2) our result guarantees the maximal convergence rate for smaller values of
r. For example, if m = 2 and v = 1/2 then according to Theorem 3.3.2 the
maximal convergence rate pmtl-v — 325 Kolds for r > mz‘tg;” = 2.5 while
the corresponding conditions from [13] are r > (% and r > ™% which
are equivalent to r > 4.

Proof of Theorem 3.3.2. Under the assumptions of the theorem the solution
y of equation (3.28) satisfies y € C"™ 1[0, T (see [13], Theorem 2.1).

Introduce an integral operator S by the formula

(Sy)(t) = /K(t,s)y(s)ds, t e [0,T].
0

Note that f € C[0,7] and S is compact as an operator from L>°(0,7T") to
C[0,T] (see Theorem 2.2.6). Applying Lemma 3.3.1 we have

t

o < e | [ K (8.5) (v(s) = (Paw)(s))ds].
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If v < 0 then K € C(Ar) (see Lemma 2.2.1) and %—I;(t,s) is uniformly
integrable, since according to the estimate (2.4) with u = v, ¢ = 1, and
7 =0 we have

1 if v<-—-1

K ?
aa(t,s) <ecg 14 |log(t—s)| if v=-1,
y (t—s)v! if v>-—1,

thus the assumptions of Theorem 2.5.4 are satisfied with k = m and p; = v.
Applying Theorem 2.5.4 we get the estimate (3.33).

In the case v > 0 we use Theorem 2.5.6 with k = m and 4 = u; = v to
obtain the estimates (3.34) and (3.35). {

3.4. Superconvergence for Method 1

In this section we show that by a careful choice of the collocation parameters
7; it is possible, assuming a little more regularity of functions p,q and K,
to improve the convergence rate of the approximate solution of problem
{(3.1),(3.2)} found by Method 1. Namely we prove the following result
(originally proved for v € (—o0,1)\Z by R. Kangro, I. Parts in [30]), which
improves the results of T. Tang [53], where in the case 0 < v < 1 and
r= %1;” the convergence rate ¢ N~ is proved.

Theorem 3.4.1. Assume that p, ¢ € C™T0,T], K € W™t (Ar),
m € IN, v < 1. Let the collocation points (3.7) be generated by the grid
points of a graded grid 11y, r > 1 and by the knots n;, 7 = 1,...,m of
a quadrature approximation fol p(s)ds =~ 371 Ajp(n;), 0 <m < ... <
Nm < 1, with appropriate weights {A;}, which is exact for all polynomials
of degree m.

Then there exists Ny € IN such that for all N > Ny the conditions (3.6) and
the formula (3.8) determine unique approximation v € ST(n__li (ITy) toy' and

ue SY (I'y) to y, where y is the exact solution of problem {(3.1),(3.2)}.
Moreover, for all N > Ny the error estimates

max. [Un (tn;) — Y (tns)| < cen(m,v,r) (3.36)

and
lJu —ylloo < cen(m,v,r) (3.37)
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hold. Here v, = U|(t ) (n=1,...,N), cis a positive constant which is

n—1,tn

independent of N and

N-TE=v) for 1<r< T;fl},
en(m,v,r) =< N~™Y1+1logN) for r= g”tl,
N—m—1 for r> m+1.

Proof. We know that the Cauchy problem {(3.1),(3.2)} is equivalent to the
equation (3.4) which we can write in the form

t
+/R’ts s, te€l0,T),
0
where
t
£1(t) = a(t) + yop(t +y0/K te [0.7),
0
and

K(t,s) = p(t) + /K(t,T)dT, (t,s) € Ar.

Let Py be defined by (2.17), with & = m, then the collocation conditions
(3.6) can be written as )
v = Pnf1 + PnSv,

where the integral operator S is given by formula,

t
/f(ts s, te][0,T).
0

Since S is a compact operator from L>(0,T) to C[0,T] (see Remark 2.2.4
and Theorem 2.2.6) and f; € C[0,T] we get with the help of Lemma 3.3.1
that

¢

) — < K( P :

|vn(tn;) — 2(tn;)] ctrer[lélT / t,s)( — (Pnz)(s))ds
0
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Denote .

R(t,s) = / K(t,7)dr
then . s R
K(t,s) =p(s) + K(t,s).

Since p € C’m“’”[O,Tl c C[0,T] and K € WmHLP=1(A7) (see Lemma 2.4
n [14]) the function K is continuous on Ar (see Lemma 2.2.1) and

Of( 1 if v<O,
(L) == K(ts)| <eq 1+][log(t—s)| if v=0,
5 (t—s)™ if v>0,

the assumptions of Theorem 2.5.4 with £ = m and p; = v are satisfied and
we get the estimation (3.36) of Theorem 3.4.1, since z(t) = y/(t).

In order to prove the estimation (3.37) fix t € [0,7] and let n € {1,...,N}
be such that ¢t € [t,_1,t,]. Using initial condition y(0) = yp and equation
(3.8) we obtain

fut) — y(t)] = / (v(s) — =(s))ds|
0

Since v € Sﬁ;l)(ﬂy\,) and according to Theorem 3.1.1, z = ¢/ € C™*1¥[0, T
we get from Lemma 2.5.1 (with k =m, p =) that

¢
/(v(s) —z(8))ds| < 1 max |Un(tnj) — 2(tnj)| + coen(m, v, 7).
n=1,...,N,j=1,...m
0
Using the estimation (3.36) it follows that
lu(t) —y(t)| < cen(m,v,r).
Theorem 3.4.1 is proved. <

Next we turn our attention to studying the convergence properties of
Method 2.

3.5. Global convergence results for Method 2

Similarly to Method 1 we start our analysis assuming only regularity of
the grid. The following result by I. Parts, A. Pedas in [43] was originally
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published without a full proof of the error estimate for the derivative of the
approximate solution.

Theorem 3.5.1. Let p,q € C"™"[0,T], K € W™"(Ar), m e N, v < 1,
and assume that the collocation points (3.12) with a regular grid Iy are
used.

Then, for all sufficiently large N € IN and for every choice of parame-
ters 0 < m < ... < Nme1 < 1 the collocation conditions (3.11) deter-

mine a unique approximation u € S,g;l)(HN) (if m =0, gm+1 = 1, then
u € ST(,?)(HN)) to the solution y of the Cauchy problem {(3.1),(3.2)}. The
following error estimate holds:

Rt if m<l-—uv,
|u—ylloo < e A™H(1+|logh|) if m=1-u, (3.38)
h2v if m>1-v,

where h is defined by (2.12). If the grid Iy = Iy e is quasi-uniform, then

h™ if m<1l—y,
| =Y |lo << A™(1+|logh|) if m=1-uv, (3.39)
=V if m>1—v.

Here h is defined by (2.12), ¢ is a constant which is independent of N and

u € 5’7(7:_1%(1'[1\[7@) is defined by differentating the function u on the each

subinterval of the grid Iy e separately.

Proof. We know (see Section 3.1) that the problem {(3.1),(3.2)} is equiva-
lent to the equation (3.9) which we rewrite in the form

y = fo+ Sy,

where the integral operator Ss is given by the formula

t

(So)(£) = / Ko(t, $)a(s)ds

0
and fo, Ko are given by (3.10).

Note that fa € C[0,T] and that Sy is compact as an operator from L>(0,T)
to C[0,T] (see Theorem 2.2.6). Repeating now the arguments of the proof
of Theorem 3.2.1 starting from the equation (3.17) with y instead of z, u
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instead of v, Sy instead of S; and m + 1 instead of m we get the estimate
(see (3.21))

with the operator Py defined by (2.17) (k = m+1) and a constant ¢ which
is independent of N. Applying the estimation (2.30) of Lemma 2.4.5 with
k=m+1and p = v —1 we obtain the estimation (3.38) of Theorem 3.5.1.

In order to prove the estimation (3.39) fix t € [0,7], and let n € {1,...,N}
be such that t € [t,—1,t,]. Fix w as a Taylor polynomial for y at ¢ = ¢,

i) (¢ ,
’L(' n) (t - tn)lv te [tn—h tn];

m
wit)y=Y""
=0

and let the operator P;, ,:, be defined by (2.19) with kK = m + 1, a =

tn—1 and b = t,. Using the notation u, = u{(t ) and extending the

polynomial w, to the closed interval [t,,—1,,] we have

= ety ) = [(un = 0) + " =l o,y 00
= (Pt (U = W) + " =¥l ]
< (Pry o (un = ) Nt r,ta) + 19 = Y lottn 1.t
<N Pyt (e — W)l 1 0] + 10" = et ]
<Pyt (Cltnr tn],C it ) 1 — @l Clt—1 t0)
+ " = Y i )
<N Pyt ll £t 1tn), 1)) (N = Yl it ]

+ly = wllop, ) T 19" =¥l ) (3-40)

Since the grid Iy = Iy g is assumed to be quasi-uniform we get with help
of estimation (2.21) of Lemma 2.4.2 that

C1
1Pt | (Ol 1,0) Ot 1,0)) S €+ 7
n

IN

c2 _ €3

—= < =, 3.41
c+ nS ( )
For the term |lun — yllcpt,_,,¢,] We can use the estimation (3.38). Further,
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since t € [t,_1,t,] and y € C™TLY=1[0, 77,

tn
)~ 0] = | [ = 07y Ds)as

t

tn 1 it m<l—v
Sc/(s—t)m 1+|logs| if m=1—v »ds

y gl—v=—m it m>1-v

tn 1 it m<l-—v
Sc/(s—t)m 1+ |log(s—t)| if m=1—-v »ds.

) (s—t)tv=m  if m>1-v

If m <1 — v then we have
tn

m _ (‘9 — t)m+1
/@—“ ds=— 1

s=tn

<ty — )™ <c(ty —tny)™!

s=t

— Chg-‘rl < Chm+1.

t

In the case m =1 — v we get
tn
/(s —)™(1 + |log(s — t)|)ds < ch™ (1 + |log hy|) < ch™ (1 + |logh)).
t
If m >1— v then

tn s=tn

o\ l-v g, (S — t)z_y _ \2—v o 2—v

(s—t) Vds= Y <ty — )77 < e(tn —th-1)
— UV

t s=t

= ch®™" < ch*™".

Therefore
pmH if m<1-uy,
ly = wlcp, o) < cq ™A+ |loghl) if m=1-v, (3.42)
h*v if m>1-v.
Analogously
T
TS _ pym—1, (m+1)
0 =9/ 0] = gy | [ (5= 07D )
t
tn 1 if m<l-—v
Sc/(s—t)m_l 1+ |logs| if m=1—v pds
p glv=—m it m>1-v
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and

hm if m<l1-v,
|w — ?//Hc[tn,l,tn] <cg ™1+ |logh|) if m=1-v, (3.43)
hl=v if m>1-v.

Thus the estimation (3.39) of the theorem follows from (3.40) by (3.41),
(3.38), (3.42) and (3.43). &

For comparison, we quote the result of H. Brunner, A. Pedas and G.
Vainikko about the error estimates in the case of nonuniform grids.

Theorem 3.5.2. [14] Suppose that conditions of Theorem 3.5.1 are satis-
fied. Assume additionally that the grid Iy = IIY, (r > 1) is graded grid
(i.e. satisfies (2.10)).

Then for all sufficiently large N € IN and for every choice of parameters
0 <m <...<Nmy1 < 1 the collocation conditions (3.11) determine a unique

approrimation u € S,(,fl)(ﬂ}”\,) to y, the solution of the Cauchy problem
{(3.1),(3.2)}. Then the error estimates

N—T(2v) for 1<r< gbjyl
llu —y|loo <c X N-™ Y1 +1logN) for 7’:%:1
N—m-l for r> —nyl orr= —g“j‘yl > 1

and

N-r(1-v) 1< p<-m
Hu,y,|5,oogcs{ fOT —r—l—u

—m m
N fOT‘ r> iy

hold. Here the constants ¢ and c. are independent of N, u' € an__l} (ITYy) is
defined by differentating the function u on the each subinterval of the grid
I’y separately and

lu" — ¥ ||c.00 = j:rrllaXN (te[ max ]u;(t) — y'(t)‘) , 0<e<T.

. tjfl,tj]ﬁ[E,T]

Moreover if r = 1 then we additionally have

N—™ if m<1l-—uv,
||u/_y/||oo§0 Nim(l—i‘lOgN) Zf m:l—y’
N-(=) if m>1-—uv,

where the constant c is independent of N.

79



3.6. Superconvergence for Method 2

If we use collocation parameters corresponding to a quadrature formula that
is exact for all polynomials of order m + 1, it is possible to get supercon-
vergence at the collocation points for Volterra integro-differential equation.
The following result has originally been stated as a conjecture in [42] and
is a refinement of the corresponding result of [13] (see Theorem 2.3).

Theorem 3.6.1. Assume that p, ¢ € C™T4[0,T], K € W™ (Ar),
m € IN, v < 1 and the collocation points (3.12) are generated by the grid
points of a graded grid Iy, r > 1 and by the knots n;, j = 1,...,m +1
of a quadrature approrimation fol o(s)ds ~ Z;n:ﬁl Ajp(m), 0<m <...<
Nm+1 < 1, with appropriate weights {A;}, which is exact for all polynomials
of degree m + 1.

Then, there exists an Ng € IN such that for N > Ny and for every choice
of parameters 0 < n; < ... < Nm+1 < 1, the collocation conditions (3.11)

determine a unique approzimation u € ST(,L_D(H}"V) (ifm =0, Nm+1 =1,

then u € S (IT%)) to the solution y of the Cauchy problem {(3.1),(3.2)}.
The approzimate solution u satisfies the estimate

N—B-v) for 1<r< 7;:/2,
Sy <cq N™™2(1+41logN) for r= 242 (3.44)
N2 for r> ?jf,

where the constant ¢ is independent of N and

ON = n:l,-.-7NIT1Ja;)(1,...,m+l [un(tng) = y(tng)l,  un = u‘(

Proof. Recall that the initial value problem {(3.1),(3.2)} is equivalent to
the equation (3.9)

t

y(t) = Falt) + / Ko(t s)y(s)ds, ¢ € [0.T],
0

where

t t
fa(t) = y0+/q(s)ds, Ks(t, ) :p(s)—l—/K(T, s)ydr, t € [0,T], s € [0,¢].
0

s
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Introduce an integral operator Ss by the formula

t

(S9x)(t) = /Kg(t, s)x(s)ds, te€[0,T].

0

Denote .

R@@:/K@@m
then 3
Ks(t,s) = p(s) + K(t,s).

Since p € C™+LY[0,T] and K € W™tV =1(Ar) (see Lemma 2.4 in [14])
the function K> is continuous on Ap (see Lemma 2.2.1), therefore S is a
compact operator from L*°(0,7) to C[0,T]. As fo € C[0,T], we get from
Lemma 3.3.1 that

t

o < e O/ K(t5)(0(s) — (Py)(5))ds|

where Py is defined by (2.17). Using the estimate (2.4) with k = m+1, u =
v—1,1=1, 7=0and K = K we get

0 0 ~
—Ks(t,s)| < |pf —K(t
Rt < W)+ |5 R
1 if <0
<ec1g l4Jlogs| if v=0 }+co
sV it v>0
1 if v<O0,
+e3d 14 |log(t—s)| if v=0,
(t—s)™" it v>0,

hence the assumption (a) of Theorem 2.5.4 is satisfied. From Theorem
3.1.1 we get that the solution y of equation (3.9) belongs to the space
C™+2v=10,T]. Applying Theorem 2.5.4 with k = m + 1 and py = v — 1
gives us the estimation (3.44) of Theorem 3.6.1.
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Chapter 4

Collocation approximations
for linear Fredholm integro-
differential equations with
weakly singular kernels

In this chapter we study the initial or boundary-value problems of linear
integro-differential equations of the form

b
YO =pOyO) +a)+ [ Keoyods telob,
0

ay(0) + By(b) = .

Since the integral operator in (4.1) is of Fredholm type the first equation in
(4.1) is called Fredholm integro-differential equation. Note that a special
case of the problem (4.1), with @« = 1, § = 0 and K(¢,s) = 0 for s > t,
is the initial-value problem for a Volterra integro-differential equation, so
(4.1) is a generalization of problem {(3.1),(3.2)}. From the perspective
of constructing numerical methods the main difference between Volterra
and Fredholm integral operators is the fact, that weakly singular Fredholm
integral operators usually introduce singularities at both endpoints of the
interval [0, b] while corresponding Volterra operators introduce singularities
only at ¢t = 0. Therefore, in order to achieve the optimal rate of convergence
it is necessary to use different nonuniform grids in the Fredholm case. Sur-
prisingly piecewise polynomial collocation methods for solving FIDE have
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not been studied before. The main results of this chapter are published in
[46].

4.1. Definitions of function spaces

In this chapter C"”[0,b], m € IN, v € IR, v < 1 denotes the collection
of all continuous functions z : [0,b] — IR, which are m times continuously
differentiable in (0, ) such that the estimation

’ 1 if i<l-v,
2Ot < e 1+ |logo(t)] if i=1-v,
o(t)l—v—t if i>1-v

holds with o(t) = min{¢t,b— ¢}, 0 <t < b, and with a constant ¢ = ¢(x)
for all t € (0,b) and i = 1,...,m. Equipped with the norm

Z||m,y = max |z(t)| + sup (wWi+p—1(2 2O (¢t
Il = gmas [0+ 3 s (s ()]0

), x€Ci0,b],

C""[0,b] is a Banach space. Here

1 for A<O0,
o) =4 (1+[logo(t))" for A=0,
o(t)* for X>0

with ¢ € (0,b). It is easy to see that if 4 < v < 1 then C;"*[0,0] € C""[0, ]
and ||z|lm,y < c||z|lm,u for z € CE"[0,b], with a constant ¢ > 0. Notice
also that C™[0,b] C Cz""[0,b], m € N, v < 1.

The set W™ (D), with m € N, v € R, v < 1 and
D={(t,s): 0<t<b, 0<s<b, t+#s},

consists of all m times continuously differentiable functions K : D — IR
satisfying

oN' /o o\ 1 if v+i<O0,
‘<m> <8t+a> K(t,s)| <c{ 1+ |loglt—s|| if v+i=0, (4.2)
’ [t — s if v+i>0

with a constant ¢ = ¢(K) for all (t,s) € D and all nonnegative integers i
and j such that ¢ + j < m.
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Taking ¢ = j = 0, the condition (4.2) yields that K € W™" (D) may possess
a weak singularity at t = s for 0 < v < 1. If v < 0, then K itself is bounded
on D, but its derivatives may be singular at t = s. Often the kernel K of
problem (4.1) has the form

K =K,(t,s)=r(t9s)|t—s" 0<v<l1,

or
K = Ky(t,s) = k(t,s)log |t — s|,

where k € C™(D), with m € IN and D = [0,b] x [0,b]. Clearly, K, €
WmY(D) for 0 < v < 1 and Ko € W™0(D).

4.2. Smoothness of the solution

The regularity of the solution of problem (4.1) is described in the following
theorem.

Theorem 4.2.1. Let p,q € C;""[0,b], K € W™(D), m € N, v < 1,
a,B,v € R, |a|+|6| # 0. Moreover, assume that the homogeneous problem

b
VO =00 + [ Ktsls)ds, o)+ o) =0, (43)
0
corresponding to the problem (4.1), has in the set {y : y € C[0,b], ¢ €
L*>(0,b)} only the trivial solution y = 0.

Then the problem (4.1) has a unique solution y € C’ZLJFI’VA[O, b].

Proof. If a4+ 8 # 0 and z € L*°(0,b), then the problem
y'(t) = 2(t), ay(0)+By(d) =~

has a unique solution
y(t) = (J2)(0) + ——, te o], (44)

where

b
(J2)(t) = [ z(s)ds — b /z(s)ds
0

O O —_

k(t —s)z(s)ds, te€]|0,b], (4.5)
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with

—Lo, if —b<7<0
K'/(T) = { a+ﬁ[3’ ) =7 )
1-— m s if O0<rt S b.
It follows from (4.5) and the expression of the norm || - ||, that J €

L(CTY[0,b], C71[0,8]). Tt is proved in [57] (Proposition 1.3) that the
operator J is compact from C;"”[0,b] to Cp""[0,b] (see [57]). Further, we
can write (4.1) in the form

y'(t) = (Ay)(t) + (Ty) () +q(t), t€[0,8], ay(0)+ By(b) =1,

where
b
(Ay)(t) = p()y(t) (Ty)(t)I/K(tvs)y(S)dsa tel0,0. (4.6
0

Therefore, if y is a solution of problem (4.1), then it can be presented in
the form (4.4), where z is the solution of the equation

Z:le+fla (47)

with 77 = (A+T)J (see (4.5)-(4.6)) and

b
= L 7 s)as . .
filt) = a(t) + —p(t) + O‘”()/K(t’ s, telod @)

Next we show, that T} is compact as an operator from Cy"”[0,b] into
Cz""[0,b] and f1 € C""[0,b].

Indeed, as K € W™ (D) we have T € L(C""[0,b],C""[0,b]) (see [55],
Lemma 3.4). If p,z € C;""[0,b] then (cf. [14], Lemma 2.1)

1pzllm,0 < ellpllm.pll2llm.o -

Therefore, A € L(Cp""[0,b],Cr""[0,b]). This together with the compact-
ness of J € L(C""[0,b],Cx""[0,b]) implies that Ty : Cz""[0,b] — C"[0, ]
is linear and compact. Since 1 € Cp""[0,b] then T11 € C;"[0,b]. This
together with ¢,p € C;""[0,b] yields f1; € Cp""[0,b].

Further, since the problem (4.3) has only the trivial solution, the equation

z="Tiz
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has only the trivial solution z = 0 in L>(0, b) and therefore also in C};"" [0, b]
C L*(0,b). Thus, by the Fredholm alternative (see Theorem 2.1.5), I — T}
has a bounded inverse (I — 77)~! : C7"[0,b] — C7"[0,b] and equation
(4.7) has a unique solution

z = (I — Tl)flfl S C?’V[O,b],

where [ is the identity mapping. This, in turn, implies that the problem
(4.1) has a unique solution y and

y=Jz+ e Cmttr 10,9

v
a+ g

If & + 8 = 0 then we introduce a new unknown function

j(t) = e "y(t)

and note that y(t) is a solution of (4.1) if and only if §(¢) solves the problem

b
7' (t) = p(t)y +/ s, tel0,b], (4.9)
0
a(0) + By(db) = 7,

where y(t) =e7'y(t), pt)=p(t)—1, G(t) =e'q(t), K(t,5)=e "IK(t,5)
and 3 = 3.

It is easy to check that p, § € C""[0,0], K e W™(D), m € N,v €
IR,v < 1. Since a + 3 # 0 the argument of the first part of the proof gives
us that g € C’TH’V*l[O, b], hence y € C;nﬂ"/*l[(), bl. &

Remark 4.2.2. Since the problem (4.1) with @ = —3 # 0 can be trans-
formed to an equivalent problem (4.9), where a+ /3 # 0, we consider further
only the case a + 3 # 0.

4.3. Piecewise polynomial interpolation

For NeIN, reR, r>1,let

[—le\;:{tg,tl,...,tQNIOZto<t1<...<t2N:b}
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be a partition (a graded grid) of the interval [0, b] given by the grid points

po b (N o N
TL_2 N b n_ ) )

tN+n:b—tN7n, ’I’Lzl,...,N.

(4.10)

Here the real number r € [1,00) characterizes the nonuniformity of the
grid My: for r > 1 the points (4.10) are more densely clustered near the
endpoints of the interval [0, b].

Denote
hp=t, —th_1, n=1,...,2N.

It is easy to see (cf (2.14)) that

For given integers m >0 and —1 < d <m — 1, let S(d)(
space of piecewise polynomial functions on the grid ry:

'v) be the spline

ST(,CLI)(I_ITN):{w;w‘(tn ) = Wn €Tm, =1, ,2N;
w(ty) =wl),(ty) 0<i<d, n=1,...2N—1}.

Here w}(t ) (n=1,...,2N) is the restriction of w : [0,b] — IR to the
subinterval (t,—1,%,) C [0,b] and 7, denotes the set of polynomials of

degree not exceeding m. Note that the elements of Sy, ( 1)(I_I’" ) may have
jump discontinuities at the interior points ¢1,...,tany—1 of the grid Mf,.

In every subinterval [t,_1,t,] (n = 1,...,2N), we introduce m > 1 inter-
polation points

tnj =tn1+njhn, j=1,....m (n=1,...,2N), (4.11)

where 11, ..., ny, are some fixed parameters which do not depend on n and
N and satisfy the conditions

0<m<...<np<1. (4.12)
We introduce an interpolation operator Py = P](Vm): C10,b) — S,(n 1%( My) C
L*>(0,b) which assigns to every continuous function z : [0,b] — IR its
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piecewise polynomial interpolation function which interpolates x at the
points (4.11):

Pyz e SCN ), e o,

(4.13)
(Pnz)(tn;) = (tn;), j=1,...,m; n=1,...,2N.

If g1 = 0, then by (Pyx)(t,1) we mean the right limit . lim (Pnz)(t).

n717t>tn71
If 9y, = 1, then (Pyx)(tnm) denotes the left limit . tlinta<t (Pyx)(t). Thus,
(Pyx)(t) is independently defined on every subinterval [t,_1,t,], n =
1,...,2N, and may be discontinuous at the interior grid points t = ¢,,, n =
1,...,2N — 1. Note that in the case n1 = 0,7, = 1, function Pyx is
continuous on [0, b].

From [55], pp. 115 - 119, we obtain the following Lemmas 4.3.1-4.3.3 (cf.
also [14]).

Lemma 4.3.1. Let the interpolation nodes (4.11) with grid points (4.10)
and parameters (4.12) be used. Then Py € L(C[0,b], L>°(0,b)) and

IPNlcccpop,ceo@p) < ¢ N eN,
with a positive constant ¢ which is independent of N.

Lemma 4.3.2. Let z € C;"7[0,b], m € N, v < 1, and assume that a
graded grid M’y with v > 1 and the interpolation points (4.11) are used.
Then for the operator Py defined by (4.13) the following estimates hold:

N—r(=v) for 1<r<i%;,
Hx—PNarHoogc N="(1+1ogN) for r= =1,
N—™ for > orr=%>1;
b N-—T(2-v) for 1<r <™,
/‘x(s)—(PNx)(s)‘dsgc N™™(1+1ogN) for r= 35",
0 N—™ for r >

Here ¢ is a positive constant not depending on N.

Lemma 4.3.3. Let the conditions of Lemma 4.3.2 be fulfilled. Then

1 if m<1-uv,
sup |z(t) — (Pnz)(t)| < ch ¢ 1+ |logt,| if m=1-v,
tE(tn—1,tn) t;L—V—m Zf m>1-— v,
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form=1,....N, and

1 if m<l—uy,
sup |z(t) — (Pnz)(t)| < ch ¢ 1+ |log(b—tn—1) if m=1-v,
t€(tn-1,tn) (b—ty_1)t7v—m if m>1—v,

form=N+1,...,2N. Here h,, = t, — t,_1 and c is a positive constant
which is independent of n and N.

Remark 4.3.4. The properties of the interpolation operator Py defined
by (4.11) - (4.13) are closely related to similar operators studied in Chapter
2. Indeed, let us define an operator Py : C [0, %] — L™ (0,%) by the
conditions

PNz’tn Lt E7rm 1, 260[0,3}7

(4.14)
(PNz)(t;Ij) = z(t;w-), j=1,....m;n=1,...,N,
where
tnj = tn—1 + 0;hn, j=1,....m (n=1,...,N)
with
77} =1—Mmt1-j, j=1,...,m. (4.15)

Then for z € C0,b], using the notation

gty =x(b—1), te0,8),

we have 3
(Pxa)(t) = (Pug)b—1),  te (,1].
Since
o = Pyaloo = max (J|(@ = Pya)| g sy loes llg = Prvglloc)
and

/ l2(t) — (Pya)(1)|dt = / 2(t) — (Pya) (1) dt + / 9(t) — (Byg)(D)ldt,

the Lemmas 4.3.1, 4.3.2 and 4.3.3 follow directly from Lemmas 2.4.1, 2.4.7
and Corollary 2.4.4, respectively.
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4.4. Collocation method

Assume o« + 8 # 0, then the problem (4.1) is equivalent to the problem

{(4.4),(4.7)):

t b
y(t)—/z(s)ds—af_ﬁfz(s) a—zﬂ’ t €0,b],
0 0

o

[e=]

—I—/Kts / ) f_ﬁo/bz(T)dT ds + fi(t),

where f; is given by the formula (4.8). In order to solve the problem (4.1)
we construct a collocation method for the numerical solution of the problem

{(4.4),(4.7)).

We look for an approximate solution v = uN), N € IN, of (4.1) in the form

~
o

B Y
t) = ds — —— d _ tel|0,b 4.16
ut) = [oyds - L [o@as+ 2= tepy,  (10)
0 0
where v satisfies the conditions
vE Sﬁ:{(ﬂ’]’\,), m € N,
tnj b
U (tn;) = p(tn;) ( v(s)ds — aiﬂ/v(s)ds)
0 0
b s b
—l—/K(tnj,s) /v( T)dr | ds+ fi(tnj),
0 0 0
j=1,...,m;n=1,...,2N. (4.17)

Here v, = v‘(tnq,tn) is the restriction of v to (t,—1,t,), n=1,...,2N, and

fi1, {tn;} are given by the formulas (4.8) and (4.11), respectively.

Remark 4.4.1. Asv € S( %(I‘I” ), the function u (see (4.16)) belongs to
Sr(n)(HN) C C[0,b]. If ;3 =0 and 7, = 1 (see (4.12)), then v € S( ) Z,(My)
C C[0,b] and u € S& () € C10, b].
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Remark 4.4.2. The conditions (4.17) have the operator equation repre-
sentation
v=PyTiv+Pnyfi, T1= (A+T)J, (418)

with A, T, J and Py defined in Sections 4.2 and 4.3, respectively.

Theorem 4.4.3. Let the conditions of the Theorem 4.2.1 be fulfilled and
a graded grid My, r > 1 with collocation points (4.11) be used. Assume
additionally that o + 3 # 0.

Then there exists an Ng € IN such that, for N > Ny, the conditions (4.17)
and the formula (4.16) determine unique approzimation v € Sﬁn__li(l_lﬁ“v) to
y and u € Sfr?)(ﬂyv) toy (v e ST(,?)_l(I_IR,) and u € Sr(,i)(l_l}”v) ifm =0

and Ny, = 1), where y is the exact solution of problem (4.1). Moreover, for
N > Ny the error estimates

N-—@=v) for 1<r <™,
[u—ylloo <e{ N"™(1+1logN) for r=", (4.19)
N—™ for r> "
and
N—r(=v) for 1<r <%,
v =10 <c{ N™(1+1logN) for r= =1, (4.20)
N for > orr=72>1

hold. Here c is a positive constant not depending on N.

Proof. Due to the assumptions of Theorem 4.2.1, f; € C[0,b] and T} =
(A+T)J is compact as an operator from L*>°(0,b) to C0, b] and to L*°(0, b),
too. Since equation z = T}z has in L>°(0,b) only the trivial solution z = 0,
then (see Theorem 2.1.5) there exists an inverse operator (I — Ty)~! €
L(L>®(0,b),L>°(0,b)) and the equation (4.7) has a unique solution

z=(I—T)" fi € L=(0,b).

By Theorem 4.2.1, y = z € C""[0,b]. A standard discussion (see the proof
of Theorem 3.2.1) together with Lemmas 4.3.1 and 4.3.2 yields that there
exists a number Ny € IN such that for N > Ny the operator (I — PyT3) is
invertible in L*°(0,b) and

|(T = PNTH <e¢, N2>N. (4.21)

)_1 Hg(Loo(O,b),Lw(O,b))
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Thus, equation (4.18) possesses a unique solution v € Sﬁ:_lg(l_er) for N >
No and

Iz = vllee < ¢llz = Przllo, N = No,
where z =y € C""|[0, b] is the solution of the equation (4.7). This together
with Lemma 4.3.2 yields the estimate (4.20).

Further, using v, we find for N > Ny an approximation u for ¢ in the form
(4.16). It follows from (4.4), (4.5) and (4.16) that

t b
= /(z(s) —v(s))ds — b /(z(s) —v(s))ds, t €10,0).
0 0

a+p
(4.22)
Therefore
b
t)] < )|d 4.23
max ()~ ) < (14 5[} [l oo @
0
Since Ty = (A+T)J, (I — PNT1)(z —v) = z — Pyz and
(I- PNT1)71 =I+(I- PNT1)7173NT1, N > Ny,
we get from (4.21) and Lemma 4.3.1 the estimate
[2(s) = v(s)] <[2(s) = (Pn2)(s)|
b
/{z — (Pn2)(t)]dt, s€[0,0], N>Ny. (4.24)
0

Now it follows from (4.22) - (4.24) that
|?/—u||oo§c/| — (Py2)(t)|dt, N >No.

This together with 2 € C;""[0,b] and Lemma 4.3.2 yields the estimate
(4.19). &
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4.5. Superconvergence phenomenon

It follows from Theorem 4.4.3 that by using the method {(4.16), (4.17)},
one can reach a convergence order

ly —ulloo < eNT", Iy = vfloc < N7 (4.25)

for sufficiently large values of the grid parameter r and for every choice
of collocation parameters 71, ...,n, satisfying the condition (4.12). Since
u € Sfr?)(ﬂyv), the first estimate of (4.25) is not of optimal order. In the
following we show that by a careful choice of the collocation parameters
(4.12) it is possible, assuming a little more regularity of functions p, ¢ and
K, to prove a superconvergence result for the values of v at the collocation
points and improve the convergence rate of v in the maximum norm.

Theorem 4.5.1. Letp,q € C';”H’V[O, b, Ke Wmtb(D), m e N, v < 1;
a,B,v € R, a+ 3 # 0, and assume that problem (4.3) has in the set
{y € C[0,b] : y € L>(0,b)} only the trivial solution y = 0. Moreover, let
the collocation points (4.11) be generated by the grid points of a graded grid
My, 7 > 1 and by the knotsn;, j =1,...,m of a quadrature approximation
fol p(s)ds = 3750 Ajp(ng), 0 < m < ... < nm < 1, with appropriate
weights {A;}, which is exact for all polynomials of degree m.

Then there exists an Ng € IN such that, for N > Ny, the conditions (4.17)
() to
Yy and u € Sﬁ,g)(ﬂ’j\,) to y, where y is the exact solution of problem (4.1).
Moreover, for all N > Ny the error estimates

and the formula (4.16) determine unique approzimation v € S,

max |vn(tnj) = ¥ (tnj)| < cen(m,v,7) (4.26)
n=1,...,.2N, j=1,....m
and
[u = ylloo < cen(m,v,r) (4.27)
hold. Here v, = v‘(t ) (n=1,...,2N), ¢ is a positive constant not
depending on N and
N for 1<r< %,
en(m,v,r) =< N7 1(14+1logN) for r= g‘fyl,
N—m—l for r> %

Proof. We know from the proof of Theorem 4.4.3 that equation (4.18) has
a unique solution v € S(__lg(l_lyv) for N > Ny. We have for it and z = ¥/,

m
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the solution of equation (4.7), that
(I — PNTy)(v — Pnz) = PNT1(Pyz — 2). (4.28)

As I — PyT is invertible in L>°(0,b) for N > Ny, we obtain from (4.19),
(4.28) and Lemma 4.3.1 the estimate

|IPnz — v]|oo < ¢||T1(2 — Pn2)|loo, N > Np. (4.29)
Since T} = (A+T)J and
(Pnz)(tng) = 2(tnj), 7=1,...,m; n=1,...,2N,

it follows from (4.5), (4.6) and (4.29) that

¢
|2(tn;) — vn(tng)| < [|Pnz — v]|eo < ¢ max / — (Pn2)(s ))ds ,
te[0,b]
0
j=1,....,m; n= ,2N, N > Np. (4.30)

According to Theorem 4.2.1 we have z € C7™[0,b]. Since z’[o 5] and
’2

the collocation parameters 11, . .., Ny, satisfy the assumptions of Corollary
253 withk=m, p=vand T = g we get immediately

max / — (Pn2)(s))ds| < cen(m,v,r). (4.31)

Ifte (%,b] we write

/t(z(s) — (Pnz)(s))ds = ( 2+/b—/b (2(s) — (Pnz)(s))ds
0 0 t

where



and the operator Py is defined by (4.14).

Since for any polynomial w € 7, we have

m

1 1
ZAjw(nj) = /w(s)ds = /w(l — s)ds
0 0

j=1
= Al —n;) = Amprjw(nf),
=1 i=1

the parameters 17; =1-Nm41—j (j = 1,...,m) and the function g satisfy the
assumptions of Corollary 2.5.3 with k=m, p=v and T = %. Therefore

t

max / — (Pnz)(s))ds

te[L.b

/ — (Pnz)(s))ds| + 2 max /(g(s) = (PNg)(s))ds
0

refo 3]/

<cen(m,v,r).

This together with (4.31) and (4.30) proves the estimate (4.26).

Using (4.22) and y' = z we obtain for every ¢ € [0, b] that

¢
9(0) o) < | [ ) = oe)as| + |5 [0 - ote)as
0
¢
<c tlél[%?{b] /(z(s) —v(s))ds (4.32)
0
Using Lemma 2.5.1 with k =m, p=v, T = %, T = Z‘[o,é]’ w = U‘[()’g]
and the estimate (4.26) we get
¢
max / ))ds| < cen(m,v,7). (4.33)
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o(s) =v(b—s), se[0,5].

Applying Lemma 2.5.1 with k =m, u=v, T = %, r =g, w=0, the

collocation parameters (4.15) and the estimate (4.26), we get

t

trerfeguz] /(z(s) —v(s))ds| < cen(m,v,7). (4.34)
2o

The estimates (4.32), (4.33) and (4.34) give us (4.27). Theorem 4.5.1 is
proved. $
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Chapter 5

Numerical experiments

In this chapter we discuss implementation details of the numerical methods
described in the previous chapters and analyze results obtained by extensive
computational experiments.

5.1. Introduction

We have described the collocation methods for Volterra and Fredholm
integro-differential equations in Sections 3.1 and 4.4, respectively. The
collocation conditions form a system of equations whose exact form is de-
termined by the choice of a basis in the polynomial spline space. For
example, for a v € an__l%(HN) in each subinterval (t,-1,t,), n=1,...,N
we may use the Lagrange fundamental polynomial representation

n(tnot + 7ha) = Y Y l(7), 7€ (0,1),
/=1

where vy, = v|,_, +,) and

m
7‘ [R—
le(T) = H 777«, Tel0,1], =1,....m, 0<m <...<mp <1,
r=1,r#L e ="
or simple polynomial representation

m

Vn(tn—1+ Thyp) = Z}/e(n)Tg_17 7€ (0,1).
(=1

97



Here Ye(n), ¢ =1,...,m are unknown coefficients, that have to be deter-
mined from the collocation conditions.

In the following we give more appropriate form to the collocation conditions
for numerical implementation.

5.2. Numerical solution of Volterra integro-diffe-
rential equations

In this section we transform the collocation conditions of Method 1 and
Method 2 (see Section 3.1) into concrete system of linear algebraic equa-
tions, discuss a parallelization possibility of the solution process, introduce
test equations and analyze the numerical results of both Method 1 and 2.

5.2.1. Method 1 for solving Volterra integro-differential
equations

(-1

At first we write the collocation conditions (3.6) for v € S i(H ~) in the

form -
tn—1 tnj
ntng) = pltag) + pltng) w0+ [ (5)ds+ [ v(s)as
0 tnfl

n-1 U s
—1—2 /K(tnj,s) yo—l—/U(T)dT ds

k}zl tk—l 0
tnj s
+ / K(tnjvs) yo—I—/U(T)dT dS,
tnh—1 0
ji=1,....m;n=1,...,N, (5.1)

where {t,,} are the nodes of Iy (see (2.7)) and the set of collocation points
{tn;} is given by (3.7). Since (see (3.8))

tn—1
u(tn—1) = yo + / v(T)dr
0
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we get after the change of variables

s =1trp_1+ zhy for s € [tk—la tk]

and
s =tp—1+ xhy for s € [tn—h tnj]
from (5.1)
M5
vn(tnj) = Q(tnj) +p(tnj) u(tnfl) + hn/v(tnl + xhn)dx
0
n—1 1 ty—1+zhg
+ Z hy, / K(tnj, tp—1 + zhg) |u(tp—1) + / v(T)dr | dx
k=1 0 th 1
5 tn—1+xhn
+ hn/K(tnjjtn_l + xhy) |u(tp—1) + / v(T)dr | dx,
0 tnfl
j=1,....m;n=1,...,N. (5.2)

Using again the change of variables

T =11+ shy (T =tp—1+ shy)

we write the conditions (5.2) in the form

j
Un(tnj) = q(tng) + p(tn;) |u(tn-1)+ hn/v(tn_l + zhy,)dx
0

n-1 1 x
+ Z hk/K(tnj,tk_l +xzh) (u(tp_1) + hk/v(tk_l + shy)ds |dx
k=1 0

T

"
+ hy, /K(tnj,tn_l + xhy) |u(th-1) + hn/v(tn_l + shy)ds |dz,
0 0
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or
5

Un(tnj) = q(tnj) + p(tng)u(tn-1) +p(tm)hn/v(tn—1 + zhy)dx
0

n—1 1
+ Z hiu(ti—1) /K(tnj, tp—1 + xzhy)dx

n—1 1 T
+ Z hz/K(tnjatkq + zhy) /U(tk_1 + shy)ds | dx
k=1 0 0
5
+ hnu(tn_l) / K(tnj, tn—1+ xhn)daz

T

5
+ hi/K(tnj,tn_l + xhy,) /U(tn_1 + shy)ds | dz,
0

0
j=1,....m; n=1,...,N. (5.3)
We choose a basis {¢1, ..., @mn} in the space of polynomials of order m — 1:
Yr € Tm—1, (=1,...,m.
Then
m
Vnltn-1 +7ha) = > Y p(r), 7€ (0,1),
(=1
where Yé(n) (¢ =1,...,m) are unknown coefficients, that have to be deter-

mined. Thus

T

/vn(tn_l +rha)dr =Y YO 8(), e 0,1]

0 =1
where

By(z) = /W(T)dT, 2e01], £=1,....m.
0
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This together with (5.3) yields

m

STV 0u(n) = altng) + pltng)ultn-1) + pltaj)hn > Y Be(ny)
—1 /=1

n—1 1
+ ) hgulty-) / K (tnj, tg—1 + xhy)dx

1

n—1 m
. Z h2 Z Ye(k) /K(tnj, te—1 + why)Be(n;)dx
(=1

k=1 = 0
Ui
+ hu(ty 1) / K (tnjstns + why)da
0
m Ui
+h2 3y /K(tnj, tno1 + hn)Be(z)dz,
=1 5

where

n—1 m
ultn-1) =yo+ > hx Y Y Be(1).
/=1

k=1 =

We have obtained a system of linear algebraic equations for finding quan-
tities Y™, ..., ;" (n=1,...,N):

AWy® — p) =1 N, (5.4)
where
A(n):(a"g?))’ ]76_]‘7 7m7 n:]" 7N7
T
v = (v, vm) L a=1,N,
FO = (£, f0) . n=1N,
with
15
a'y = u(nj) — p(tnj)hnBe(ny) — b2 / K (bnj tn1 + whn) By (z)de,
0

hl=1,....m n=1,...,N
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and

1
F = 4ltng) + Dltng) thu tit) [ Kltag.tios + ohi)ds
0

m 1
LYy v /K(tnj, ti—1 + xhi)Be(n;)dw
0

=1 /=1
5
 hnu(tn 1) /K(tnj,tnl b))z, j=1,....om, n=1,. .. N
0

System (5.4) can be solved step by step:

1) we solve system (5.4) for n = 1 to find the quantities Yl(l), e ,ngl)
and compute u(ty);

2) using the known values Yl(l), e ,Yn(ll), u(to) = yo, u(t1), we solve
system (5.4) for n = 2 and find the quantities Y1(2), e Yn(f), u(te);

3) generally, for i < N, using the known values

m

v, v vy ke, uty), - ultioy),

we find the quantities Yl(i), e ,YTS) from (5.4) and compute wu(t;).

The values u(t;) should be computed recursively by

u(to) = yo, w(ti) =u(ti-1) + h; Z YV 80(1)

(=1

and stored in an array.

5.2.2. Method 2 for solving Volterra integro-differential
equations

We write conditions (3.11) in the form



where

tngj tnj

Faltng) = yo + / a(s)ds,  Ka(tny,s) = pls) + / K(r, s)dr,
0

s

and {t,} are the nodes of IIy (see (2.7)) and the set of collocation points
{tn;} is given by (3.12).

Similarly to the Method 1, using the change of variables
s =11+ xhy (s =tp—1+ zhy),

we get from (5.5)
n—1 1
Un(tnj) = fQ(tnj) + Z hy, / Kg(tnj, tr_1+ xhk)u(tk_l + xhk)dx
=1

15
+ hn/KQ(tnj,tn_l +xhn)u(tn_1 —i—xhn)daz
0
j=1,....m+1; n=1,...,N. (5.6)

Choose a polynomial basis {¢1, ..., Pm+1} with
©Vp E Tm, £=1,....m+1.

Then the restriction of the collocation solution u € Sﬁn_ 2 (ITx) to the subin-
terval (t,—1,ty) (n=1,...,N) can be written as

m+1
Un(tn—1 + Thy) = Z Ye(n)cpg(T), 7€ (0,1),
/=1

where Yl(")7 . 7Yn(321 are unknown coefficients, that have to be determined

from the collocation conditions (5.6). The conditions (5.6) can be written
as follows

m+1 n—1 m+1 1

S Y i) = faltag) + 3 h Y ¥ / Ko (g, thot + zhi)pe(x)do
/=1 k=1 /=1 0
m+1 j
+ hn Z Yg(n) /K2(tnj’ tp—1+ fhn)@f(‘r)daj
=1 0

j=1....m+1; n=1,...,N.
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)

This is a system of linear algebraic equations for finding quantities Yl(n e
YW (n=1,...,N):

m+1
AWy — gt p=1,... N, (5.7)
where
Nmzﬁﬁv,jJ:L”wm+hn:Lqu
YW—<ﬁm,wKﬁJ? n=1,...,N,
£ (ﬁﬂuwﬁﬂg, n=1,....N,
with

j
agz) = (pg(?’]j) — hn/K2(tnj>tn1 + ;L‘hn)ng(ZL‘)dl‘,
0

f=1,...m+1, n=1,...,N

and
n—1 m+1 X 1
1Y = faltng) + 3 by ¥, / K (tnjs tr1 + whi)pe(w)d,
k=1 /=1 0

j=1....m+1, n=1,...,N.

Analogously to Method 1, we can solve it step by step.

5.2.3. Parallelization possibilities

Solving the systems (5.4) and (5.7) step by step, we can see that the ap-
proximate solution, found on previous subintervals, contributes to the term
F®)_ the number of addends of which is growing quite fast (quadratically
in n). Most of the time is expended for calculation of this term. But the

calculations of terms Fl(n), . ,F,(,;L ) (Fl(n), ey F£f+)1 in the case of Method

2) needed for finding qualities Yl(n)7 ce Y,%n) (Yl(n)7 e Yrﬁzl) in nth subin-
terval, can be done in parallel.

A possible scheme for parallelization of computation is following:
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e one processor (called master) coordinates the solution process and
solves the system of linear algebraic equations for each subinterval;

e other processors (called slaves) are calculating the terms F' j(").
Using a parallelized version of the numerical methods, we can reduce the
solution time quite significantly. For illustration, we have presented Table
5.1, of computation times in the case of a test equation of ordinary and
parallel implementation of Method 1 for solving linear Volterra integro-
differential equation. Parallel version of the program is written in Fortran95
with MPI (The Message Passing Interface), the experiment was performed
in the computer laboratory of SUN’s workstations of Tartu University.

Table 5.1: Efficiency of parallelization

N | 512 1024 2048
computers speedup speedup speedup
1 2.7 10.8 43.3
2 2.7 (1.0) 10.3 (1.0) 40.9 (1.1)
3 14 (1.9) 5.3 (2.0) 20.8 (2.1)
4 9.6E-1 (2.8) 3.6 (3.0) 14.0 (3.1)
5 7.7E-1 (3.5) 2.8 (3.9) 10.7 (4.0)
6 6.4E-1 (4.2) 2.2 (4.9) 8.5 (5.1)
7 5.6E-1 (4.8) 1.9 (5.7) 7.2 (6.0)
8 5.3E-1 (5.1) 1.7 (6.4) 6.3 (6.9)
error 4.8E-8 1.2E-8 3.0E-9

In the first column is the number of computers, which we have used for
computation. Following columns contain the time of computation in case
of various numbers of subintervals and the relative speedup compared to
ordinary (not parallel) program. The last row shows the error of the ap-
proximate solution. For the computation times and the errors we have used
the notation a 10° = aEb. We see from Table 5.1, that in case of large num-
ber of subintervals we can achieve an essential speedup. Relative speedup
is almost proportional to the number of slave processors we have used.

5.2.4. Test problem of Volterra type

For numerical verification of theoretical results we consider the following
linear Volterra integro-differential equation

y'(t) = )+ qu(t /K (t,s)y 0<t<l1, (5.8)
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where

) =) it v #0,
Ky(t78)_{ —log(t—s) if v=20

and

(2 =)tV 4427V 4 1372y if v#0,
a(t) =

t3(logt)? — (P23 — 2 —2t)logt +t + 3y, if v =0,

1 1
1= [(1—2)"2*Vdx, v = [2?logxlog(l — z)dx,
0 0

with the initial condition y(0) = 0. The choice of the function g, corre-
sponds to the exact solution y(¢) = t2~" in the case v # 0 and y(t) = t?log t
in the case v = 0. The equation (5.8) is an equation of type (3.1) with
p(t) = —1 and for any v € (—o0, 1) the assumptions p, g, € C"™(0, 1] and
K, e W™ (Ar) hold with arbitrary m € IN.

Problem (5.8) is solved numerically by Method 1 ({
Method 2 (3.11) in the case m = 2 for v = —i, 0, %,
the errors ||u — y||co and ||u’ — 9/||o the quantities

—

3.6),(3.8)}) and by
. In order to model

gle

EN:{maX|u(T]k)_y(T]k)|k:]-v797]:157]\7}

and
ey = {max|u/(rj) — ¢/ (7je)| : k=1,...,9;j=1,...,N}
with
ti —1tj1 .
Tjkztj_l—‘rkT, k=1,....,9, j=1,...,N
are used. The ratios of the actual errors gy = aév 2 and oy = Ej\f/ 2 are pre-
N EN

sented in the columns with headings in the form o(x,) and ¢'(x.), where z,
and . are real numbers (that are independent of N) corresponding to sim-
ilar ratios of the error estimates. In order to save space we have presented
numerical results only for N = 4, 32,256, 1024 although the computations
were performed for all values N =27, j =1,...,10.

5.2.5. Numerical results for Method 1

Let us first consider Method 1 with collocation parametesr n; = % and ny =
%. Since these parameters do not satisfy the assumptions of Theorem 3.4.1,
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we get from Theorem 3.2.4 in the case of our test equation the following
error estimates:

N-r(2-v) for 1<r< %,
lu —ylloo < ¢ N*z(1+logN) for r:%, (5.9)
N~ for r > 5o
and
N—r(=v) for 1<r< %,
o' =]l <c{ N72(1+1logN) for r=;= =1, (5.10)
N2 for r>morr:%>l.
Therefore the ratios of the error estimates (for N = NTI and N = N') are
as follows:
{ 2r2=v) for 1<r< =,
fL‘r == 2
4 for r> 5=
and
o [ dor 1< < g2
T 4 for r> %

As we can see from Table 5.2, the observed errors of u’ behave exactly
according to the right-hand side of the estimate (5.10) starting from N =
256 (in most cases even from N = 32). For example for » = 1 we have
)~ 24ifv =12 =2ifv =020 x14ifv =1 2 ~ 1L1if
1%, which are exactly equal to the observed ratios of actual errors. We
may conclude, that in the case of the test equations, the estimate (5.10)
corresponds to the leading term of the error ||t —y'||o0, which is dominating

even for small values of V.

UV =

The observed errors of u are also in good agreement with the theoretical
estimates of Theorem 3.2.4 except in cases when r is close to the value 23—y,
after which the maximal theoretical convergence rate is achieved. If r is
close to the critical value then the observed convergence rate is smaller than
the one predicted by the error estimate (5.9) but converges slowly to the
theoretical value. To get a better picture on what happens near this value
of r (r = 1.333) in the case v = %, Table 5.3 is presented. This table shows
the dependence of the convergence rate on the nonuniformity parameter r,
when r is increasing by steps of 0.1.

In the proof of Theorem 3.2.4 (see [15]) it is actually shown that

N
HU _ y”oo < CN—r(Q—u) Z lr(2—y)—m—1’ (511)
=1
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Table 5.2: Method 1 n = i, M2 = %
v=—1 r=1 r=1.2 r=1.4 r=1.6
N | en 0(4.0) | en 0(4.0) | en 0(4.0) | en 0(4.0)
41 79E4 4.1 6.8E-4 4.6 7.5E-4 44 8.6E-4 4.3
32 | 1.3E-5 3.9 8.9E-6 4.1 9.4E-6 4.2 1.1E-5 4.2
256 | 2.2E-7 3.9 14E-7 4.0 1.4E-7 4.0 1.6E-7 4.0
1024 | 1.4E-8 3.9 8.5E-9 4.0 8.8E-9 4.0 1.0E-8 4.0
N ey 024 ey 028 |ey (B4 [ey (40
4| 1.3E-2 22 9.6E-3 2.6 6.9E-3 3.2 5.5E-3 3.5
32 | 1.0E-3 24 44E-4 28 19E-4 34 9.2E-5 4.0
256 | 7.9E-5 24 2.0E-5 2.8 49E-6 34 14E-6 4.0
1024 | 1.4E-5 24 2.5E-6 2.8 4.3E-7 34 9.0E-8 4.0
vr=20 r=1 r=1.333 r=1.667 r=2
N | en 0(4.0) | en 0(4.0) | en 0(4.0) | en 0(4.0)
4| 47E-3 3.5 3.7TE-3 4.0 3.9E-3 4.1 4.6E-3 4.0
32 | 1.1IE-4 3.6 5.9E-5 4.0 5.9E-5 4.0 6.9E-5 4.0
256 | 2.2E-6 3.7 9.2E-7 4.0 9.2E-7 4.0 1.1E-6 4.0
1024 | 1.6E-7 3.7 5.8E-8 4.0 5.7TE-8 4.0 6.6E-8 4.0
N e 700 [y JCH | 763 [y JE0)
41 73E-2 1.9 47E-2 24 3.0E-2 3.0 2.6E-2 3.6
32 | 9.6E-3 2.0 3.1E-3 2.5 9.6E-4 3.2 4.2E-4 4.0
256 | 1.2E-3 2.0 1.9E-4 2.5 3.0E-5 3.2 6.6E-6 4.0
1024 | 3.0E-4 2.0 3.0E-5 2.5 3.0E-6 3.2 4.1E-7 4.0
v=1 r=1 r=1.2 r=1.4 r=4
N | en 0(2.8) | en 0(3.5) | en 0(4.0) | en 0(4.0)
41 3.2E-3 26 2.2E-3 3.2 14E-3 3.9 3.0E-3 3.8
32 | 1.5E-4 28 6.0E-5 3.2 3.0E-5 3.6 29E-5 4.6
256 | 7.0E-6 2.7 1.7E-6 3.3 5.9E-7 3.7 3.8E-7 4.1
1024 | 9.1E-7 2.8 1.6E-7 3.3 4.2E-8 3.8 2.3E-8 4.0
N ey 00 ey d05 [y 00 [y 700
4| 5.0E-2 1.3 4.5E-2 14 4.0E-2 1.5 1.9E-2 26
32 | 19E-2 14 14E-2 15 9.8E-3 1.6 3.3E-4 4.0
256 | 6.9E-3 14 4.0E-3 1.5 23E-3 1.6 5.2E-6 4.0
1024 | 3.5E-3 1.4 1.7E-3 1.5 8.7E-4 1.6 3.2E-7 4.0
v= % r=1 r=1.455 r=1.909 r=20
N | en 0(2.1) | en 0(3.0) | en 0(4.0) | en 0(4.0)
41 21E-3 1.7 1.3E-3 2.2 7.1E-4 3.1 5.7E-3 1.1
32 | 3.1E-4 2.0 5.7TE-5 2.9 1.6E-5 3.6 14E-4 4.7
256 | 3.3E-5 2.1 24E-6 2.9 3.4E-7 3.6 9.3E-7 5.3
1024 | 7.1E-6 2.1 2.8E-7 2.9 2.5E-8 3.7 4.3E-8 44
N ey 0D [ey JAD ey A1) [ey 40
41 23E-2 1.5 29E-2 0.9 3.3E-2 0.7 5.7E-2 1.0
32 | 3.3E-2 1.0 3.0E-2 1.1 2.6E-2 1.1 3.0E-3 4.1
256 | 29E-2 1.1 23E-2 1.1 1.8E-2 1.1 3.5E-5 4.0
1024 | 2.5E-2 1.1 1.8E-2 1.1 1.3E-2 1.1 2.2E-6 4.0
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Table 5.3: Method 1 my =1, m =5 and v =1
r=1 r=1.1 r=1.2 r=1.3
N | en Q(2.8) EN Q(g.l) EN 9(3.5) EN Q(3.9)
4| 3.2E-3 26 2.6E-3 2.9 22E-3 3.2 1.8E-3 3.5
32 | 1.5E-4 2.8 9.1E-5 3.1 6.0E-5 3.2 4.1E-5 34
256 | 7.0E-6 2.7 3.4E-6 3.0 1.7E-6 3.3 9.7E-7 3.5
1024 | 9.1E-7 2.8 3.7E-7 3.0 1.6E-7 3.3 7.7E-8 3.6
r=1.4 r=1.5 r=1.6 r=1.7
N | en 0(4.0) | en 0(4.0) | en 0(4.0) | en 0(4.0)
4| 14E-3 3.9 1.3E-3 3.9 1.2E-3 3.9 1.1E-3 3.9
32 | 3.0E-5 3.6 2.3E-5 3.8 1.8E-5 3.9 1.6E-5 4.0
256 | 5.9E-7 3.7 4.0E-7 3.9 3.0E-7 3.9 2.5E-7 4.0
1024 | 4.2E-8 3.8 2.7E-8 3.9 1.9E-8 4.0 1.6E-8 4.0

which is asymptotically equivalent to (5.9). From the Table 5.4 we see, that
the ratios of the right-hand side of (5.11) behave similarly to the observed
convergence rate, which explains the slow convergence of the observed rate
to the theoretical one.

Next we consider the case n; = %, Ny = %, when the corresponding quadra-
ture formula is exact for all polynomials up to order 2. In this case the
assumptions of Theorem 3.4.1 hold. This gives us the error estimate

N-r(@2-v) for 1<r< %,
lu—ylloo <c{ N3(1+logN) for r=
N3 for r> 5%,

the estimate for the derivetive is again (5.10). The ratios of the error

Table 5.4: The ratios of the right-hand side of (5.11) for v = 1

2

N| r=11|r=12 | r=13 |r=14 |r=15|r=1.6
4 2.5 2.6 2.8 3.0 3.2 3.4
8 2.6 2.8 3.0 3.2 3.3 3.5
16 2.8 3.0 3.2 3.3 3.5 3.6
32 2.9 3.1 3.3 3.4 3.6 3.7
64 2.9 3.2 3.4 3.5 3.7 3.8
128 3.0 3.2 3.4 3.6 3.7 3.8
256 3.0 3.3 3.5 3.7 3.8 3.9
512 3.1 3.3 3.5 3.7 3.8 3.9
1024 3.1 3.3 3.6 3.7 3.9 3.9
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Table 5.5: Method 1 1 = %,772 = %
v=—1 r=1 r=1.189 r=1.378 r=1.6
N | en 9(4.8) EN 9(6.4) EN Q(S.O) EN Q(8.0)
4 | 7.8E-4 4.5 4.4E-4 6.0 3.4E-4 7.1 4.2E-4 7.5
32 | 7.7E-6 4.7 | 1.8E-6 6.3 7.3E-7 7.8 | 8.4E-7 8.0
256 | 7.2E-8 4.8 6.8E-9 6.4 1.5E-9 7.8 1.6E-9 8.0
1024 | 3.2E-9 4.8 1.7E-10 6.4 25E-11 79 2.6E-11 8.0
N|ch 00D [ ch 05 [ ch 263 [ ch @0
4 | 1.4E-2 2.2 1.1E-2 2.6 7.7E-3 3.1 6.1E-3 3.5
32 | 1.1E-3 24 5.0E-4 2.8 2.2E-4 3.3 1.0E-4 4.0
256 | 8.5E-5 24 2.3E-5 2.8 6.2E-6 3.3 1.6E-6 4.0
1024 | 1.5E-5 2.4 2.9E-6 2.8 5.7E-7 3.3 1.0E-7 4.0
v=20 r=1 r=1.275 r=1.550 r=2
N | en 9(40) EN Q(59) EN Q(SO) EN Q(SO)
4 | 44E-3 3.8 2.1E-3 5.6 1.7E-3 7.3 2.7E-3 6.6
32 | 7.2E-5 4.0 1.1E-5 5.8 3.7E-6 7.7 5.8E-6 7.9
256 | 1.1E-6 4.0 5.4E-8 5.9 8.0E-9 7.8 1.1E-8 8.0
1024 | 7.1E-8 4.0 1.6E-9 5.9 1.3E-10 7.8 1.8E-10 8.0
N|ey dR0)Jey J@A4[ey 29 ey (40
4| 7.8E-2 1.9 5.4E-2 2.3 3.8E-2 2.8 2.8E-2 3.7
32 | 1.0E-2 2.0 4.0E-3 2.4 1.5E-3 2.9 4.6E-4 4.0
256 | 1.3E-3 2.0 2.8E-4 2.4 6.2E-5 2.9 7.2E-6 4.0
1024 | 3.2E-4 2.0 4.8E-5 2.4 7.2E-6 2.9 4.5E-7 4.0
v=1 r=1 r=1.533 r=2.067 r=4
N | N 9(2.8) EN Q(4.9) EN Q(S.O) EN Q(S.O)
41 3.3E-3 2.6 1.1E-3 4.5 7.7E-4 6.0 2.6E-3 4.5
32 | 1.6E-4 2.8 9.9E-6 4.9 2.0E-6 7.5 6.7E-6 7.8
256 | 7.0E-6 2.8 8.4E-8 4.9 4.6E-9 7.6 1.3E-8 8.0
1024 | 8.8E-7 2.8 3.4E-9 4.9 7T9E-11 7.7 2.1E-10 8.1
N|ey dA4)]ey JA7N[ey 20) ey (40
4| 53E-2 1.3 3.9E-2 1.5 2.7E-2 1.9 2.0E-2 2.5
32 | 20E-2 14 8.2E-3 1.7 3.2E-3 2.0 3.6E-4 4.0
256 | 7.3E-3 14 1.7E-3 1.7 3.8E-4 2.0 5.6E-6 4.0
1024 | 3.6E-3 1.4 5.7E-4 1.7 9.0E-5 2.0 3.5E-7 4.0
v = % r=1 r=1.909 r=2.818 r=20
N |env 0(21) |en 0(4.3) | en 0(8.0) | en 0(8.0)
4| 22E-3 1.7 7.3E-4 3.1 4.5E-4 4.7 5.9E-3 1.1
32 | 3.2E-4 2.0 1.2E-5 4.1 1.7E-6 7.1 1.6E-4 5.7
256 | 3.3E-5 2.1 1.5E-7 4.3 4.1E-9 7.5 3.9E-7 7.9
1024 | 7.3E-6 2.1 8.1E-9 4.3 72E-11 7.6 6.0E-9 8.0
N|ey JdADJey JAD)[ey A2 ]ey  d(40)
4| 2.5E-2 1.2 3.4E-2 0.7 3.4E-2 0.9 4.6E-2 1.0
32 | 3.5E-2 1.0 2.7E-2 1.1 2.0E-2 1.2 2.4E-3 3.9
256 | 3.0E-2 1.1 1.8E-2 1.1 1.1E-2 1.2 3.7E-5 4.0
1024 | 2.6E-2 1.1 1.4E-2 1.1 7.4E-3 1.2 2.3E-6 4.0
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Table 5.6: Method 1 n = 3_6\/5,7)2 = 3+6‘/§
v=—1 r=1 r=1.189 r=1.378 r=1.6
N |en 0(4.8) | en 0(6.4) | en 0(8.0) | en 0(8.0)
4| 59E4 45 | 3.3E4 6.0 | 2.4E-4 7.5 | 3.4E-4 7.1
32 | b.8E-6 4.7 | 1.3E-6 6.4 | 4.7E-7 8.0 | 7.0E-7 7.9
256 | 5.5E-8 4.8 | 5.2E-9 6.4 | 9.1E-10 8.0 1.4E-9 8.0
1024 | 2.4E-9 4.8 1.3E-10 6.4 1.4E-11 8.0 2.1E-11 8.0
N|ch 00D [ ch 003 [ ch 263 [y 2E0)
4| 11E-2 2.2 7.8E-3 2.6 5.7E-3 3.1 4.7E-3 3.9
32 | 84E-4 24 | 3.7TE4 2.8 1.6E-4 3.3 | 7.3E-5 4.0
256 | 6.3E-5 24 | 1.7TE-5 2.8 | 4.6E-6 3.3 1.1E-6 4.0
1024 | 1.1E-5 24 2.2E-6 2.8 4.2E-7 3.3 7.2E-8 4.0
v=20 r=1 r=1.275 r=1.550 r=2
N | en 0(4.0) | en 0(5.9) | en 0(8.0) | en 0(8.0)
4| 34E-3 3.8 1.6E-3 5.6 1.1E-3 7.7 | 1.9E-3 6.9
32 | 5.6E-5 4.0 | 84E-6 58 | 22E6 80 | 3.9E-6 8.0
256 | 8.8E-7 4.0 4.2E-8 5.9 4.2E-9 8.1 7.6E-9 8.0
1024 | 5.5E-8 4.0 1.2E-9 5.9 | 64E-11 8.1 1.2E-10 8.0
N ey (20 |ey 24|y (29 ey  d(40)
41 59E-2 19 | 4.1E-2 2.3 | 2.8E-2 2.8 | 2.0E-2 3.7
32 | 7.8E-3 2.0 | 3.0E-3 24 1.2E-3 2.9 | 3.4E-4 4.0
256 | 9.8E-4 2.0 2.1E-4 2.4 | 4.6E-5 2.9 5.2E-6 4.0
1024 | 2.4E-4 2.0 | 3.6E-5 2.4 | 54E-6 2.9 | 3.3E-7 4.0
v=3 r=1 r=1.533 r=2.067 r=4
N | N 9(2.8) EN Q(49) EN Q(SO) EN Q(SO)
4| 27E-3 26 | 94EA4 4.6 | 5.7E-4 6.2 1.9E-3 4.8
32 | 1.3E-4 2.8 8.2E-6 4.9 1.2E-6 8.1 5.6E-6 7.7
256 | 5.8E-6 2.8 | 6.8E-8 49 | 2.1E-9 8.2 1.1E-8 8.0
1024 | 7.2E-7 2.8 | 2.8E-9 49 | 3.1E-11 8.2 1.8E-10 8.0
N|ch o040 [ d00 [ ch 0RO [y 20
41 41E-2 12 | 3.0E-2 1.5 | 2.1E-2 1.9 1.5E-2 3.0
32 | 1.6E-2 14 6.4E-3 1.7 | 2.5E-3 2.0 2.6E-4 4.0
256 | 5.7TE-3 1.4 | 1.3E-3 1.7 | 3.0E-4 2.0 | 4.1E-6 4.0
1024 | 29E-3 14 | 4.5E4 1.7 | 7.1E-5 2.0 | 2.6E-7 4.0
v= r=1 r=1.909 r=2.818 r=20
N |env 0(21) |en 0(4.3) | en 0(8.0) | en 0(8.0)
41 19E-3 18 | 6.3E4 3.2 | 3.6E-4 6.0 | 6.2E-3 1.1
32 | 27E-4 2.0 8.9E-6 4.3 9.8E-7 7.8 1.6E-4 5.6
256 | 2.9E-5 2.1 1.1E-7 4.3 1.8E-9 8.2 | 3.7E-7 7.7
1024 | 6.3E-6 2.1 6.2E-9 4.3 | 2.6E-11 83 | 5.9E-9 7.9
Nle 00 00 o0& a0
4| 25E-2 14 | 2.7E-2 0.9 | 2.7E-2 0.9 | 5b9E-2 1.0
32 | 28E-2 1.0 | 2.2E-2 1.1 1.6E-2 1.2 | 2.8E-3 4.2
256 | 2.4E-2 1.1 1.5E-2 1.1 8.9E-3 1.2 | 2.8E-5 4.3
1024 | 2.1E-2 1.1 1.1E-2 1.1 6.0E-3 1.2 1.7E-6 4.0
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estimates are
2r2=v) for 1<r< %,
€T pry
" 8 for r> %

Corresponding numerical results are presented in Table 5.5. We can see
that the convergence rate is much better in this case (compared with Table
5.2) and agrees well with the estimate of Theorem 3.4.1.

Finally, in order to show that it is not possible to get any further speedup
of the convergence of u to y we present the numerical results in the case

_ 3—V3 _ 3+V3

of Gaussian parameters (171 ==, e = ), that are exact for poly-

nomials of order 2m — 1 = 3. As we can see from Table 5.6, we do not
get any further improvement in the convergence rate, although the actual
errors are slightly smaller due to a smaller error coeficient.

5.2.6. Numerical results for Method 2

Numerical results in case of Method 2 are presented in Tables 5.7 - 5.10.
The Table 5.7 shows the errors in the supremum norm of the approximate
solution and its derivetive in case of collocation parameters that are knodes
of quadrature formula that is exact for polynomials of order 2. In this case
the theoretical error estimates from Theorem 3.5.2 are

N—@v) for 1<r< %,
| —ylloo <c{ N73(1+logN) for r:%:l,
N3 for T>%orr:%>1,

v — 3]0 < eN~0=Y) for =1

and
N7 for 1<r <2,

I <
Il = o0 < ce { N2 for r> %

As we can see, the agreement with theoretical estimates is very good for all
values of r and v and we may conclude, that in case of the test equation,
the error estimates of Theorem 3.5.2 correspond to the leading term of the
errors ||u—yl|s and ||u’ — ||, which are dominating even for small values
of N. Moreover, it seems that the estimate for the derivative of the error,

N—=v) for 1<r< M
I < B )
W=l <e{ Nom o b

may be valid.
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Table 5.7: Method 2 1 = 4,2 = 4,m3 =

5

6

v=—1 r=1 r=1.189 r=1.378 r=1.6
N | en Q(4.8) EN 9(6.4) EN Q(8.0) EN 9(8.0)
4 | 2.0E-4 4.4 | 1.1E4 5.9 | 9.8E-5 8.1 | 1.4E-4 7.4
32 | 2.0E-6 4.7 | 4.6E-7 6.3 | 1.8E-7 8.1 | 2.9E-7 8.0
256 | 1.9E-8 4.8 | 1.8E-9 6.4 | 3.6E-10 8.0 | 5.6E-10 8.0
1024 | 8.3E-10 4.8 | 44E-11 6.4 | 5.6E-12 8.0 | 8.7E-12 8.0
N|ch oGO [y 008 [y 063 [ 0a
4 | 1.7E-2 2.3 | 1.2E-2 2.8 | 8.8E-3 3.3 | 7.2E-3 3.9
32 | 1.3E-3 2.4 | 5.6E-4 2.8 | 2.5E-4 3.3 | 1.1E4 4.0
256 | 9.4E-5 2.4 | 2.6E-5 2.8 | 6.9E-6 3.3 | 1.8E-6 4.0
1024 | 1.7E-5 2.4 | 3.3E-6 2.8 | 6.3E-7 3.3 | 1.1E-7 4.0
v=20 r=1 r=1.275 r=1.550 r=2
N | en Q(40) EN Q(59) EN Q(SO) EN Q(80)
4 | 1.1E-3 3.8 | 5.1E-4 5.5 | 3.8E4 7.5 | 7.1E-4 6.3
32 | 1.8E-5 4.0 | 2.7E-6 5.8 | 7.4E-7 8.0 | 1.6E-6 7.9
256 | 2.8E-7 4.0 | 1.3E-8 5.9 | 1.4E-9 8.0 | 3.1E-9 8.0
1024 | 1.8E-8 4.0 | 3.9E-10 5.9 | 2.3E-11 8.0 | 49E-11 8.0
N | ey d(20) ey (24 ey 029 |ey d(40)
4 | 9.1E-2 2.0 | 6.2E-2 2.4 | 4.3E-2 2.9 | 3.3E-2 3.9
32 | 1.1E-2 2.0 | 4.4E-3 24 | 1.7E-3 2.9 | 5.2E-4 4.0
256 | 1.4E-3 2.0 | 3.1E-4 2.4 | 6.8E-5 2.9 | 8.1E-6 4.0
1024 | 3.6E-4 2.0 | 5.3E-5 2.4 | 7.9E-6 2.9 | 5.1E-7 4.0
v=1 r=1 r=1.533 r=2.067 r=4
N | en 0(2.8) | en 0(4.9) | en 0(8.0) | en 0(8.0)
4 | 6.8E-4 2.5 | 2.4E-4 4.4 | 1.8E-4 7.3 | 8.4E-4 3.8
32 | 3.3E-5 2.8 | 2.1E-6 4.9 | 3.3E-7 8.1 | 2.3E-6 7.8
256 | 1.5E-6 2.8 | 1.8E-8 49 | 6.4E-10 8.0 | 4.7E-9 8.0
1024 | 1.9E-7 2.8 | 7.3E-10 4.9 | 1.0E-11 8.0 | 7.3E-11 8.0
N ey o4 [ey JAT7) ey (20 ey  0(40)
4 | 6.3E-2 1.4 | 44E-2 1.7 | 3.0E-2 2.0 | 2.5E-2 3.3
32 | 2.2E-2 1.4 | 8.9E-3 1.7 | 3.5E-3 2.0 | 4.0E-4 4.0
256 | 7.9E-3 14 | 1.8E-3 1.7 | 4.1E4 2.0 | 6.2E-6 4.0
1024 | 4.0E-3 1.4 | 6.2E-4 1.7 | 9.8E-5 2.0 | 3.9E-7 4.0
v = % r=1 r=1.909 r=2.818 r=20
N | en 0(2.1) | en 0(4.3) | en 0(8.0) | en 0(8.0)
4 | 4.2E-4 2.3 | 1.2E4 5.2 | 1.7E-4 7.9 | 3.5E-3 1.0
32 | 5.3E-5 2.0 | 1.8E-6 4.3 | 24E-7 8.6 | 8.8E-5 6.6
256 | 5.8E-6 2.1 | 2.3E-8 4.3 | 4.3E-10 8.1 | 1.6E-7 8.2
1024 | 1.3E-6 2.1 | 1.2E-9 4.3 | 6.8E-12 7.9 | 2.4E-9 8.1
N|ch 0D e 000 [ 202 [ ch 700
4 | 4.5E-2 0.9 | 4.2E-2 1.1 | 3.8E-2 1.2 | 3.6E-2 1.0
32 | 4.0E-2 1.1 | 2.9E-2 1.1 | 2.1E-2 1.2 | 2.7TE-3 3.9
256 | 3.2E-2 1.1 | 2.0E-2 1.1 | 1.2E-2 1.2 | 4.2E-5 4.0
1024 | 2.8E-2 1.1 | 1.5E-2 1.1 | 8.0E-3 1.2 | 2.6E-6 4.0
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We have also presented Table 5.8, showing the numerical results in the case,
where the Gaussian collocation parameters are used. We can see that the
agreement with the theoretical estimates is again very good, and there is
no further improvement in the convergence rate.

Numerical results about superconvergence at the collocation points are pre-
sented in Tables 5.9-5.10. The errors at the collocation points are denoted
by

On = {max |u(tjy) —y(tju) : k=1,...,m+1; j=1,...,N}.

Table 5.9 corresponds to the case, where the collocation parameters are
the knodes of quadrature formula that is exact for polynomials of order 3.
According to Theorem 3.6.1 the theoretical error estimate in this case is

N—T(B-v) for 1<r< %,
In<c N‘i(l—i—logN) for r= %, (5.12)
N for r>5=.
As we can see, the numerical results are in good accordance with the esti-
mate (5.12), if r is not very close to the value 242 (242 = 123 if y = —1,

Wiz = 133if v =0, 242 = 16if v = L and 242 = 19 if v = ).
Similarly to the Table 5.2, if r is close to the critical value, after which
the maximal convergence rate is achieved, the observed convergence rate
is smaller than the predicted one, but approaches slowly to the predicted

theoretical value.

We have also presented Table 5.10, which corresponds to the Gaussian
collocation parameters. As we can see, the numerical experiments in this
case are also in good agreement with the error estimate (5.12) and no
further improvement in the convergence rate can be observed.

5.2.7. Comparison of Methods 1 and 2

Theoretical estimates and numerical experiments show that, in terms of
uniform convergence, Method 2, with arbitrary collocation parameters, for
computing approximate solution, as well as an approximation for the deriva-
tive of the solution, is equivalent to the Method 1, if the conditions of the
Theorem 3.4.1 are satisfied (see Tables 5.5 and 5.7).

An advantage of Method 2 is, that if we use a special choice of collocation
parameters, it is possible to obtain faster convergence (superconvergence)
at the collocation points.
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Table 5.8: Method 2 n; = %,m e %,773 =

5415
10

v=—1 r=1 r=1.189 r=1.378 r=1.6
N | en Q(4.8) EN 9(6.4) EN Q(S.O) EN 9(8.0)
4 | 2.2E4 4.7 | 1.2E4 6.3 | 1.0E4 7.7 | 1.5E-4 7.1
32 | 2.0E-6 4.7 | 4.7TE-7 6.4 | 2.1E-7 8.0 | 3.2E-7 7.9
256 | 1.9E-8 4.8 | 1.8E-9 6.4 | 4.0E-10 8.0 | 6.3E-10 8.0
1024 | 8.4E-10 4.8 | 44E-11 6.4 | 6.3E-12 8.0 | 9.8E-12 8.0
N|ch JCA) [eh  0@3) [y B3 | ch  FE0)
4 | 1.5E-2 2.3 | 1.1E-2 2.7 | 7.8E-3 3.2 | 6.4E-3 3.9
32 | 1.1E-3 2.4 | 5.0E-4 2.8 | 2.2E4 3.3 | 1.0E4 4.0
256 | 8.4E-5 2.4 | 2.3E-5 2.8 | 6.1E-6 3.3 | 1.6E-6 4.0
1024 | 1.5E-5 2.4 | 2.9E-6 2.8 | 5.6E-7 3.3 | 9.9E-8 4.0
v=20 r=1 r=1.275 r=1.550 r=2
N | en 0(4.0) | en 0(5.9) | en 0(8.0) | en 0(8.0)
4| 1.1E-3 4.0 | 5.2E4 5.8 | 4.2E4 7.7 | 7.9E-4 6.6
32 | 1.7E-5 4.0 | 26E-6 59 | 83E-7 80 | 1.8E-6 7.9
256 | 2.7E-7 4.0 | 1.3E-8 59 | 1.6E-9 8.0 | 3.5E-9 8.0
1024 | 1.7E-8 4.0 | 3.8E-10 5.9 | 2.5E-11 8.0 | 5.5E-11 8.0
Nk 000 [y dC) [y J@9 [y {0
4 | 8.0E-2 2.0 | 5.5E-2 2.4 | 3.8E-2 2.9 | 2.9E-2 3.9
32 | 1.0E-2 2.0 | 3.9E-3 2.4 | 1.5E-3 2.9 | 4.6E4 4.0
256 | 1.3E-3 2.0 | 2.8E-4 2.4 | 6.0E-5 2.9 | 7.2E-6 4.0
1024 | 3.2E-4 2.0 | 4.7E-5 2.4 | 7.0E-6 2.9 | 4.5E-7 4.0
v=1 r=1 r=1.533 r=2.067 r=4
N | en 0(2.8) | en 0(4.9) | en 0(8.0) | en 0(8.0)
4 | 6.8E-4 28 | 22E4 49 | 1.8E4 74 | 8.7EA4 4.2
32 | 3.0E-5 28 | 19E6 49 | 3.7TE-7 80 | 26E-6 7.6
256 | 1.3E-6 2.8 | 1.6E-8 49 | 72E-10 8.0 | 5.2E-9 8.0
1024 | 1.6E-7 2.8 | 6.4E-10 4.9 | 1.1E-11 8.0 | 8.2E-11 8.0
N | ey o4 [ey JOA7) ey 020 ey  0(40)
4 | 5.5E-2 1.4 | 3.8E-2 1.7 | 2.TE-2 2.0 | 2.2E-2 3.2
32 | 2.0E-2 14 | 7.8E-3 1.7 | 3.1E-3 2.0 | 3.5E-4 4.0
256 | 7.0E-3 1.4 | 1.6E-3 1.7 | 3.6E-4 2.0 | 5.5E-6 4.0
1024 | 3.5E-3 1.4 | 5.5E-4 1.7 | 8.7TE-5 2.0 | 34E-7 4.0
v = % r=1 r=1.909 r=2.818 r=20
N | en 0(2.1) | en 0(4.3) | en 0(8.0) | en 0(8.0)
4 | 5.2E-4 2.2 | 1.2E-4 4.7 | 1.3E4 8.8 | 2.9E-3 1.0
32 | 4.8E-5 2.2 | 1.5E-6 4.3 | 2.6E-7 8.2 | 6.8E-5 6.5
256 | 4.8E-6 2.1 | 1.9E-8 4.3 | 49E-10 8.0 | 1.7E-7 7.9
1024 | 1.0E-6 2.1 | 1.0E-9 4.3 | 76E-12 8.0 | 2.7E-9 8.0
Ny 00D ey 0D ey 002 [y o)
4 | 3.8E-2 0.9 | 3.7E-2 1.0 | 3.3E-2 1.2 | 3.8E-2 1.0
32 | 3.5E-2 1.1 | 2.6E-2 1.1 | 1.9E-2 1.2 | 2.5E-3 3.8
256 | 2.8E-2 1.1 | 1.7E-2 1.1 | 1.0E-2 1.2 | 3.7TE-5 4.0
1024 | 2.5E-2 1.1 | 1.3E-2 1.1 | 7.0E-3 1.2 | 2.3E-6 4.0
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Table 5.9: Method 2 n; = %,772 = %,773 = %
v=-—1 r=1 r=1.189 r=1.378 r=1.6
N | On Q(95) ON Q(14.6) ON Q(16.0) oN Q(lG.O)
4| 2.3E-5 9.1 1.1E-5 12.6 1.3E-5 14.9 2.1E-5 13.2
32 | 2.8E-8 94 4.1E-9 14.2 3.4E-9 15.8 5.7E-9 15.8
256 | 3.3E-11 9.5 1.4E-12 14.3 8.5E-13 15.9 1.4E-12 16.0
1024 | 3.7E-13 9.5 6.9E-15 14.4 3.1E-15 16.8 44E-15 194
v = r=1 r=1.275 r=1.550 r=2
N | on Q(SO) ON Q(14.2) ON Q(16.0) oN Q(16.0)
4| 99E-5 64 34E-5 11.3 29E-5 153 7.1E-5 12.2
32 | 24E-7 7.7 1.8E-8 13.0 7.0E-9 16.1 1.6E-8 16.5
256 | 4.9E-10 8.0 7.0E-12 13.7 1.7E-12 16.0 3.8E-12 16.1
1024 | 7.8E-12 8.0 3.7TE-14 13.8 6.7E-15 15.9 1.5E-14 16.0
v=1 r=1 r=1.533 r=2.067 r=4
N | on Q(57) ON 9(142) ON 9(160) ON Q(160)
41 1.2E-4 54 3.1E-5 11.8 5.1E-5 13.2 3.7E-4 5.8
32 | 6.0E-7 6.0 1.5E-8 13.1 1.2E-8 16.0 1.6E-7 15.0
256 | 2.9E-9 5.9 6.2E-12 13.6 3.1E-12 16.0 4.1E-11 159
1024 | 8.6E-11 5.8 3.3E-14 13.7 1.1E-14 16.5 1.6E-13 16.3
v= % r=1 r=1.909 r=2.818 r=20
N | on 9(43) on 9(160) ON Q(].GO) oN Q(].GO)
4| 3.3E-4 2.7 54E-5 6.9 7.0E-5 94 1.9E-3 1.0
32 | 5.6E-6 4.3 3.0E-8 13.1 1.7E-8 164 3.3E-5 8.0
256 | 6.7TE-8 4.5 1.2E-11 14.0 4.0E-12 16.0 9.9E-9 16.7
1024 | 3.3E-9 4.5 5.6E-14 14.4 5.5E-14 4.5 3.9E-11 15.6

Serl

Considering that in the case of Method 2 with u € Sy(n_l)

plexity of implementation and computation time are comparable to those
of Method 1 with v € S,({D(HN) (u €

(HN)), Method 1 seems to be

preferable to Method 2, if the assumptions of Theorem 3.4.1 hold.

5.3.

ferential equations

In this section we first write out matrix form of the collocation conditions
(4.17) and then verify the theoretical results of Chapter 4 by numerical
experiments in the case of a test equation.
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Table 5.10: Method 2 n; = 5_17‘(?5,772 = %,7]3 = 5+1‘0ﬁ5
v=-—1 r=1 r=1.189 r=1.378 r=1.6
N | on 9(9.5) ON 9(14.6) oN Q(16.0) N Q(16.0)
4 | 7.3E-6 9.2 3.1E-6 14.2 4.7E-6 14.3 | 7.8E-6 12.6
32 | 8.7E-9 9.5 1.0E-9 14.5 1.2E-9 15.8 | 2.2E-9 15.7
256 | 1.0E-11 9.5 3.4E-13 14.6 3.1E-13 15.8 | 5.6E-13 15.9
1024 | 1.1E-13 9.5 4.1E-15 5.7 4.8E-15 4.7 5.9E-15 6.5
v=20 r=1 r=1.275 r=1.550 r=2
N | on Q(SO) oN Q(14.2) oN Q(16.0) oN Q(16.0)
4| 3.6E-5 7.1 1.2E-5 12.6 1.9E-5 124 | 43E-5 9.8
32 | 79E-8 7.8 4.6E-9 14.0 5.6E-9 15.6 1.5E-8 15.2
256 | 1.6E-10 8.0 1.6E-12 14.2 1.4E-12 16.0 | 3.9E-12 15.9
1024 | 2.5E-12 8.0 8.1E-15 14.2 5.5E-15 15.8 1.5E-14 16.0
v=1 r=1 r=1.533 r=2.067 r=4
N | on Q(57) ON Q(14.2) ON Q(16.0) oN Q<16.0)
4| 3.8E-5 5.8 6.9E-6 14.0 1.6E-5 12.9 1.2E-4 5.9
32 | 1.9E-7 5.8 2.0E-9 14.8 3.7E-9 16.4 | 5.1E-8 154
256 | 9.7E-10 5.7 6.7E-13 14.4 8.7E-13 16.1 1.2E-11 16.2
1024 | 3.0E-11 5.7 3.3E-15 14.3 5.3E-15 10.8 | 5.1E-14 15.0
v=>2 r=1 r=1.909 r=2.818 r=20
N | on 0(4.3) | on 0(16.0) | on 0(16.0) | on 0(16.0)
4| 1.5E-4 3.5 24E-5 15.7 9.1E-5 10.0 | 2.5E-3 1.0
32 | 2.1E-6 4.4 4.5E-9 17.0 2.1E-8 16.3 | 4.0E-5 8.8
256 | 2.3E-8 4.5 9.9E-13 15.8 4.6E-12 16.6 1.2E-8 15.6
1024 | 1.1E-9 4.5 4.8E-14 2.2 6.4E-14 5.1 4.6E-11 16.6

5.3.1.

ferential equations

Collocation method for solving Fredholm integro-dif-

At first we transform the right-hand side of the equation (4.1)

to a more convenient form. Using the notation

we have
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b
J () = p(O)y(t) + alt) + / K(t, s)y(s)ds, t € [0,0]
0



Therefore

where
b
g(t) = p(t) +/K(t s)d
0
and
b
Ki(t,s) = / K(t, 7)dz
Denoting

[ p)+ Ki(t,s) if s<t,
K2(t78)_{ Ki(t, s) if s>t

and using (see (4.4))

b
y(0) _a+ﬁ o+ 0/

we rewrite the right-hand side of (4.1) in the form

b
+ (t)+/K(t,s)y( )d
0

b b
_ T B z(s)ds s)z(s)ds
- [a+5 a+ﬁo/ ()d]g(t)+q(t)+0/Kz(t, )z(s)d

b

= fi(t) +/K3(t, s)z(s)ds,
0
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K(t,s)ds (5.13)

~
—
=
I
<
=
N—
+
=2
)
—
I
Q
=
N—
+
2
=
=
+
O\@

and

Ka(t,s) = Kalt,s) — —2—g(t)

+5
¢ :
:/K(t,x)d af_ﬁ/K(t,fﬁ)de +p(t){ o+h ?f Teh (5.14)
0 0

—aLiﬁ if s>t

Therefore, using the notation v, = v}( b1ty W€ CAD write the collocation
conditions (4.17) in the form

b
n( fl n] —|—/'U K3 nj )dS
0

= fi(tn; —I-Z/ s)K3(tn;,s)ds, j=1,....,m, n=1,...,2N,

where f; and K3 are given by (5.13) and (5.14), respectively. Using the
change of variables

s =1tr_1+ xhyg
we get,
1
Un(tnj) = fi(tnj) + th/ O(tp—1 + zhy) K3(tnj, te—1 + zhy)dz,
j=1,...,m, n=1,...,2N. (5.15)
Choose a basis {¢1,...,¢mn} in the space of polynomials of order m — 1
Yr € Tp—1, £=1,...,m.
Then
m
Vn(tn-t +7ha) = Y Y Mou(r), 7€ (0,1),
(=1
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where Yl(n), .. ,Yn(qn) are unknown coefficients, that have to be determined.
Thus, we can write the conditions (5.15) as follows:

ZYg ee(n;) = fi(tn; +thZY /K3 tnj, te—1 + zhi)pe(z)de,
=1

k=1 (=1
j=1....m, n=1,...,2N.

We have obtained a system of linear algebraic equations for finding quan-
tities Y™, ..., ¥;{" (n=1,...,2N):
AY = F,
where
Y =1, s Yim Yat, o, Yo, oo, Yonis oo, Yanm) '
F=(fi(t11), - filtim), frt2n), - filtam), - filtana), - filtanm))'

and

A=
a1l --- @ 11m 1,121 --- @112m --- GL12N,1 --- @1,12Nm
a1m,1,1 --- Almi1lm a1m2,1 --- Alm2m --- A1m,2N,1 --- A1,m2N,m
a21,1,1 --- G211m 02121 --- 0212m a212N,1 --- 42,12N,m
a2m,1,1 --- @2mim @2m21 ---82m2m --- A2 m2N,1 --- A2 m2N,m
aaN,1,1,1--- G2N,1,1,m a2N,1,2,1 - a2N,1,2,m ... G2N,12N,1 --- G2N,1,2N,m
2N,m,1,1---82Nm,1,m A2N,m,2,1- - -Q2N.m2m--- A2N,m,2N,1 - - - A2N,m,2N,m

with

1
00() — / Ks(tujs ts + cho)pe(2)de it n =k,
0

a/n7j7k7£ =

1
_hk/K3(tnj7tk—1 + zhg)pe(z)dx if n#k,
0

s e=1,....m; n,k=1,... 2N.
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5.3.2. Test problem of Fredholm type

Consider the following boundary-value problem:

1
y(t) = y(t)+Q(t)+/0 t=s[""y(s)ds, te0,1], y(0)+y(1) =2. (5.16)

The forcing function ¢ is selected so that y(t) = t27% + (1 — t)?7% is the

exact solution. Actually, this is a problem of type (4.1) with

p(t) =1

qt)y=C-v)(-1-"") -+ 1 -1)*")
1

_ (43—2v _ A\3—2v v _xZ—Vx
(2 + (=) [ a1 = ap

1
—tl”/ V(1 —t —at)? Vda
0

i

1
—(1—- t)l_”/ eV (t+ (1 —t)z)* Vdr,
0
K(t,s)=t—s|7",
a=pF=1,v=2and b = 1. Moreover, it is easy to check that p,q €
c™v[0,b] and K € W™Y(A) with v € (—o0, 1) and arbitrary m € N.

5.3.3. Numerical results

Problem (5.16) is solved numerically by the collocation method {(4.16),
(4.17)}, in the case m = 2 for v = —1 and v = . Not suprisingly, the
results obtained for the Fredholm equation are very similar to those of
Method 1 for Volterra equation.

Parameters n; = i, N = % correspond to a quadrature formula which is

exact for polynomials up to order 1, therefore only Theorem 4.4.3 applies.
The theoretical error estimates are

N-T(2-v) for 1<r<52,
[u—ylloo <c{ N2(141logN) for r= 32, (5.17)
N2 for r> %
and
N—r(1-v) for 1<r< %,
o' =] <c{ N72(1+1logN) for r= % =1, (5.18)
N2 for r>1f2yorr:131/>l
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Table 5.11: Case ny = %, mp =3
v= —% r=1 r=1.2 r=1.4 r=1.6
N | en 0(4.0) | en 0(4.0) | en 0(4.0) | en 0(4.0)
4| 2.6E4 39 1.8E-4 44 1.5E-4 4.5 1.5E-4 438
8 | 6.5E-5 3.9 4.2E-5 4.2 3.6E-5 4.3 3.5E-5 4.2
16 | 1.7E-5 3.8 1.0E-5 4.1 8.6E-6 4.1 8.3E-6 4.2
32 | 4.6E-6 3.8 2.6E-6 4.0 2.1E-6 4.1 2.0E-6 4.1
64 | 1.2E-6 3.8 6.4E-7 4.0 5.2E-7 4.0 5.0E-7 4.0
128 | 3.1E-7 3.8 1.6E-7 4.0 1.3E-7 4.0 1.3E-7 4.0
256 | 8.1E-8 3.9 4.0E-8 4.0 3.2E-8 4.0 3.1E-8 4.0
N ey 024 |y d@28) ey B4 ey  J(40)
4 | 5.6E-3 2.3 4.0E-3 2.7 29E-3 3.2 2.1E-3 3.7
8 | 24E-3 2.3 1.5E-3 2.8 87E-4 3.3 5.8E-4 3.6
16 | 1.0E-3 2.3 5.2E-4 2.8 26E-4 3.3 1.5E-4 3.9
32 | 44E-4 24 1.9E-4 2.8 78E-5 3.3 3.8E-5 3.9
64 | 19E-4 24 6.6E-5 2.8 23E-5 34 9.7E-6 4.0
128 | 7.8E-5 2.4 2.3E-5 28 69E-6 3.4 2.4E-6 4.0
256 | 3.3E-5 24 8.3E-6 2.8 21E-6 3.4 6.1E-7 4.0
v=1 r=1 r=1.2 r=1.4 r=4
N | en 0(2.8) | en 0(3.5) | en 0(4.0) | en 0(4.0)
4| 23E-3 25 1.6E-3 3.0 1.2E-3 3.6 14E-3 5.2
8 | 88E-4 2.7 5.1E-4 3.2 3.2E-4 3.7 2.6E-4 5.3
16 | 3.2E-4 2.7 1.6E-4 3.2 8.9E-5 3.6 5.6E-5 4.7
32 | 1.2E-4 28 48E-5 3.3 2.5E-5 3.6 1.3E-5 44
64 | 42E-5 2.8 1.5E-5 3.2 6.7E-6 3.6 3.1E-6 4.2
128 | 1.5E-5 2.8 4.6E-6 3.3 1.8E-6 3.7 7.6E-7 4.1
256 | 5.4E-6 2.8 1.4E-6 3.3 4.9E-7 3.7 1.9E-7 4.0
N|ey 14 |ey 15 ey d16) ey (40
4| 4.0E-2 14 3.4E-2 1.5 3.0E-2 1.6 1.4E-2 3.7
8| 28E-2 14 23E-2 1.5 1.8E-2 1.6 3.6E-3 4.0
16 | 2.0E-2 14 1.5E-2 1.5 1.1E-2 1.6 9.0E-4 4.0
32 | 14E-2 14 9.8E-3 1.5 6.9E-3 1.6 22E-4 4.0
64 | 98E-3 1.4 6.5E-3 1.5 43E-3 1.6 5.6E-5 4.0
128 | 6.9E-3 14 4.3E-3 1.5 2.6E-3 1.6 1.4E-5 4.0
256 | 49E-3 14 2.8E-3 1.5 1.6E-3 1.6 3.5E-6 4.0
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Numerical results for this case are presented in Table 5.11.

As we can see from Table 5.11, the observed errors of u’ behave exactly
according to the right-hand side of the estimate (5.18) starting from N =
64, that demonstrates the sharpness of the error estimate.

The observed errors of u are also in good agreement with theoretical es-
timates of Theorem 4.4.3 except in the cases when r is close to the value

52— after which the maximal theoretical convergence rate is achieved. If r

2—v?
is close to the critical value then the observed convergence rate is smaller
than the one predicted by the error estimate (5.17) but approaches slowly

to the theoretical value.

The results of the numerical experiments in the case 1, = i, N = %, when
the corresponding quadrature formula is exact for all polynomials up to
order 2, are presented in Table 5.12. We can see that the convergence rate
of the approximate solution is better in this case (compared with Table
5.11) and agrees well with the estimate

N-T(2-v) for 1<r< %?
v =yllos < c N*i(l +1logN) for r= %
N— for > 5=
of Theorem 4.5.1.
If we use Gaussian parameters (771 - %, N = 3%/5 )7 that are exact for

polynomials of order 2m —1 = 3, we do not get any further improvement in
the convergence rate. Corresponding numerical experiments are presented
in Table 5.13
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Table 5.12: Case 1 = 1, 1o =

[=2][¥

r=1 r=1.189 r=1.378 r=1.6

1.3E-4 45 | 78E-5 59 | 52E5 73 |46E-5 7.1
28E-5 46 |13E-5 6.1 |68E-6 7.6 |54E6 85
16 | 5.9E-6 4.7 | 2.1E-6 6.2 | 88E-7 7.7 | 6.6E-7 8.1
32 | 1.2E-6 4.7 | 3.3E-7 6.3 | 1.1E-7 7.7 | 82E-8 8.1
64 | 2.6E-7 4.7 | 52E-8 6.3 | 1.5E-8 7.8 | 1.0E-8 8.1
128 | 5.,5E-8 4.7 | 83E-9 63 | 19E-9 7.8 |12E9 8.2
256 | 1.2E-8 4.7 | 13E-9 6.2 | 2.6E-10 7.2 | 1.5E-10 8.2

4
N [env  0(48) | env  0(64) | en 0(8.0) | en 0(8.0)
4
8

N | ey  0(24) | ey  0(28) | ey 0'(33) | ey 0'(4.0)

41 6.0E-3 22 |44E-3 27 |32E3 31 |23E3 36

8 | 26E-3 23 | 16E-3 27 |99E4 32 |64E4 3.6
16 | 1.1E-3 23 | 5.8E4 28 | 3.0E4 33 | 17E4 3.8
32 | 47E-4 24 | 21E4 28 | 93E-5 33 | 42E5 39
64 | 2.0E-4 24 | 75E-5 28 |28E-5 33 | 11E5 4.0
128 | 8.5E-5 2.4 | 2.7TE-5 28 | 86E-6 33 |27E6 4.0
256 | 3.6E-5 24 | 9.6E-6 28 | 26E6 33 |6.7E-7 4.0

r=1 r=1.533 r=2.067 r=4

EN 0(2.8) | en 0(4.9) | en 0(8.0) | en 0(8.0)

2
N
4 1 15E-3 28 |57E-4 46 | 3.2E4 6.3 | 6.6E4 82
8 | 54E-4 2.8 | 12E4 48 | 46E-5 7.0 | 75E5 88
16 | 1.9E-4 28 | 24E-5 49 | 6.1E-6 7.5 | 96E6 7.8
32 | 6.7TE-5 2.8 | 49E-6 49 | 80E-7T 7.6 | 12E6 82
64 | 24E-5 2.8 | 99E-7 49 | 1.0E-7T 7.7 | 15E-7 79
128 | 8.4E-6 2.8 | 2.0E-7 49 | 14E-8 7.7 |19E-8 79
256 | 3.0E-6 28 |41E-8 49 |18E9 76 |24E-9 79

N ey d@4) ey A7) ey d(20) ey (40

N

42E-2 14 | 29E-2 1.7 | 2.0E-2 21 |16E-2 3.6
81 29E-2 14 | 1.7E-2 1.7 | 96E-3 2.0 |4.0E-3 4.0
16 | 2.1E-2 14 | 98E-3 1.7 | 47E-3 2.0 | 1.0E-3 4.0
32 | 1.bE-2 14 | 58E-3 1.7 | 23E-3 2.0 | 25E4 4.0
64 | 1.0E-2 14 | 34E-3 1.7 | 1.1E3 2.0 | 6.3E-5 4.0
128 | 7.3E-3 14 | 20E-3 1.7 | b.5E-4 2.0 | 1.6E-5 4.0
256 | 5.1E-3 14 | 1.2E-3 1.7 | 27E4 20 |39E-6 4.0
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Table 5.13: Case n; = 3%/5,772 = 3+76\/§
v=-1 r=1 r=1.189 r=1.378 r=1.6
N | en 0(4.8) | en 0(6.4) | en 0(8.0) | en 0(8.0)
4| 14E4 44 8.1E-5 6.0 5.1E-5 7.4 4.7E-5 7.4
8| 3.1E-5 4.6 1.3E-5 6.2 | 6.8E-6 7.5 5.5E-6 8.4
16 | 6.6E-6 4.7 | 2.1E-6 6.3 | 8.3E-7 8.2 | 6.5E-7 8.5
32 | 14E-6 4.7 | 3.3E-7 6.3 1.0E-7 8.2 7.7TE-8 8.4
64 | 3.0E-7 4.7 5.1E-8 6.4 1.2E-8 8.2 9.3E-9 8.3
128 | 6.2E-8 4.7 8.1E-9 6.4 1.5E-9 8.1 1.1E-9 8.1
256 | 1.3E-8 4.7 1.3E-9 6.3 | 2.1E-10 74 1.5E-10 7.5
N |y 0((24) |ey 028 ey  d(33) | ey 0(40)
4 | 4.5E-3 2.3 3.3E-3 2.7 2.4E-3 3.2 1.7E-3 3.8
8| 1.9E-3 2.3 1.2E-3 2.7 | 7.4E-4 3.2 | 4.6E-4 3.6
16 | 8.3E-4 23 | 43E4 28 | 2.3E4 3.3 1.2E-4 3.9
32 | 3.5E4 24 1.6E-4 2.8 | 6.9E-5 3.3 | 3.0E-5 3.9
64 | 1.5E-4 24 | 5.6E-5 28 | 2.1E-5 3.3 | 7.6E-6 4.0
128 | 6.3E-5 24 2.0E-5 2.8 6.3E-6 3.3 1.9E-6 4.0
256 | 2.6E-5 24 | 7.1E-6 2.8 1.9E-6 3.3 | 48E-7 4.0
v=1 r=1 r=1.533 r=2.067 r=4
N | en 0(2.8) | en 0(4.9) | en 0(8.0) | en 0(8.0)
4 | 1.5E-3 2.7 | 54E-4 4.7 | 3.1E4 5.8 | 7.5E-4 7.0
8 | 5.5E-4 2.8 1.1E-4 4.9 | 4.0E-5 7.8 | 8.2E-5 9.2
16 | 2.0E-4 28 | 22E-5 49 | 4.9E-6 8.1 9.3E-6 8.8
32 | T0E-5 28 | 46E-6 4.9 | 59E-7 8.2 1.1E-6 8.5
64 | 25E-5 2.8 | 93E-7 49 | 7.2E-8 8.3 1.3E-7 8.3
128 | 8.8E-6 2.8 19E-7 4.9 8.6E-9 8.3 1.6E-8 8.2
256 | 3.1E-6 2.8 | 3.8E-8 4.9 1.1E-9 8.1 2.0E-9 8.1
N ey 004 [y 07 |y 0@0) |y d(40)
41 33E2 15 | 23E-2 1.7 1.5E-2 2.1 1.2E-2 3.8
8| 23E-2 14 1.3E-2 1.7 7.5E-3 2.1 3.0E-3 4.0
16 | 1.6E-2 14 | 77E-3 1.7 | 3.7E-3 2.0 | 74E-4 4.0
32 | 1.1E-2 14 | 45E-3 1.7 | 1.8E-3 2.0 1.9E-4 4.0
64 | 8.1E-3 14 | 2.7E-3 1.7 | 88E-4 2.0 | 4.7E-5 4.0
128 | 5.7E-3 14 1.6E-3 1.7 | 4.3E-4 2.0 1.2E-5 4.0
256 | 4.0E-3 1.4 9.2E4 1.7 2.1E-4 2.0 2.9E-6 4.0

125



References

1]

K. E. Atkinson, The numerical solution of integral equations of the sec-
ond kind, Cambridge Monogr. Appl. Computat. Math., 4, Cambridge
Univ. Press, Cambridge, 1997.

C. T. H. Baker, An introduction to the numerical treatment of Volterra
and Abel-type integral equations, Topics in numerical analysis (Lan-
caster, 1981), Lecture Notes in Math., 965, Springer, Berlin-New York,
1982, 1-38.

C. T. H. Baker, Numerical analysis of Volterra functional and integral
equations, The state of the art in numerical analysis (York, 1996), Inst.
Math. Appl. Conf. Ser. New Ser., 63, Oxford Univ. Press, New York,
1997, 193-222.

C. T. H. Baker, The numerical treatment of integral equations, Claren-
don Press, Oxford, 1977.

C. T. H. Baker, A perspective on the numerical treatment of Volterra
equations, Numerical analysis 2000, Vol. VI, Ordinary differential
equations and integral equations, J. Comput. Appl. Math., 125, No.
1-2, 2000, 217-249.

D. W. Brewer, R. K. Powers, Parameter identification in a Volterra
equation with weakly singular kernel, J. Integral Equations Appl., 2,
No. 3, 1990, 353-373.

H. Brunner, A survey of recent advances in the numerical treatment of
Volterra integral and integro-differential equations, J. Comput. Appl.
Math., 8, No. 3, 1982, 213-229.

H. Brunner, Nonpolynomial spline collocation for Volterra equations
with weakly singular kernels, SIAM J. Numer. Anal., 20, No. 6, 1983,
1106-1119.

126



[9]

[10]

[19]

H. Brunner, Polynomial spline collocation methods for Volterra inte-
gro-differential equations with weakly singular kernels, IMA J. Numer.
Anal., 6, 1986, 221-239.

H. Brunner, Collocation methods for one-dimensional Fredholm and
Volterra integral equations, The state of the art in numerical analysis
(Birmingham, 1986), Inst. Math. Appl. Conf. Ser. New Ser., 9, Oxford
Univ. Press, New York, 1987, 563-600.

H. Brunner, Collocation Methods for Volterra Integral and Related
Functional Equations, Cambridge Monogr. Appl. Comput. Math., 15,
Cambridge Univ. Press, Cambrige, 2004.

H. Brunner, P. J. van der Houwen, The Numerical Solution of Volterra
Equations, CWI Monogr., 3, North-Holland, Amsterdam, 1986.

H. Brunner, A. Pedas, G. Vainikko, The piecewise polynomial collo-
cation method for nonlinear weakly singular Volterra equations, Math.
Comp., 68, No. 227, 1999, 1079-1095.

H. Brunner, A. Pedas, G. Vainikko, Piecewise polynomial collocation
methods for linear Volterra integro-differential equations with weakly
singular kernels, STAM J. Numer. Anal., 39, No. 3, 2001, 957-982.

H. Brunner, A. Pedas, G. Vainikko, A spline collocation method for lin-
ear Volterra integro-differential equations with weakly singular kernels,
BIT, 41, No. 5, 2001, 891-900.

H. Brunner, T. Tang, Polynomial spline collocation methods for the
nonlinear Basset equation, Comput. Math. Appl., 18, No. 5, 1989,
449-457.

J. M. Cushing, Integro-differential equations and delay models in pop-
ulation dynamics, Lecture Notes in Biomathematics, 20, Springer-
Verlag, Berlin-New York, 1977.

O. Diekmann, Integral equations and population dynamics, in: Col-
loquium Numerical Treatment of Integral Equations (Math. Centre,
Amsterdam, 1978/79), MC Syllabus, 41, Math. Centrum, Amster-
dam, 1979, 115-149.

I. Fredholm, Sur une classe d’équations fonctionnelles, Acta Math.,
27, 1903, 365-390.

127



[20]

[21]

[24]

[25]

[28]

[29]

[30]

W. Hackbusch, Integral equations, Theory and numerical treatment,
Internat. Ser. Numer. Math., 120, Birkhauser Verlag, Basel, 1995.

K. Hakk, Approximation methods for weakly singular integral equa-
tions with discontinuous coefficients, Dissertation, University of Tartu,
Tartu, 2004, Diss. Math. Univ. Tartu., 37, Tartu Univ. Press, Tartu,
2004.

R. J. Hangelbroek, H. G. Kaper, G. K. Leaf, Collocation methods for
integro-differential equations, STAM J. Numer. Anal., 14, 1977, 377-
390.

Q. Hu, Geometric meshes and their application to Volterra integro-
differential equations with singularities, IMA J. Numer. Anal., 18,
1998, 151-164.

Q. Hu, Interpolation correction for collocation solution for Fredholm
integro-differential equation, Math. Comp., 67, 1998, 987-999.

J. Janno, L. von Wolfersdorf, Identification of weakly singular memory
kernels in heat conduction, Z. Angew. Math. Mech., 77, No. 4, 1997,
243-257.

J. Janno, L. von Wolfersdorf, Identification of memory kernels in gen-
eral linear heat flow, J. Inverse Ill-Posed Probl., 6, No. 2, 1998, 141-
164.

J. Janno, L. von Wolfersdorf, A general inverse problem for a memory

kernel in one-dimensional viscoelasticity, 7. Anal. Anwendungen, 21,
No. 2, 2002, 465-483.

H. Kaneko, R. Noren, P. Padilla, Superconvergence of the iterated col-
location methods for Hammerstein equations, J. Comp. Appl. Math.,
80, 1997, 335-349.

R. Kangro, R. Pallav, A. Pedas, Quadratic spline collocation method
for weakly singular integral equations, Proc. Estonian Acad. Sci. Phys.
Math., 51, No. 1, 2002,47-60.

R. Kangro, 1. Parts, Superconvergence in the mazimum norm of a class
of piecewise polynomial collocation methods for solving linear weakly
singular Volterra integro-differential equations, J. Integral Equations
Appl., 15, No. 4, 2003, 403-427.

128



31]

32]

33]

[41]

[42]

A. Karamete, M. Sezer, A Taylor collocation method for the solution of
linear integro-differential equations, Int. J. Comput. Math., 79, 2002,
987-1000.

R. Kress, Linear Integral Equations, Appl. Math. Sciences, 82,
Springer-Verlag, Berlin Heidelberg, 1989.

P. Linz, Analytical and numerical methods for Volterra equations,
SIAM Studies in Applied Mathematics, 7, Society for Industrial and
Applied Mathematics (STAM), Philadelphia, PA, 1985.

A. Makroglou, Computer treatment of the integro-differential equations
of collective non-ruin; the finite time case, Math. Comput. Simulation,
54, No 1-3, 2000, 99-112.

A. Makroglou, Integral equations and actuarial risk management:
some models and numerics, Math. Model. Anal., 8, No. 2, 2003, 143—
154.

R. K. Miller, A. Feldstein, Smoothness of solutions of Volterra integral
equations with weakly singular kernels, STAM J. Math. Anal., 2, 1971,
242-258.

P. Oja Stability of the spline collocation method for Volterra integral
equations, J. Integral Equations Appl., 13, No. 2, 2001, 141-155.

P. Oja, D. Saveljeva, Cubic spline collocation for Volterra integral equa-
tions, Computing, 69, No. 4, 2002, 319-337.

P. Oja, D. Saveljeva, Quadratic spline collocation for Volterra integral
equations, Z. Anal. Anwendungen, 23, No. 4, 2004, 833-854.

P. Oja, M. Tarang, Stability of the spline collocation method for
Volterra integro-differential equations, Acta Comment. Univ. Tartu.
Math., No. 6, 2002, 37—49.

R. Pallav, Quadratic spline collocation method for weakly singular inte-
gral equations on graded grids, Proc. Estonian Acad. Sci. Phys. Math.,
51, No. 4, 2002, 221-237.

I. Parts, Optimality of theoretical error estimates for spline collocation
methods for linear weakly singular Volterra integro-differential equa-
tions, (accepted for publication in Proc. Estonian Acad. Sci. Phys.
Math.).

129



[43]

[44]

[45]

I. Parts, A. Pedas, Spline collocation methods for weakly singular
Volterra integro-differential equations, in: Numerical Mathematics and
Advanced Applications, F. Brezzi, A. Buffa, S. Corsar and A. Merli,
eds., Enumath 2001, Springer-Verlag, Milano, 2003, 919-928.

I. Parts, A. Pedas, Collocation approximations for weakly singular
Volterra integro-differential equations, Math. Model. Anal., 8, No. 4,
2003, 313-328.

I. Parts, A. Pedas, Splain approximations for weakly singular Volterra
integro-differential equations, Integral methods in science and engi-
neering (Saint Etienne, 2002), Birkhduser Boston, Boston, MA, 2004,
175-180.

I. Parts, A. Pedas, E. Tamme, Piecewise polynomial collocation for
Fredholm integro-differential equations with weakly singular kernels,
(accepted for publication in STAM J. Numer. Anal.).

A. Pedas, On the superconvergence of the spline collocation method for
solving nonlinear two-dimensional weakly singular integral equations,
(Russian), Differ. Uravn., 33, No. 9, 1997, 1260-1267, 1295; transla-
tion in Differ. Equ. 33, No. 9, 1998, 1268-1276.

A. Pedas, Piecewise polynomial approzimations for linear Volterra
integro-differential equations with nonsmooth kernels, Numerical math-
ematics and advanced applications, Springer, Berlin, 2004, 677-686.

A. Pedas, G. Vainikko, The smoothness of solutions to nonlinear weakly
singular integral equations, Z. Anal. Anwendungen, 13, No. 3, 1994,
463-476.

A. Pedas, G. Vainikko, Superconvergence of piecewise polynomial col-
locations for nonlinear weakly singular integral equations, J. Integral
Equations Appl., 9, No. 4, 1997, 379-406.

A. Pedas, G. Vainikko, Numerical solution of weakly singular Volterra
integral equations with change of variables, Proc. Estonian Acad. Sci.
Phys. Math., 53, No. 2, 2004, 99-106.

A. Pedas, G. Vainikko, Smoothing transformation and piecewise poly-
nomial collocation for weakly singular Volterra integral equations,
Computing, 73, No. 3, 2004, 271-293.

130



[53]

[58]

[59]

[60]

T. Tang, Superconvergence of numerical solutions to weakly singular
Volterra integro-differential equations, Numer. Math., 61, No. 3, 1992,
373-382.

T. Tang, A note on collocation methods for Volterra integro-differential
equations with weakly singular kernels, IMA J. Numer. Anal.; 13, 1993,
93-99.

G. Vainikko, Multidimensional Weakly Singular Integral Equations,
Lecture Notes Math., 1549, Springer-Verlag, Berlin-Heidelberg-New
York, 1993.

G. Vainikko, A. Pedas, The properties of solutions of weakly singular
integral operators, J. Austral. Math. Soc. Ser. B, 22, 1981, 419-430.

G. Vainikko, A. Pedas, P. Uba, Methods for Solving Weakly Singular
Integral Equations, Univ. of Tartu, Tartu, 1984 (in Russian).

W. Volk, The numerical solution of linear integro-differential equations
by projection methods, J. Integral Equations, 9, 1985, 171-190.

W. Volk, The iterated Galerkin methods for linear integro-differential
equations, J. Comp. Appl. Math., 21, 1988, 63-74.

V. Volterra, Sulla inversione degli integrali definiti, Atti R. Accad. Sci.
Torino, 31, 1896, 311-323 (Nota I); 400-408 (Nota II); 557-567 (Nota
IIT); 693-708 (Nota IV).

131



Kokkuvote

Tiikiti poliilnomiaalsed kollokatsioonimeetodid
norgalt singulaarsete
integro-diferentsiaalvorrandite lahendamiseks

Kaéesoleva t66 pohiliseks uurimisobjektiks on tiikiti poliinomiaalse kollokat-
sioonimeetodi lahendusalgoritmid norgalt singulaarse Volterra integro-dife-
rentsiaalvorrandi algvairtusiilesande

t

(1) = p(t)y(0) + alt) + 0/ K sh)ds, 0<t<h
¥(0) =yo, o € R = (—o00,00)

ja norgalt singulaarse Fredholmi integro-diferentsiaalvorrandi rajaiilesande

b
YO =pOuO) +al0)+ [ Keo)ds, 0<t<h

0
ay(0) + Byb) =v, a,B,7v€R, a+F#0

ligikaudseks lahendamiseks. Ulesande (1) korral eeldatakse, et tuum K (t, s)
on m korda pidevalt diferentseeruv, kui 0 < ¢t < b, 0 < s < t, kusjuures
leidub reaalarv v < 1 nii, et koigi tingimust ¢ + j < m rahuldavate mit-
tenegatiivsete taisarvude ¢ ja j korral kehtib vorratus

o o\ 1, kui v+i<0,
‘<6t> <6t+8)K(t’5) <cq l+[loglt—sf|, kui v+i=0, (3)
’ |t — |77, kui v +i>0,

kus ¢ = ¢(K) on mingi positiivne konstant ja0 <t < b, 0 < s < t. Ulesande
(2) korral eeldatakse, et K on m korda pidevalt diferentseeruv piirkonnas
{(t,s) e R?:0<t<b, 0<s<b, t+# s} ning rahuldab selles piirkonnas
mingi fikseeritud reaalarvu v < 1 korral vorratust (3) koigi mittenegatiiv-
sete tédisarvude ¢ ja j puhul, mille korral ¢ + j < m. Funktsioonide p ja
q sileduse kohta tehakse teatud eeldused, mis on rahuldatud koigi 16igus
[0,0] pidevate ja m korda pidevalt diferentseeruvate funktsioonide korral
ning voimaldavad késitleda ka selliseid funktsioone, mille tuletised alates
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mingist jargust voivad olla tokestamata punkti 0 ldheduses iilesande (1)
korral ning punktide 0 ja b ldheduses {ilesande (2) korral.

Ulesande (1) numbriliseks lahendamiseks on t66s vaadeldud kahte mee-
todit, mis tuginevad iilesande (1) timberformuleerimisele teatavaks teist
liiki Volterra integraalvorrandiks ning viimase lahendamisele kollokatsioo-
nimeetodiga tiikiti poliinomiaalsete koordinaatfunktsioonide korral.

Molema meetodi korral on toestatud meetodi koondumine ning tuletatud
koonduvuskiiruse hinnang, ldhtudes ainult eeldusest, et vastavate tiikiti
polilnomiaalsete funktsioonide defineerimiseks vajamineva vorgu maksi-
maalse osaldigu pikkus ldheneb nullile. Molema meetodi koonduvuskiirust
on uuritud ka kvaasiiihtlase vorgu kasutamise korral ning spetsiaalse eba-
iihtlase vorgu kasutamise korral, milles vorgu s6lmed paiknevad tihedamalt
integreerimisloigu [0, b] alguspunkti 0 ldheduses, kus iilesande (1) lahendi
tuletised voivad tokestamatult kasvada. Saadud tulemustest jareldub muu-
hulgas, kuidas tihendada kasutatavat vorku punkti O timbruses nii, et saavu-
tada meetodi korgeim voimalik koonduvusjark O(N~™), kui kasutatakse
m — 1 jarku tiikiti poliinomiaalset aproksimatsiooni. Samuti on molema
meetodi korral saadud uusi nn superkoonduvuse tulemusi spetsiaalsete eba-
iihtlaste vorkude korral tingimusel, et kollokatsioonipunktide valik rahuldab
teatud taiendavaid eeldusi.

Ulesande (2) puhul on téestatud lahendi siledust kirjeldav tulemus ning
analiiiisitud eespool mainitud meetoditega analoogilise meetodi koonduvust
spetsiaalse erikujulise vorgu korral. On tuletatud nii koonduvuskiiruse hin-
nang suvaliste kollokatsioonipunktide madramisel kasutatavate parameetri-
te vaartuste korral kui ka superkoonduvuse tulemus juhul, kui mainitud
parameetrid rahuldavad teatud lisaeeldust.

To66 viimases osas on kontrollitud teoreetiliste koonduvushinnangute tap-
sust ulatuslike numbriliste eksperimentide labiviimise teel. Arvutustule-
mustest jareldub, et t66s saadud veahinnangud on jargu poolest mittepa-
randatavad.

Enamus kéesoleva t66 pohitulemustest sisalduvad autori neljas avaldatud
ning kahes avaldamiseks vastu voetud teadusartiklis.
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