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Chapter 1

Introduction

Neutrino is a particle hardly reachable in any modern experiment. Despite
that, this particle seems to have a rather crucial role in the history of the
Universe. Furthermore, some modern physical theories suppose that our
existence is based on the effects caused by neutrinos. First, it occured
when our Universe was very young, in the process called leptogenesis. A
very slight asymmetry between matter and antimatter was generated in
leptogenesis, which saves a small amount of baryon matter to build up
stars, planets, us. Second, with the death of early stars many billion years
ago, neutrino helped to produce heavier elements. Then, Nature had all
the needed materials to build small planets and life on these planets.

This thesis aggregates three publications in phenomenological and ex-
perimental neutrino related physics. The work will give a general physical
overview and link the topics of the publications. The thesis will start with
a short introductory description of particle physics and cosmology. We will
give a short overview of the present theory of particle physics, the Standard
Model. In the last section we will introduce the framework of cosmology.

Next chapter, Chapter 3, will be focused on the experimental and the
observational effects beyond the Standard Model. We will touch upon
matter-antimatter asymmetry in the observed Universe. In the second sec-
tion we will introduce some observational neutrino mass effects: oscillation
effects and cosmological scale changes of matter perturbations caused by
massive neutrinos. As we know, the mass of neutrino is clearly a topic of
particle physics beyond the Standard Model. In the last sections we will in-
troduce some experimental topics beyond well-established particle physics:
cold dark matter and muon anomalous magnetic moment.

Chapter 4 will describe some neutrino models beyond the Standard
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Model. We will start the chapter with a very brief introduction to two
general extensions to new physics beyond the Standard Model: grand uni-
fied theories and supersymmetry. After that, in the second section of the
chapter we will deal with a potential mechanism to generate neutrino mass.
We will describe the three mechanisms for neutrino mass: type I, II and II
see-saw. Also, we will discuss CP-violation in the neutrino sector and the
running of neutrino parameters.

In Chapter 5 we will introduce leptogenesis. We will start with equilib-
rium and non-equilibrium thermal bath in the early Universe. Next, we will
give a short introduction to kinematics and Boltzmann equations. Finally,
having all the needed tools, we will describe a model of leptogenesis, the
type I see-saw, in detail. In the last chapter we will give a summary of the
thesis.

10



Chapter 2

The standard model of

particle physics and

cosmology

2.1 Introduction

In this chapter we will give a short introduction to the framework of par-
ticle physics and cosmology. It is the first step that has to be taken to
enter neutrino physics beyond the current models in particle physics and
cosmology.

Let us start with particle physics. The shape of the Standard Model
was formed in 1960th and 1970th. Naturally, the main ideas of the model
were based on the great development line of particle physics in the 20th
century: quantum mechanics, quantum field theory, QED, gauge theories,
renormalization, etc. The Standard Model of particle physics covers a wide
range of physical phenomena in Nature. The model describes consistently
the three strongest interactions in Nature, weak, electromagnetic and strong

interactions. It unifies the weak and electromagnetic theories into a con-
sistent electroweak theory. The model provides an excellent agreement for
experimental results. At the moment accordance between the model and
experiments is up to space resolution 10−18 m and up to energy approxi-
mately 1 TeV. No doubt, the Standard Model of particle interactions is a
most accurate and consistent physics theory of the 20th century.

The mathematical description of Standard Model covers all the directly
observed particles in Nature. In total the model contains 12 spin-1/2
fermions, 12 spin-1 bosons and one spin-0 boson. Only the spin-0 bo-
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son, the Higgs boson is yet to be discovered. It is the last missing building
block of the Standard Model. The discovery of Higgs boson is a great chal-
lenge for the running Tevatron collider at Fermilab and a main target of
the Large Hadron Collider (LHC) soon to start at CERN.

Also, we have to note that the Standard Model uncovers a clear set of
experimental effects in particle physics, which are waiting for a theory be-
yond the Standard Model. However, it is already a story of the next chapter
where we will briefly concentrate on four main puzzles in particle physics
nowadays: matter-antimatter asymmetry, neutrino mass, dark matter and
muon anomalous magnetic moment.

In the second section of the chapter we will introduce the Standard
Model of cosmology or ΛCDM model. It is based on two great achievements
of the 20th century: theory of general relativity and rapid development of
wide technologies of astronomical observations. General relativity gives us
a chance to describe large scale dynamics of the Universe. Different ob-
servations help to fix the parameter space of the theory. During some last
decades two observational sources have dominated the field: the cosmolog-
ical microwave background radiation (CMB) and large scale structure and
velocity measurements. The observations have given many important hints
for new physics: cold dark matter, the cosmological constant etc.

In conclusion, let us take a quick look at the mathematical side of par-
ticle physics and cosmology. We see that cosmology is very elegantly de-
scribed by the short and compact Einstein equation working on the curved
space-time. On the other hand, the Standard Model of particle physics has
a rather long form, but it works on the flat Minkowskian space-time. It is
unclear how we should unite these two sides of the theory of Nature to one
unified theory. Many theories have been proposed, but we do not have one
clear answer.

2.2 Standard Model of particle physics

2.2.1 Symmetries in Quantum Field Theory

The physicists have connected the electromagnetic, weak and strong inter-
actions into a general mathematical framework. The Standard Model is a
Quantum Field Theory in which the interactions are induced due to gauge
symmetries.

The mathematical language of the model is based on quantum field the-

ory, composed of the ideas from quantum mechanics and field theory. The
field theory of the Standard Model uses the fields in the Minkowski space-
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time. Quantum mechanics describes the physical world in microscopic scale.
Loosely speaking it is composed of the following mathematical objects:

• The physical state of the particle is a ket in the complex Hilbert space.

• The observable is an operator represented in the Hilbert space. The
physical parameters are the eigenvalues of the operator with the prob-
abilities represented by the scalar product of state vectors.

• The physical symmetries of the system are described by unitary oper-
ators. Thus, the state vectors are defined in the representation space
of the symmetry group.

• The time evolution (dynamics) of the physical system is described by
a special unitary time evolution operator.

In quantum field theory all operators and kets are functions of space-
time coordinates. Usually we can follow a traditional path where the classic
Lagrangian summarizes the dynamics of the fields. On the Lagrangian we
can impose global and local symmetries expected of the model. The quan-
tization procedure follows. Only in some special cases can the quantized
system be solved directly. More general, the local behavior of the system
can be understood by use of perturbation methods. Some important ques-
tions, like the renormalizability of the model, have to be solved. Ultimately,
at the level of perturbation effects it is possible to formulate any theory as
a S-matrix theory. However, it is shown that a set of non-perturbative ef-
fects exists, including sphalerons, monopoles etc. The S-matrix theory is
insufficient to describe them.

In the field theory the space-time symmetry of the system can be global
or local. In the first case the transformation is independent of the space-
time coordinates and in the second case it depends on the space-time coor-
dinates. Also, some classical level symmetries exhibited by the Lagrangian
can be broken after quantization. This type of symmetry breaking is called
anomaly.

Thus, a physical particle is described as an irreducible representation

of the global symmetry group G. In the Standard Model the group G is
the Poincare group P as the theory should have a covariant form of special
relativity.

Unfortunately Poincare group has a rather complicated structure. The
group is a 10-dimensional nontrivial noncompact Lie group: 4 parameters
are the noncompact parameters for translation and 6 parameters are the
compact parameters: 3 parameters for space rotations and 3 for boosts.

13
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The Poincare group is the semidirect product of the Lorentz group L and
the translation group T :

P = T ⊳ L,

which derives from the multiplication law of the elements. If we write an
element of the Poincare group as (Λ, a) so that the group translation is
presented by the following equation:

xµ → x′ν = Λν
µx

µ + aν ,

where Λ is a Lorentz transformation and aν is a translation, then the mul-
tiplication law is given by

(Λ1, a1)(Λ2, a2) = (Λ1Λ2,Λ1a2 + a1).

The equation presents a semidirect product of subgroups. The structure of
the Poincare group is complicated due to the following facts:

• the Poincare group has the Abelian translation subgroup, so the group
is nontrivial,

• the Poincare group involves 3 discrete elements: C-, P- and T-
reflection

• the topological structure of the manifold of the Lorentz group is com-
plicated

It is definitely a nontrivial task to construct the representations of the
Poincare group. The only relief comes from the global or local compact-
ness of the subgroups. The Lie algebra of any compact Lie group can be
decomposed as a direct sum of an Abelian Lie algebra and some number of
simple algebras.

Fortunately, only a subset of representations has a physical meaning. It
can be shown that the physical representations of the Poincare group are
only (positive energy) unitary irreducible representations. In 1939 Wigner
presented a complete classification of all the unitary irreducible representa-
tions of the Poincare group [1]. The construction of a representation can be
indexed by the Casimir operators P 2 and w2 of the group. The operators
are connected to the physical properties of the system:

1. P 2 is mass squared, nonnegative number related to the translation
subgroup

14



2. w2 is spin squared, integer or half-integer related to the Lorentz sub-
group

The construction of the representations can be done by covering groups
with trivial topology. Also, the final representations are constructed using
known representations of the subgroups via the generation procedure.

The gauge symmetries are needed in the Standard Model to describe
the interactions between particles. The modern Standard Model is a Yang-

Mills theory based on the electroweak symmetry group SU(2)L ⊗ U(1)Y
by Glashow, Salami and Weinberg [2–4] and the strong SU(3)c group of
quantum electrodynamics (QCD) by Gell-Mann et al [5–8]. In conclusion,
the symmetry group of the model is the direct product

SU(3)c ⊗ SU(2)L ⊗ U(1)Y . (2.1)

Also, on the level of S-matrix no way exists to mix the global Poincare
and local gauge symmetries into one symmetry group. The path is re-
stricted by the Coleman-Mandula no-go theorem [9]. It states that every
quantum field theory that has a mass gap and satisfies certain technical
assumptions about its S-matrix with non-trivial interactions can only have
a symmetry Lie algebra which is always a tensor product of the Poincare
group and an internal group. With no mass gap the theory has more free-
dom. For example, the algebra could be a tensor product of the conformal
algebra with an internal Lie algebra. Moreover, in quantum electrodynam-
ics it is possible to construct conserved vector and tensor charges (as there is
no mass gap). Interestingly, the supersymmetry discussed later in this work
may be considered as a possible “loophole” of the Coleman-Mandula the-
orem. It contains additional generators, supercharges, that are not scalars
but spinors. The anticommutator of the generator of the supercharge yields
a translation in spacetime. The reason of the loophole is that supersymme-
try is a Lie superalgebra, not a Lie algebra. The corresponding theorem for
supersymmetric theories with a mass gap is the Haag-Lopuszanski-Sohnius
theorem [10].

In the next subsection we are going to summarize the current under-
standing about the elementary particles and intercations (except gravita-
tion) of the Standard Model. It is convenient to describe all the known
elementary particles in two stages: the elementary fermions and the ele-
mentary bosons in the model. The fermions of the model are three gen-
erations of spin-1/2 leptons and quarks. The spin-1 bosons of the model
are carriers of electromagnetic, weak and strong interactions. Before the
electroweak spontaneous symmetry breaking (EWSB) the model has only
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matter (1/2-spin) and gauge fields (spin-1). All the fields are massless
before EWSB.

2.2.2 Standard Model below EWSB

Fields of the Standard Model

Before the introduction of gauge symmetries let us start with the fermion
content of the Standard Model. All the fermions in the model have spin
1/2. The Dirac wave equation describes a free spin-1/2 particle with pos-
itive and negative energy states. All the fermion fields have to follow the
representations of the gauge fields. Their fields are multiplets of the rep-
resentation of the gauge symmetry. For example, quarks are the triplets
under SU(3)c, they ”feel” the strong interaction, and all leptons are color
singlets as they do not interact strongly.

Also, we can split an energy eigenstate to left-handed and right-handed
components,

fL,R =
1 ∓ γ5

2
f. (2.2)

The physical meaning of the procedure is clear. The Dirac spinor (as a
state description of spin-1/2 particle) has two degrees of freedom for both
helicity states. The helicity states are mixed only in the case of massive
fermions by the mass term

−mf̄f = −m(f̄RfL + f̄LfR). (2.3)

As the fermions in the Standard Model are massless before EWSB the left-
handed and right-handed states are independent fields. First, let us focus
our attention to weak interaction and write the left-handed doublets of
SU(2)L of electron, muon and tau generation:

(

νe

e

)

L

,

(

νµ

µ

)

L

,

(

ντ

τ

)

L

, (2.4)

and for quarks:

(

u
d′

)

L

,

(

c
s′

)

L

,

(

t
b′

)

L

. (2.5)

When we start to write down to the right-handed doublets the Nature
has a little suprise for us: there are no right-handed neutrinos! A series of
experiments in the 1950s led to the suggestion that the weak interaction
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violates reflection (or parity, P) symmetry, the reason for the missing of
right-handed neutrinos. In 1956 C. S. Wu et al detected a correlation
between the spin of a polarized Co60 nucleus and the direction of the emitted
β particle:

Co60 → Xe60 + e+ νe.

It means clear P violation: parity inversion leaves the spin of the nucleus
unchanged

P : ~J → ~J,

while the direction of electron is reversed

P : ~pe → ~pe.

The correlation of ~J · ~pe is P-violation. It was the first experiment where a
symmetry strongly believed in was violated. In the same way, C-symmetry
is maximally violated in the case of weak interaction.

Violation of P-symmetry is very clearly presented in high energy pro-
cesses. As the mass of fermions is negligible in high energy processes
fermions are left- or right-handed. It is experimentally well-proved that
only left-handed fermions (right-handed antifermions) participate in weak
interaction processes. P-violation is the reason we see no right-handed neu-
trinos not left-handed antineutrinos in experiments. Neutrino has no elec-
tric or color charge, so it can couple with other matter only weakly (to say
nothing about gravitation). As only left-handed neutrinos and right-handed
antineutrinos have weak interaction and neutrinos do not have electric or
color charge then right-handed neutrinos and left-handed antineutrinos are
called sterile. In the Standard Model no reason exists to include sterile
neutrinos as they are not observable. However, later in this work we will
discuss gravitational effects of dark matter and oscillation effects and sterile
neutrinos can have an important role in that case.

In conclusion, when we start to write down the right-handed states we
have only the right-handed lepton isosinglets with no neutrinos included:

eR, µR, τR. (2.6)

Also, for quarks we have the pairs of isosinglets:

uR, dR; cR, sR; tR, bR. (2.7)

For convenience we will occasionally number the generations with the
index i = 1, 2, 3 below. In general, the number of the generations is an

17
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open question in particle physics. Definitely, it has no final answer in the
Standard Model. However, we have no direct experimental evidence for
any generations beyond the third one. Some slight theoretical hints exist
in the Standard Model (e.g. the cancellation of quantum anomalies) that
the current number of generations should be final. Experimentally, a fourth
generation with a light neutrino (mass less than half of Z boson mass) has
been ruled out by measurements of the decay widths of the Z boson. It will
be described in more detail in the next chapter. Also, the high precision
measurements in the electroweak sector and the observations in cosmology
place strong restrictions on the fourth generation [11–13].

We will use a short notation below, where lL marks the left-handed lep-
ton isodoublets, lR the right-handed lepton isosinglets, qL the left-handed
quark isodoublets and uR and dR marks the right-handed quark isosinglets.

In conclusion we have three generations of left- and right-handed chiral

fermion fields. The left-handed fermions are weak isodoublets (as they
participate in electroweak interaction) and the right-handed fermions are
weak isosinglets (as they do not participate in electroweak interaction).
Using the properties of the representation of the Lie algebra we can develop
from the generators of SU(2) and U(1) a relation

Y = 2(Q− T3), (2.8)

where Q is elementary electric charge, Y is the hypercharge, the component
of the generator of U(1), and T3 is the third component of the SU(2)
generators, so called weak isospin. T3 = ±1

2 for left-handed isodoublets
and T3 = 0 for right-handed isosinglets. Here, short notation is useful:

lL ∼ (2,−1), lR ∼ (1,−2); (2.9)

qL ∼ (2, 1/3), uR ∼ (1, 4/3), dR ∼ (1,−2/3); (2.10)

where the first number marks the order of the multiplet and the second one
is the hypercharge. The upper row presents leptons (l) and the lower row
presents quarks (q, u, d).

Only quarks participate in strong interactions: quarks are triplets under
SU(3)c and leptons are color singlets under SU(3)c. Also, if we like we can
add a number for the representation of strong interaction to the notation
above. Then it will read

lL ∼ (2,−1, 1), lR ∼ (1,−2, 1); (2.11)

qL ∼ (2, 1/3, 3), uR ∼ (1, 4/3, 3), dR ∼ (1,−2/3, 3). (2.12)
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Let us start the second part of the story of the Standard Model, the
description of the gauge fields mediating interactions between fermions. We
know that there are four bosons to carry electroweak interaction and eight
bosons to carry strong interaction. Electroweak interaction is strongly cou-
pled to the mechanism of the mass generation of the model. For that rea-
son we focus our attention mainly on the electroweak sector of the current
story. However, it should be mentioned here, only the complete Standard
Model gauge theory based on the group SU(3)c⊗SU(2)L⊗U(1)Y is free of
quantum anomalies. Only an anomaly free theory is renormalizable. The
anomaly cancellation in the model involves complete generations of leptons
and quarks, e.g. ν, e, u, d for the first generation. Therefore, the Standard
Model makes sense with only the full set of leptons or quarks. However, on
the level of the classical Lagrange density we may deal with the symmetries
separately.

We know that there are four electroweak gauge bosons in Nature,

γ, Z0,W±. (2.13)

Using the Yang-Mills technique the correspondence between the generators
and boson fields has been proposed. It is reasonable to connect single
electromagnetic boson to the Abelian symmetry group U(1) and three weak
bosons to SU(2). The electroweak symmetry group is then the product
SU(2)L ⊗ U(1)Y . The field Bµ corresponds directly to the generator Y
of U(1)Y . Three W i

3 fields corresponds to the generators Ti of SU(2)L.
From the Lie theory we know that the commutation relations between the
generators Ti are

[T i, T j ] = iǫijkTk, (2.14)

where Ti are Ti = 1
2σi and electroweak indices i, j, k = 1, 2, 3. Here σi are

the Pauli matrices. The U(1)Y group is Abelian, so it is commutative.
The physical gauge fields are linear combinations of the generator fields

Bµ and W i
µ, which for Z0

µ and γµ is

(

γµ

Z0
µ

)

=

(

cos ΘW sin ΘW

− sin ΘW cos ΘW

)(

Bµ

W 3
µ

)

, (2.15)

and for W±
µ

W±
µ = W 1

µ ± iW 2
µ , (2.16)

where ΘW is the Weinberg or weak mixing angle.
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In the case of SU(3)c the octet of generators exists corresponding to the
gauge fields Ga

µ, a = 1, 2, ..., 8, the gluon gauge fields. The commutation
rules are

[T a, T b] = ifabcTc, (2.17)

Tr(T aT b) =
1

2
δab, (2.18)

where fabc are the structure constants of SU(3)c and color indices a, b, c =
1, 2, ...8.

Dynamics of the Standard Model fields

The Standard Model is a Yang-Mills theory, so the matter fields are coupled
to the gauge fields through the covariant derivative

Dµ ≡ ∂µ − igsTaG
a
µ − igwTiW

i
µ − i

1

2
geY Bµ, (2.19)

where gs, gw and ge are the coupling constants of strong, weak and elec-
tromagnetic interactions, respectively. We notice here that every coupling
constant is related to its own symmetry group: ge to U(1)Y , gw to SUL(2)
and gs to SU(3)c. We will deal with the topic in more detail in the fourth
chapter. We will describe the unification of the Standard Model symmetry
groups to a bigger symmetry group with just one coupling constant in the
framework of Grand Unified Theories (GUT).

Now we are ready to write down the Lagrangian of the Standard Model
before EWSB. The Lagrangian has only massless fields and in total it has
the form

LSM = −1

4
Ga

µνG
µν
a − 1

4
W a

µνW
µν
a − 1

4
BµνW

µν+

l̄LiiDµγ
µlLi + l̄RiiDµγ

µlRi+

q̄LiiDµγ
µqLi + ūRiiDµγ

µuRi + d̄RiiDµγ
µdRi. (2.20)

It is possible to show that the Lagrangian is invariant under the local gauge
transformations of SU(3)c ⊗ SU(2)L ⊗ U(1)Y .

Unfortunately, the symmetry SU(2)L ⊗ U(1)Y is clearly violated if we
add the fermion mass term,

−mf ψ̄ψ = −mf(ψ̄RψL + ψ̄LψR), (2.21)
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to the Standard Model Lagrangian by hand. Since ψR is isosinglet and ψL is
isodoublet it is impossible to connect them directly as it is done in the mass
term (2.21). Also, it is impossible to add the mass term of the electroweak
bosons without violation of the local gauge symmetry. Interestingly, despite
the fact that gluons are massless and strong sector is described by vector

theory (both chiralities of all quarks appear and couple the same way in
the strong theory), it is possible to add mass term of gluons (and quarks)
in the gauge invariant way for SU(3)c.

Thus, we need a clever mechanism to generate masses for the weak
gauge bosons and fermions in the gauge invariant way. The Anderson-
Higgs mechanism can give masses to the fermions and weak gauge bosons.
In the Standard Model it is connected to the electroweak sector, so it is
referred to as EWSB.

2.2.3 Spontaneous electroweak symmetry breaking

Generation of boson mass

The main idea of the EWSB is simple (and ingenious): we should add
a scalar field with a specific form of the potential to the Lagrangian. In
the interactions with other fields of the Lagrangian the scalar field can
”generate” the mass terms of the field.

Let us consider a simple example, the Higgs mechanism for a field with
the Abelian U(1) symmetry. The Lagrangian of the field have been chosen

Lboson = −1

4
FµνF

µν , (2.22)

where Fµν = ∂µAν − ∂νAµ. It is a massless field and, for example, it can
describe a free photon.

Now, we include the complex scalar field to the Lagrangian with the
interaction term between vector and scalar field. The interaction is done
through covariant derivative

Dµ = ∂µ − ieAµ, (2.23)

and the Lagrangian is

L = Lboson +Dµφ
∗Dµφ− V (φ). (2.24)

where V (φ) is defined as

V (φ) = µ2φ∗φ+ λ(φ∗φ)2 = µ2|φ|2 + λ|φ|4. (2.25)
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In the case of µ2 > 0 and λ > 0 (which it has to be, otherwise the
potential is not bounded below) it is the description of the scalar (spin-
0) complex field with the mass µ2 and self-coupling with the intensity λ.
Also, the potential in the Lagrangian is invariant under the global U(1)
symmetry φ→ φ′ = eiαφ.

The case of µ2 < 0 is more interesting. Then the minimum shifts from
φ ≡ φ1 + iφ2 = 0 to φ = υeiθ, where θ is real, which means for φ1,2

φ2
1 + φ2

2 = υ2, (2.26)

where

υ2 ≡ −µ
2

λ
> 0. (2.27)

The parameter υ is called vacuum expectation value or vev in short.
Thus, one can choose a minimum, which is the violation of the symmetry

of possible solutions. To clarify the meaning of the violation let us split
φ(x) to the real functions η(x) and ξ(x),

φ(x) =
1√
2
(υ + η + iξ), (2.28)

where η(x) = ξ(x) = 0 at the minimum of V (φ). Before we put the equation
(2.28) to the Lagrangian we introduce the unitary gauge

φ(x) → e−iξ(x)υφ(x) and Aµ → 1

eυ
δµξ(x). (2.29)

As with any gauge the physical meaning of the fields have been conserved.
The feature of the gauge is that we “move” the field ξ(x) to the longitudinal
component of the gauge field A(x). The Lagrangian now has the following
form

L =
1

2
∂µη∂

µη − υ2λη2 − 1

4
FµνF

µν +
1

2
e2υ2AµA

µ+

1

2
e2AµA

µ(2υη + η2) +
1

4
υ4λ− λυη3 − 1

4
λη4. (2.30)

To summarize, in the example the photon field with two degrees of
freedom has absorbed the would-be boson ξ(x), a so called Goldstone boson,
with one degree of freedom and become a massive boson field with three
degrees of freedom. As we see the initial U(1) gauge symmetry disappeared
it is said to be spontaneously broken. So, in the case of the Higgs mechanism
”the gauge transformation ate the Goldstone boson”.

Now, to construct EWSB for the electroweak sector of the Standard
Model, let us summarize properties of the physical electroweak bosons:
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• Photon, γ: massless boson (spin-1), carrier of electromagnetic inter-
action. It is an orthogonal superposition of the W 3 and B fields in
the Standard Model.

• W and Z: massive bosons (mW = 80.4 [14–16] and mrmZ = 91.2
GeV [17]), the carriers of weak interaction. W± are two orthogonal
superpositions of fields W 1 and W 2. Z0 boson is orthogonal super-
position of the W 3 and B fields.

Based on the experience of the simple example above we should need three
degrees of freedom for the EWSB scalar field to give masses to weak bosons.
It is easy to see from the isodoublet structure of the weak sector of the
Standard Model that the only possibility to combine all the masses is a
complex SU(2) doublet of scalar fields φ,

Φ =

(

φ+

φ0

)

=
1√
2

(

φ1 + iφ2

φ3 + iφ4

)

, (2.31)

where φ+ and φ0 are the complex fields with four degrees of freedom φi

altogether. So, three degrees of the freedom should be eaten by the massive
weak bosons. One degree of freedom is left for the Higgs boson.

The relevant part of the Lagrangian for the Higgs doublet is

L = (DµΦ)†(DµΦ) − V (Φ), (2.32)

where
V (Φ) = µ2Φ†Φ + λ(Φ†Φ)2. (2.33)

As it is presented above in the case of µ2 < 0 the potential has a minimum,

Φ†Φ = −µ
2

2λ
=
υ2

2
. (2.34)

If we combine the last equation above and the U(1) (charge conservation)
symmetry, the convenient choice of the solution is

φ1 = φ2 = φ4 = 0. (2.35)

The neutral component φ3 of the doublet acquires a nonzero vev,

〈Φ〉 ≡ 〈0|Φ|0〉 =
1√
2

(

0
υ

)

, (2.36)

where

υ2 = −µ
2

λ
. (2.37)
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Let us start to remove the unnecessary degrees of freedom. We use the
fact that only φ3 acquires a nonzero vev and use the unitary gauge. We
propose the parametrization

Φ(x) =
1√
2
e

i
υ

θaσ2

(

0
υ + h(x)

)

, (2.38)

where a = 1, 2, 3. We are able to eliminate the exponent using e−
i
υ

θaσ2
.

Now the gauged Φ has the simple form

Φ(x) =
1√
2

(

0
υ + h(x)

)

. (2.39)

The kinetic term (DµΦ)†(DµΦ) can be expanded, using the gauged Φ,
as

(DµΦ)†(DµΦ) =
g2
2v

2

8
(W µ

1 + iW µ
2 )(W 1

µ − iW 2
µ)

+
v2

8
(g2W

µ
3 − g1YHB

µ)
2
+

1

2
(∂µh)2 + ...

(2.40)

The covariant derivative includes all the needed mass terms. The first
mass term in the equation (2.40) above is the mass of W± as

W±
µ =

1√
2
(W 1

µ ∓W 2
µ), (2.41)

and so the mass of W± is

MW =
1

2
υg2. (2.42)

The mass relation allows to fix the vev in terms of the experimental mass
of W± and the Fermi constant GF ,

M2
W =

1

4
υ2g2

2 =

√
2g2

2

8GF
, (2.43)

from where the vev is

υ = (
√

2GF )−1/2 ≃ 246 GeV, (2.44)

and

GF =

√
2

8

(

g2
MW

)2

≃ 1.16639 × 105 GeV2. (2.45)
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The second mass term in (2.40) promises to fix the mass of W µ
3 and

Bµ. The photon field Aµ has to be massless, so the only possibility to get
massless field from the second term is the signalization, see the Weinberg
mixing from (2.15)

Zµ =
1

√

g2
1 + g2

2

(g2W
3
µ − g1Gµ), (2.46)

Aµ =
1

√

g2
1 + g2

2

(g2W
3
µ + g1Gµ), (2.47)

thus the mass of Z is

MZ =
υ

2

√

g2
1 + g2

2 . (2.48)

In summary, EWSB spontaneously breaks the symmetry

SU(2)L ⊗ U(1)Y → U(1)Q. (2.49)

In the languages of the generators we lose three generators of SU(2)L from
four initial generators of SU(2)L⊗U(1)Y and three Goldstone bosons arise.
The arisen Goldstone bosons are absorbed by the W± and Z fields as the
longitudinal (massive!) components. The remaining symmetry U(1)Q guar-
antees that the photon field of electromagnetic interaction will be massless.

Generation of fermion mass

The Higgs doublet Φ gives us a simple chance to construct mass terms for
the Standard Model fermion fields. We can easily unite left-hand doublets
to right-hand singlets using the Higgs doublet. If we do not want to violate
hypercharge, the only possibility is

L = −λll̄LΦlR − λdq̄LΦdR − λuq̄LΦ̃uR − h.c., (2.50)

where the h.c. marks all the members hermitically conjugated and Φ̃ is

Φ̃ = iσ2Φ
∗ =

(

φ0∗

−φ−
)

=
1√
2

(

υ + h(x)
0

)

. (2.51)

The form of Φ above is needed for conservation of the hypercharge. If we
include Φ̃ to the Lagrangian (2.50) the hypercharge is conserved: −1/3 −
1 + 4/3 = 0.
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Figure 2.1: The mass of the heaviest fermion of a given type is depicted as
one unit and the mass scale is logarithmic. As we can see, the scale and
the scale type is unique for every sector. The upper sector has the biggest
difference, but quite equal differences in the logarithmic scale. The down
and charged lepton sectors have different hierarchy, the differences vary and
they have opposite structure. The figure is adapted from [18].

The fermion masses from the Lagrangian (2.50) are

mei
=
λei√

2
, (2.52)

mui
=
λui√

2
, (2.53)

mdi
=
λdi√

2
, (2.54)

where the index i counts the generations. Each massive particle in the
Standard Model has its own Yukawa coupling constant λ with Higgs fields
which, together with vev determine the mass of the particle. Figure 2.1
gives a picture about the mass scale and hence the strengths of the Yukawa
couplings. The different mass structure of every sector in the figure gives
an insight why it is difficult to connect the mass (and Yukawa) structure
to a more general theory beyond the Standard Model.

It is very important to notice that all the generations of neutrino remain
precisely massless in the EWSB of the Standard Model. We will deal with
the topic of neutrino masses later in this work.
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Name of the field SU(3)c ⊗ SU(2)L ⊗ U(1)Y

W (1, 3, 0)
B (1, 1, 0)
g (8, 1, 0)

LL = (ν, l)TL (1, 2,−1)
eR (1, 1, 2)

QL = (u, d)TL (3, 2, 1/3)
uR (3̄, 1,−4/3)
dR (3̄, 1, 2/3)

H (1, 2, 1)

Table 2.1: Boson, fermion and scalar multiplets of the Standard Model. In
the first set of rows there are the gauge bosons of electroweak and strong
sector. In the second and third sets are the lepton and quark fields accord-
ingly. The last row H denotes the Higgs scalar field.

2.2.4 Standard Model summarized

In the Standard Model the local gauge interactions are described by
SU(3)c⊗SU(2)L⊗U(1)Y . There are three (experimentally known) families
of quarks and leptons. One family consists of states {QL, uR, dR;LL, eR},
where the label L marks left-handed isodoublet and the label R marks
right-handed isosinglet, {Q,u, d} is the quark sector and {L, e} is the lepton
sector. It is a chiral theory as there is asymmetry between left-handed and
right-handed fields. The fields transform under SU(3)c ⊗ SU(2)L ⊗ U(1)Y
as Table 2.2.4 shows.

In the Standard Model only the local symmetries are imposed. The
global symmetries of the Standard Model are accidental : baryon number
B and lepton flavour numbers Le, Lµ and Lτ . It is useful to define the
total lepton number

L = Le + Lµ + Lτ . (2.55)

Accidental means that the symmetries are not imposed on the Lagrangian.
The accidental symmetries are there due to the field content of the Stan-
dard Model and by the requirement of renormalizability. In summary, the
following accidental global symmetry arises (at the perturbative level) in
the Standard Model:

U(1)B ⊗ U(1)e ⊗ U(1)µ ⊗ U(1)τ , (2.56)

where B notes the baryon number and e, µ and τ the lepton numbers.
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The SM has 19 arbitrary parameters. Only experimental data deter-
mine the value of the parameters. There are three arbitrary gauge cou-
plings: g1, g2 and g3, where g1 and g2 are the SU(2)L and U(1)Y couplings
and g3 is the SU(3)c coupling. In addition, there are 9 Yukawa parameters
associated with the 9 charged fermion masses, and 4 mixing angles in the
quark CKM matrix. Two parameters, υ and λ, are connected directly to
the Higgs potential, the first is the Higgs vev and the second is its quartic
self-coupling. Also, a free QCD parameter θ exists.

As mentioned the neutrinos remain massless in the Standard Model.
However, experimental data from the oscillation experiments provide con-
vincing evidence for neutrino masses. Thus, we urgently need a theory
beyond the Standard Model. If neutrino is a Dirac particle then 7 free
parameters are needed to describe the oscillation data: 3 masses, 3 mixing
angles and one CP phase for the MNS mixing matrix. If neutrino is a Ma-

jorana particle then two more parameters are needed: 2 additional phases
should be included in the MNS matrix. We will deal with the neutrino sec-
tor more carefully in the next chapters as it is a topic beyond the Standard
Model.

The Standard Model cannot give answers for a number of questions,
some of which are following:

• Why is the local gauge interaction group SU(3)c ⊗ SU(2)L ⊗ U(1)Y
(and thus there are three couplings)?

• Why are there three generations of fermions?

• What is the origin of the mass spectrum of fermions?

• Why is electric charge quantized as it is presented in the quark and
lepton sector of the Standard Model?

• What is the mechanism to protect the Higgs boson mass against the
quadratically divergent contributions from very high energy physics?

A bunch of experimental effects disturbs the picture of the Standard
Model. One is the mechanism of neutrino mass which need an urgent
solution. In the next chapter we will describe some experimental problems
in more detail.
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2.3 Standard Model of cosmology

2.3.1 Motivations

The standard framework of cosmology is based on four main assumptions
based on strong observational and experimental evidences.

1. The Universe is nonstatic and it is expanding in the current epoch of
its history.

2. The cosmological principle postulates that the Universe appears to
be homogeneous and isotropic on large scales. Mathematically, the
geometry of our Universe is described by the Friedmann-Robertson-
Walker (FRW) line element.

3. Cosmological objects are moving along timelike geodesics that do not
intersect except at a singular point in the finite or infinite past or
future. Mathematically, the matter content of the Universe can be
described as ideal fluid.

4. The theory of general relativity describes of the dynamics of the Uni-
verse.

Thus we need four components to build a cosmological model: the metrica
of the Universe (e.g. FRW metrics), the equation describing the dynamics
of the Universe (e.g. the general relativity), the inital conditions for the
dynamics (e.g. the Big Bang) and the equation of state of matter (e.g.
ideal fluid).

The astronomical observations suggest that our Universe is expand-
ing. The dependence between cosmological distance and velocity of the
expansion, Hubble’s law, was first formulated by Edwin Hubble and Milton
Humason in 1929 after nearly a decade of observations [19]. Specifically,
the law states that velocity of the expansion is proportional to distance.
The formulation of the Hubble’s law is very simple

v = H0D = H(t0)D, (2.57)

where v is the cosmological velocity of the object (measured by the redshift
of the object), H0 is the Hubble constant, H(t) is the Hubble parameter
in time, t0 marks the present time epoch and D is the distance between
us and the distant object in the approximated rest frames. Typically, v
is measured in km/s and D in Mpc. In cosmology and astronomy it is
more convenient to think in the terms related to the Doppler effect of
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electromagnetic radiation. In the expanding Universe it means redshift,
usually marked as z. In the unrelativistic case the redshift is the following

z =
νemit − νobs

νobs
≃ v12

c
, (2.58)

where νemit is the frequency of the emitted light, νobs is the observed fre-
quency, v12 difference of the velocity between the observer and the emitter
and c marks the speed of light (we write it out here for clarity). For the gen-
eral case in cosmological scale the value of redshift z follows from the metric
of the Universe, which we will define below, and the condition of light-like
signal, ds2 = 0, where ds is space-time interval. The current value of H0 is
71+1

−2
km

s Mpc combined from the data of cosmic microwave background radia-

tion (CMB) measured by the WMAP3 project and the observations of the
Supernova Legacy Survey (SNLS) [20].

If we simply reverse the expansion of the Universe we notice that it
should start some time ago from the violent explosion-like event called the
Big Bang. Gamow and his collaborators proposed a possibility that the
abundances of the elements had a cosmological origin in the 1940s [21].
The initial distribution of the elements was fixed in the early stage of the
Universe when it was very hot and dense, enough to allow for the nucle-
osynthesis processing of hydrogen to heavier elements. The process of the
nucleosynthesis is called the Big Bang Nucleosynthesis (BBN). Also, as the
Universe was cooling down, there had to be a moment when ionized plasma
(nuclei and electrons) recombined to neutral gas and the gas content be-
came to be transparent for radiation. The recombination left a magnificent
data signature for us: it was recorded in CMB mentioned above. In other
words, CMB is the last snapshot of the surface of recombining plasma at
the recombination temperature, T ∼= 103. Due to the high redshift of the
surface, z = 1100, the radiation temperature is only T = 2.725 ± 0.002
K nowadays [22]. Also, the early state processes of the Universe have left
some other marks in the current epoch of the Universe. We will describe it
in the following paragraphs and subsections.

The cosmological principle, which means homogeneity and isotropy of
the Universe, is based on numerous different cosmological observations.
Mainly, the assumption follows from three sets of the observation counted
below.

• The observed expansion of the Universe (the Hubble’s law) does not
depend on the direction and distance. The property has been verified
with high precision.
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• Homogeneity of the Universe follows from BBN at the very high level
of accuracy. BBN was highly sensitive to temperature and other con-
ditions in the early Universe. The theory of nucleosynthesis predicts
the relative abundance of the elements with approximately 75% of hy-
drogen, 24% of helium and a small fraction of some light elements such
as deuterium, helium and lithium. The equality of the consentrations
everywhere in the observed Universe is confirmed by observations at
very high accuracy.

• Isotropy of the Universe follows most accurately from CMB. The root
mean square of the isotropy fluctuations is at a very low level, at
temperature T = 1.8 · 10−5 K [22].

This list is clearly not exhaustive. Far too many nice reviews and textbooks
are dedicated to the topic to list them here. For example, in the context of
particle physics a short and up-to-date review is given regularly by Particle
Data Group [11].

2.3.2 Dynamics of the Universe

The observed homogeneity and isotropy enable us to describe the overall
geometry and evolution in terms of two cosmological parameters accounting
for the spatial curvature and the overall expansion (or contraction) of the
Universe. The quantities appear in the most general expression for a space-
time metric, known as the FRW metric,

ds2 = dt2 −R2(t)

[

dr2

1 − kr2
+ r2

(

dθ2 + sin2 θdϕ2
)

]

. (2.59)

The curvature parameter k can be chosen to be discrete number by scaling
the radial coordinate r and it can have the values −1, 0 and 1. R(t) is
the cosmological scale factor which determines proper distances in terms
of the co-moving coordinates. We notice that the metric has a maximally
symmetric 3D subspace of a 4D space-time. The curvature parameter k
determines the spatial geometry of the Universe: k = −1 corresponds to
hyperbolic, k = 0 to Euclidean and k = 1 to spherical geometry.

Sometimes it is convenient to define a dimensionless scale factor,

a(t) =
R(t)

R0
, (2.60)
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where R0 = R(t0) is the scale factor at the present epoch t0. Also, we can
define conformal time

dη =
dt

a(t)
. (2.61)

Now we can calculate the relation between the redshift z and the scale
factor R(t). The redshift is defined as z ≡ (Λobs −Λemit)/Λemit, where Λobs

is the observed wavelength and Λemit is the emitted wavelength. In the
expansion,

Λemit =
R(t)

R0
Λobs, (2.62)

and therefore

z =
R2

R1
− 1. (2.63)

The large scale dynamics of the Universe is described by the general rel-
ativity. The total action is composed of the gravitational Einstein-Hilbert
action IEH and the matter action IM,

Itot = IEH + IM =

∫

d4x
√−g

(

R

16πGN
− Λ

8πGN
+ LM

)

, (2.64)

where g = det(λµν) is the determinant of a spacetime Lorentz metric λµν ,
R is the Ricci scalar, Λ is cosmological constant, GN is the Newtonian
gravitation constant and LM is the Lagrangian of matter. We have freedom
to associate the cosmological constant Λ either with the gravitational action
or the matter action as we have no experimental evidence for the mechanism
behind the constant. The Einstein equations derived from the total action
are

Rµν − 1

2
gµνR = 8πGNTµν − gµνΛ, (2.65)

where we have added the cosmological constant to the matter side of the
equation.

If the FRW line element (2.59) describes the geometry of the Universe
and the ideal (isotropic and homogeneous) fluid describes matter content
of the Universe,

Tµν = pgµν + (p + ρ)uµuν , (2.66)

the general Einstein equations reduce to ordinary differential equations.
In the equation, p is isotropic pressure, ρ is the total energy density and
u = (1, 0, 0, 0) is the 4-velocity for the isotropic fluid in co-moving coordi-
nates. The Friedmann-Lemaitre equations (FL) present the solution of the
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differential equations in the case of the perfect fluid source,

(

Ṙ

R

)2

=
8πGN

3
ρ− k

R2
+

1

3
Λ, (2.67)

and now
R̈

R
=

Λ

3
− 4πGN

3
(ρ− 3p), (2.68)

where the Hubble parameter H(t) ≡ Ṙ/R. We can use the equations (2.67)
and (2.68) or the conservation of the energy-momentum T µν

;µ = 0 to develop
a very convenient relation

ρ̇ = 3H(t)(ρ+ p). (2.69)

Eq. (2.67) shows that the behavior of the Universe is determined by the
curvature constant k. Also, we can derive a simple equation for the time
development of the density

ρ = ρ0a
−3(w+1), (2.70)

where the constant w connects the pressure and density of the ideal fluid,
p = wρ. Some of the most important values of w are classified as the
following cases:

• radiation (relativistic matter):

w = 1/3 ⇒ p =
1

3
ρ⇒ ρ = ρ0a

−4, (2.71)

• ideal dust (pressureless perfect fluid):

w = 0 ⇒ p = 0 ⇒ ρ = ρ0a
−3, (2.72)

• stiff fluid (very viscous fluid):

w = 1 ⇒ p = ρ⇒ ρ = ρ0a
−6, (2.73)

• “cosmological constant” connected to the matter content, e.g. see Eq.
(2.65):

w = −1 ⇒ p = −ρ⇒ ρ = ρ0 = const. (2.74)
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It is useful and comfortable to define several other measurable cosmo-
logical parameters. The scaled Hubble parameter h is defined by

H ≡ 100h km s−1 Mpc−1, (2.75)

and the reversed Hubble parameter which is connected to the age of the
Universe and its causal radius

H−1 = 9.78h−1 Gyr = 2998h−1 Mpc. (2.76)

One can define the critical density ρc from the equation (2.67) such that
k = 0 and Λ = 0

ρc =
3H2

8πGN
= 1.88 · 10−26h2 kg m−3 = 1.05 · 10−5h2 GeV cm−3. (2.77)

For example, let us calculate the critical density ρc in the terms of the
proton mass. The mass of proton is ∼1 GeV, so the critical density is in
the magnitude of 10 protons (or hydrogen atoms) per cubic meter.

Also, it is very useful define the cosmological density parameter by

Ωtot = ρtot/ρc, (2.78)

where ρtot = ρ + ρΛ is the density of the Universe. One can reformulate
the Friedmann equation (2.67)

k

R2
= H2(Ωtot − 1). (2.79)

It is very useful to divide the total density into some “subdensities”
with different behavior in time. For example, one can separate the density
of ideal dust Ωmat, the density of radiation Ωrad and the density of vacuum
ΩΛ = Λ/3H2 related to the cosmological constant Λ. So, the Fridmann
equation can be presented by

k

R2
0

= H2(t)(Ωmat(t) + Ωrad(t) + ΩΛ(t) − 1). (2.80)

The different behavior of the subcomponents will be discussed in detail in
Subsection 2.3.4.

As mentioned, the curvature k determines the geometry of the Universe.
The defined density parameter Ωtot is clearly related to k. The relation can
be summarized in three cases:
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• Ωtot < 1 ⇔ k = −1, the Universe is open (or it has compact hyper-
bolic geometry),

• Ωtot > 1 ⇔ k = 1, the Universe is closed,

• Ωtot = 1 ⇔ k = 0, the Universe is flat.

If we imagine possible values of the unstable density parameter Ω then
the case Ω = 1 ⇔ k = 0 seems to be very fine-tuned. Thus it was a big
puzzlement for physicists when the observations showed that the value of
k is very close to zero. We will deal with the problem in the subsections
below.

We know the time development of the density from Eq. (2.71-2.74).
Is it possible to develop the time evolution of the R(t)? If we neglect the
curvature k and cosmological constant Λ terms in the Friedmann equation
2.67, it is easy to integrate the equation to obtain the time evolution of
R(t),

R(t) ∝ t
2

3(1+w) . (2.81)

In principle, it is possible to distinguish between three important special
cases of the matter action of the Universe. They are radiation-dominated,
matter-dominated and vacuum-dominated Universe. We will write out the
evaluation equations of R(t) and analyze them case by case below. The
curvature paramater has been taken to be zero, k = 0.

• Radiation-dominated Universe, w = 1/3,

ρ ∝ R−4, R ∝ t1/2, H ∝ 8

9
t−1. (2.82)

In the early epoch the Universe was very hot, at the energy far above
the mass of the known particle species. It means that the content
was clearly relativistic. So, the development of the scale factor was
radiation driven.

• Matter-dominated Universe, w = 0,

ρ ∝ R−3, R ∝ t2/3, H ∝ 2

3
t−1. (2.83)

At relatively late times when the Universe has cooled at the energy
far below the mass of the heavy stable particles, non-relativistic mat-
ter eventually has started to dominate over radiation in the energy
density.
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• Vacuum-dominated Universe, w = −1,

ρ = const, R ∝ e

q

Λ
3

t
, H ∝

√

Λ

3
= const. (2.84)

The vacuum energy driven evolution can dramatically influence the
history and future of the Universe. The exponent behavior of the
vacuum driven scalar factor can always “win” the power functions in
the cases of initial radiation and matter domination. Also, H = const
only if Λ = const in time.

In general, we have to pay attention to the fact that w is not a constant in
the history of the Universe.

Also, if we do not fix k at zero, then the vacuum dominated Universe
follows the de Sitter solution, corresponding to

a(t) ∼



























sinh

(

√

Λ
3 t

)

, k = −1,

e

q

Λ
3

t
, k = 0,

cosh

(

√

Λ
3 t

)

, k = 1.

(2.85)

2.3.3 Horizons of the Universe

If the age of the Universe is finite then the distance between causally con-
nected areas has a maximum finite value. For example, a photon can travel
only a finite distance in the current age of the Universe. As the propagation
of causality is limited by the velocity of light it is the maximum distance
that the causal signal can pass during the age of the Universe.

The called particle horizon dph = ηc, where c = 1 is the speed of light
and η is conformal time, determines the size of the region that an observer
can see in principle at a finite time t,

dph(t) =

∫ t

0

dt′

a(t′)
= R(t)

∫ t

0

dt′

R(t′)
. (2.86)

For example, if we consider a general case valid for radiation and matter
content,

R ∼ tq, 0 < q < 1, (2.87)

then the particle horizon is

dph =
q

1 − q
H−1 ∝ t. (2.88)
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Also, the event horizon delimits the part of the Universe from which we
can receive information. Let us suppose that the time history is limited by
tmax for events taking place at the moment t, then the event horizon is

deh(t) = R(t)

∫ tmax

t

dt′

R(t′)
. (2.89)

For the already mentioned case which is valid for radiation and matter
content, R ∼ tq, 0 < q < 1, there is no event horizon deh ∝ t → ∞ since
tmax → ∞. Interestingly, for vacuum driven case, R ∼ eHt, H = const,
the event horizon is a constant deh = H−1 and an observer can receive
information no farther away than H−1. Let us summarize it as follows:

• for the matter and radiation driven Universe:

deh → ∞ if t→ ∞, (2.90)

• for the vacuum driven Universe:

deh = const if t→ ∞. (2.91)

Physical distance L between two particles in an expanding Universe can
be written as

L = R(t)Lc, (2.92)

where the co-moving distance Lc is measured in co-moving coordinates and
it is constant in time in the case of freely moving particles. Also, we no-
tice that cosmological “particle” (freely) moving along geodesics was an
assumption of the cosmology mentioned above. If the distance L between
the particles is larger than horizon L > dph they are not causally connected.

2.3.4 Components of the Universe

The density of the Universe can be divided into different components fol-
lowing the dynamical behavior of them. We already presented some cases:

• radiation (relativistic matter), w = 1/3;

• ideal dust (pressureless perfect fluid), w = 0;

• “cosmological constant” connected to the matter content, w = −1.
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Thus, the total density Ωtot can be defined as the sum of three density
components Ωtot = Ωrad + Ωmat + ΩΛ.

The radiation density Ωrad is very small fraction of the total density
in the present Universe. However, some epochs of the early Universe were
totally radiation dominated.

The member Ωmat is rather complicated. A fraction of Ωmat can be
approximated as ideal dust. The dust approximation works only in very
large scale. For example, a cosmic gas cloud which has thermodynamical
pressure and temperature can not be approximated as ideal dust. Thus, the
matter density can include different components with different temperature
and pressure, only the extreme T = p = 0 is ideal dust.

Numerous different observations have shown that the matter density
Ωmat has at least two different subcomponents: the density of baryonic
matter Ωb and the density of cold dark matter ΩCDM. Baryonic matter
interacts strongly and thus it behaves as gas. CMB, the dynamics and
collisions of the galaxies show the existence of CDM. The temperature of
CDM has to be low to enables the growth of density fluctuations to form
stars and galaxies. In the context of particle physics it should consist of
very weakly interacting particles.

Also, Ωmat can have the component of hot dark matter (HDM). For
example, (relict) cosmological neutrinos from the early Universe can be
one component of HDM. Cosmological observations have shown that the
fraction of HDM is quite small in the total density.

In principle, the vacuum density ΩΛ can present a gravitation related
constant in the Einstein equations (2.65). However, the matter side of
the equation can contain a mysterious content of the Universe, the dark

energy (DE). It should be constant (or at least very close to constant) in
spatial and time scale. Also, as it has negative pressure, the stability of
DE is a question. DE may become dark matter when buffeted by baryonic
particles and it is described as a dynamical field. The type of field is referred
to as quintessence. In principle, quintessence can vary in spatial and time
scale. For example, to prevent instability it must have a very long Compton
wavelength, meaning it has to be very light.

2.3.5 The main cosmological parameters

The measurements of CMB by the WMAP project during the first year
(2003) of the experiment improved our cosmological knowledge signifi-
cantly [23]. By the end of third year of the WMAP experiment it had
gathered a magnificent dataset which makes it a most valuable scientific
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experiment in human history. Thus, all the following values of the cosmo-
logical parameters are based on the WMAP3 report [20]. Naturally, the
values have been improved by the results from the other experiments cited
below.

In the case of the flat universe, the combination of WMAP and the
Supernovae Legacy Survey (SNLS) data [24] yields a significant constraint
on the equation of state of the dark energy,

w = −0.97+0.07
−0.09. (2.93)

If we assume that w = −1 the deviations from the critical density, Ωk =
Ωtot − 1, are small. The combination of WMAP and the SNLS data imply

Ωk = −0.015+0.020
−0.016. (2.94)

The combination of WMAP three year data and the Hubble Space Tele-
scope (HST) Key Project [25] constraint on H0 implies

Ωk = −0.010+0.016
−0.009. (2.95)

The vacuum density from the same experiments is

ΩΛ = 0.72 ± 0.04. (2.96)

The combined result from WMAP and the Sloan Digital Sky Survey (SDSS)
luminous red galaxy (LRG) [26] survey gives the matter density

Ωmat = 0.267+0.018
−0.025. (2.97)

The same combination of the measurements gives the baryonic density

Ωb = 0.0444+0.0042
−0.0035 . (2.98)

If we fix flatness at k = 0 the combination of WMAP and other astro-
nomical data (large scale structure and supernova data) yield a constraint
on the neutrino masses (at 95% CL),

∑

mν < 0.68 eV. (2.99)

39



2.3.6 Problems of the Big Bang model

Problem of horizon, isotropy and homogeneity

We are able to evaluate the growth of particle horizon compared to the
growth of length scale R(t) quantitatively. Let d′ph(t0) mark the value
of dph(tr) measured at the current epoch t0, where tr is the time of the
recombination. The value of d′ph(t0) can be calculated using the equation
(2.92),

d′ph(tr) =
R(t0)

R(tr)
dph(tr). (2.100)

On the other hand the particle horizon of the current can be developed
from (2.88),

dph(t0) =
H(t0)

H(tr)
dph(tr). (2.101)

We are able now to write down the ratio of dph(t0) and d′ph(tr),

N =
dph(t0)

d′ph(tr)
=
H(t0)

H(tr)

R(tr)

R(t0)
=
Ṙ(tr)

Ṙ(t0)
, (2.102)

where we used the definition H(t) = R(t)/Ṙ(t). The value of R(tr) is fixed
as tr = const in the case. Now we can develop two different versions using
equations (2.82-2.84):

• Radiation and matter dominant Universe

R(t0) ∝ tq ⇒ Ṙ ∝ tq−1 ⇒ N ∝ 1

tq−1
∝ t1−q, (2.103)

where the matter and radiation state equations bound q as 0 < q < 1.
The last condition means that the exponent of t is positive, 1−q > 0,
and N is growing in time. So, in the matter or radiation dominated
Universe a causal region engages new and new areas which have not
had any causal contact before.

• Vacuum dominant Universe

R(t0) ∝ e

q

Λ
3

t ⇒ Ṙ ∝ Λ

3
e

q

Λ
3

t ⇒ N ∝ e
−

q

Λ
3

t
. (2.104)

The equation shows that N decreases in time in the vacuum dom-
inated Universe. So, in the vacuum dominated Universe the causal
regions fall apart into causally unconnected areas.
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If we follow the classical Big Bang model, the Universe was radiation
dominated in the early stages. Thus, the particle horizon compared to the
length scale developed as shown in the first case above:

N ∝ 1

tq−1
∝ t1−q, (2.105)

where 0 < q < 1. If the equation is valid throughout the history of the early
Universe, the question arises: how is a very homogeneous and isotropic Uni-
verse possible? For example, we can calculate the ratio N of the Universe
at the recombination time and nowadays. It is more convenient to use the
temperature scale for the history of the Universe instead of the time scale
of the history. We know the current temperature of the Universe very ac-
curately from the CMB measurements [20, 22]. Also, we can estimate the
temperature at the recombination as we know the physics of the recom-
bination well. The expansion of the Universe after the recombination is
matter dominated (q = 2/3) and it is an adiabatic process

T (t)a(t)γ ∝ S = const, (2.106)

where S is entropy and γ ∼= 1 is a constant related to the number of degrees
of freedom for matter. So, using the equations (2.106) and (2.83) we can
write

R(t0)

R(tr)
=
T (tr)

T (t0)
=

(

t0
tr

)
2
3

⇒ t0
tr

=

(

T (tr)

T (t0)

)
3
2

. (2.107)

If we set the ratio t0/tr to the expression (2.103) we get

N =

(

t0
tr

)
1
3

=

(

T (tr)

T (t0)

)
1
2

. (2.108)

Finally, using the known values of temperature, T (tr) ≈ 3000K and T (t0) ≈
2.7 K, we find the value of N

N =

(

3000

2.7

)
1
2

≈ 30, (2.109)

and the corresponding surface (N2) and volume elements (N3) are

N2 =
3000

2.7
≈ 103, (2.110)

N3 =

(

3000

2.7

) 3
2

≈ 105. (2.111)
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If we compare the values to the observation data of CMB, LSS and other
experiments we see that the observed Universe is very homogeneous and
isotropic. For example, as it is already mentioned above, the root mean
square of the isotropy fluctuations of CMB is very small, about ∆T =
1.8 · 10−5 K [22]. How are the homogeneity and isotropy possible as no
thermodynamical smoothing mechanism can work between the noncausal
regions? Might it be that a physical mechanism exists which produces a
very smooth Universe? It seems to be the opposite. Quantum fluctuations
which can “work” between the noncausal regions in the very early quantum
scale Universe can only produce inhomogeneities. Also, gravitation can only
magnify the inhomogeneities in the early stage.

During the 1970s the question puzzled and frustrated the cosmologists.
A paradigm change was needed to solve the question in 1980s, but it is a
topic of next subsection.

Problem of flatness

As it is shown above the density ρ and density parameter Ω = ρ/ρc evolve
in time. Let us reformulate the equation (2.79)

k

R2
= H2(Ωtot − 1), (2.112)

for the density Ω as
Ω − 1 = kṘ−2(t). (2.113)

We can take the time evolution of R(t) from the equations (2.82-2.84) for
the matter, radiation and vacuum dominated Universe:

• radiation dominated Universe

Ω − 1 = kṘ−2(t) ∝ t, (2.114)

• matter dominated Universe

Ω − 1 = kṘ−2(t) ∝ t
2
3 , (2.115)

• vacuum dominated Universe

Ω − 1 = kṘ−2(t) ∝ e
−2

q

Λ
3

t
, (2.116)
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In the two first cases Ω = 1 is an unstable stationary point. So, even a
small fluctuation of Ω = 1 causes a continuous departure from unit in time.
On the other hand, as it is marked above in Eq. (2.94) and Eq. (2.95) the
measurements show that Ω is very close to one. We have a serious problem:
the Universe is very advanced in years, approximately 1018 s, but Ω is very
close to one even nowadays. It means Ω had to be extremely fine-tuned in
the young Universe. For example, at the time of the nucleosynthesis, t ∼ 1
s, Ω had to be fine-tuned at the level of

|Ω − 1| . 10−17, (2.117)

to get the present value of Ω. If we go back to the Planck time, t ∼ 10−43,
the fine-tuning is enormous,

|Ω − 1| . 10−60. (2.118)

Problem of exotic relics

Particle physics predicts that many “exotic” particles/defects could have
been produced in the early hot Universe. There can be different mechanism
behind the production: phase transitions, topological effects etc. For ex-
ample, the GUT theories can propose monopoles, strings and other kind of
topological objects which have not yet been observed in Nature. The most
well-known of such particles is the magnetic monopole, a stable “knot” of
magnetic field. Monopoles are expected to be produced at high temper-
atures and they should have persisted to the present epoch [27]. On the
other hand, no experiments have found a magnetic monopole [11]. Also,
other mechanisms exist in the different models which could have produced
weird stable topological objects in the early hot Universe.

Other problems

The questions above puzzled the physicists from the birth of the Big Bang
model to the 80s. However, three questions above do not finish the list
of unsolved problems. Number of other problems arise in the Big Bang
model. The set of questions are connected with particle physics: what lies
behind CDM, the vacuum energy problem etc. As we do not know the
physics beyond the electroweak symmetry breaking scale it is difficult to
propose any answer. Also, one of the main question, the question of the
initial singularity, seems to vex the physicists constantly.
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2.3.7 Inflation and the ΛCDM model

In 1980 a paper with the title “The Inflationary Universe: A Possible
Solution to the Horizon and Flatness Problems” was published by Alan
Guth [28]. During the years that followed Andrei Linde, Andreas Albrecht
and Paul Steinhardt complemented the theory and gave the theory its mod-
ern form [29, 30]. The mechanism called inflation can solve the problems
of the horizon and flatness. Also, it can give a solution for undiscovered
exotic relics.

The main idea of the inflation could already be seen in the last sub-
section, where we described the problems of the Big Bang model, and it is
the vacuum dominated Universe. Let us check all the problems in the case
of the inflation: problem of horizon, isotropy and homogeneity, problem of
flatness, problem of exotic relics. Let us consider the horizon problem first.
We showed the parameter N increase in the case of matter or radiation

N ∝ tα, (2.119)

where α is 1 or 2/3 accordingly. So, any causal region engages new non-
causal areas in the matter and the radiation dominated Universe. On the
other hand, the only know possibility to explain homogeneity and isotropy
is to assume that the causal contact and smoothing have been there some-
how before the radiation or matter domination. However, if we study the
case of vacuum dominated development of the Universe we see that it can
be the solution! For the vacuum domination the parameter N is

N ∝ e
−

q

Λ
3

t
. (2.120)

So, N decreases exponentially, which means that the causally connected
regions before the inflation are spread out exponentially during the infla-
tion. After the inflation period when the radiation and then matter start
to dominate, we can see the smoothed (before the inflation period) regions
enter our visible Universe.

Now, let us check the flatness problem in the case of vacuum domination.
The density parameter Ω behaves exactly like needed,

Ω − 1 = kṘ−2(t) ∝ e
−2

q

Λ
3

t
, (2.121)

so the parameter is getting exponentially closer and closer to 1.
Finally, the exotic content problem works out as easily. As the scale

factor R increases exponentially during the inflation,

R(t) ∝ e

q

Λ
3

t
, (2.122)
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all the exotic particles and other phenomena, that originated from the
period before the inflation, are spread out. If the inflation is long enough,
the probability to observe any exotics becomes to very small. For example,
it is possible that accidentally, in our visible part of the Universe there is
one exotic particle present.

Thus, the solution seems to be rather simple. However, historically the
understanding of the mechanism needed a change in the paradigm. The
proposed cosmological constant in the side of gravitation in the Lagrangian,

Itot = IEH + IM =

∫

d4x
√
−g
(

R

16πGN
− Λ

8πGN
+ LM

)

, (2.123)

seemed artificial to physicists. Also, the constant in the matter side seemed
to be unnatural as the physical mechanism behind of the state equation
p = −ρ was not well understood.

2.3.8 ΛCDM as the standard model of cosmology

ΛCDM is the most widely accepted cosmological model nowadays. ΛCDM
is a Big Bang model which includes some additions. Let us count the most
important additions:

• The inflation to explain the flatness, homogeneity, isotropy and non-
observability of some exotic matter (magnetic monopoles etc).

• The model has the Λ term in the Einstein equations. The constant
allows the current accelerating expansion of the Universe. The cos-
mological constant can be described in term of ΩΛ, the fraction of
the critical density of cosmological constant. Currently, its value is
ΩΛ ≃ 0.74.

• The model includes CDM: cold, non-baryonic and collisionless matter.
This component makes up 0.22 of the critical density of the current
Universe. Baryonic matter makes up the remaining 0.04. Electrons,
photons, neutrinos and other light particles form a minor fraction of
the total density.

• The model assumes a nearly scale-invariant spectrum of primordial
perturbations.

• Also, the model assumes no observable topology, so the universe
should be much larger than the observable particle horizon. Two
last predictions are strongly connected to the primordial inflation.
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However, the ΛCDM model is far from being a complete model of the
Universe. The model says nothing about the fundamental physical origin of
dark matter, cosmological constant and the mechanism behind the inflation.
As we can see, all the questions listed are (or might be) strongly related to
particle physics. Most urgently, CDM is a clear missing building block in
particle physics and it clearly directs us beyond the Standard Model. Also,
dark energy can find an answer in particle physics. Particle physics behind
inflation is a mystery, but there are many suggestions, which are able to
connect it to SUSY models, for example.
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Chapter 3

Evidence of physics beyond

the Standard Model

3.1 Introduction

The present chapter is focused on the experimental effects not described
by the Standard Model of particle physics. We will list some most burn-
ing questions in experimental particle physics and observational cosmology
which do not fit in the Standard Model: matter-antimatter asymmetry in
the observed Universe, neutrino mass, cold dark matter candidates and
muon anomalous magnetic moment.

3.2 Matter-antimatter asymmetry

If we follow the beautiful idea of symmetric laws of Nature and an equilib-
rium state of the Universe then matter and anti-matter should be balanced
very accurately. The reason is obvious, if the Universe cools down at the
annihilation temperature of leptonic and baryonic matter then all mat-
ter should annihilate and the Universe should be filled mostly by photons
nowadays. However, we are lucky to exist, as in our Universe we can see
clear asymmetry, matter domination over anti-matter.

First, to measure the asymmetry we use the fact that background pho-
tons originate from the annihilation. We define a parameter of asymmetry :

η′ =
nB − nB̄

nγ
, (3.1)

where nB is the total number of baryons, nB̄ is the total number of an-
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tibaryons and nγ is the total number of photons. Equivalently, we can
use averaged spatial densities of baryons, antibaryons and photons. The
photon density can be measured from CBR in quite high accuracy.

Measuring baryonic density is much more tricky. First, we can measure
radiation from baryonic matter, for example, light from stars, X-rays from
cosmic gas clouds etc. Unfortunately, baryonic matter can easily remain
hidden to observation. For example, one can imagine small dark compact
objects (e.g. brown dwarfs, neutron stars, black holes) or ionized gas clouds
which can easily escape our observations. Fortunately, nowadays we have
reasonable theories about star and galaxy evolution and we can develop
some bounds for the amount of invisible baryonic matter. In addition, we
can develop some limits to combine gravitational lensing and other cos-
mological data to propose the amount of baryonic matter. To calculate
density of baryonic matter we have to average the observed baryonic mass
over the large volumes in megaparsec scale. It adds a new possible source
of error through the measurements of cosmological distances. However,
the astronomers have done great improvements in the methodology of the
measurements of cosmological distance. Alternatively, Big Bang nucleosyn-
thesis gives an accurate value of η′. So, in summary, the combined value of
η′ is 6.0965 ± 0.2055 at 68% CL [20].

As it is described in Chapter 2, photonic density is behaving in time
differently than baryonic density and the defined η′ is not constant in time.
It is more convenient to define a constant measure of the asymmetry, where
the density of entropy is used

η =
nB − nB̄

s
, (3.2)

s = α(T 3)nγ . (3.3)

The value of function α(T 3) is at 7.04 in the present Universe and the value
of asymmetry parameter is between 2.6 · 10−10 < η < 6.2 · 10−10 [20].

Can we create that asymmetry in a natural way in particle physics
and cosmology? First, to create the asymmetry from a supposed initial
condition of equilibrium (or at least very close to equilibrium), three so
called Sakharov conditions must be satisfied:

• CP- or P-symmetry violation,

• baryon number B violation,

• non-equilibrium processes in the cosmological history of the Universe.
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The period of the generation of baryonic matter is called baryogenesis.
We will analyze the conditions step by step below.

3.2.1 CP-violation

We described in Section 2.2 the C- and P-symmetries are violated maxi-
mally in the Nature. Physicists were surprised when in 1964, J. Cronin and
V. Fitch provided clear evidence in kaon decays that the combined sym-
metry of C and P, CP-symmetry, can be broken too. Unlike maximal P-
and C-violation, CP-violation is a very small effect in weak interaction pro-
cesses. The CP-violation measurements have shown that possible violation
phase is far too small in quark sector and clearly too small in weak sector to
explain the baryon-antibaryon asymmetry in the observed Universe. The
experimental results in lepton sector suggest that CP-violation phase can
be reasonably large in neutrino mixing matrix to guarantee sufficient value
of CP-violation through so called leptogenesis [31].

For a mathematical note, a theorem derives the preservation of CPT-
symmetry for all of physical phenomena assuming the correctness of basic
quantum laws. Specifically, the CPT theorem states that any Lorentz in-
variant local quantum field theory with a hermitian Hamiltonian must have
CPT-symmetry. The CPT theorem appeared in the work of J. Schwinger
in 1951 and later, more explicitly, in the work of G. Lüders and W. Pauli
and independently by J. S. Bell.

3.2.2 Baryon number violation

To follow the Sakharov conditions for baryogenesis, Nature has to violate
baryon number conservation. In the present stage of experimental particle
physics we have no evidence of particle interactions where baryon number
is strongly enought violated.

At first glance the property of B conservation is unnatural in the Stan-
dard Model. For example, in QCD of the Standard Model a term of B
violation is able to arise very naturally in the Lagrangian:

L = −1

4
trFµνF

µν − 1

32π2
nfg

2θFµνF̃
µν + ψ̄(iγµDµ −meiθ

′

γ5)ψ, (3.4)

where F is the gluon field tensor, g is the strong coupling constant and
ψ is the quark field. For a nonzero QCD θ-angle and the chiral quark
mass phase θ′ one expects the CP-symmetry to be violated. In the strong
sector the effect would be reasonably strong compared to the effect of weak
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interaction. Despite that no violation has been discovered in the strong
sector. The zero value of the phase is an example of fine-tuning. A solution
that has been proposed by Peccei and Quinn [32]. The solution proposes
θ as a dynamical field, the related symmetry is broken and a new scalar
particle arises called axion and it has a tiny mass due to breaking.

Alternatively to direct baryogenesis, a wide community of physicists
has accepted the idea that baryogenesis appears through leptogenesis [31].
Leptogenesis is based on the effects of neutrino physics and it offers a quite
minimal mechanism for the generation of asymmetry between leptons and
antileptons. The Standard Model is able to provide a mechanism to create
baryon asymmetry from lepton asymmetry above the energy scale of 1
TeV. Sphalerons, non-perturbative topological configurations of gauge fields
in the Standard Model can convert leptons into baryons and vice versa.
Therefore, baryon asymmetry can arise from lepton asymmetry through
sphaleron effects.

3.2.3 Non-equilibrium processes

The last Sakharov condition states that non-equilibrium processes are
needed to fortify the matter-antimatter asymmetry. As we know from cos-
mology, the Universe, at least most of time in its history, has been very
close to thermal equilibrium. For example, the spectrum of the CMB is the
most perfect blackbody spectrum available in Nature. It means that the
Universe had to be very close to thermal equilibrium in the recombination,
105 years after the Big Bang. Also, The BBN data provide evidence that
the Universe was very close to thermal equilibrium 2-3 minutes after the
Big Bang. On the other hand, a non-equilibrium stage is clearly needed for
baryogenesis.

Let us present a simple example which can easily carry out the core
of the main idea. One can suppose there exists a massive particle which
has two decay channels, one to fermion and boson and one to antifermion
and boson. The following diagrams represent the “chemical chain” of the
processes:

N
kb

⇋
kf

ℓ+ H̄, (3.5)

N
k̄b

⇋
k̄b

ℓ̄+H. (3.6)

Here k marks the reaction rate constants, kf is the forward reaction rate and
kb is the backward reaction rate. From the point of view of thermodynamics
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the reaction rate k can depend on some parameters: the cross-section of
the process σ, temperature T and the mass of decay products. So, for right
side components ℓ + H̄ or ℓ̄ + H, the back reaction rate is the function
kb = k(σb, T,mℓ,mH). The right side of the process is a particle decay,
therefore it is temperature independent, kb = k(σ).

A good simplification from chemical kinetics is

kb(σb, T,mℓ,mH) = a(σb) · b(T,mℓ,mH). (3.7)

The same simplification can be written for the forward process from the
particle N decay width

kf (σf ,mN ) = a(σf ) · f(mN ). (3.8)

From validity of the Lorentz and CPT symmetry follows for the cross-
sections σf = σb = σ and σ̄f = σ̄b = σ̄. As the environment is in ther-
modynamical equilibrium, T = const. Also, we expect that mℓ = mℓ̄ and
mY = mȲ . From CP-violation biased for matter follows σ > σ̄, which
means that for the reaction rates k > k̄.

Now, let us approximate the concentrations for ℓ and ℓ̃. We apply the
equation of chemical consentrations for the matter chain

[ℓ][H̄]

[N ]
=
kf

kb
=

σ · f(mN )

σ · b(T,mℓ,mH)
=

f(mN )

b(T,mℓ,mH)
(3.9)

and for the antimatter chain

[ℓ̄][H]

[N ]
=
k̄f

k̄b
=

σ̄ · f(mN

σ̄ · b(T,mℓ,mH)
=

f(mN)

b(T,mℓ,mH)
, (3.10)

where [i] marks the concentration of the corresponding particle type i. So,
on the current approximation level we see that the total number of matter
particles and antimatter particles are equal in the case of thermodynamical
equilibrium.

How can the asymmetry be provided if we do not violate Lorentz and
CPT symmetry? It can be done if we have a situation of thermodynamical
nonequilibrium. In cosmology it can be done when the expansion (and cool-
ing) of the Universe ruins thermodynamical equilibrium as it was described
in the last section of Chapter 2. The reaction rate which generates baryon
asymmetry must be less than the rate of expansion of the Universe. In this
situation the particles and their antiparticles are not able to achieve ther-
mal equilibrium due to rapid expansion which decreases the annihilation
rate of particle-antiparticle pairs.
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3.3 Neutrino mass

Until the 1990s the idea of massless neutrino was widely accepted in physics
community. Thus, in the Standard Model all the generations of neutrino
were included as massless fields. Despite that, already in the 60s the Home-
stake experiment had shown evidences of electron neutrino deficit in the
flow of solar neutrinos until the 70s. The problem puzzled the scientists
through many decades; it even had a name, the solar neutrino problem. As
the nuclear production of solar neutrinos depends very sensitively on the
core temperature of the Sun there was a window to vary some parameters
in the standard solar model. So, it was difficult to give the final answer for
the question of neutrino masses. However, the standard solar model and
oscillation experiments tighten the bounds for the neutrino masses year by
year.

In the 90s numerous neutrino experiments were started to study differ-
ent kind of neutrino processes:

• oscillation experiments: the new solar and atmospheric neutrino
experiments (GALLEX, HOMESTAKEIODINE, Kamiokande fol-
lowed by Super-Kamiokande, SAGE etc); the nuclear reactor neu-
trino (CHOOZ, KamLAND, Palo Verde etc) and accelerator neutrino
(K2K, LSND, NOMAD etc) experiments started,

• direct neutrino mass experiments: mainly β-decay electron energy
spectroscopy experiments,

• double β-decay experiments: germanium double β-decay experiments,

At same time the standard solar model had been tightened to the limit
where it was impossible to explain the lack of solar neutrinos by play-
ing with the parameters of the model. So, in the beginning of the new
millennium it was clear that there have to be neutrino oscillations. Nowa-
days a number of new experiments are starting focused on more specific
topics: mainly short- and long-baseline accelerator experiments to specify
oscillation parameters; more accurate direct mass and double β-decay ex-
periments and, finally, neutrino astronomy and geology experiments. The
last ones are demonstrations of a huge step in the experimental technology
in neutrino physics. Neutrino astronomy can open a new exiting window
studying supernova and probably core processes in the Galaxy. Some re-
views with long lists of neutrino experiments can be found from [33].

Adding massive fields for neutrinos to the basic framework is not com-
plicated. As neutrino is an uncharged particle there are two ways to add
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them to the model: through “standard” Dirac mechanism or through “non-
standard” Majorana mechanism. Probably, the beginning double β-decay
experiments can give answer about the neutrino type: is it the Dirac or
Majorana type. A detailed description will follow in the next chapter.

The idea of neutrino oscillations was proposed by Bruno Pontecorvo in
1957. The idea has an analogy with a phenomena observed in neutral kaon
systems. The quantitative theory was developed by Pontecorvo in 1967
and, one year later, when the solar neutrino deficit was first observed, it
was followed by the famous paper “Neutrino astronomy and lepton charge”
by Gribov and Pontecorvo published in 1969. Neutrino oscillation is a
simple quantum mechanical mechanism to explain flavor changes between
the particles with different flavor.

Neutrino oscillations are explained as a mismatch between the flavor
and mass eigenstates of neutrinos. In the case of neutrino with mass, there
are three (or more) neutrino mass eigenstates, νi, that are the analogues
of the charged-lepton mass eigenstates, ℓi. Let i denote pure mass states
and α below denote flavor states. If leptons mix, for example, the W boson
couples to a charged lepton and a neutrino can couple any charged-lepton
mass eigenstate ℓα to any neutrino mass eigenstate νi. Leptonic W+ decay
can yield a particular ℓα with any νi. The amplitude for the combination
ℓ+α + νi is U∗

αi. The relationship between the eigenstates is given by the
simple linear equation as

|να〉 =
∑

i

U∗
αi |νi〉 , (3.11)

|νi〉 =
∑

α

Uαi |να〉 . (3.12)

Uαi is the Maki-Nakagawa-Sakata or MNS matrix (also called lepton

mixing matrix ). In the quark sector the CKM matrix presents similar
mixing between flavor and mass eigenstates.

A simple plain-wave solution describes the propagation of the mass
states of a neutrino in free space

|νi(t)〉 = e−ip·x |νi(0)〉 , (3.13)

where t is the time interval from the start of the propagation, p = (E, ~p)
is the 4-momentum of the particle and x = (t, ~x) is the 4-coordinate from
the current position of the particle relative to its starting position. For
experimental neutrinos we may always use the ultrarelativistic limit |~p| =
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p≫ m. Dropping the phase factors and using a simplification t ∼ L, where
L is the travel distance, we approximate

|νi(Lt)〉 = e−i m2

2E
L |νi(L0)〉 . (3.14)

The approximation works well for the experimental cases. The typi-
cal experimentally “visible” region for neutrinos is above MeV energy, for
example

• nuclear (solar or reactor) neutrinos, in MeV scale

• accelerator neutrinos, up to TeV scale

• possible cosmical high energy neutrinos, up to PeV and EeV scale

In the region between keV to MeV no intensive sources of neutrinos are
known. Very low energy cosmological background neutrinos are unreach-
able for direct experimental studies nowadays. (Some indirect studies are
proposed, for example, the absorption line in the energetic neutrino flow
due to the background neutrinos at Z-resonance [34]. A longer analysis of
the different possibilities is presented in [35]). At the MeV scale neutrinos
have already clearly reached ultrarelativistic limit: if their mass is on the
order of 1 eV and energy is on the order of MeV then the Lorentz factor is
106 and our approximation should work well.

We see in Eq. (3.14) that the different mass states propagate at different
speeds. The transition probability να → νβ, where a neutrino with an initial
flavor α translates to a later observed flavor β, can be calculated from the
equation

Pα→β = | 〈να(L0)|νβ(Lt)〉 |2 =

∣

∣

∣

∣

∣

∑

i

U∗
αiUβie

−i m2

2E
L

∣

∣

∣

∣

∣

2

. (3.15)

If neutrinos travel through matter, their interactions can modify their prop-
agation and the equation above has to be modified. The interplay be-
tween neutrino transit oscillations and passable matter accounts for a par-
ticular flavor change behavior and it is known as the Mikheyev-Smirnov-
Wolfenstein (MSW) effect [36,37].

In the next step we are interested the structure of the MNS matrix.
First, what is the dimension of the matrix? It would be natural to propose
3×3 matrix as there are three flavor generations in the Nature. However,
in general there is no clear reason why more than 3 neutrinos cannot be
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presented in Nature. At the moment, the W and Z experiments have shown
that only three types of neutrino (which correspond to the three generations
in Nature) participate in the processes of weak interaction. So, if there are
additional neutrinos in Nature, they are sterile. Nowadays only a slight
experimental window exists for a possibility that a sterile mass eigenstate
(or eigenstates) is present [38]. As the sterile neutrino does not couple
through weak interaction it is reachable only in the oscillation experiments
and/or in the observable gravitational effect in cosmology. In the close
future the MiniBooNE and some proposed future experiments should give
a final enough answer to the question. In the next subsection we will present
a longer discussion for the number of neutrino types.

In the following discussions we will assume three flavor generations and
no sterile neutrino. Then the MNS matrix is a 3×3 unitary matrix. In
general parametrization of (Uαi) is up to us, but a convenient version is the
following:

(Uαi) =





c12c13 s12c13 s13e
−iδ

s12c23 − c12s23s13e
iδ c12c23 − s12s23s13e

iδ s23c13
s12s23 − c12c23s13e

iδ c12s23 − s12c23s13e
iδ c23c13



× UM ,

(3.16)
where UM is

UM = diag(e
1
2
iα1 , e

1
2
iα2 , 1). (3.17)

Historically, ν1 and ν2 are called the solar pair, where m1 > m2 and the
isolated mass state, ν3, is either lighter or heavier than the solar pair, m1 ∼
m2 ≪ m3 or m1 ∼ m2 ≫ m3. Figure 3.1 and 3.2 present the experimental
structure of the mass differences. cij = cos θij and sij = sin θij, where
θij are mixing angles and ij marks the combinations: 12, 23 and 13. The
parameters δ, α1 and α2 are CP violation phases. In the case of no CP
violation the parameters are zero. The α phases are presented only in case
of Majorana neutrinos; they are known as the Majorana phases. Together
with the three neutrino masses, in total there are seven flavor parameters
in the neutrino sector in the case of Dirac and nine parameters in the case
of Majorana. Apart from α, which has no quark analogues as quarks are
charged, the parametrization of the MNS matrix is identical to the quark
mixing matrix.

Having now parametrized the mixing matrix we could try to simplify
Eq. (3.15). Fortunately, in a typical experimental case it is sufficient to
approximate a 2×2 mixing matrix. For example, in the transition νµ → ντ

of atmospheric mixing the electron neutrino plays almost no role in this
case. It is also valid in the solar case of νe → νx, where νx is a superposition
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Figure 3.1: The probability range of finding the flavor α in the i-th mass
eigenstate. It is shown for the two different mass hierarchies if sin2 θ23
varies over its allowed range at the 90% C.L. The bottom of the bars is
for the minimum allowed value of sin2 θ23 = 1/3 and the top of the bars
is for the maximum value of sin2 θ23 = 2/3. The other mixing parameters
are held fixed, sin2 θ12 = 0.30, sin2 θ13 = 0.03 and δ = π/2. The figure is
adapted from [39].

state of νµ and ντ . Two incidents favor us: two of the mass states are very
close in mass compared to the third one (see Figure 3.1 and 3.2) and the
mixing angle θ13 is very small. The simplified probability is

Pα→β,α 6=β = sin2(2θ) sin2(
∆m2L

4E
), (3.18)

where the unitary U is parametrized as

U =

(

cos θ sin θ
− sin θ cos θ

)

. (3.19)

In the next subsections we will finalize the first story of neutrinos
with the experimental bounds of the physical neutrino properties. We will
present some following bounds in the state of year 2007: number of light
neutrino species and bounds of neutrino masses from different experiments
and observations.
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Figure 3.2: The probability range of finding the flavor α in the i-th mass
eigenstate if the CP-violating phase δ is varied. The minimum allowed value
of cos δ = −1 is shown in the bottom of the bars and the maximum value
of cos δ = 1 is shown in the top of the bars. The other mixing parameters
are held fixed, sin2 θ12 = 0.30, sin2 θ13 = 0.03 and sin2 θ23 = 0.50. The
maximum to minimum variation of the fractional flavor content of µ or τ
in mass eigenstates 1 or 2 is very close to sin θ13. The only non-sensitive
parameter in the picture is the sign of sin δ. The figure is adapted from [39].

3.3.1 Number of light neutrino species

The most precise measurements of the number of light weakly interactive
neutrino types come from studies of width of Z boson production at the
e+e− colliders. The data presented here originates from the collective re-
port of the ALEPH, DELPHI, L3, OPAL, SLD Collaborations, the LEP
Electroweak Working Group and the SLD Electroweak and Heavy Flavor
Groups from the summer of 2006 [40].

The lightness of neutrino is defined to be less than half of Z mass. The
number of light neutrino types, Nν , can be calculated from the total width
of Z, ΓZ ,

ΓZ = Γinv + Γhad +
∑

ℓ=e,µ,τ

Γℓ+ℓ− , (3.20)

57
15



where Γinv is the invisible width of Z, Γhad is the hadronic fraction of the
width and the last sum marks the fraction of charged leptons. The number
of light neutrino types comes from the partial widths

Γinv = NνΓνν̄ , (3.21)

where assuming only the Standard Model particles contribute in the invis-
ible width.

In practice the ratio Γinv/Γℓℓ is experimentally determined with higher
precision than Γinv. In addition, the Standard Model prediction of Γνν̄/Γℓℓ

is more independent from the unknown Standard Model parameters. So, in
order to reduce the model dependence, the more independent combination
can be used

Nν =
Γinv

Γℓℓ

Γℓℓ

Γνν̄
, (3.22)

where the Standard Model value of ΓℓℓΓνν̄ = 1.99125 ± 0.00083. The un-
certainty arises mostly from variation of the experimental uncertainty of
top quark mass, mt = 178.0± 4.3 GeV, and because of the unknown Higgs
mass, in the case the bonds 100 GeV < mH < 1000 GeV are assumed. The
value of Γinv/Γℓℓ = 5.943± 0.016. Here the lepton universality is assumed.
Finally, the according number of the neutrino types is

Nν = 2.9840 ± 0.0082. (3.23)

It is also possible that the number of massive neutrino states is larger
than the number of flavor neutrinos. At the moment the sterile neutrino
species can be observed only in the cosmological observations or oscilla-
tion experiments. The results of the Liquid Scintillator Neutrino Detector
(LSND) have shown some evidence of a sterile type neutrino [41]. LSND
measured the appearance of electron antineutrinos in a muon antineutrino
beam. The new MiniBooNE experiment is currently testing the results of
LSND [42]. In April 2007 the MiniBooNE collaboration published the first
results [38]. The analysis of the MiniBooNE collaboration is performed
within a two neutrino appearance-only νµ → νe oscillation model which
uses νµ events to constrain the predicted νe rate. Only than oscillations
between these two species have been observed and no effects of sterile neu-
trino have been found in the case. So, in this work, we will mainly consider
the three-neutrino case.

Also, the cosmological data predicts the number of neutrino species.
The main bound of the number comes from the relativistic degrees of free-
dom at the recombination and BBN. Both CMB and the abundance of pri-
mordial elements depends very sensitively on the relativistic energy density
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weff at the recombination and BBN. It is possible to write ωeff as a sum

ωrel = ωγ +Neff · ων , (3.24)

where ωγ is the energy density of photons, ων is the energy density of one
active neutrino species and Neff is the effective number of neutrino species.
Also we know from the last chapter that the density of radiation domination
epoch is

ρ =
π2

30
T 4

γ

[

2 + 2 × 7

8
Neff

(

Tν

Tγ

)4
]

, (3.25)

where Tγ and Tν are the photon and neutrino temperatures respectively.
From BBN the value of Neff

Neff = 3.1−1.2
+1.4, (3.26)

see e.g. [43]. Figure 3.3 presents some measurements of the He mass fraction
from BBN which is sensitive to Neff . However, we should be careful com-
paring Neff at the times of BBN and at times of CMB. For example, some
unknown (but relevant) systematics can affect current astrophysical deter-
minations of primordial elements (e.g. [43]). BBN at the energy ∼MeV and
the recombination at the energy ∼eV may have different unknown physical
“background” (for example, some decaying exotic particles etc). Thus the
energy density of relativistic species may easily change between the time
of BBN and the recombination. On the other hand BBN itself has strong
restrictions for exotic content.

The combined value of Neff from WMAP and other experiments in the
linear regime is

1.1 < Neff < 4.8 (95% C.L.) (3.27)

with a best-fit value of 2.6. Together with the data from smaller scales (the
Lyman-α forest) the value is

2.2 < Neff < 5.8 (95% C.L.) (3.28)

with 3.8 as the best fit. The upper shift appears due to the reason that the
Lyman-α data has some inconsistencies with that inferred from CMB. For
example, for longer discussion see [45].

Also, it is possible to predict directly from CMB and LSS measurements
the total mass of the neutrino mass states

Mν =
∑

i=1,2,...Nν

mνi, (3.29)
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Figure 3.3: Recent measurements of the He4 mass fraction Yp. The up-
per axis shows the corresponding number of neutrinos at BBN. The later
measurements of Yp have relaxed around N ≃ 3. The figure is adapted
from [44].

wheremνi is the mass of a neutrino mass state andNν is the total number of
the mass states. Hypothetically, if the mass of weakly interactive neutrinos
is directly measured more precisely than 0.1 eV it is possible to predict the
number of neutrino types (the standard cosmological model is assumed) [46,
47].

3.3.2 Neutrino mass bounds

Three possible hierarchies of the neutrino mass are allowed from the oscil-
lation measurements:

1. Normal hierarchy, m1 < m2 ≪ m3. From the oscillation data,
∆m2

23 ≡ m2
3 − m2

2 > 0 and m3 ≃
√

m2
23 ≃ 0.03 − 0.07 eV and the

solar neutrino oscillation involves the two lighter levels. The mass of
the lightest neutrino is unconstrained in this case. If we set m1 ≪ m2
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Figure 3.4: Three neutrino masses as a function of the lightest mass for the
normal (left plot) and inverted (right plot) hierarchy. We see that at 0.1
eV of the lightest mass the mass states degenerate. The figure is adapted
from [33].

then the value of m2 ≃ 0.008 eV.

2. Inverted hierarchy, m1 ≃ m2 ≫ m3 with m1 ≃ m2

√

m2
23 ≃ 0.03−0.07

eV. In this case, solar pair oscillation takes place between the heavier
levels and m2

23 ≡ m2
3 −m2

2 < 0. Thus we have no information about
m3 except that its value is much less than the other two neutrino
masses.

3. Degenerate neutrinos m1 ≃ m2 ≃ m3.

However, the oscillation data cannot give the absolute mass bounds.
Figure 3.4 shows the behavior of the absolute masses as a function of the
lightest mass. In the present tritium β-decay, neutrinoless double β-decay
and cosmology can give the best bounds of neurtino mass.

At the moment, the strongest upper bound on the neutrino mass scale
comes from cosmology [20,46]. The cosmological mass limits are based on
the implications of neutrino masses for clustering of matter, in particular
the fact that neutrinos can free-stream out of density perturbations and
impede structure formation on small scales if they are a significant fraction
of the dark matter. At the moment the upper bound combined from most
cosmological observations is

Mν =
∑

i

mνi < 1.43 eV, (3.30)
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where i counts the mass states of neutrinos [46–48]. Some authors have
proposed that the new weak lensing data can improve the mass bound as
∆mν ∼ 0.03 eV and the number of neutrinos Nν as ∆Nν ∼ 0.08 [49].

The cosmological neutrino mass limits involve several assumptions.
Naturally, the ΛCDM is assumed: the Friedmann-Robertson-Walker met-
rics of the Universe, general relativity describes the dynamics of the Uni-
verse, the primordial power spectrum of density perturbations is a scale-free
power-law and dark energy is a cosmological constant. Second, the upper
limit depends strongly on the combination of the cosmological data sets
used for analysis.

The direct upper bound for the mass of electron neutrino comes from
tritium β-decay experiments Mainz [50] and Troitsk [51]. It is presently

mβ ≤ 2.2 eV. (3.31)

The KATRIN experiment [52] proposes the sensitivity down to

mβ ≥ 0.2 eV. (3.32)

If the result is positive it clearly implies degenerate spectrum. On the other
hand a negative result would be a very useful constraint, especially when
it is combined with cosmological data.

The β-decay studies are sensitive to neutrino masses regardless of
whether the neutrinos are Dirac or Majorana particles. An additional sen-
sitive probe of the neutrino masses is a study of neutrinoless double beta
decay, a nuclear process

2Xn
m → 2Y n

m+1 + 2e− + 0ν̄e. (3.33)

The decay rate is potentially measurable only if neutrino is a Majorana
fermion. Also, mee =

∑

i U
2
i mei should be large enough [53, 54] and/or

there should exist any new lepton number violating interactions [55, 56].
The present best upper bounds on double β-decay lifetimes come from the
Heidelberg-Moscow [57] and the IGEX [58] experiments. The combined
upper limit [59] is

mββ ≤ 0.9 eV. (3.34)

However, if mββ is very small and there are new lepton number vio-
lating interactions then neutrinoless double beta decay will measure the
strength of the new interactions rather than neutrino mass. For example,
doubly charged Higgs fields or R-parity violating interactions can strongly
influence the value of mββ. Thus, we must be very careful to interpret a
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nonzero signal in double β-decay experiments. The positive results do not
automatically mean that a direct measurement of neutrino mass has been
made. To distinguish between the neutrino mass effect or a reflection of
new interactions we have to supplement double β-decay results with collider
searches for these new interactions. For example, LHC and double beta ex-
periments play complementary roles in the case. We will touch upon the
topic in some of the next chapters.

3.4 Cold dark matter

By definition dark matter is a component of gravitational matter that does
not emit or reflect electromagnetic radiation. A main candidate of dark
matter is a weakly interacting particle or particles. We can separate dark
matter into two components, cold dark matter (CDM) and hot dark mat-
ter (HDM). Also, we can define a component between them, warm dark
matter (WDM). Thus CDM is an unrelativistic component of dark matter
and HDM is a relativistic component of dark matter. HDM can redis-
tribute freely and it forms a quite homogeneous background for CDM. In
the early Universe, after the end of radiation domination epoche, the CDM
rich perturbations were the seeds of the density perturbations that began
to grow. Thus, the spatial distribution of CDM correlates strongy with
the spatial distribution of galaxies and superclusters of galaxies. On the
contrary, HDM sweeps away dense regions.

Thus we assume the existence of dark matter from the gravitational
effects of visible matter and from the distribution of fluctuations of CMB.
Alternatively, there is some effort to modify the theory of General Rela-
tivity or the Newtonian dynamics (e.g. the MOND models [60]), but as
dark matter plays different roles in the different spacial and time scales the
modified theories are rather complicated and unpopular. The CMB mea-
surement of WMAP3 shows that CDM involves 23% from the total density
of the Universe [20].

The most popular solution of the dark matter problem supposes that
it is composed of some weakly interactive particles. Alternatively, dwarf
and neutron stars or black holes are suggested as a candidate of CDM, but
it needs a rather strong review of star evolution theory. The heavy object
should behave as a small gravitational lens. Searches for such gravitational
lenses have shown that there is not enough of that kind of heavy objects
to form a significant component of CDM. So, weakly interactive particles
remain the main candidate for dark matter. For example, light neutrinos
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would be a candidate for HDM. CDM needs the existence of at least one
species of weakly interactive massive particle, WIMP.

Unfortunately, the Standard Model does not give any candidate for
CDM. The extensions of the Standard Model give many candidates. How-
ever, at the present stage there is no clear evidence for them in terrestrial
particle physics experiments. LHC and other future collider experiments
can provide some candidates for CDM (and rule out other). Also, there
are numerous experiments which are searching for CDM particles directly
from the Galactic background.

Cosmological observations do not give any direct mass or cross-section
bound for the candidate of CDM. We can develop some bounds from parti-
cle and statistical physics. The upper mass bound comes from the unitarity

condition. The condition is valid only in the case of thermal relics. For ex-
ample, massive particles produced from some possible phase transitions in
the early Universe can easily pass the condition. However, the unitarity
condition is based on the existence of a maximum annihilation cross sec-
tion σmax for a particle with the mass m. From σmax we can set the upper
bound for mass [61]. Nowadays, using the WMAP3 constraint on ΩDMh

2

the upper bound of the mass is

mDM < 34 TeV. (3.35)

Also, we notice here that the unitarity condition is not valid in the case of
a composite object.

We do not introduce all possible candidates for WIMP here. Let us
just mention that in some neutrino models the heavy neutrinos can be
the candidates for WIMP. For example, a nice review of all the possible
candidates in particle physics can be found in Ref. [62].

3.5 Muon anomalous magnetic moment

The magnetic moment ~M is given by

~M = g
q

2m
~S, (3.36)

where g is the dimensionless parameter called gyromagnetic ratio, q is the
charge, m is the mass and ~S is the spin of particle. In fact, we are interested
in the measurement of g. The gyromagnetic ratio g has been a challenging
characteristic of particles through the history of quantum physics. It is due
to two main reasons.
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First, it is possible to measure the ratio with high accuracy with a rather
small experimental setup. Naturally, the word small should be evaluated
carefully in the current context. It is smaller than high energy accelerators
and universal detector experiments.

Second, the gyromagnetic ratio has been a very sensitive parameter for
new physics to date. First of all, in semiclassical case the ratio should be 1.
The Dirac equation in quantum field theory predicts that the ratio is 2 and,
actually, it is very close to 2. Quantum loop effects cause a small calculable
deviation from g = 2, it is usually parametrized by the anomalous magnetic

moment

a =
g − 2

2
. (3.37)

Eq. (3.36) gives a hint which simplifies any g measurements signif-
icantly. There is no need to measure all the factors of the equation to
calculate g

g =
2m

q
· |
~M |
|~S|

. (3.38)

The fractional values on the right side are directly measurable with no need
for separation to the different terms. Even more, using cyclotron setup, one
can combine the parameters to the spin precession frequency equation and
to the cyclotron frequency equation. The frequency equations of a charged
particle moving in uniform constant magnetic field are:

ωs =
geB

2mc
− (1 − γ)

eB

mcγ
, (3.39)

ωc =
eB

mcγ
. (3.40)

Hence, the difference ωa = ωs − ωc is the precession frequency of a

ωa = ωs − ωc =
(g − 2)

2

eB

mc
= a

eB

mc
. (3.41)

However, the external electric field is not taken account, which has to be
considered in the case of cyclotron setup. It is possible to show that in
the case of the specially tuned experimental setup the term of electric field
vanishes.

The Standard Model prediction for aSM has three separated parts (see
Figure 3.5),

aSM = aQED + aEW + ahad. (3.42)
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Figure 3.5: Representative Feynman diagrams contributing to aµ. First
column represents the lowest-order diagram (upper) and the first order
QED correction (lower). The second column represents the lowest-order
hadronic contribution (upper) and the hadronic light-by-light scattering
(lower). The third column represents the weak interaction diagrams. Fi-
nally, the last column has the possible contributions beyond the Standard
Model, the lowest-order SUSY. The figure is adapted from [63]

The QED part aQED includes all photonic and leptonic loops. It has now
been computed through 4 loops and estimated at the 5-loop level [11,64,65].
The loop contributions involving heavy W±, Z and Higgs are collectively
labeled as aEW. The 2-loop contribution is important and the 3-loop lead-
ing logarithms are negligible [11]. The Higgs mass range is assumed to
be mH = 150+100

−40 GeV. Hadronic loop contributions ahad give rise to the
main theoretical uncertainties for aSM. The hadronic effects are not cal-
culable from perturbation theory, but probably the lattice QCD or some
other approaches propose a theoretical solution. Fortunately, the experi-
mental cross-section σ(e+e → hadrons) data give a leading order hadronic
vacuum polarization contribution [66]. In experimental case the errors are
dominated by experimental systematic uncertainties and QED radiative
corrections.

In summary, the best experimental value of aexp is given by the Muon
E821 Anomalous Magnetic Moment Measurement at BNL [67],

aexp = 11659208.0(6.3) × 10−10(0.54 ppm). (3.43)

The deviation between the experiment and theory is

∆aexp−SM ≡ aexp − aSM = (22.4 ± 10 to 26.1 ± 9.4) × 10−10. (3.44)
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Figure 3.6: Comparison of the results of muon anomalous magnetic moment
aµ measurements (aexp) and calculations (aSM). a is in units of 10−11.
The Standard Model predictions are taken from the studies: DEHZ [66],
HMNT [68], GJ [69], TY [70] and N [71]. The experimental value comes
from Ref. [67]. The figure is adapted from [11].

It has a significance of 2.2 to 2.7 standard deviations. Figure 3.6 shows
some theoretical predictions of aSM compared to the experimental value of
a.

Thus, at the present stage of experiment and theory we clearly need
a theoretical explanation for the deviation ∆aexp−SM. a is sensitive to
effects beyond the standard model such as additional gauge bosons, new
heavy particles, muon or gauge boson substructure, the existence of extra
dimensions etc. So, the deviation ∆aexp−SM can be a clear hint of physics
beyond the Standard Model.

Finally, for example, some last prediction of a and ∆aexp−SM together
with the excellent summary figures can be found from Ref. [72].
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Chapter 4

Neutrino physics beyond the

Standard Model

4.1 Introduction: theories beyond the Standard

Model

Before diving into the phenomenology of neutrinos we will briefly introduce
some theoretical frameworks beyond the Standard Model. They are related
to possible solutions to the neutrino mass problem. As it is impossible
to give an exhaustive overview here, we will point out some of the most
important properties in connection with neutrino physics. The reader is
referred to some more detailed reviews. Below we will review, Grand Unified

Theories (GUT) and Sypersymmetry (SUSY). We will end the section with
a short list of some other directions.

4.1.1 Grand Unified Theories

The Standard Model Lagrangian has 19 free parameters. First, from es-
thetic point of view we would like to reduce the number of free parameters
in any theory. Second, we would like to unite the lepton and quark sector
of the Standard Model. Third, it would be excellent to fit the accidental
symmetries to the new model as some new gauge symmetries. GUT is a
framework, which tries to satisfy all these conditions.

A possible solution for the Standard Model is to suppose that the known
gauge symmetry of the model, SU(3)c ⊗ SU(2)L ⊗ U(1)Y , is the result of
a symmetry breaking of a “bigger” group with a representation(s), which
is able to house all the fields of the Standard Model. Also, we can try
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to identify some new fields a GUT model predicts, for example the heavy
neutrino fields and/or some CDM candidates. The bigger group should
unite the three couplings of the Standard Model into one coupling.

The running of the Standard Model renormalization group equations
(RGE) supports the unification of the couplings, but the idea of the uni-
fication is not only a theoretical dream. Precision measurements, mainly
from the LEP experiments, support the idea of the unification. For exam-
ple, Figure 4.1 shows two different cases of the unification. The first one is
based only the Standard Model running of the couplings. The second panel
involves new SUSY particles to “correct” the RGE running.

Let us give a brief introduction of GUT which is summarized from [11,
73–76]. For example, Georgi-Glashow SU(5) is the simplest group which
is able to fit the symmetry groups of the Standard Model. Quarks and
leptons are divided into two irreducible representations, 10 = {Q,u, e}
and 5̄ = {d, L}. Three low energy gauge couplings are determined by two
independent parameters, αG and MG.

To break the electroweak symmetry SU(2)L ⊗ U(1)Y → U(1)Q at the
weak scale and give mass to quarks and leptons, we need Higgs doublets.
In addition, 3 states of color triplet Higgs scalar are needed. In summary,
it is possible to fit the Higgses into 5H or 5̄H. (As an excursion to the
next subsection we notice here that in the case of SUSY GUT both Higgs
multiplets 5H and 5̄H are required to cancel anomalies and give mass to
both up and down quarks.)

The couplings of the color triplets violate baryon and lepton number
which gives a chance to measure the effect experimentally. For the moment
the observations have not seen any nucleon decay due to the GUT, pushing
the mass of the color triplets to 1011 GeV.

However, in the case of SU(5) two irreducible representations are needed
to fit the quark and lepton sector. More complete unification can be done
in the symmetry group SO(10). Then we have just one universal gauge
coupling αG. Every family of quarks and leptons are fitted to the 16-
dimensional spinor representation 16 = {10 + 5̄ + 1}. The last singlet 1
is reserved for heavy neutrinos. The exact structure of the fields in the
representation can be found for example in Ref. [11].

There are many possibilities to break SO(10) to reach the Standard
Model. For example, two popular paths are

SO(10) → SU(5) ⊗ U(1)X (4.1)

and
SO(10) → SU(4)c ⊗ SU(2)L ⊗ SU(2)R. (4.2)
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Figure 4.1: Gauge coupling unification with a non-SUSY GUT on the left
side and a SUSY GUT (MSSM) on the right side. The parameter Q marks
the energy scale. The extrapolations are based on the LEP data as of
1991. The difference comes from the inclusion of supersymmetric partners
of Standard Model particles at scale of order 1 TeV. The present accurate
measurements of the three low energy couplings show a need for GUT scale
threshold corrections to fit the low energy data. The figure is adapted
from [77].

In the first case, we obtain Georgi-Glashow SU(5) if QED is given in terms
of SU(5) generators alone or the so-called flipped SU(5) if QED is partly
in U(1)X . In the latter case, we have the Pati-Salam symmetry, where the
QCD sector SU(3)c symmetry is supplemented by leptons as the fourth
color, so we have SU(4)c [78]. In general, there are more possibilities for
symmetry breaking available in SO(10), which means more breaking scales
and hence also more parameters. The need of gauge coplings unification
significantly reduces possible breaking schemes. For example, in the case
of breaking pattern SO(10) → SU(5) → SU(3)c ⊗ SU(2)L ⊗ U(1)Y with
the highest breaking scale ΛGUT, the predictions from gauge coupling uni-
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fication are preserved.
The Higgs multiplets in minimal SO(10) are in the fundamental 10H =

{5H, 5̄H} representation. Thus SO(10) separates the gauge symmetry of
quark and lepton multiplets from the Higgs multiplets. In principle, we have
a chance to take one more step and unite the matter and Higgs sector. Also,
in SO(10) the generations are separated. An extension might be unification
of the families.

In genereal, it is possible to choose a larger symmetry group than
SU(10), for example E6 or SU(6). A drawback of the larger symmetry
groups is the larger number fields which must be removed from the low
energy effective theory.

In summary, the GUTs are mainly proposed to answer the question
how is it possible to have a universal gauge coupling gGUT of a GUT from
three unequal gauge couplings (g3 6= g2 6= g1) of the Standard Model weak
scale. The effective field theory (EFT) gives a solution for GUTs. The
GUT symmetry is spontaneously broken at the scale ΛGUT and all non-SM
particles obtain masses of order MGUT. When one calculates the Green
functions with external energies E ≫MGUT one can neglect the mass of all
particles in the loop. Hence, all particles contribute to the renormalization
group running of the universal GUT gauge coupling. For E ≪ MGUT,
one can consider an effective field theory including only the states with
m < E ≪MGUT. The gauge symmetry of the EFT is the Standard model
SU(3)c ⊗ SU(2)L ⊗U(1)Y symmetry and we are able to renormalize three
gauge couplings independently. Finally, the physical fields of the EFT
include only the SM fields: 12 gauge bosons, 3 generations of quarks and
leptons and one or more Higgs doublets.

On the experimental side the constraints from the large neutrino oscil-
lation experiments (mainly by Super-Kamiokande) are sufficient to rule out
minimal SUSY SU(5), only nonminimal Higgs sectors in SU(5) or SO(10)
theories still survive [79–81]. Also, the nonminimal models are pushed close
to their theoretical limits. If SUSY GUTs are correct, nucleon decay should
be seen shortly in some soon to start experiments [75,79].

The described GUT ideas have many associations with the potential
extensions of the neutrino sector in the Standard Model. For example, the
GUT SU(10) representations can accommodate the heavy neutrinos. We
will deal with the connections between the neutrino sector and GUT in the
next section.
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4.1.2 Supersymmetry

SUSY for particle physics was proposed in 1973 by Julius Wess and Bruno
Zumino [82]. On the theoretical side the supersymmetric algebra had been
studied in the late 1960s by Golfand and Likhtman [83]. In particle physics
an initial idea behind SUSY was to find connections between fermion and
boson fields. The current subsection is referred from [73,77,81,84].

Later it has been discovered that SUSY seems to be able to solve a wide
set of problems in particle physics. Let us count a list of the proposed goals
of SUSY (naturally, some of the items listed below more or less overlap):

• SUSY provides symmetry between fermion and boson fields.

• In the SUSY models all the ultraviolet divergences related to the
generation of mass are automatically cancelled.

• In exact SUSY all field contributions to the vacuum energy vanish.

• SUSY GUT models can predict correct running of the couplings.

• SUSY provides a (the only) possibility to unite gravitation (spin-2
field) and the known spin-1 gauge fields into an united algebra (to be
more correct, superalgebra) within relativistic quantum field theory.

• SUSY (with R-parity) is able to provide some candidates of cold dark
matter.

• Finally, SUSY field(s) can be the source of the cosmological inflation.

Let us expand upon on some of the items below. First, we will give a
short introduction to some of the main principles of SUSY. Then we will
talk about the cancellation of the divergences and vacuum energy problem.
Also, we will describe the connections between SUSY and GUT. We will
finish with SUSY dark matter and inflation.

Fermion and boson (super)symmetry

Let us start with the first item above. We will mark the boson fields as b and
the fermion fields as f below. We know that fermion fields anticommute,
{f, f} = 0. Boson fields on the contrary, commute, [b, b] = 0. First, we
propose a SUSY transformation between fermion and boson fields,

δb = ε · f, (4.3)
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where ε is the infinitesimal transformation generator (from the Poincare
group). From that formal transformation (4.3) we see that ε anticommutes,

{ε, ε} = 0, (4.4)

which means automatically that all the generators of SUSY are anticom-
muting and therefore they are fermionic. Fermionic operator changes spin
in units 1/2 and therefore it always changes the type of statistics,

ε : Fermi-Dirac ↔ Bose-Einstein (4.5)

Also, the pure SUSY states exactly equal numbers of degrees of freedom
for fermions and bosons in the model.

Naturally, the first idea would be that the well-known bosons and
fermions of the Standard Model are superpartners. Unfortunately, if we
do some bookkeeping the bosonic content has 28 and the fermionic content
has 90 (or 96 with massive neutrinos) degrees of freedom in the Standard
Model. In addition, the Higgs field can not be a superpartner of the fermion
content, since it has nonzero vev. Thus we need to introduce the super-
partners for all the fields in the Standard Model. It can be shown that due
to the form of the superpotentials and chirality of the matter superfields at
least two complex chiral Higgs multiplets are needed to give masses to up
and down quarks.

Hierarchy problem and vacuum energy

Why are there wide mass gaps in Nature? This is a big unanswered question
in physics. A subexample of the question is the wide gap between the 102

GeV Higgs scale and the 1016 GeV GUT scale. If we add some new fields
above the Higgs scale as an extrapolation of the Standard Model it will
start to spoil up our physics at the lower scale. It is done by the quadratic
divergence of the Higgs radiative corrections from the heavy fields at the
higher scale. For example, Figure 4.1.2 shows the Feynman diagram which
is proportional to the mass squared of a (heavy) higher scale boson. A
possibility to save the Higgs is to cancel the bosonic correction with a
fermion correction.

SUSY is able to provide an excellent cancellation of all the quadratic
divergences. The reason is clear, every fermion or boson has a bosonic or
fermionic superpartner which cancels the divergences. Figure 4.1.2 shows
the compensating Feynman diagrams.
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Figure 4.2: Radiative correction to the Higgs boson mass. The new fields
between the electroweak and GUT scale as an extrapolation of the Standard
Model spoil up our physics at the lower scale due to the quadratic divergence
of the Higgs radiative corrections.
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Figure 4.3: SUSY is able to provide excellent cancellation of all the
quadratic divergences of the Higgs. Every fermion or boson has bosonic
or fermionic superpartner which respectively cancels the divergences.

Naturally, the exact cancellation takes place only in the case of unbroken
SUSY,

∑

N

m2
fermion −

∑

N

m2
boson = 0, (4.6)

where N is the order of the SUSY model. In the case of broken SUSY the
cancellation mechanism works up to the scale of SUSY breaking,

∑

N

m2
fermion −

∑

N

m2
boson = M2

SUSY, (4.7)

where M2
SUSY is the scale of SUSY breaking. If we suppose the Higgs boson

mass in the scale of 100 GeV and the Yukawa coupling is in the scale below
1 (but not very far from 1) then the SUSY breaking scale should we around
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1 TeV,
gMSUSY ∝MH . (4.8)

We mentioned above that in SUSY all the bosonic and fermionic field
contributions cancel each other and the vacuum energy should be exactly
zero. Unfortunately, in the case of SUSY breaking the value of the vacuum
energy is unclear again. It would be natural to suppose that the vacuum
energy is in the scale of the SUSY symmetry breaking, but as we can see
from Nature, it is not true. If the SUSY breaking scale is ΛSUSY ≃ 1 TeV
then the big gap between the real vacuum energy Λvac from cosmology and
from SUSY remains huge, ΛSUSY/Λvac ≃ 1043.

SUSY GUT

We know from experiments and theory that the couplings in the Standard
Model are running in energy. Figure 4.1 shows the actual predictions from a
simple GUT and a SUSY GUT. The present accurate measurements of three
low energy couplings show a need for the GUT scale threshold corrections
to fit the low energy data. The difference comes from the inclusion of
supersymmetric partners of standard model particles at the scales of SUSY
breaking, in order 1 TeV. We have to notice here that only a small set of
SUSY model with tuned parameters can yield the unification target. Even
a small change in the model can destroy the nice picture of unification. A
possible solution to avoid the strong sensitivity is to shift all the scalars
except the Standard Model Higgs up to a higher scale. It is done in Split

SUSY models [85,86].

Dark matter, inflation and dark energy from SUSY

In a simple SUSY model nothing prevents the decay of heavy SUSY par-
ticles into light Standard Model particles. To prevent the lightest SUSY
particle against its decay, the R-parity is proposed. The R-parity is a
discrete symmetry needed to leave at least one (lightest) SUSY particle
stable. This particle is called the lightest supersymmetric particle or LSP
for short. LSP can be a promising candidate of CDM. It should be heavy
and it couples only very weakly with the Standard Model content. In the
different SUSY models neutralino, gravitino or axino have been considered
as candidates of LSP (e.g., see Ref. [87–89]).

The different SUSY models are proposed for the mechanism of cosmo-
logical inflation, for example, using the decay of some SUSY scalar fields.
In general, it is rather problematic to get a sufficiently flat potential. The
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conventional point of view is to invoke a set of scalar fields and assume that
they arise from a deeper theory behind the model [84].

Some SUSY related models are proposed to solve the puzzle of the
cosmological constant. Naturally, in the case of the particle field models
the solution of the cosmological constant should stand on the matter side
of the Einstein equation. For example, it is possible to construct a time
dependent vacuum energy Λ(t) by the means of a scalar field (or a kind
of mixture of scalar fields), which has not relaxed to the minimum of its
potential. The quintessence represents a possible non-equilibrium approach
to the positive cosmological constant. However, the models have to be built
quite carefully as the cosmological observational data suggests w (p = wρ)
value very close to -1 [20, 84]. Typically, SUSY models for cosmological
constant are rather fine tuned as the SUSY scale is much higher than the
scale of cosmological constant.

The SUSY cosmology suffers from some general problems. For example,
the cosmological gravitino overproduction problem and the moduli prob-
lems if the reheating is done at the GUT scale, see e.g. [90]. However, split
SUSY models offer some solutions for the problem [85,86].

4.1.3 Other directions

SUSY and GUT have been proposed to solve the set of more or less fun-
damental restrictions of the Standard Model. Naturally, nowadays the list
of possible phenomenological and theoretical extensions of the Standard
Model is much longer. The models with composite scalars and extended
fermion content exist, e.g. technicolor and little Higgs models. There are
also models with extra dimensions on a slightly different track of develop-
ment. For example, the Kaluza-Klein theory is a subset of extra dimen-
sional theories. Some additional Higgsless models have been proposed, for
example, top quark condensate.

To lower the number of fundamental particles, the preon models have
been proposed. This schema has some similarities with the QCD sector in
the Standard Model. The Standard Model fundamentals are composed by
more fundamental particles, so called preons, like quarks compose hadrons.
Unfortunately, the preon models suffer due to some fundamental difficulties.
The preon models represent a mass paradox: how could fermions be made
of smaller particles that would have many orders of magnitude greater mass
arising from their enormous momenta.

Two successful theories of the 20th century, quantum mechanics and
general relativity, are yet to be unified. Several theories of quantum grav-
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ity have been proposed, quite apart from experiment and phenomenology.
For example, string theory, loop quantum gravity etc. The mentioned theo-
ries lack real connections with experiment/observations. They have several
mathematical problems that have trapped the models. The theory of su-
perstrings has serious trouble due to huge number of possible (but different)
vacua. No concrete idea has been proposed on how to overcome that. The
theory of loop quantum gravity has many open questions in physical in-
terpretations. For example, no clear path is known for how to interpret
quantized space-time in the theory.

Unfortunately, it is impossible to describe all the possible paths of de-
velopment here. In the current work we keep in mind only a subset (more-
or-less) phenomenological tracks.

4.2 Neutrino masses beyond the Standard Model

4.2.1 Neutrino mass: Dirac or Majorana mass term?

In the Standard Model the fields transform under the gauge symmetries and
the model is renormalizable. The gauge symmetries and renormalizability
allow only definite forms of mass term in the Standard Model Lagrangian.
An explicit fermion mass term would break the chiral SU(2) symmetry.
Thus the mass terms have to be generated dynamically by a scalar field
via the Higgs mechanism. Due to the renormalizability the maximal mass
dimension of a renormalizable term in the Lagrangian is four. The only
allowed scalar potential form of the scalar field is the Mexican hat potential.

In the Standard Model the following Yukawa mass term of a fermion
generation is presented,

LSM ⊃ −λlL̄LHeR − λdQ̄LHdR − λuQ̄LH̃uR − h.c., (4.9)

where LL and QL are the left-handed lepton and quark doublets and eR,
uR and dR are the right-handed lepton, up and down quark singlets. The
Higgs doublets H and H̃ are defined in Section 2.2.

The mass term (4.9) is called the Dirac mass term. The term is com-
posed of the left-handed and right-handed fields linked by the Higgs dou-
blet. After the EWSB the Dirac mass term acquires the usual form

LD = −mDΨ̄LΨR + h.c. = −mDΨ̄Ψ, (4.10)

where Ψ is a fermion field. The mass term for all the generations of the
charged leptons is

L ⊃ −mij ēLieRj + h.c., (4.11)
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where mij is the mass matrix of the charged leptons.
There is no mass term for neutrinos in the Lagrangian (4.9) as there

are no right-handed neutrino fields in the Standard Model. In Chapter 3
we reviewed the clear experimental evidences that at least two neutrino
species have to be massive. Thus we have to add the neutrino mass to the
model. What is our prospect to embed the neutrino mass into the model?

Let us start from scratch. The lowest nontrivial representation of the
Lorentz group allows to write the Lagrangian of a free spin 1/2 fermion in
the form

LM = −iρ†σµ∂µρ− i
m

2
ρTσ2ρ+ h.c., (4.12)

where σi are the Pauli matrices with i = 1, 2, 3, σ0 = I, ρ is 2-component
spinor and the Greek indices denote Lorentz four-indices.

The mass term is not invariant under the transformation of U(1) sym-
metry group,

ρ→ eiαρ, (4.13)

where α is any real number and eiα is the fundamental representation
of U(1) symmetry group. Thus, only neutrino can be described by Eq.
(4.12) in the fermion sector. The other particles of the Standard Model are
charged by the electromagnetic U(1) gauge. The simplest U(1) invariant
form of the Lagrangian is

LD = −i
∑

k

ρ†kσ
µ∂µρk − i

m

2

∑

k

ρT
k σ

2ρk + h.c., (4.14)

where k = 1, 2. The symmetry U(1) manifests itself as
(

ρ′1
ρ′2

)

=

(

cos θ sin θ
− sin θ cos θ

)(

ρ1

ρ2

)

. (4.15)

Thus, in the case of U(1) symmetry presented we need at least two 2-
component spinor fields.

If we define two new 2-spinors as

χ =
1√
2
(ρ2 + iρ1), (4.16)

φ =
1√
2
(ρ2 − iρ1), (4.17)

we are able to fit the two fields into a 4-component Dirac spinor,

ΨD =

(

χ
iσ2φ∗

)

. (4.18)
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We can write down the charge conjugation matrix that flips the fields χ
and φ in the Dirac spinor,

CΨD = C

(

χ
σ2φ∗

)

=

(

−σ2χ
φ∗

)

=

(

−σ2 0
0 σ2

)

ΨD = −γ0γ2ΨD,

(4.19)
and the charge conjugate spinor with the flipped components as

Ψc
D ≡ CΨ̄T =

(

φ
iσ2χ∗

)

. (4.20)

It is easy to show that if ρ1 6= ρ2 then Eq. (4.14) and the definitions
above present a Dirac mass term (4.10).

The 4-spinor is said to be a Majorana or self-conjugate spinor if

Ψ = CΨ̄T , (4.21)

which for 2-spinors means the condition φ = χ. The Dirac term reduces
to the form of Eq. (4.12) which is called a Majorana mass term. A more
familiar form of the Majorana mass is

LM ⊃ −m
2

ΨTCΨ − h.c., (4.22)

which is written in 4-spinors now.
Thus, if the neutrino mass term is not restricted by a U(1) it can be the

Majorana mass term. Interestingly, non-abelian symmetry does not force
a similar restriction on the mass term. The interactive particle fields under
non-abelian symmetry are represented as multiplets. The non-interacting
fields are represented as singlets and they do not communicate with multi-
plets: the gauge phases are compensated and the Lagrangian is covariant.

4.2.2 Sources of neutrino mass

In the Standard Model the Majorana mass (4.22) would correspond to the
only possible gauge invariant term

L ⊃ λijL̄
i
LHL̄

j
LH

EWSB−−−−→ mijν
T
LiCνLj, (4.23)

where νL is a left-handed neutrino field. However, as the dimension of the
operator is 3/2 + 1 + 3/2 + 1 = 5, one cannot introduce the term in the
Standard Model Lagrangian as it is not renormalizable. The term above
is the only possible gauge symmetric dimension five effective operator (for
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short, d = 5 operator below) presented in the Standard Model. It is a clear
hint that we have to extend the Standard Model for the neutrino sector.

However, before jumping to a possible extension of the Standard Model
let us carefully check all the known alternative mechanisms in the Standard
Model to generate the neutrino mass. There are only two known mecha-
nisms which we analyze below: (i) radiative mechanisms beyond the tree
level perturbations and (ii) non-perturbative mechanisms.

(i) The Standard Model has the exact lepton symmetry L after EWSB,
see e.g. Eq. (2.55). Therefore, it is impossible that the neutrino mass
term can arise in perturbation level. Thus if we conserve L, neutrino
remains massless in all orders of perturbation theory. However, let us
remind that any Majorana mass term of the neutrinos violates L.

(ii) In the electroweak sector the only known nonperturbative effect is the
weak instanton effect. Can the instanton break the lepton number
symmetry and somehow generate neutrino mass? It is possible to
show that the anomalies related to the instanton do not conserve the
lepton number L, but they conserve the B − L current, where B is
the baryon number. Thus, due to exact B − L conservation, neither
the nonperturbative effects nor radiative higher order effects can not
produce neutrino mass in the Standard Model. There is a “loophole”
because of gravitation discussed later.

Now we are armed by the knowledge of the restrictions of the mass terms
in the Standard Model. Let us think about a possible minimal extension
of the Standard Model to incorporate the neutrino masses. The first idea
would be to add right-handed neutrinos into the model and the well-known
Dirac mass term generates the mass of neutrino. In that case we find
that the Yukawa coupling in the Dirac mass term is unnaturally small.
Figure 4.4 presents the mass gap between the neutrino sector and the rest
of the fermions. The Yukawa coupling of neutrino is at least 10−6 times
lower than the Yukawa coupling of electron and 10−11 times lower than the
Yukawa of top quark. The problem is more or less esthetic as there is no
known physical restriction to a very small Yukawa coupling. In addition,
we can ask why there is only a Dirac mass term for neutrino if there is no
restriction to have the Majorana term for uncharged neutrinos (forgetting
the accidental L symmetry for a moment).

Another and more attractive path is to modify the Lagrangian with ef-

fective operators from an unknown theory from higher energy physics above
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Figure 4.4: Masses of other fundamental fermions compared to neu-
trino masses. Normal hierarchy has been assumed for neutrino masses,
mν1 < mν2 < mν3 . A rather high upper bound mνi

< 1 eV is used. The
hatched region indicates the mass difference between the largest neutrino
mass and the electron mass. The huge 106 times difference is a main puzzle
in neutrino physics. The figure is adapted from [91].

the Standard Model. From the framework of effective theories we know that
the low energy Lagrangian can have effective (nonrenormalizable) operators
from the higher energy sector of theory [92,93].

In the new effective theory the gauge group, the fermionic fields and the
pattern of spontaneous symmetry breaking remain valid. The predictions
of the Standard Model are modified by small effects that are proportional
to powers of E/ΛNP, where ΛNP is the energy scale of new physics. Thus,
if we take the limit ΛNP → ∞ we can integrate out all the effective (non-
renormalizable) terms.

The effective extension of the Standard Model Lagrangian can include a
tower of nonrenormalizable higher-dimensional operators. The Lagrangian
can be written as a series,

Leff = LSM +
1

ΛNP
Ld=5 +

1

Λ2
NP

Ld=6 + ... (4.24)

A general result of the effective theory is that the higher dimensional mem-
bers are composed by the fields of the Standard Model and their coefficients
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weighted by inverse powers of the high scale ΛNP. As it was mentioned,
only one form of the gauge invariant d = 5 operator is possible in the
Standard Model. The dimension six operators (for short, d = 6) are not so
restricted and an effective model can include 81 different operators (without
taking into account flavor indices). The observables, constructed from the
d = 6 operators are important in order to distinguish between the different
models experimentally, for example see Ref. [94,95].

As mentioned only allowed effective d = 5 operator by the Standard
Model gauges presents the Majorana mass term

L ⊃ λijL̄
i
LHL̄

j
LH

EWSB−−−−→Mijν
i
Lν

j
L. (4.25)

The term should be suppressed, thus the neutrino masses should be sup-
pressed. The accidental symmetries L and B −L are violated by the term
(4.25). In particular, the numbers are violated by two units. If we reformu-
late the Standard Model as a low energy effective theory of a higher energy
theory (e.g. at the GUT scale or the Planck scale) the suppressed term
(4.25) fits excellently into the new model. The Standard Model is a valid
approximation up to the scale ΛNP of the new higher energy physics. All
the effective terms are suppressed as

L ⊃ λij

ΛNP
L̄i

LHL̄
j
LH

EWSB−−−−→ λij
υ2

ΛNP
νi

Lν
j
L, (4.26)

and thus

Mij = λij
υ2

ΛNP
. (4.27)

In conclusion, as the neutrino masses are very small it would be tan-
talizing to use an effective theory for the neutrino sector. For building
the effective theory we should be looking for some higher scales in particle
physics. In particle physics one can suppose two possible scales above the
Standard Model: the Planck scale and the GUT scale.

Let us start with the Planck scale. The perturbative theory of gravity
conserves B − L based on general symmetry arguments. On the other
hand, the nonperturbative effects clearly violate the global L, B and B−L
symmetries. For example, well-know gravitational instantons like black

holes or worm holes do not respect L, B and B − L. We can drop many
leptons into a black hole, but we do not have any guarantee that the black
hole radiates back same amount of leptons in the Hawking black body
radiation.
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In the Standard Model, we can have effective gravitational terms (e.g.
related to gravitational instantons) that violate L and B [96,97]. The terms
are nonrenormalizable and they have general form of

Leff ⊃ L̄LHL̄LH. (4.28)

However, in the effective Standard Model the terms are suppressed by the
scale of gravitation, which means the Planck mass MPlanck. After EWSB
the term (4.28) acquires the form

Leff ⊃ υ2
EW

MPlanck
νLνL, (4.29)

where υ is the electroweak vev. The ratio of the mass scales is at order
υ2

EW/MPlanck = (2× 102)2/1019 ≃ 10−6 eV which should be many orders of
magnitude higher especially in order to satisfy the experimental bonds of
the atmospheric parameter ∆m2

atm.
The second well-known scale above the Standard Model is the GUT

scale. In the GUT models B − L is not violated. Thus perturbative nor
nonperturbative effects alone cannot be the source of the neutrino mass.
However, if we add some new (L violating) ingredients to the model it is
easy to construct an effective mass term in the same form as Eq. (4.29)
above

Leff ⊃ υ2
EW

MGUT
νLνL, (4.30)

where the Planck mass scale are replaced by the GUT mass scale. If the
typical GUT scale, MGUT ≃ 1015 GeV, then the ratio of the mass scales is
at order υ2

EW/MGUT = (2×102)2/1015 ≃ 10−2 eV. It is in good accordance
with the experimental neutrino masses.

From the arguments above the GUT seems to be a convenient source of
neutrino mass. Also, in the case of SO(10) unification the 16-dimensional
spinor representation 16 = {10 + 5̄ + 1} reserves the last singlet 1 for an
additional right-handed field, heavy neutrinos [11].

4.2.3 Different models of neutrino mass

An effective theory for the neutrino sector gives the most natural expla-
nation for the smallness of neutrino mass. It also allows Majorana mass
terms. However, in general we are interested to find a full theory beyond
the effective theory. Below we give a very short list of some full scale the-
ories. Naturally, there are many models proposed for the neutrino sector.
For example, Ref. [11,33] give some rather complete lists.
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Let us summarize some extensions of the Standard Model for neutrino
mass:

• We can add right-handed U(1)Y neutral singlet fields νR. Thus we are
able to construct the mass terms mDν̄LνR, mNν

T
LνL and mMν

T
RνR.

• We can include a scalar triplet ∆(1, 3, 1) [98–100]. We can write the
Majorana mass term m∆ν

T
LνL, where m∆ is related to the vev of the

triplet.

• We can include a vectorlike fermion ~Σ which is a triplet under SU(2)
to construct the mass term mΣΣ̄νL [101].

The described models separately offer a rather minimal extension of the
Standard Model. All the models can explain the tiny masses of neutrinos.
Also, the models can be integrated into some more general framework be-
yond the Standard Model. For example, the first one can be embedded into
the GUT framework, the second model can be associated with the Little
Higgs framework etc.

Before a more detailed review of the three models above we will intro-
duce some general properties of the mass matrix and mixing in the next
subsection. After that we will review the mass matrix and mixing in the
models presented above. Also, we will introduce the see-saw mechanism.

4.2.4 Mass matrix and mixing in the Standard Model

We know from experiment that the mass state of a fermion can be a linear
combination of the flavor states of the fermion. We may generalize the
Dirac mass term as

LD ⊃ (mD)ij(ψ̄L)i(ψR)j + h.c. (4.31)

In the Standard Model there are three generations of fermions and the
mixing is done between the different generations. Thus, the mixing matrix
(mD)ij is a 3×3 matrix. However, in general models it does not have to be
a square matrix.

For example, in the Standard Model the Cabibbo-Kobayashi-Maskawa
(CKM) matrix is a mixing matrix which specifies the mismatch of quantum
states of quarks when they propagate freely (Yukawa couplings) and when
they take part in weak interaction. In the Dirac mass term it has the form

LSM ⊃ −(Gd)ij(q̄L)iH(dR)j − (Gu)ij(q̄L)iH̃(uR)j − h.c., (4.32)
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where i, j = 1, 2, 3 count the generations, Gu and Gd are 3×3 matrices
of the Yukawa couplings and qL, uR and dR are the quark fields in the
electroweak basis. The matrices can be diagonalized by unitary matrices,

M2 = UGG†U †. (4.33)

Now, using the quark term in the charged current,

ū
(w)
L γµd

(w)
L = ū

(m)
L UuγµU

†
dd

(m)
L , (4.34)

where (w) marks the electroweak basis and (m) marks the mass basis, we
can define the CKM matrix as

V = UuU
†
d . (4.35)

In Chapter 3 we presented the MNS matrix in Eq. (3.16) which de-
scribes the similar mismatch in the neutrino sector as the CKM matrix in
the quark sector. As neutrinos are strictly massless in the Standard Model
the MNS matrix is a clear effect from new physics beyond the Standard
Model.

In the Standard Model the mixing of the charged leptons is rather dif-
ferent form the quark sector. In the Yukawa sector of the charged leptons,

LY ⊃ (me)ijL̄LieLj + h.c. (4.36)

The mass matrix (me)ij can be diagonalized by the biunitary transforma-
tions,

(mL)diag = U †
eLmeUlR = diag(me,mµ,mτ ), (4.37)

which appears in the charged current as

LCC =
υ

2
L̄Lγ

µU †
eLνLW

+
ν + h.c. (4.38)

Neutrinos are strictly massless in the Standard Model. Thus there is no
Yukawa mass terms for neutrinos which can restrict the redefinition of the
neutrino fields to eliminate UeL,

ν ′L = U †
eLνL. (4.39)

Also, the eliminated mixing guarantees the lepton number L conservation
for the every generation separately,

L = Le + Lµ + Lτ . (4.40)

Naturally, if we extend the Standard Model Lagrangian with a Yukawa
sector of neutrinos the redefinition of the neutrino fields in the charged
current sector influences the Yukawa sector or vice versa. In the next sub-
section we will analyze the lepton mass matrix and mixing in the concrete
neutrino related extensions of the Standard Model.
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4.2.5 See-saw scenarios

Now, we will give a short overview of three different minimal models of
the neutrino mass presented above: (i) right-handed singlet neutrinos, (ii)
scalar triplet and (iii) heavy vector-like fermions. All the models have been
extensively studied in neutrino physics. We will analyze the mass matrices
and mixing in the models. In the context of our work we focus mostly on
details of the models which are important for the futher story of leptogenesis
in the next chapter. Also, we will present the effective operators only up
to order d = 5.

Type I see-saw

Let us take a deeper look at the composition and the properties of mass
matrix. As we deal with the neutrino sector here it is more clear to start
with 2-spinors. We will add mass mixing into the Lagrangian (4.12). In
principle, we are able to mix any arbitrary number of Majorana neutrinos,
but for simplicity we assume here the mixing of two 2-spinors. Thus, the
mass matrix is a 2×2 matrix. The Lagrangian is

L = −
∑

i

ρ†iσ
µ∂µρi −

1

2

∑

i,j

Mijρ
T
i σ

2ρj + h.c., (4.41)

where i, j = 1, 2 and the mass matrix (Mij) is

(Mij) =

(

m1 m3

m3 m2

)

. (4.42)

From the Fermi-Dirac statistics the mass matrixMij has to be symmetric as
we can interchange the fermion fields in the mass term. We can diagonalize
the symmetric matrix using an orthogonal matrix. The eigenvalues of the
2×2 symmetric matrix are

m± =
1

2
[(m1 +m2) ±

√

4m2
3 + (m1 −m2)2]. (4.43)

The diagonalized matrix has the form

Mdiag = OMOT =

(

m+ 0
0 m−

)

, (4.44)

where O is an orthogonal diagonalizing matrix.
It is educating to look at some specific cases. Below we will deal with

neutrinos, so all spinor fields there are neutrino fields. Also, if any U(1)
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symmetry arises it cannot be electromagnetic charge symmetry as neutrinos
are electrically neutral.

(i) Dirac mass. Let us assume that m1 = m2 = 0 and m3 6= 0. Then the
eigenvalues of the matrix are ±m3 and the Lagrangian (4.41) acquires
the form of the Dirac mass term as in Eq. (4.14). Thus a pure
Dirac neutrino can be thought of as a composition of two Majorana
neutrinos with equal masses. The theory (see Eq. (4.14)) is invariant
under a U(1) symmetry. The opposite sign of the eigenvalues refers
to the C transformation, Ψc = CΨ, where the two 2-spinor fields of
Dirac neutrino have opposite charge conjugation properties, Q(ρ1) =
−Q(ρ2). As mentioned above the charge here is not electromagnetic.
For example, in the Standard Model it can be associated with the
accidental lepton number symmetry.

(ii) Pseudo-Dirac mass. The case of m1 ∼ m2 ≪ m3 is called pseudo-

Dirac. The neutrino is Majorana, but there is only a slight departure
from the Dirac case. The mass of neutrino is ±m + δ, where δ ≪
m. The 2-spinors are maximally mixed in this case. We remember
from Section 3.3 that the atmospheric neutrino data support maximal
mixing.

(iii) Majorana mass. In the case of m1 = 0 and m3 ≪ m2 the eigenval-
ues are

mν ≡ m− =
1

2
(m2 −

√

4m2
3 +m2

2) ≃ −m
2
3

m2
, (4.45)

Mν ≡ m+ =
1

2
(m2 +

√

4m2
3 +m2

2) ≃ m2. (4.46)

It is known as the seesaw mechanism. The source of the name is clear:
if Mν is getting bigger then mν is getting smaller and vice versa.

The last case needs a longer analysis as the conditions of the mass may
seem artificial. First, why m3 ≪ m2? In the Standard Model the field ν1

belongs to a SU(2)L doublet as a weakly interacting left-handed neutrino
field. The field ν2 is a SU(2)L singlet as the weakly non-interacting right-
handed neutrino field. Thus the only possible mass term which can include
m3ν

T
1 σ

2ν2 is
LSM ⊃ −λνL̄LH̃νR + h.c., (4.47)

where ν1 belongs to LL and ν2 is noted as νR. λν is limited by the weak scale
since it is generated by the electroweak Yukawa, we can say it is protected
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by SU(2)L ⊗ U(1)Y gauge. On the other hand, the mass term m2ν
T
2 σ

2ν2

is a pure Majorana mass term composed by the electorweak singlets. Thus
it is unprotected by the gauge. It is rather natural to suppose that m2 is
limited by some higher scale, for example by the GUT scale. In summary,
m3 ≪ m2 as the electroweak scale at 102 GeV is much lower than a typical
GUT scale, for example 1016 GeV.

The second statement, m1 = 0, means that there is no mass term
mLν

T
Lσ

2νL. In principle, there is a way to introduce that mass term, but
then we need a scalar triplet or a triplet of vectorlike fermions. However,
in a minimal model we do not like to mix different mechanisms of neutrino
mass. Thus in the current type I see-saw m1 = 0.

To generalize the case of two neutrinos to the three generations of the
neutrino field follows from the mass terms,

L ⊃ −(
1

2
νT

LCmLνL + ν̄LmDνR +
1

2
νT

RCMRνR + L̄LmeeR) + h.c.

= −(
1

2
nT

LCM∗nL + L̄LmeeR) + h.c.,

(4.48)

where mL, mD and MR are 3×3 matrices if we have the mixing of the three
generations. The 6 × 6 matrix M can be presented as the block matrix:

(Mij) =

(

mL mD

mD MR

)

, (4.49)

and nL = (νL, (νR)c). In the case of neutrinos all the submatrices are not
necessarily square N ×N matrices but they can be N ×M , where M 6= N .
The reason is that experiment gives us some freedom to choose the number
of sterile and heavy neutrinos. The properties pointed out in the analysis
of the two neutrino cases above remain valid for the case of 2N neutrinos.

Let us develop some exact forms of the mixing and mass matrix. As we
discussed above in the charged current interaction, the charged lepton fields
can be diagonalized in the weak basis. The relevant part of the Lagrangian
is presented then as

LCC =
υ

2
L̄Lγ

µνLW
+
ν + h.c. (4.50)

The charged current forces the left-handed fields to transform in the same
way,

L̄LU
†γµUνLW

+
ν → L̄Lγ

µνLW
+
ν ⇒ LL → ULL, νL → UνL. (4.51)
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The right-handed fields are independent,

eR → V eR, νR →WνR, (4.52)

since the right-handed fields do not participate in the charged current.
One can diagonalize the matrix M,

V TM∗V = D. (4.53)

where D is the diagonal matrix with the physical light and heavy Majorana
neutrino masses on the diagonal:

D = diag(m1,m2,m3,M1,M2,M3), (4.54)

where m is a mass of light neutrino and M is a mass of heavy neutrino. It
is convenient to separate the “light” and “heavy” blocks in the V and D
matrix:

V =

(

A B
C D

)

; D =

(

(mi) 0
0 (Mi)

)

. (4.55)

Now the equation (4.53) has the form
(

AT CT

BT DT

)(

0 mD

mT
D MR

)(

A B
C D

)

=

(

(mi) 0
0 (Mi)

)

. (4.56)

The weak and mass eigenstates of light and heavy neutrinos are related
as follows

ν
(w)
Li = Viαν

(m)
Lα = (A B)

(

νLi

NLi

)

, (4.57)

where i = 1, 2, 3 and α = 1, 2...6. Now the charged current of the leptons
can be written as

LCC = − g√
2
(L̄Liγ

µViανLα)W+
µ + h.c.

= − g√
2
(L̄Liγ

µAijνLj + L̄Liγ
µBijNLj)W

+
µ + h.c.

(4.58)

We do not expand the block matrix equations above here, but we sum-
marize some important approximations. As MR ≫ mD one can derive
approximations:

C† = −A†mDM
−1
R , (4.59)

which means that C is very suppressed and it is in the scale mD/MR. Also,
we can derive the approximate mass values of light neutrino sector,

(mi) = −A†mDM
−1
R mT

DA
∗. (4.60)
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The matrix A is effectively the neutrino mixing matrix or Maki-Nakagawa-
Sakata matrix, presented as UMNS in Chapter 3. The matrix A has devia-
tions from unitarity, but it is very suppressed, on the order of m2

D/M
2
R.

There is correspondence between the present general case and the sim-
plified case (4.42) above, mD ↔ m3 and MR ↔ m2. Using the approxima-
tion MR ≫ mD the generalized see-saw formula is in the form

meff ≃ −mDM
−1
R mT

D, (4.61)

where mD is the Dirac submatrix in the order of the electroweak scale and
MR is the submatrix of the right-handed neutrino fields in the order of the
GUT scale.

If we develop a full scale theory of neutrinos we are interested in the
connection between the low and high energy sector. For example, we can
derive a relation between the submatrix B which connects the light and
the submatrices of the heavy sector:

B = mDD
∗(Mi)

−1. (4.62)

The equation shows that the connection is very suppressed and it is of the
order of mD/MR.

Also, as it is described in Section 3.3 the mixing matrix has nine free
parameters. Three parameters from 12 parameters (6 complex parameters)
of the mixing matrix are absorbed by the phases of the complex neutrino
fields. One can be interested to connect the mixing parameters and the
neutrino mass observables. In general, the observables can be separated
into two classes.

(i) The observables accessible to neutrino oscillation experiments: two
mass differences (solar and atmospheric), three mixing angles and
the CP phase.

(ii) The observables non-accessible to oscillation experiments: the lightest
mass of three neutrinos and the two Majorana phases.

In conclusion, the type I see-saw is sometimes called as the most minimal
see-saw mechanism. Only a set of right-handed neutrino fields added to the
Standard Model Lagrangian. The leptonic Yukawa sector of the Lagrangian
has two new terms

LY ⊃ −
∑

ij

λe
ijL̄

i
LHe

j
R −

∑

ij

λN
ij L̄

i
LH̃N

j
R − 1

2
MN

ij N̄
i
R(N c

R)j + h.c., (4.63)
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where i, j = 1, 2, 3 are flavor indexes, NR denotes the right-handed neutrino
field, λ is the Yukawa coupling and MN

ij is the mass matrix of right-handed

neutrinos. The mass matrix MN
ij corresponds to the scale of new physics,

for example to the GUT scale.
After EWSB the d = 5 operator leads to the light neutrino mass in the

flavor basis,

mν = −υ
2

2
Y T

NM
−1
N YN . (4.64)

It is the same see-saw term that is presented in Eq. (4.61).

Type II see-saw

In the case of the type II see-saw the Standard Model content is extended
only by the addition of a SU(2) triplet of scalar fields with the hypercharge
2. It is usually denoted as

~∆ ≡ (∆1,∆2,∆3), (4.65)

which has the physical eigenstates

(∆++,∆+,∆0), (4.66)

where the physical states are given by

∆++ =
1√
2
(∆1 − i∆2), ∆+ = ∆3, ∆0 =

1√
2
(∆1 + i∆2). (4.67)

The minimal gauge invariant Lagrangian has the following Yukawa terms
for the lepton and the Higgs sector

LY ⊃ [ ¯̃LLλ∆(~σ · ~∆)LL + µ∆H̃
†(~σ · ~∆)†H + h.c.]

− [~∆†M2
∆
~∆ +

1

2
λ2(~∆

† · ~∆)2 + λ3(H
†H)(~∆†~∆)

+
λ4

2
(~∆†Tα~∆)2 + λ5(~∆

†Tα~∆)H†σαH],

(4.68)

where α = 1, 2, 3 is the SU(2) index and repeated indices in a member
mean summation.

From the Lagrangian above one d = 4 and one d = 5 operator emerges.
The d = 4 operator is

Ld=4 = 2
|µ∆|2
M2

∆

(H†H)2, (4.69)
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and the d = 5 operator leads to the mass term of the neutrino after EWSB,

mν = −2λ∆υ
2 µ∆

M2
∆

. (4.70)

It is a typical see-saw term. The term above has an important difference
from the mass term (4.64) of the type I see-saw, it depends on the Yukawa
coupling Y∆ only linearly. In this case, the left and right hand side have
the same number of parameters. It differs from the type I see-saw, where
there are 9 unphysical parameters. It can shed some experimental light to
the neutrino parameters in this case [95].

Type III see-saw

The last possibility considered, the type III see-saw, is the extension of the
Standard Model with a SU(2) triplet fermions with zero hypercharges. Let
us note the triplet as

~Σ ≡ (Σ1,Σ2,Σ3). (4.71)

The eigenstates of electric charge are given by

Σ± ≡ 1√
2
(Σ1 ∓ iΣ2), Σ0 ≡ Σ3. (4.72)

The triplet ~Σ is an adjoint representation of the SU(2) gauge group,
thus the Majorana mass term is automatically gauge invariant. The Yukawa
and mass terms in the Lagrangian are

L ⊃ −1

2
~̄ΣRMΣ

~Σc
R − ~̄ΣRλΣ(H̃†~σLL) − h.c. (4.73)

Three ~Σ components of SU(2) have identical Majorana mass terms. After
EWSB the terms induce Majorana neutrino masses for the left-handed
neutrino fields of the Standard Model via the exchange of ~Σ fermions. Thus,
the terms in the Lagrangian (4.73) generate a neutrino mass term

mν = −υ
2

2
λT

ΣM
−1
Σ λΣ. (4.74)

4.2.6 CP violation in and beyond the Standard Model

CP violation in the quark sector of the Standard Model

In the context of the current work we need to understand the mechanism
of CP violation in the Standard Model and in the neutrino sector for the
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futher story of leptogenesis in the next chapter. We remember that CP (or
P) violation is a necessary condition for baryogenesis (Subsec. 3.2, p. 48).
The only source of the CP violation in the Standard Model is the CKM
matrix via the Kobayashi-Masakawa (KM) mechanism.

Let us take a quick look at the KM mechanism in the Standard Model.
First, it has shown that no model with just fermion and vector gauge fields
cannot violate CP [102]. One possibility to violate CP in a model is to use
scalar fields with complex couplings. For example, only the Higgs mecha-
nism can be the source of CP violation in the Standard Model. The Yukawa
couplings between the Higgs field and fermion fields are only complex cou-
plings in the Standard Model. The vev of the Higgs can not be the source
of the violation as one can absorb the phase in the Higgs field. Also, the
Higgs self-interaction sector alone,

V = −µ2H†H + λ(H†H)2 + h.c., (4.75)

can not be the source of the violation as the µ2 and λ are real due to
hermiticity constrains.

The necessary condition for CP invariance has a rather simple
form [103],

tr([Hu,Hd]
3) = 0, (4.76)

where the Hermitian matrices Hu and Hd are defined as

Hu = mum
†
u, Hd = mdm

†
d, (4.77)

and the matrices mu and md are the mass matrices of the up and down
type quarks in the Standard Model,

Lquark
Y ⊃ −λdQ̄LHdR − λuQ̄LH̃uR + h.c.

EWSB−−−−→ −d̄(m)
L mdd

(m)
R − ū

(m)
L muu

(m)
R + h.c.

(4.78)

A great property of the condition (4.76) is that it is independent of the
choice of basis. Also, it is possible to show that in the case of three gener-
ations the condition (4.76) reduces to a simpler form,

tr([Hu,Hd]) = 0. (4.79)

We are interested in the relations between the condition (4.76) and the
quantities of the CKM matrix. First, we have to relate the quark fields in
the Yukawa and the charged current terms. The Lagrangian of the charged
current is

Lquark
CC =

g√
2
W+

µ ū
(w)
L γµd

(w)
L + h.c. (4.80)
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and the following unitary transformations relate the weak state (w) and
mass state (m) as

u
(w)
L = Uu

Lu
(m)
L , u

(w)
R = Uu

Ru
(m)
R , (4.81)

d
(w)
L = Ud

Ld
(m)
L , d

(w)
R = Ud

Rd
(m)
R . (4.82)

The mass matrices are diagonalized by the unitary transformations U ,

Uu†
L muU

u
R = diag(mu,mc,mt), (4.83)

Ud†
L mdU

d
R = diag(md,ms,mb). (4.84)

Now, the CKM matrix is defined by

Lquark
CC =

g√
2
W+

µ ū
(m)
L γµVCKMd

(m)
L + h.c., (4.85)

where VCKM = Uu†
L Ud

L. Also, we see that there is no similar matrix for the
right-handed fields as they do not participate in the weak dynamics.

Finally, we are able to write down the condition (4.76) in the relation
with the CKM matrix and quark masses [103],

tr([Hu,Hd]
3) = 6i(m2

t −m2
c)(m

2
t −m2

u)(m2
c −m2

u)

× (m2
b −m2

s)(m
2
b −m2

d)(m
2
s −m2

d)

× Im(V12V23V
∗
13V

∗
22),

(4.86)

where Vij denotes the entries of CKM matrix.
Let us make a quick analysis of the expression (4.86). From experiment

we know that all the differences between the squared masses are nonzero.
Thus, the nonzero value of the member Im(V12V23V

∗
13V

∗
22) is needed to guar-

antee CP violation in the Standard Model. Naturally, the CP symmetry
is violated if VCKM is a complex matrix, only then Im(V12V23V

∗
13V

∗
22) 6= 0.

Using the standard parametrization of VCKM [11],

U =





c12c13 s12c13 s13e
−iδ

−s12c23 − c12s23s13e
iδ c12c23 − s12s23s13e

iδ s23c13
s12s23 − c12c23s13e

iδ c12s23 − s12c23s13e
iδ c23c13



 , (4.87)

where cij = cos θij , sij = sin θij , and δ parametrizes the CP violation
phase. The phase δ is not a rephasing invariant. If we like to give a
rephasing invariant quantity then we can present VCKM in the rephasing
invariant terms. For example, a rephasing invariant form of VCKM and a
longer analysis is presented in [104].
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CP violation in the lepton sector at low energy

In general, in the type I minimal see-saw the description of CP violation
in the lepton sector is rather similar to the quark sector as it is presented
above. However, some significant differences exist. The main difference
come from the Majorana nature of neutrino. Let us present some basis
invariant quantities for the lepton sector and let us try to relate them
to physical observables in the neutrino mixing matrix. We will present
here a short summary. For example, the longer study can be found in
Ref. [105,106].

First, let us start with the effective low energy theory (MR ≫ mD) with
only left-handed neutrinos. In the effective lepton mixing one can present
an invariant expression for the CP violation which is rather analogous to
the expression (4.86) in the quark sector,

tr([heff , hl]
3) = 6i∆21∆32∆31Im[(heff )12(heff )23(heff)31], (4.88)

where heff = meffm
†
eff , hl = mlm

†
l and ∆αβ = m2

α−m2
β, where α, β = e, µ, τ .

Also, the charged mass matrix is taken to be real and diagonal. We remind
from Eq. (4.61) that the effective mass matrix of neutrinos is defined in
the type I see-saw as

meff ≃ −mDM
−1
R mT

D. (4.89)

The imaginary part in (4.88) can be fully expressed in the physical
observables of the oscillation of neutrino,

Im[(heff )12(heff )23(heff )31] = −∆m2
21∆m

2
31∆m

2
32 × I, (4.90)

where I is the imaginary part of an invariant quartet in the leptonic mixing
matrix UMNS and ∆mij is the mass difference of neutrino masses in the
mass basis. The imaginary part I is given by the mixing angles and phase
of UMNS,

I =
1

8
sin 2θ12 sin 2θ23 cos θ13 sin δ. (4.91)

In the quark sector I is of the order 10−5. In the neutrino sector it can be
larger, up to 10−2.

The expression (4.88) does not count the Majorana phases which are
unobservable in oscillation experiments. It is possible to show that the
Majorana phases can be an additional source of CP violation in the effec-
tive low energy theory. For example, the exact relations are derived and
presented in Ref. [106,107].
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CP violation in the lepton sector at high energy

We described CP violation in the low energy effective theory of neutrinos.
Luckily, at low energy we have many physical observables available, for
example the observables from the oscillation effects in vacuum and mat-
ter. However, we are interested in the CP violation of the full theory in
general. For example, the CP violation of the heavy neutrinos can be the
main source of the matter-antimatter asymmetry in the present Universe.
A wide community of particle physicists has accepted the idea that baryo-
genesis appears through leptogenesis in the early Universe. A main reason
is insufficient CP violation in the frames of the Standard Model. Alterna-
tively, the neutrino mixing matrix can provide sufficient CP violation in
the lepton sector. For example, leptogenesis can appear due to the effects
of high energy neutrino sector in the type I see-saw. A variety of other
models exists which relates leptogenesis to the type II see-saw or the so
called resonance effects. Unfortunately, the parameters related to CP vi-
olation in the low and high energy sectors are rather independent. Only
in some specific models can one derive stronger relations between low and
high energy sector.

Let us take a quick at the type I see-saw model. We will not present here
the invariant expressions needed to describe CP violation in the full theory.
For example, CP violation of the full theory is the invariant described in
the papers [106, 107]. We will give an example of the L violating decay of
heavy neutrino which can be the main source of CP violation needed for
leptogenesis in some models. Figure 4.5 presents some Feynman diagrams
of the L violating process of the heavy neutrinoNk decay. The L asymmetry
of the decay is parametrized as

ǫα ≡ ǫNα =

∑

i ∆Γα
i

∑

i[Γ(Nα → liH+) + Γ(Nα → l̄iH−)]
, (4.92)

where ∆Γα
i = Γ(Nα → liH

+) − Γ(Nα → l̄iH
−), α = 1, 2, 3 denotes the

heavy neutrino species and i = e, µ, τ . Let us try to present the parameter
just for the case α = 1. In the next chapter of leptogenesis we show that
in the case of MN3 ≫MN2 ≫MN1 only ǫ1 (the decay of the lightest heavy
neutrino) contributes to the final lepton asymmetry. From the diagrams in
Figure 4.5 we can calculate

Γ(N1 → lH+) ∝
∑

a

|Y1a +A
∑

b,c

Y1bY
∗
cbYca|2 (4.93)
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Figure 4.5: Feynman diagrams contributing to the asymmetry from the Nk

decay.

and
Γ(N1 → l̄H−) ∝

∑

a

|Y1a +A
∑

b,c

Y1bY
∗
cbYca|2, (4.94)

where A is the complex loop factor and Y denotes the matrix of the Yukawa
couplings. Now we can present the parameter ǫ1,

ǫ1 =
1

8π(Y Y †)11

3
∑

a=2

Im[(Y Y †)21a]I(
M2

a

M2
1

), (4.95)

where the function I(x) is defined as

I(x) =
√
x[(1 + x)ln(

x

1 + x
) +

2 − x

1 − x
. (4.96)

If we apply the mentioned assumption MN3 ≫ MN2 ≫ MN1 then we can
simplify the function I(x) and the result is

ǫ1 =
3

16π(Y Y †)11

3
∑

a=2

Im[(Y Y †)21a](
M1

Ma
). (4.97)

It is possible to show that by appling all the known experimental restrictions
to the Y matrix we finally have only one free phase in the low energy sector
and one mass and two phases at high energy. For example, see [106, 107]
and the references presented there.

4.2.7 Running of the neutrino parameters

Nowadays we are able to measure particle processes up to the electroweak
scale. We have presented the effective d = 5 operator in Eq. (4.26)

L ⊃ λij

Λ
L̄i

LHL̄
j
LH

EWSB−−−−→ λij
υ2

Λ
νi

Lν
j
L. (4.98)
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The operator is defined at the scale Λ. On the other hand, in the present
oscillation experiments we can measure the neutrino mixing below the weak
scale. Also, all other conventional measurements can probe the parameters
at the weak scale, for example in direct mass measurements or in double
beta decay experiments. Thus, to understand the full theory of neutrinos
one has to be able to run the neutrino parameters down from the scale Λ
to the weak scale and back.

The renormalization of the neutrino parameters is rather complicated
between the neutrino parameters measured at the low-energy neutrino ex-
periments and any supposed mass matrix at the high-energy seesaw scale
Λ. The main reason is that the renormalization depends on the unknown
parameters in the seesaw model. The running based on the renormal-

ization group equations (RGEs) has been studied extensively during some
last years [108–110]. We can expect the neutrino mass matrix to be close
to being bimaximal or diagonal at scale Λ, where Λ is typically fixed as
the GUT scale, ΛGUT. The observed low-energy neutrino mixing can be
obtained starting from either the bimaximal [111–113] or from the diago-
nal [114–118] neutrino mass matrix at the GUT scale.

We will present here an example of the dependence of neutrino renor-
malization effects on all the seesaw parameters based on our study [119].
In this example we will pay special attention to obtaining the correct low-
energy neutrino parameters as these parameters are reachable for experi-
ment. The running of the effective neutrino mass matrix below the lightest
singlet neutrino mass is generally well under control. The large renormal-
ization effects can be expected only in the case of degenerate light neutrino
masses. In the case of supersymmetric models, it can be expected for very
large values of tanβ [120–124]. However, understanding the renormaliza-
tion effects above and between the heavy neutrino scales is much more com-
plicated, since new non-trivial dependencies on the heavy neutrino Yukawa
couplings Y ij

ν are introduced [108–110, 125]. The flavor structure of the
new contribution to the RGEs can be very different from that due to the
effective neutrino mass matrix, thus some large effects are possible.

The couplings Y ij
ν are largely unknown. Frequently, the top-down ap-

proach is realized in studies: the neutrino parameters are fixed at the GUT
scale and then the parameters are run down to the electroweak scale. Fi-
nally, the low-energy neutrino parameters have to be compatible with ex-
perimental data from the neutrino experiments. In our example we will take
a bottom-up approach. We will start from the known low-energy neutrino
parameters and evaluate renormalization towards higher scales consistently
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in the framework of the MSSM seesaw model.
In our approach, every set of studied neutrino parameters is physical by

construction. We will present nine high-energy parameters of seesaw using
the orthogonal complex matrix R [126]. Then we will scan over the total
set of seesaw parameters by generating the unknown parameters (including
Dirac and Majorana phases) randomly. We will study the dependence of
the renormalization effects on (i) the other observable low-energy and (ii)
the high-energy parameters.

The superpotential of MSSM with singlet (right-handed) heavy neutri-
nos is given by

W = DcYdQH1 + U cYuQH2 +EcYeLH1 +N cYνLH2 +
1

2
N cMN c, (4.99)

where the Yukawa matrices Y are general complex 3×3 matrices and the 3×
3 heavy neutrino mass matrix M is symmetric. As it was presented above,
the Yukawa matrices can be diagonalized by bi-unitary transformations
Y D = U †Y V , where V, U refer to the rotation of the left- and right-chiral
fields. In the case of the symmetric matrix M , U = V ∗. To explain the
neutrino data naturally, the hierarchy in M should preferably be of the
same order as the square of the hierarchy in Yν [127]. We therefore assume
hierarchical heavy-neutrino masses: M1 ≤M2 ≤M3.

Integrating out all the heavy singlet neutrinos, one gets the effective
d = 5 operator

L = −1

2
κLLH2H2, (4.100)

which after EWSB gives masses to the light neutrinos:

mν(µ) = κ(µ)v2 sin2 β, (4.101)

where µ is the renormalization scale, v = 174 GeV and tanβ = v2/v1 is the
ratio of the vev’s of the corresponding Higgs doublets. Above the heaviest
neutrino mass scale, µ > M3, the light-neutrino mass matrix reads

mν(µ) = Y T
ν (µ)M−1(µ)Yν(µ)v2 sin2 β. (4.102)

Between the heavy-neutrino mass scales, M1 ≤ M2 ≤ M3, there exist
a series of effective theories with, in general, n active heavy neutrinos.
The tree-level matching conditions between these theories at the neutrino
thresholds are

(n)
κgf |Mn =

(n+1)
κgf |Mn + (

(n+1)

Yν)ng

(n+1)

M−1
n (

(n+1)

Yν)ng|Mn , (4.103)
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where (n) is the number of heavy neutrinos not integrated out. In general,
the light-neutrino mass matrix can be written as

mν =

(

(n)
κ+

(n)

Y T
ν

(n)

M−1
(n)

Yν

)

v2 sin2 β. (4.104)

Sincemν and Y †
e Ye can be diagonalized with the unitary matrices Vν and Ve,

respectively, the mixing matrix observable in the low-energy experiments
is

VMNS = V †
e Vν . (4.105)

While mν contains 9 physical parameters, Yν and M together contain 18
parameters. The missing 9 parameters crucially affect the physical observ-
ables. These include, for example, renormalization-induced lepton-number-
violating processes [126,128–135] and electric dipole moments [132,136–140]
in the supersymmetric seesaw model, as well as the renormalization of the
light-neutrino parameters [108–110]. Therefore, to study the dependence
of the renormalization of Eq. (4.104) on Yν , we parametrize Yν with the
complex orthogonal matrix R [126]. In the basis in which M is diagonal,
we write

(n)

Yν = (
(n)

MD)
1
2

(n)

R (mD
ν )

1
2 V †

ν (v sin β)−1, (4.106)

where the matrix R is parametrized in terms of three complex angles θR
12,

θR
13 and θR

23:

R =





cR12c
R
13 sR

12c
R
13 sR

13

−cR23sR
12 − sR

23s
R
13c

R
12 cR23c

R
12 − sR

23s
R
13s

R
12 sR

23c
R
13

sR
23s

R
12 − cR23s

R
13c

R
12 −sR

23c
R
12 − cR23s

R
13s

R
12 cR23c

R
13



 , (4.107)

where sR
ij ≡ sin θR

ij and cRij ≡ cos θR
ij. Since Yν and M are renormalized,

obviously also
(n)

R, which consists of n rows, runs with energy. The RGEs
for Yν and M can be found in [130, 131], and the RGEs for R were calcu-

lated in [141]. Using these,
(n)

R has to be evaluated at every heavy neutrino
threshold when the matching is performed.

The scale dependence of the effective/combined quantities in Eq.
(4.104) is characterized by the differential equation [108–110,142–145]

16π2 d
(n)

X

dt
= Y †

e Ye +
(n)

Y †
ν

(n)

Yν)
T

(n)

X +
(n)

X(Y †
e Ye +

(n)

Y †
ν

(n)

Yν)
T

+ (2Tr(
(n)

Y †
ν

(n)

Yν + 3Y †
uYu) − 6/5g2

1 − 6g2
2)

(n)

X,

(4.108)
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where X = κ, Y T
ν M

−1Yν . Notice that below the M1 scale
(n)

Yν = 0. There-
fore one expects large renormalization effects to occur above the heavy-
neutrino thresholds for two reasons. First, the Yukawa couplings Yν can be
large. Second, the flavour structure of Y †

ν Yν can be very different from the
flavour structure of Y †

e Ye and κ. Both those effects can be traced back to
the values of R via Eq. (4.106). Approximate analytical solutions to Eq.
(4.108) have been derived in [108–110], which allow one to understand the
generic behavior of the renormalization effects. However, due to enhance-
ment/suppression factors and possible cancellations, the exact numerical
solutions may differ considerably from those estimates.

Our study shows that the significant running effects can occur only when
some of the light-neutrino masses have comparable contributions from more
than one heavy neutrino Ni, and the light-neutrino mass scale is at least
moderately degenerate. For example, for a normal hierarchy of neutrino
masses, the complementarity relation between neutrino and quark mixing
angles [146–150],

θC + θ12 =
π

4
, (4.109)

where θC is the Cabibbo angle in the quark sector and θ12 is the neu-
trino mixing parameter, evolves very little between the GUT scale and the
electroweak scale. Also, an example of running is given in Figure 4.6.

However, the other oscillation angles θ13 and θ23 run slightly more than
θ12 and also beyond the expected measurement errors. In certain cases, we
observe level crossing in the light-neutrino mass eigenstates that is accom-
panied by jumps in the oscillation angles. The running of the CP-violating
oscillation phase δ is strong for random R but insignificant for R = 1.
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Figure 4.6: Neutrino mixing angles at the GUT scale ΛGUT as functions of
the lightest neutrino mass at m1(MZ) for R(MZ) = 1 (left panel), where
MZ notes the weak scale, and randomly generated R (right panel).
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Chapter 5

Leptogenesis

5.1 Introduction

We described the problem of the matter-antimatter asymmetry in the
present Universe in Section 3.2. If there were full symmetry between the
matter and antimatter sector in Nature, there would have been no matter
left for the present Universe. Luckily for us, the asymmetry exists. The
parameter of the asymmetry is defined by Eq. (3.2) in Section 3.2 and its
value is combined from CMB and BBN data [20] is

2.6 · 10−10 < η < 6.2 · 10−10. (5.1)

In Section 3.2 we presented the Sakharov conditions which must be
satisfied for successful generation of the asymmetry (baryogenesis):

• Violation of CP- or P-symmetry

• Violation of baryon number B,

• thermal non-equilibum in the cosmological history of the Universe.

Let us consider the Standard Model to describe the particle content of
the early Universe and let us try to estimate the value of η. We start with
the plasma of baryons B and other particles at temperatures of O(1 GeV),
where the process B + B̄ ↔ 2γ is in equilibrium. The Universe cools and
the process 2γ → B + B̄ becomes ineffective because of the Boltzmann
factor. The direct estimation of η (e.g. [151]) gives the approximate value,

η ≃ 10−18. (5.2)
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In the context of the Standard Model, the difference between observation
and theory can be explained, but it needs a very late decay of a scalar field
at temperature O(100 MeV) to produce baryon excess [152].

Another scenario is the GUT baryogenesis, where baryon asymmetry is
produced at the GUT scale [153–156]. At the GUT scale the quark-lepton
unification provides the required B violation. The Yukawa couplings con-
tain the required CP phases. Also, the Yukawa couplings satisfy the out-of-
equilibrium condition at the GUT scale. Thus all the Sakharov conditions
are satisfied and the asymmetry can be produced. In the quark-lepton uni-
fication B − L is a global symmetry in SU(5) GUTs. It becomes a local
symmetry in SO(10) or E6 GUTs. Thus, L and/or B asymmetry gener-
ated at the GUT scale conserves B−L and only B +L asymmetry can be
generated in the GUT models.

On the other hand, SU(2)L of the Standard Model has a global anomaly,
where the baryon number B and the lepton number L are violated [157].
They are violated equal equally, thus their difference B − L is still con-
served. The anomalous sphaleron mediated B + L violating process is
heavily suppressed at zero temperature. This process can become fast at
higher temperature [158]. The GUT scale 1016 GeV is sufficiently high
for sphalerons to wash out any primordial B + L asymmetry between
TEW ≃ 102 GeV < T < Tsph ≃ 1012 GeV. However, if there is any B − L
asymmetry the sphalerons partially transfer the B − L asymmetry to a
B asymmetry. In summary, direct GUT-baryogenesis at the GUT tem-
perature fails to explain the matter-antimatter asymmetry in the present
Universe. If we can provide a mechanism to generate L asymmetry, it can
be partially transferred to B asymmetry at a high enough temperature by
sphalerons.

In the present work we will focus on a third class of theories for gen-
eration of matter-antimatter asymmetry, the leptogenesis [31]. The cen-
tral idea of the leptogenesis is to use L violation required for the neutrino
masses. The L violation processes generate a lepton asymmetry at some in-
termediate symmetry breaking scale between the GUT and EW scale. The
sphaleron effects described above convert the generated lepton asymmetry
to a baryon asymmetry before the EW phase transition.

In our view, leptogenesis proposes a most compelling mechanism for
generating the observed baryon asymmetry in the Universe. Leptogenesis
is strongly supported by the neutrino sector beyond the Standard Model.
There is a link between leptogenesis and neutrino parameters, some already
measured and some to be measured in the future.
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5.2 Equilibrium physics in the early Universe

After the Big Bang, the early Universe was very hot and dense. The CMB
measurements have shown to a very high accuracy that the spectrum of
CMB is very close to the radiation spectrum of black body [20]. Thus, the
Universe had to be very close to thermal equilibrium at least at the epoch of
the last scattering, z = 1100. In addition, the distribution of elements from
BBN is very homogeneous in the Universe. As we know BBN processes are
very sensitive to thermodynamical conditions. Any spatial difference in
the conditions influences the final spatial distribution of the elements. In
conclusion, the early Universe is rather well described by thermodynamical
quantities.

Let us describe thermodynamics in the early Universe. We will start
with some assumptions. First, we can suppose that the early epochs of
the Universe were radiation dominated. A particle is relativistic in the hot
particle soup or thermal bath if the following condition is satisfied

mi ≪ T (t), (5.3)

where mi is the mass of the particle type i and T (t) is the temperature
of the bath. For example, all the known masses of the Standard Model
particle are below O(100 GeV). If temperature is above O(100 GeV), all
the Standard Model particles are relativistic. Naturally, if new physics
beyond the Standard Model arises it can have particle masses above 100
GeV and their relativistic limit is at higher temperatures than 100 GeV.

In addition, thermal equilibrium is established by the rapid rate of
particle interactions relative to the expansion rate of the Universe. Thus,
we suppose the condition

Γi(t) ≫ H(t), (5.4)

where Γi(t) is the interaction rate of the particle type i and H(t) is the
expansion rate measured by the Hubble expansion parameter. As we noted,
both parameters in (5.4) have time dependence. Thus the relation (5.4) may
not be valid through the course of the Universe. However, we suppose it
is valid through some next calculations as it is a condition for equilibrium.
Later we will consider the scenario Γi(t) < H(t).

In equilibrium, we can compute thermodynamic quantities: density ρ,
pressure p and the entropy density s. For a weakly interacting gas, where
a gas particle has g internal degrees of freedom, the quantities are given by
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the phase space distribution function f(~p):

ρ =
gi

(2π)3

∫

Eif(~pi)dpi, (5.5)

p =
gi

(2π)3

∫

p2
i

3Ei
f(~pi)dpi, (5.6)

n =
gi

(2π)3

∫

f(~pi)dpi, (5.7)

where p = |~p|, E2 = p2+m2 is the energy, ni is the density of states and the
index i denotes the different particle types. The phase space distribution
is given by

f(pi) =
1

exp((Ei − µi)/T ) ± 1
, (5.8)

where the sign is +1 for the Fermi-Dirac distribution of fermions and it is
−1 for the Bose-Einstein distribution of bosons, T is temperature and µi is
chemical potential.

Typically, it is assumed that the chemical potentials are zero. For exam-
ple, in the Standard Model a chemical potential is associated with baryon
number. Since the baryon density relative to the photon density is known to
be very small, order 10−10, we may neglect these tiny chemical potentials in
computation of total thermodynamic quantities. Using this approximation
we can solve (5.5-5.7):

ρ =





∑

b

gb +
7

8

∑

f

gf





π2

30
T 4, (5.9)

where gb,f is the number of degrees of freedom for boson (b) and fermion
(f) species. We can define the function of effective number of degrees of
freedom

N(T ) ≡
∑

b

gb +
7

8

∑

f

gf , (5.10)

which is a fractional number describing the relativistic plasma. The depen-
dence of temperature takes into account new particle degrees of freedom
due to (5.3) as temperature is raised.

The process where a particle species (together with its antiparticle)
falls out from the inelastic interaction in thermal bath is called its freeze

out. Below that freeze-out temperature, N(T ) loses the number of degrees
of freedom connected to that particle species. In general, the value of
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Temperature New Particles 4N(T )

T < me γ, ν 29
me < T < mµ e± 43
mµ < T < mπ µ± 57
mπ < T < Th→q π 69
Th→q < T < ms π, u, ū, d, d̄, g 205
ms < T < mc s, s̄ 247
mc < T < mτ c, c̄ 289
mτ < T < mb τ± 303
mb < T < mW,Z b, b̄ 345
mW,Z < T < mH W±, Z 381
mH < T < mt H 385
mt < T t, t̄ 427

Table 5.1: The number of degrees of freedom (function N(T )) in the case of
the Standard Model. Th→q corresponds to the confinement-deconfinement
transition between quarks and hadrons.

N(T ) depends on the particle physics model. For the Standard Model we
can calculate N(T ) up to temperatures of scale 100 GeV as we know the
particles and their masses. Table 5.1 refers the values of N(T ) at different
temperatures.

Naturally, at temperatures above Standard Model mass scales the exact
form of N(T ) is unknown. Different GUT scenarios add different numbers
of degrees of freedom. For example, SU(5) adds 54 degrees of freedom for
new gauge bosons and Higgses. Also, SUSY models double the number and
add additional degrees of freedom via Higgs scalars. In conclusion, N(T )
depends strongly on our choice of the model.

Above we described how thermodynamics is able to predict some quanti-
tative properties of the course of the Universe. However, in the case of non-
equilibrium system reversible thermodynamics or statistical physics cannot
work. Non-equilibrium thermodynamics or statistical physics is needed. In
general, we need a theory to describe the kinetics of the Universe. The
Boltzmann equation gives a good approximation for a non-equilibrium sys-
tem.
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5.3 Non-equilibrium physics in the early Universe

5.3.1 Overview

We considered the case of ΓX(t) ≫ H(t) in thermal equilibrium. What will
happen if it changes to ΓX(t) ≪ H(t) or a particle mass gets bigger than
the temperature of thermal bath, T < mX , in the course of the cooling
down of the Universe? In general, two extreme scenarios are possible for
T (t) < mX :

• ΓX(t) ≫ H(t): theX particles can annihilate with the X̄ antiparticles
to lighter particles,

• ΓX(t) ≪ H(t): a part of X particles and antiparticles cannot annihi-
late and the mixture of particles and antiparticles remains.

Also, it is possible that the X particle is not stable. For example, it has a
half-life period shorter than the age of the Universe.

For example, as we know neutrino is a very weakly interacting particle,
thus the condition Γi(t) ≪ H(t) is well established. Therefore, the Uni-
verse should be filled with the neutrino-antineutrino mixture, cosmological

neutrino background, CνB. Also, CDM may originate from the same type of
freeze-out process. An opposite example is electron-positron plasma. In the
case of electromagnetic interaction, Γi(t) ≫ H(t). Thus, the electromag-
netically interacting particles should annihilate during the decoupling of
the plasma. In order to describe this type of processes we have to compose
the system of the Boltzmann equations and solve it. In the next subsec-
tions we will descibe the kinetic theory and Boltzmann equations and how
to compose the equation system for leptogenesis. We will give some general
results for leptogenesis.

5.3.2 Kinetic theory and Boltzmann equations

If we need to model a non-equilibrium system, kinetic theory based on
statistical physics can help us. Kinetic theory is based on the particle

distribution function. All physical quantities can in principle be calculated
from this function. For example,

∫ x+∆x

x

∫ k+∆k

k
f(x, k)DC3DJ3, (5.11)

give as the number of particles in the volume (x, x+ ∆x) and in the range
of momenta (k, k+∆k). In the same sense we are able to calculate all kinds
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of physical quantities of the system. Also, as we need a relativistic theory,
f has to be a Lorentz invariant. f has to be a real number, hence it is a
Lorentz scalar.

The Boltzmann equation determines the behavior of f . In general for-
malism, one can divide it into two operators,

L[f ] = C[f ], (5.12)

where L is the Liouville operator which describes the evolution of a mo-
mentum and space-time element,

L[f ] = kµδµf(x, k), (5.13)

and C is the collision operator which describes the change of the distri-
bution function due to interaction between the particles. Usually, one can
only account for binary interactions. We suppose space-time inversion sym-
metry, so C has the form

C[f ] =

∫

W (q, r|k, p)[f(x, q)f(x, r) − f(x, k)f(x, p)]dp3sq3dr3, (5.14)

where the function W (q, r|k, p) describes the transition rate which is the
probability per unit time and volume that two particles from the initial
state with the momenta k and p are scattered into the final state with the
momenta q and r.

However, in general the space-time inversion symmetry may not be
present: then the condition

W (q, r|k, p) = W (k, p|q, r), (5.15)

is not valid. For example, the case of CP -violation is an example of asym-
metry of W .

In addition, the Boltzmann equation hides some simplifications which
should be checked carefully case-by-case when one starts to model a thermal
system. First, the distribution function f has to be slowly varying in the
range of the interaction. Second, the interaction time of the particles has
to be short compared to the mean time between the collisions. Third,
the particles are assumed to move freely between the collisions. Forth,
the interacting particles have to be uncorrelated. In the Universe all of
the assumptions are more or less satisfied. However, in the quantum field
theory at finite temperature there are corrections to the third assumption.
Also, in very dense environment validity of the forth assumption has to be
checked carefully.
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In cosmology the Liouville operator has to take into account the curva-
ture of spacetime. The covariant form of the operator is

L[f ] = kµ ∂

∂xµ
− Γµ

νλk
νkλ ∂

∂kµ
, (5.16)

where Γµ
νλ are connection coefficients. In an isotropic and homogeneous

Universe one is able to simplify the operator to the form

L[f ] =
∂

∂t
− 1

R

∂R

∂t
k
∂f

∂k
. (5.17)

We have to take into account that the thermal bath of the early Universe
was very hot and consisted of many different particle species. We have a
system of Boltzmann equations, an equation per species. In addition, we
should account for the inelastic processes in the bath. In conclusion, the
final form of the Boltzmann equation is complicated and typically no ana-
lytical solution is known. Sometimes, using some simplifications, it is pos-
sible to construct semianalytic solutions. For majority of cases, numerical
solutions are needed.

5.3.3 Boltzmann equations in the early Universe

In the early Universe we are able to make some simplifications in the Boltz-
mann equations. On the other hand, we have to take care of the curved
space-time and high temperature effects in the early Universe. Let us
present here main steps to develop the Boltzmann equations for the early
Universe.

The Standard Model particles are in kinetic equilibrium due to rapid
elastic scattering in the early hot Universe. Thus the Maxwell-Boltzmann
distribution,

f(T ) = exp(−E/T ), (5.18)

describes the particle content well and we do not have to count the different
statistics for bosons and fermions. In principle, it is possible to write down
a set of the kinetic equations using the different statistics of bosons and
fermions, but at this high temperature the effect is negligible.

All particle species are characterized by their total abundance and it
can vary only in inelastic processes. Rapid inelastic processes guarantee
chemical equilibrium. Then using Eq. (5.7) and Eq. (5.6) we can present
equilibrium pressure peq and concentration neq as,

neq =
gT 3

π2
, ρeq =

3gT 4

π2
, (5.19)
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where g is the effective number of degrees of freedom (see Table 5.1). Every
right-handed neutrino adds two degrees of freedom to the plasma.

The Boltzmann equation for the evolution of the species nN in the
thermal bath of the early Universe is

∂nN

∂t
+ 3HnN = −

∑

a,i,j...

[Na...↔ ij...], (5.20)

where H is the Hubble parameter H = ȧ/a =
√

8πρ/3M2
Pl which is needed

for the dilution from the expansion of the Universe. The brackets denote
the term

[Na...↔ ij...] ≡ nNna...

neq
Nn

eq
a ...

γeq(Na...→ ij...)

− ninj...

neq
i n

eq
j ...

γeq(ij... → Na...).
(5.21)

γeq denotes the space-time density of scattering in thermal equilibrium of
the various interactions in which the Nth particle species takes part,

γeq(Na→ ij) ≡
∫

d~pNd~pafNfa

∫

d~pid~pj(2π)4δ4(PN + Pa − Pi − Pj)|A|2,
(5.22)

where d~pX = d3pX/2EX(2π)3 and |A|2 is the squared transition amplitude
summed over initial and final spins. If we neglect a small CP-violating
effect then the inverse processes have the same reaction densities.

In the next step we have to neglect some small effects. We will neglect
(i) the Pauli-blocking effect (the bath is away from the fermionic conden-
sation), (ii) the stimulated emission factors (particles are free). Also we
assume that |A|2 does not depend on the relative motion of particles with
respect to the plasma. Now, the scattering rates γeq can be simplified. The
case of decay is now

γeq(N → ij...) = γeq(ij... → N) = neq
N

K1(z)

K2(z)
ΓN , (5.23)

where K are the Bessel functions, z = mN/T and ΓN is the decay width in
the rest system of the decaying particle N . The Bessel function K arises
from the thermal average of the time dilatation factor mN/E.

The thermal rate γeq of a two-body scattering in Eq. (5.22) can be
rewritten using a trick to multiply Eq. (5.22) by 1 =

∫

d4Pδ4(P−PN −Pa),

γeq(Na→ ij...) =
1

8π

∫

d4P

(2π)4
σ̃(Na→ ij...) e−P0/T , (5.24)
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where σ̃ is the reduced cross section defined as σ̃ ≡ 2sλ[1,m2
N/s,m

2
a/s]σ

and the λ function is λ[a, b, c] ≡ (a−b−c)2−4bc. The total cross section σ is
summed over all final and initial quantum numbers: spin, gauge multiplicity
etc. If the total cross section σ depends only on the squared center of mass
energy s and not on the thermal motion with respect to the plasma we can
use the relation d4P = 2π

√

P 2
0 − s ds dP0 and we get

γeq(Na↔ ij...) =
T

64π4

∫ ∞

smin

ds
√
s σ̃(s) K1

(√
s

T

)

, (5.25)

where smin = max[(mN +ma)
2, (mi +mj + ...)2].

In the expanding Universe it is convenient to represent the thermody-
namic parameters as the ratios to the entropy density s. The consentration
n can represented by the normalized consentration Y = n/s. We know that
during the adiabatic expansion of the Universe the term sR3 is constant
and R ∝ 1/T . Also, it means that H dt = dlnR = dlnz. The Boltzmann
equations of the normalized consentration are

zHs
dYN

dz
= −

∑

a,i,j...

[Na↔ ij...]. (5.26)

Now we have a framework of the needed approximations and thus we
have the kinetics of the evolution of the early Universe. We are ready to
describe leptogenesis.

5.4 Leptogenesis

5.4.1 Overview

We will present leptogenesis in the framework of the Standard Model
(plus the heavy neutrinos) as an example.1 Below we typically speak
about thermal Standard Model leptogenesis with non-degenerated masses
of heavy Majorana neutrinos. Some SUSY Standard Model (MSSM) sce-
narios can be found in Ref. [159, 160]. For example, Ref. [161] with the
references included presents a model of leptogenesis within the type II see-
saw. Also, resonant scenarios with degenerated masses are an interesting
prospect [162–164].

In the following text we use the mass hierarchy mN2,3 ≫ mN1. In
general, the processes (couplings, masses etc) are sensitive to temperature

1In the following text the Standard Model leptogenesis is talked about the framework

of the Standard Model and the heavy Majorana neutrino singlets in the type I see-saw.
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and thermal corrections are needed. However, we will mention just some
of them and we will not present a thorough overview of the effects. For
example, an excellent description of thermal effects are given by Ref. [159].

Let us present the general schema of the Standard Model leptogenesis.
First, some specific decay and scattering processes of the heavy neutri-
nos generate L asymmetry. The ∆L can be calculated by the Boltzmann
equations of non-equilibrium environment. The next step is to convert the
lepton asymmetry ∆L to baryon asymmetry ∆B. As already mentioned,
it can be done using the sphaleron effects which are able to convert ∆L to
∆B using the conservation L−B of sphalerons. Finally, during the cooling
down of the Universe sphalerons inactivate at some temperature and the
baryon asymmetry gets frozen.

In the case of the hierarchical right-handed neutrinos, mN2,3 ≫ mN1

one has to study the evolution of the number density of N1 only as N1

alone determines the final amount of B − L asymmetry YB−L = nB−L/s,
where s is entropy and n denotes concentration. We assume no pre-existing
asymmetry. The relation between the abundance of N1 and the production
of B − L asymmetry can be parameterised as

YB−L = −ǫN1ηY
eq
N1

(T ≫ mN1), (5.27)

where ǫN1 is the CP-asymmetry parameter in N1 decays at zero tempera-
ture and

Y eq
N1

(T ≫ mN1) =
135ζ(3)

(4π4g∗)
, (5.28)

where g∗ counts the effective number of spin-degrees of freedom in thermal
equilibrium. Table 5.1 shows that g∗ = 106.75 in the Standard Model with
no right-handed neutrinos. η denotes the efficiency which summarises all
effects of the number density of N1 with respect to the equilibrium value,
the out-of-equilibrium condition at the decay and the thermal corrections
to ǫN1. The function ζ parameterises the unknown contribution of N2,3.
It is possible to show that it is important only in the case of mN1 & 1014

GeV.
In the one-flavour approximation it is defined as

ζ = max(1,matm/m̃1), (5.29)

where the parameter m̃1 denotes

m̃1 ≡ (ΛνΛ†
ν)11

mN1

υ2. (5.30)
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and (Λν)ij denotes the Yukawa couplings between the lepton doublets and
the singlets of heavy neutrinos,

L ⊃ Λν
ijLiNjH + h.c. (5.31)

In that case the η depends only on two parameters, m̃1 and mN1. In
addition, if mN1 ≪ 1014 GeV then η depends only on m̃1.

In the next step, we have to take into consideration sphaleron transi-
tions. The baryon asymmetry is related to the B − L asymmetry through
the sphaleron effects,

nB

s
=

24 + 4nH

66 + 13nH

nB−L

s
, (5.32)

where nH is the number of Higgs doublets. In the case of the Standard
Model,

nB

s
= −1.38 × 10−3ǫN1η. (5.33)

Let us assuming the ΛCDM cosmological model. From Section 3.2 and
from Eq. (3.2) there we remember that the summarized BBN and WMAP
measurements give

nB

nγ
= (6.15 ± 0.25) × 10−10, s = 7.04nγ . (5.34)

The parameter η can be obtained from (numerical) solution of Boltz-
mann equations. For simplicity one usually ignores flavour issues and solves
the approximated Boltzmann equation for the total lepton asymmetry as
we will describe in some next subsections. The following representation of
leptogenesis is mainly based on Refs. [159–162,165].

5.4.2 Relevant decay and scattering processes for leptogen-

esis

The processes involved in leptogenesis can be classified as the decay pro-
cesses and the lepton number changing scattering processes [159]. In the
case of mN2,3 ≫ mN1 the asymmetry generated by the heavy N1,2 is rapidly
washed out by the lighter heavy neutrino. Thus the relevant processes are
(see Figure 5.1):

• The decay of heavy neutrinos, N → HL (γD) (at very high tempera-
ture when the Higgs boson becomes heavier than N1, also the process
H → N1L). The respecive reaction density is denoted in the brackets.
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• The lepton number violating (∆L = 2) scatterings LH → L̄H̄ and
LL→ H̄H̄ (γN ).

• The ∆L = 1 scattering involving the top quark: N1L̄→ Q3U3 (γSs),
LQ3 → N1U3 and LU3 → N1Q3 (γSt) and their inverse reactions
(the reaction density of the inverse reactions differs only up to small
CP-violating corrections).

• The ∆L = 1 scattering involving SU(2)L ⊗ U(1)Y gauge bosons A:
N1L̄→ HA (γAs), LH → N1A, L̄A→ N1H (γAt).

L

LN1

AH

H

AH

N1 L

H

HA

N1 L

H

HN1
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L

AL

N1 H
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N1 H
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U3
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H

N1 N2, 3

LL

HH

Figure 5.1: Feynman diagrams contributing to the thermal leptogenesis.

In the case of mN2,3 ≫ mN1, thermal corrections to N1 propagation
can be neglected since N1 has no gauge interactions in the Standard Model
and the Yukawa coupling is small in the temperature interval. The tem-
perature corrections of the particle masses in the Standard Model are
known [166–168]. Also, we have to include thermal corrections to the
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dispersion relations ω(k) of lepton doublets, third-generation quarks and
the Higgs boson. Figure 5.2 presents the temperature dependence of the
reaction densities for the fixed masses of the light and heavy neutrino,
m̃1 = r |∆m| ∼= 0.06 eV and mN1 = 1010 GeV.
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Figure 5.2: The Standard Model reaction densities for m̃1 ≡ (YνY
†
ν )11,

v2/mN1 = 0.06 eV andmN1 = 1010 GeV. The blue line denotes decays (γD),
the red long-dashed lines the ∆L = 1 scattering (γSs,t = γHs,t + γAs,t) and
the green dashed lines the ∆L = 2 scattering (γN ). The figure is adapted
from [159].
.

5.4.3 The Boltzmann equations for leptogenesis and the so-

lutions

Above we listed the relevant processes for leptogenesis. The sphaleron
effects are negligible during the non-equilibrium phase of the decay and
scattering processes. Using the brackets notation defined in Eq. (5.21), we
define some short notations:

∆L = 1 : D = [N1 ↔ LH], Ss = Hs +As, St = Ht +At, (5.35)

∆L = 2 : Ns = [LH ↔ L̄H̄], Nt = [LL↔ H̄H̄], (5.36)

where we have used the notation

Hs = [LN1 ↔ Q3U3], 2Ht = [N1Ū3 ↔ Q3L̄] + [N1Q̄3 ↔ U3L̄], (5.37)

As = [LN1 ↔ H̄A], 2At = [N1H ↔ AL̄] + [N1A↔ H̄L̄]. (5.38)

As mentioned, the decay and scattering quantities above depend on thermal
effects and running of couplings (see Ref. [159] and the included references
accordingly).
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Now we assume that N1, L and L̄ fall out from thermal equilibrium.
While the normalised concentrations YH = Y eq

H , YQ3 = Y eq
Q3

, and YU3 = Y eq
U3

stay in thermal equilibrium. The Boltzmann equations are

zHsY ′
N1

= −D − D̄ − Ss − Ss − St − St, (5.39)

zHsY ′
L = D −Ns −Nt − Ss + St, (5.40)

zHsY ′
L̄ = D̄ +Ns −Nt − Ss + St. (5.41)

Now we are able to write the decay rates in terms of the CP-conserving
total decay rate γD and of the CP-asymmetry ǫN1 ≪ 1:

γeq(N1 → LH) = γeq(L̄H̄ → N1) =
(1 + ǫN1)

2
γD, (5.42)

γeq(N1 → L̄H̄) = γeq(LH → N1) =
(1 − ǫN1)

2
γD, (5.43)

from the equations we can express D and D̄,

D =
γD

2

[

YN1

Y eq
N1

(1 + ǫN1) −
YL

Y eq
L

(1 − ǫN1)

]

, (5.44)

D̄ =
γD

2

[

YN1

Y eq
N1

(1 − ǫN1) −
YL̄

Y eq
L̄

(1 + ǫN1)

]

. (5.45)

The equilibrium values Y eq
N1

, Y eq
L and Y eq

L̄
are equal at high temperature as

they have equal number of fermionic (two) degrees of freedom.
The Boltzmann equations need some subtractions due to some on-shell

propagators [159, 162, 169–173]. We will summarise the result in some fig-
ures. Figure 5.3 presents a case of the normalised reaction rate NN1 and
the B − L asymmetry produced accordingly. The next figure, Figure 5.4,
presents two different cases of the evolution: the left-side panel shows the
corrected normalised concentrations (the full set of thermal effects and the
subtracted on-shell scattering effects) and the right-side panel shows the
concentrations without the corrections.

5.4.4 Sphaleron effects

The normalised concentration of lepton asymmetry YL has to be converted
to baryon asymmetry. Let us denote the corresponding normalised concen-
tration as YB . The question is in the effectiveness of conversation process:
we have to include sphaleronic scatterings to convert the lepton asymmetry
into a baryon asymmetry.
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Figure 5.3: Evolution of the N1 abundance B−L asymmetry for m̃ = 10−5

eV, MN1 = 1010 GeV, thermal effects are not included. The figure is
adapted from [174].

It is possible to show that it can be done by the conversion of the
Boltzmann equation for YL into a Boltzmann equation for YB−L. The
concentration YB−L is not affected by sphalerons. Thus we only need to
find the relation between YB−L and YL.

At higher temperatures, T > 1010 GeV, the sphaleronic scatterings are
expected to be negligibly slow with respect to the expansion rate H(T ) of
the Universe,

Γsph(T ) ≪ H(T ), T > 1010 GeV, (5.46)

which means a very simple relation,

YL = −YB−L. (5.47)

At lower temperatures sphaleronic processes are in thermal equilibrium.
If all the Standard Model Yukawa couplings are large, the relation becomes,

YL = −(63/79)YB−L. (5.48)

If the Yukawa couplings are negligible then

YL = −(9/8)YB−L. (5.49)
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Figure 5.4: Evolution of the effective concentrations YN1 (blue curves) and
|YB−L/ǫN1 | (red curves) with temperature in the Standard Model, the tem-
perature effects are compared. The parameters are fixed as mN1 = 1010

GeV and m̃1(mN1) = 0.06 eV. The dashed line shows the thermal abun-
dance of YN1. The left presentes a set of new effects (mostly thermal)
included (in the means of Ref. [159]). The efficiency is η = 0.0036. The
right plot presents the computations with no new effect included and on-
shell scatterings incorrectly subtracted, η = 0.0017. The figure is adapted
from [159].

In reality the situation is somewhere between the cases (5.48) and (5.49).
Some couplings mediate equilibrium reactions and some others are negligi-
ble. Thus without making any approximations one cannot ignore flavour
and the calculation can proceed as in Ref. [123]. To study the sharing of
the lepton asymmetry between the three generations one has to consider
the evolution of the full flavour density matrix.

Within acceptable accuracy (10%) one may approximate YL ≈ −YB−L

and then solve the full set of Boltzmann equations (5.39) above, just re-
placing −YB−L → YL.

5.4.5 Effects of inflaton and reheating

The Standard Model of cosmology presumes that the early Universe under-
goes an inflation phase. Preferredly, the inflation is explained as an effect
of a scalar inflaton field, φ. The inflation phase ends when the inflaton
field decays. In the end of inflation phase, the Universe was very cold due
to enormus expansion and a source of reheating needed. The source of
reheating can be the decay of the inflaton. We are interested in how the
reheating influences the Boltzmann equations for the final B asymmetry.
One also should take reheating into account as it ifluences the kinetics of
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N1 decays.
Including these reheating effects, the Boltzmann equations be-

come [159]:

HZz
dρφ

dz
= −3Hρφ − Γφρφ, (5.50)

sHZz
dYN1

dz
= 3sH(Z − 1)YN1 −

(

YN1

Y eq
N1

− 1

)

(γD + 2γSs + 4γSt), (5.51)

sHZz
dYB−L

dz
= 3sH(Z − 1)YB−L − γDǫN1

(

YN1

Y eq
N1

− 1

)

−

−YB−L

Y eq
L

(

γD

2
+ 2γsub

N + 2γSt + γSs
YN1

Y eq
N1

)

, (5.52)

where s and ρR are the entropy and energy density of the Standard Model
particles, H is the Hubble constant at temperature T ,

H =

√

8π

3M2
Pl

(ρR + ρN1 + ρφ), (5.53)

and Z takes into account reheating,

Z = 1 − Γφρφ

4HρR
− γD + 2γSs + 4γSt

4HρR

ρeq
N1

neq
N1

(

YN1

Y eq
N1

− 1

)

. (5.54)

5.4.6 Summary of the type I leptogenesis

We presented a short overview of a version of leptogenesis mainly based
on Refs. [159–162, 165]. The used neutrino model is based on the type I
see-saw thus it is frequently noted as the type I leptogenesis. In general,
leptogenesis has a number of different versions. However, we mainly focused
on methodology needed to describe leptogenesis in general: kinetic theory,
sphaleron effects, effects of inflaton and reheating.

Let us summarize some main conclusions for the type I leptogenesis in
the case of the mass hierarchy mN2,3 ≫ mN1 . First, Figure 5.4 describes the
evolution of the N1 and B−L abundances at m̃1(mN1) = r|∆matm| = 0.06
eV and mN1 = 1010 GeV. It shows that leptogenesis depends only on the
later stages of the evolution at relatively small temperatures, where the N1

abundancy remains close to thermal equilibrium. Thus the final baryon
asymmetry is only a weakly dependent on the initial abundancy of N1 at
higher temperatures.
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Let us classify the result using three different cases (in following
Ref. [159]), assuming no pre-existing B − L asymmetry:

(1) The initial abundance ofN1 is zero, YN1 = 0 at T ≫ mN1 . The scenario
can be realised if the inflaton cannot decay into heavy neutrinos and
the field is decaying mostly into the particles of the Standard Model.

(2) The initial abundance of N1 is fully thermal, YN1 = Y eq
N1

at T ≫ mN1.
This case needs extra interactions at T ≫ mN1 to thermalize N1. For
example, an interaction can be mediated by a heavy Z ′ boson related
to SO(10) unification.

(3) The initial thermal bath is dominated by the abundancy of N1, ρN1 ≫
ρR in the early Universe. For example, this case can be realised if an
inflaton decays mostly into N1.

In the introduction of leptogenesis we defined the efficiency parameter η
that summarises all effects of the number density of N1 with respect to the
equilibrium value, the out-of-equilibrium condition at the decay and the
thermal corrections to ǫN1. As mentioned above, if mN1 ≪ 1014 GeV the
parameter η depends almost only on m̃1. Figure 5.5 shows η as a function
of m̃1 for mN1 = 1010 GeV. If m̃1 > 10−2 eV then the neutrino Yukawa
couplings keep N1 close to thermal equilibrium and η does not depend on
the unknown initial N1 abundancy. As we mentioned above, an pre-existing
lepton asymmetry would be washed out similarly, if the Yukawa couplings
of N1 act on all flavours.

If m̃1 is smaller the efficiency η depends on the initial N1 abundancy
ranging between the classification cases (1) and (2) above (the gray band
in Figure 5.5). The maximal value of η ∼ g∗ is reached at m̃1 ∼ m̃∗

1 ≡
256

√
g∗v2/3MPl = 2.2 × 10−3 eV in case (3). The parameter η decreases

at m̃1 ≪ m̃∗
1 because the particles H and L emitted in the N1 decays

have energy larger than the temperature T and split up in ∼ mN1/T
N1
RH

particles correspondingly increasing the lepton asymmetry. It means that
η ∼ g∗

√

m̃∗
1/m̃1.

If m̃1 . 10−6 eV, N1 reheating starts to be significant even in case (1),
giving η < 1. Even if N1 initially has a thermal abundancy ρN1/ρR ∼
gN1/g

∗ ≪ 1, its contribution to the total density of the Universe becomes
non-negligible, ρN1/ρR ∼ (gN1mN1)/(g

∗T ), where it decays strongly out of
equilibrium at T ≪ mN1 . This effect gives a suppression of η and for very
small m̃1 the case (1) and (3) give the same result.

121
31



10−10 10−8 10−6 10−4 10−2 1
m∼ 1  in eV

10−8

10−6

10−4

10−2

1

102

ef
fic

ie
nc

y
η

SM

zero N1

thermal N1

dominant N1

10−3 10−2 10−1

m∼ 1  in eV

10−3

10−2

10−1

1

ef
fic

ie
nc

y
η

SM

atm

sun

10−10 10−8 10−6 10−4 10−2 1
m∼ 1  in eV

106

108

1010

1012

1014

1016

m
N

1
 in

G
eV

SM, zero N1

10−2

10−30.1

10−10 10−8 10−6 10−4 10−2 1
m∼ 1  in eV

106

108

1010

1012

1014

1016

m
N

1
 in

G
eV

SM, thermal N1

10−2

10−30.1

10−10 10−8 10−6 10−4 10−2 1
m∼ 1  in eV

106

108

1010

1012

1014

1016

m
N

1
 in

G
eV

SM, dominant N1

10−2

10−30.1

1

10

Figure 5.5: Efficiency η of leptogenesis in the Standard Model, assuming
zero (dashed red line), thermal (continuous blue line) or dominant (long
dashed green line) initial N1 abundancy. In the upper plots η is a function
of m̃1 for mN1 = 1010 GeV renormalized at mN1 . In the lower plots the
contours of lnη(m̃1,mN1) = −6,−5, . . . ,−1, 0, 1. In the shaded regions the
Yukawa couplings of neutrino are non-perturbative. The figure is adapted
from [159].

The lower panel of Figure 5.5 presents the efficiency η of thermal lepto-
genesis computed in the cases (1), (2) and (3) as a function of m̃1 and mN1.
At mN1 . 1014 GeV non-resonant ∆L = 2 scatterings strongly suppress η.

In conclusion, the given example of leptogenesis shows that the scenario
of leptogenesis can produce the needed amount of baryon asymmetry. Also,
the model represents some restrictions for the neutrino related parameters
and the development scenarios of the early Universe. The example above
introduced the Standard Model (plus type I see-saw neutrinos) leptogenesis
with the condition mN2,3 ≫ mN1 . The degenerate scenario mN1 ≃ mN2 or
even mN1 ≃ mN2 ≃ mN3 is also possible and exciting (e.g. [162, 163]).
Also, the SUSY leptogenesis adds some new effects and restrictions on
leptogenesis (see Ref. [159] and the included references). In next subsection
we give a very short introduction to the model of leptogenesis based on the
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type II see-saw [161,175,176].

5.4.7 Alternative directions: type II leptogenesis

The most popular realizations of leptogenesis based on the type I seesaw
mechanism. An alternative is leptogenesis based on the type II seesaw in
which a SU(2)L triplet scalar ∆ with non-zero hypercharge is exchanged
as it was discussed in Subsection 4.2.5. In the supersymmetric scenario,
the anomaly cancellation requires minimally a pair of triplets ∆, ∆̄ with
opposite U(1)Y quantum numbers. However, only the triplet ∆ couples to
leptons.

The two leptogenesis scenarios differ:

• The type I seesaw has two sources of flavour structure: the Yukawa
coupling matrix YN of the singlets N with the SU(2)L leptons and
the mass matrix MN of the states N , which combine to give K/M =
Y T

NM
−1
N YN .

• The type II seesaw scenario has only one source of flavour: the sym-
metric Yukawa matrix Y∆ of the triplet ∆ couplings with the leptons,
K/M = λ2Y∆/M∆, where M∆ is the triplet mass and λ2 is a dimen-
sionless “unflavoured” Higgs coupling.

As we see, in the type I see-saw the high-energy quantities, YN and MN

contain 18 parameters. Thus, they cannot be univocally related to the 9
low-energy neutrino parameters, which are encoded in the neutrino mass
matrix mν . In the type II see-saw the high-energy quantity Y∆, which
contains 9 parameters, can be matched directly to the flavour structure
of the matrix mν [177–181]. Only the overall mass scale MT /λ2 is left
undetermined.

The type II non-supersymmetric see-saw with one triplet ∆ or the type
II (minimal) supersymmetric seesaw with a pair ∆, ∆̄ both contain sources
of L and CP violation at high scale, but they cannot effectively induce lepto-
genesis [175,182]. Successful leptogenesis has been achieved by adding one
more vector-like ∆

′

, ∆̄
′

pair [175,182], which means one additionl Yukawa
matrix Y∆′ . In such a case 9 additional flavour parameters will be included
and the direct connection between the high-energy flavour structure and
the low-energy one is lost.

Alternatively, it is possible to combine the hybrid type I plus type II
model, which can be motivated by left-right and SO(10) models. In these
models a single triplet couples to leptons [176, 183–188]. The successful
leptogenesis can be obtained in agreement with neutrino data [176].
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In summary, the minimal supersymmetric type II seesaw scenario with
a single pair of triplets can generate successful leptogenesis through the
L-violating decays of these states. The necessary CP-asymmetry for the
observed baryon asymmetry arises from the interference between supersym-
metric and soft-breaking terms and by a resonant-enhancement due to the
“soft” mass splitting of the triplets ∆ and ∆̄. In this case the mass of the
triplet states should be in the range (103 − 109) GeV depending on the size
of the soft-supersymmetry breaking parameters. The detailed description
of a version of type II leptogenesis is given in the included publication of
the dissertant [161].
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Chapter 6

Summary

This thesis links together a set of publications from the dissertant, which
are devoted to neutrino physics in general. The work is focused on different
neutrino related topics: neutrino physics in the context of cosmology and
general particle physics, the mechanisms of neutrino mass generation and
the properties of the different neutrino models and leptogenesis.

The thesis starts with a short description of particle physics and cosmol-
ogy. Chapter 3 focused on experimental and observational effects beyond
the Standard Model. The next chapter described some neutrino models
beyond the Standard Model. The three mechanisms for neutrino mass
were described: type I, II and II see-saw. In addition, CP-violation in
the neutrino sector and the running of neutrino parameters were discussed.
Chapter 5 introduced leptogenesis. The type I leptogenesis was presented
as a most popular example of leptogenesis. Also, some short notes were
made for the type II leptogenesis. The publications related to the thesis
are summarized in the following separate chapter.
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Chapter 7

Summary of the related

publications

The thesis links the studies of three publications from the dissertant [119,
161, 189]. This work does not include the set of publication and techni-
cal notes from the dissertant, which are not directly related to neutrino
physics. This excluded set of publications covers some experimental, de-
tailed technical and computational topics in particle physics (and in related
topics) [190–196]. A bunch of them are related to the dissertant’s work with
the CMS detector at the CERN LHC experiment [191–194].

7.1 Publication I

A. Hektor, M. Kadastik, M. Müntel, M. Raidal, and L. Rebane.
Testing neutrino masses in little Higgs models via discovery of doubly

charged Higgs at LHC.
Nucl. Phys., B787, 198-210, 2007, [hep-ph/0705.1495].

In the paper we have investigated the possibility of direct tests of lit-
tle Higgs models incorporating triplet Higgs neutrino mass mechanism at
the CERN LHC experiments. We have performed Monte Carlo studies of
Drell-Yan pair production of doubly charged Higgs boson Φ++ followed by
its leptonic decays whose branching ratios are fixed from the neutrino os-
cillation data. We propose appropriate selection rules for the four-lepton
signal, including reconstructed taus, which are optimized for the discovery
of Φ++ with the lowest LHC luminosity phase. The Standard Model back-
ground can be effectively eliminated, thus an important aspect of our study
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is the correct statistical treatment of the LHC discovery potential. Adding
detection efficiencies and measurement errors to the Monte Carlo analyses,
Φ++ can be discovered up to the mass 250 GeV in the first year of LHC,
and 700 GeV mass is reachable for the integrated luminosity L = 30 fb−1

of LHC.

7.2 Publication II

J. Ellis, A. Hektor, M. Kadastik, K. Kannike, and M. Raidal.
Running of Low-Energy Neutrino Masses, Mixing Angles and CP Viola-

tion.
Phys. Lett., B631, 32-41, 2005, [hep-ph/0506122].

We calculate the running of low-energy neutrino parameters from the
bottom up. We use the parametrization of the unknown seesaw parameters
in terms of the dominance matrix R. We find significant running only if
the R matrix is non-trivial and the light-neutrino masses are moderately
degenerate. In the case of the very hierarchical light-neutrino masses, the
quark-lepton complementarity relation θc + θ12 = π/4 is rather stable, but
θ13,23 may run beyond their likely future experimental errors. The running
of the oscillation phase δ is enhanced by the smallness of θ13, and jumps in
the mixing angles occur in cases where the light-neutrino mass eigenstates
cross.

7.3 Publication III

G. D’Ambrosio, T. Hambye, A. Hektor, M. Raidal, and A. Rossi.
Leptogenesis in the minimal supersymmetric triplet seesaw model.
Phys. Lett. B, 604, 3-4, 199–206, 2004, [hep-ph/0407312].

In the (supersymmetric) triplet (type II) seesaw model, in which a single
SU(2)L-triplet couples to leptons, the high-energy neutrino flavour struc-
ture can be directly determined from the low-energy neutrino data. We
show that even with such a minimal triplet content, leptogenesis can be
naturally accommodated thanks to the resonant interference between su-
perpotential and soft supersymmetry breaking terms. A set of bondaries
for the neutrino parameters are shown.
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Summary in Estonian

Standardmudeli järgne neutriinofüüsika

Neutriino on osake, mille roll osakestefüüsikas tundus läbi mitmete aas-
takümnete olevat suhteliselt ebahuvitav. Neutriinot peeti massituks osake-
seks, mis pealegi oli pea püüdmatu igasugustele detektoritele. Siiski, ju-
ba 60.-te aastate lõpus nähti esimesi märke neutriino “ebastandardsest”
käitumisest. Homestake eksperiment, mis mõõtis Päikselt saabuvat neut-
riinode voogu, avastas olulise erinevuse ennustatud neutriinode arvu ja
mõõdetud neutriinode arvu vahel. Kuhugi oli kadunud ligi pool ennusta-
tud neutriinodest. Siiski, kulus veel 30 aastat enne kui täie kindlusega sai
väita, et see puudujääk pole lihtsalt eksperimentaalne viga või ei seisne
meie teadmatuses päikese-siseste protsesside seletamisel. Selgus, et neutrii-
nodel on mass ja puudujääv osa elektronneutriinodest muundus müü- ja
tauneutriinodeks. Sellist muundumist saavad läbi teha vaid massiga neut-
riinod.

Teisalt, osakestefüüsika standardmudel väidab üheselt, et neutriinod
peavad olema massitud. Higgsi mehhanism, mis annab massid teistele fer-
mionitele, ei saa anda massi neutriinodele, kuna eksperiment näitab, et
puuduvad väikese massiga paremakäelised neutriinod. Seega, neutriinode
mass sai esimeseks tõsiseks probleemiks standardmudelile. Loomulikult,
standardmudelit saab laiendada ja sinna võib lisada erinevaid mehhanis-
me neutriinode massi tekitamiseks. Üks populaarsemaid mehhanisme on nn
esimest tüüpi kiige mehhanism. Mudelisse lisatakse rasked paremakäelised
neutriinode (elektronõrgad) singletid ja nende suur mass “surub” kergete
neutriinode massi üliväikeseks. Matemaatiliselt väljendub see neutriinode
massimaatriksi diagonaliseerimise lesandena. Teine võimalus on lisada mu-
delisse spetsiaalne kolmekomponendiline skalaar, triplet, mis annaks neut-
riinodele massi (teist tüüpi kiige mehhanism). Kolmas populaarne mudel
on spetsiaalsete uute fermionite lisamine. Siiski, see võimalike mudelite ni-
mekiri pole kaugeltki täielik. Hea ülevaade võimalikest mudelitest ja nende
eksperimentaalsetest omadustest on esitatud näiteks ülevaates [33].

Tänapäeva osakestefüüsika ja kosmoloogia väidab, et neutriinodel oli ja
võibolla ka on praegu väga oluline roll looduses. Esiteks, neutriinod võisid
mängida kriitilist osa aine-antiaine asümmeetria loomises, seda läbi lepto-
geneesiks nimetatud protsessi (vt ülevaateid [159–162,165]). Teiseks, neut-
riinodel näib olevat oluline roll raskete elementide tekitamisel supernoova
plahvatustes, kuna nad saavad kallutada tasakaalu raskete elementide poole
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(vt näiteks [195] ja seal toodud viiteid). Võib olla, et kõik rauast raskemad
elemendid on tekkinud suuremal või vähemal määral neutriinode “süül”.
Kolmandaks, ürgsed kosmoloogilised neutriinod mõjutasid oluliselt gaaside
dünaamikat ja seega tähtede ning galaktikate teket varases Universumis.
Lõpetuseks, ürgsetel neutriinodel võib olla oluline osa mängida tumeda
energia moodustamisel [46,197–200].

Käesolev doktoritöö seob ja juhatab sisse autori poolt doktoriõpingu-
te perioodi jooksul avaldatud olulisemad publikatsioonid. Esimene publi-
katsioon käsitleb leptogeneesi alternatiivset stsenaariumi, kus leptogenees
toimub läbi triplet skalaaride ja nende superpartnerite [161]. Teine publikat-
sioon on pühendatud väikese ja suure massiga neutiinode sektorite seoste
uurimisele [119]. Kolmas publikatsioon käsitleb triplet-mudeli signatuuride
avastatavust LHC eksperimendi juures [189].

Doktoritöö algab osakestefüüsika ja kosmoloogia standardmudelite tut-
vustamisega. Järgmises peatükis tutvustame mõningaid eksperimentaal-
seid tõendeid, et eksisteerivad füüsikalised nähtused, mida osakestefüüsika
standardmudel ei suuda kirjeldada: aine-antiaine asümmeetria, neutriino-
de massid, külm tume aine, müüoni anomaalne magnetmoment. Neljandas
peatükis kirjeldame täpsemalt võimalikke standardmudeli laiendusi neutrii-
nofüüsikast lähtuvalt. Käsitleme kolme mudelit: I-, II- ja III-tüüpi kiige mu-
delid. Täpsustame ka, kuidas (kvantitatiivselt) annavad neutriino-mudelid
aine-antiaine asümmeetria ja kuidas on omavahel seotud “kerge” ja “ras-
ke” neutriinode sektor. Viimases peatüks tutvustame leptogeneesi. Esita-
me lühisissejuhatuse varase Universumi termodünaamikasse ja kineetikasse.
Seejrel kirjeldame ühte konkreetset leptogeneesi mudelit, mis baseerub I-
tüüpi kiige mudelil. Lõpetuseks käsitleme lühidalt II-tüüpi kiige mudelil
baseeruvat leptogeneesi. Töö lõpeb põgusa kokkuvõtte ja ülevaatega tööle
lisatud teaduspublikatsioonidest.
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