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Chapter 1

Introduction

1.1 On motifs of unification

The fundamental theories of physics can describe a vast landscape of phe-
nomena, having identified the fundamental constituents of Nature, really
particles and fields, and the laws that govern their dynamics — the equa-
tions of motion, when taken to a pragmatic extreme. This is, of course, a
simplistic recourse into what defines a theory of physics, as, for example,
it does not detail the symmetry content that defines the field interactions,
or the geometry and topology of the backdrop spacetime, or the causal
ordering relations that are of similar fundamental importance, not to enter
questions of quantum structure. Nevertheless, we are presented with the
Standard Model of particle physics, a quantum field theory that describes
particle phenomena to extreme accuracy [6], and General Relativity, which
models gravitational phenomena to a similarly extreme accuracy [7-11].
But they are separate theories, in several senses: General Relativity is not
a quantum field theory of gravity, and the most straightforward quantum
geometrodynamic formulations are non-renormalizable [12-14]. Similarly,
and of primary relevance here, the symmetry structure of the gauge the-
ories in the Standard Model and that of gravity as described in General
Relativity is separate, broken, and does not have an unambiguous unified
origin [15]. Put into more definite terms, General Relativity is not im-
mediately situated in a unified gauge theory of Yang-Mills type, and the
arena of symmetry transformations is not in fiberwise automorphisms, but
in spacetime diﬂ“eomorphismsﬂ Quite clearly, there are still many unex-
plained physical phenomena as well, of which dark matter and dark energy

IThis insight has been attributed to Bryce DeWitt, per M. Hamilton referring to
E. Witten’s Newton Lecture |16} [17]. It is not well to speculate on the implications, but
in the author’s opinion this difference should vanish in the unified phase.



are particular examples, as they elude a clear solution in the common fun-
damental theories of physics [18, |19], suggesting a necessary extension.
This preludes a recent Cartan-geometric theory of gravity [20], which pro-
poses a solution to the question of time and a geometric origin to cold
(mimetic) dark matter, through a careful symmetry breaking of a single
vector field, the “Khronon”, which together with the Lorentz connection
generates spacetime geometry. The purpose of this dissertation is to estab-
lish how the Khronon Lorentz gauge theory of gravity should be reconciled
with particle theory for unification.

More conservatively, the material here presents one line of thought how
Yang-Mills theory and electromagnetism, temptingly termed collectively in-
ternal gauge theory, should be made compatible with the Khronon theory
of gravity. Matter is suggested to correspond to “internal” space, loosely
such as that of a particle or an observer, while gravity relates to spacetime
(i.e. “external”) degrees of freedom. Field theory geometry would formalize
it in terms of e.g. fiber bundlesﬂ An experienced reader might already pre-
dict some conclusions that will be drawn, in that gauge-gravity unification
will generally, without additional principles, be rather hopelessly ad hoc,
and the focus should be on a search for a creative structure that might
facilitate any given theory, and then work on specific issues of any given
approach. Hopefully this dissertation will provide guidance how this can
be specifically done for the Khronon theory of gravity, in e.g. modifying the
simplicity constraints, so any interested party can skip over less prospective
lines of thought. That is, a priori predicating any specific Lagrangian is
somewhat hopeless, as the models are plethora. But to give a further exam-
ple on theory construction, Grand-Unified Theories of the Standard Model
interactions and the like often require, imply, or, depending on the per-
spective, predict, processes and phenomena such as proton decay, Lorentz
violation, among many other possibilities and a plethora of new particles,
all in various scheme-dependent mixtures. Currently this conflicts with ob-
servations [6], so is forced to a practically so-far unobservable regime, while
the inclusion of gravity pushes to unification schemes beyond Grand Unified
Theory. Nevertheless, a definite, concrete continuation would be embed-
ding the Khronon into specific Lagrangian formulations of graviGUT-s, and
working out the phenomenology in rigor.

2Note that the distinction is not entirely unambiguous. The metric, the common
vessel for gravitational degrees of freedom, is a section of a tensor bundle. The soldering
form, as used in e.g. tetradic Palatini gravity, “solders” the tangent spaces unto the
base manifold. There are plenty of other formulations of gravity [21]. This internal-
external distinction is only brought up because in the author’s opinion it is a fundamental
geometric issue in classical unification of gauge theory and gravity, but this should hardly
be taken as the necessary premise for unification.
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But the initial premise or motivation for this study was actually rather
definite in its suggested direction. A particular example of recent devise
in particle physics symmetry structure was the work of Furey [22], which
reformulated the Standard Model representation theory in terms of the al-
gebra R C®H® O, a tensor product of the only normed division algebras
over real numbers: the real numbers R themselves, the complex numbers C,
quaternions H, and octonions Q. The list of normed division algebras is en-
tirely limited by Hurwitz’sﬂ theorem [23], so if there was a canonical fitting
of particles into numbers, or division algebras to be unambiguous, it would
also naturally limit the true particle content, in consistency with what is
indeed observed. There could be a natural explanation why the observed
field content is limited. Even more so, the quaternions are very suggestive
of relativistic geometry, as the quaternionic-imaginary units ¢, j, k seem to
correspond to spacelike components, and the remainder quaternionic-real
unit 1 relates to the timelike component in 4-dimensional spacetime geom-
etry. Indeed, this has been rigorously considered [24]. Now, apart from the
spin connection, given that the Khronon theory only introduces a single
Lorentz vector 7 (or, Lorentz-valued scalar, contingent on the interpreta-
tion) to produce the spacetime coframe e* = D7%, a rather curious hypoth-
esis follows, in that perhaps this scalar could become quaternion-valued
instead, and when further extended and embedded in some manner into
the remainder of the division algebras, be used to describe the remainder
of the interactions: the electromagnetic, the weak, and the strong force.
This could be considered a unification of gravity with internal gauge inter-
actions, and if successful, this would be akin to a theory of everything —
or at least, of all known interactions.

This did not come to be. Or rather, as will be concluded, there are sev-
eral ways to possibly make sense of unifying the Khronon theory of gravity
with the remainder of the gauge interactions, but they range from difficult
to substantiate in their interest, to difficult in actually working out the
details of a definite proposal. Moreso, the author did not take the unjusti-
fiably ambitious aim of proposing a theory of everything as the goal, but the
aim was rather in geometrizing gauge theories such that there was greater
“symmetry” between internal gauge theories and gravity, such that it could
facilitate a “unified phase” which would be “broken” to our standard under-
standing of spacetime, gravity and gauge theory, and hold a “natural” way
to introduce an analogue of the Khronon vector into the remaining gauge
theories — thus, if the Khronon became valued in division algebras, the

3There are many similar theorems, where the list of allowed division algebras is
limited, provided some additional assumptions. For example, there is Frobenius’s, Wed-
derbun’s, Mazur’s theorem etc.
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split between gravity and internal gauge theory would be relatively straight-
forward. Note the quotation marks, as these terms are not used currently
in any precise definition, but as basic motivations. Throughout, there will
be a rather messy invocation of both physical and mathematical notions,
as on one hand, the premise for the Khronon theory was taken to be more
intricate than a crude reading would provide, and on the other, a clear
and satisfactory proposal was not reached. That is, the intent was to work
through the construction of spacetime, from topology and continuity, to
causality and geometry, to introducing fermionic and bosonic matter, and
this all attempted in possibly more interesting, nonstandard terms. The
motivation to construct spacetime came from ideas of “pregeometry” [25]
and the presence of a more fundamental clock vector field in the Khronon.
The crudest reading would have been just in modified (Lagrangian) sim-
plicity constraints [26H28], but in hindsight would have provided a variety
of definite models to work through. As a premonition, let it be suggested
that an application of the Khronon simplicity constraints to models of Loop
Quantum Gravity, Spin Foams, Causal Dynamical Triangulation, or imme-
diately to various unified models (e.g. Smolin’s [29]) would provide a rather
definite avenue of research, which, at the time of this writing, has not really
been considered in extent. But the aspiration, perhaps naive or hopeless,
was to develop a more immediate model of spacetime geometry conformant
to the clock field, with internal interactions on equal Lagrangian footing to
gravity — and this did not happen in a properly satisfactory way.

Returning to unification in more general terms, the purpose of gauge-
gravity unification in specific requires a slightly different motivation than
some other topics might need, in theoretical physics in general and even
more so than in the disciplines more immediately phenomenological, obser-
vational or experimental. The purpose of this procedure is not immediately
obvious when taken in any greater detail, even if the desire for greater sim-
plicity and symmetry is. That is, the aspiration is understandable, but the
exact phenomenology that is (required or desired) to be explained is not as
direct. There are several issues that bear immediate emphasis.

Firstly, unification in physics has consistently proven to be of qualita-
tively different character — there is a definite meaning of unification in
contemporary field theory and restricted to interactions [15], but such con-
striction might not prove to be always useful or meaningful. So, the merging
of space and time into a single covariant spacetime entity is not a unification
of interactions by itself, as it is most directly a change in the background
geometry. There is a rather intricate substantiation in e.g. the sense of de-
formations of Lie algebra&ﬂ [30], but more than that, introducing relativity

4This requires further introducing the notion of stability or rigidity of Lie algebras.
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underlies the unification of the electric and magnetic forces into the single
electromagnetic interaction. This, in turn, is not immediately of similar
type to electroweak unification, which follows the symmetry breaking pat-
tern U(1l)y x SU((2)r, — U(1)gm x SU(2)w, and requires introduction of
the Higgs mechanism, thus producing massive W and Z bosons. Essentially,
it is a specification of internal geometryﬂ With the Strong Force appended,
the Standard Model symmetry group U(1)y x SU(2)r x SU(3)¢c could be
thought of as a complete theory of the electromagnetic, weak and strong
force, but clearly the strong force is separate from the remainder of inter-
actions, as it is only appended by a direct product, and even electroweak
theory is not a proper unification per se of electromagnetism and the weak
interaction, as the product is not semi-simple.

This somewhat arbitrary symmetry structure can already be brought
up as a possible motivation for Grand Unification, where the basic method
is to work out how a larger, unified gauge group is restricted to the Stan-
dard Model subgroup, and this is further supported by e.g. the convergence
in the renormalization group flow of the Standard Model gauge couplings,
alongside a host of other questions (the Hierarchy, Parameter, Fermion
problem etc.) [31} 32]. What is more difficult to substantiate, however, is
how gravity should be appended to this list, as the arena of interaction is
utterly different. A pure symmetry extension argument is difficult to take
for the entire truth, and seems contradictory with some standard results,
e.g. the Coleman-Mandula theorem [33]. Indeed, this dissertation provides
some similar observer-structure arguments why gauge-gravity unification
would be of yet again a different type, and aspired to search for a qual-
itatively different resolution, by facilitating a certain unified topological
phase, albeit not entirely successfully.

Let it be emphasized that unification has a definite meaning in terms
of particle physics [15]. In particular, Krasnov & Percacci define it in
terms of a four-step process, starting from identifying the unified group
G D G4 x G, organizing the particle representations, and then by means
of an order parameter restricting to the broken phase G 4 x G, which is ex-
pected to be the stabilizer of the potential’s minimum; the fourth and final
step being the writing of the action functional proper. Although, strictly
speaking, even Electroweak theory does not follow this exactly (the gauge

Then it can be found that the Poincaré algebra is a deformation of the Galilei algebra,
but can further be deformed into the de Sitter or anti-de Sitter algebra, which are stable
and simple.

Or in less poetic terms, a specification of Lagrangian symmetry content. This is
not unreconcilable terminology e.g. per Lie group differential geometry, but the author’s
implication is that gauge-gravity unification will have to distinguish spacetime geometry
from internal space geometry.
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group is only semi-simple there), this is an almost unavoidable descrip-
tion of particle-physics unification. For gravity, the situation is arguably
slightly different due to the existence of (and almost in a contradictory
manner) significantly more restrictive results like the Coleman-Mandula
theorem [33] — in terms of Poincaré invariant scattering theory, only a
trivial direct product of the internal symmetry group and the Poincaré
group is permitted. In turn, the gauge-gravity unified phase might be
expected to be a more drastic departure, e.g. with a zero soldering form
order parameter, which is essentially a transition to a metrically degen-
erate region of spacetime. Supersymmetric theories would be subject to
the Haag—F.opuszanski—Sohnius theorem [34], but generally there are many
methods to work around such restrictions (e.g. conformal symmetry, graded
Lie algebras, spontaneously broken symmetries etc.).

Secondly, it is not even unambiguously clear if gravity requires unifica-
tion with other forces, in a graviGUT or otherwise. Three of the interac-
tions follow a clear Maxwell/Yang-Mills premise, such that any modifica-
tion is observationally almost completely forbidden. Gravity is significantly
more ambiguous in its many formulations [21, 35]. Nevertheless, General
Relativity can be thought of as a particle theory of a spin-2 bosonic force
carrier, the graviton [36-38|, so it is not unimaginable that it comes from
a unified origin as all other forces. Passing to the geometry of field theory,
the justification why gravity should necessarily originate from the same
common origin as the other interactions is less clear, as the sectors of rele-
vant geometry are simply different; consider the Atiyah exact sequence [39,
40] for a formalization in terms of symmetries.

Thirdly, there are a plethora of ways how to attempt unification of grav-
ity with the other interactions. An excellent review is in [15], and certainly
there will be still more attempts to come. What needs to be emphasized is
rather the ontological multitude of these unification attempts — the arena
is extensively colorful. On one hand, gravity can be reformulated as a
pure connection field [41], akin to the other interactions (and the connec-
tion in the Khronon theory can be understood to fulfill a similar purpose).
Or, the geometry can be changed, as in [42-45], where the Cartan model
space is to be rolled over an underlying manifold. In the other end there is
the popular case of String Theory [46], which utterly and entirely changes
the premise: rather than (quantum fields of) point-particles, the case is
for higher-dimensional objects, strings and branes, in higher-dimensional
spaces suitably compactified. In contrast, a much more straightforward
approach would be to consider BF-type models, so that the auxiliary B-
field obtains whatever physical value through some constraining process,
contingent on what sector of interactions it is to describe. The separa-
tion of gravity and internal gauge theory is very suggestive, and rather

14



minimalistic, as it becomes a very literal split of the BF-form into the
Einstein-Hilbert/Cartan or Maxwell/Yang-Mills Lagrangian. Several at-
tempts have already been made before |29} 47-50], and this dissertation
considers a little more of the structure of this type. However, more than
that, what we observe is a variety of models, each contending to different
merits, and providing a different set of problems. It is not straightforward
to assign preference to any specific one. Gravity introduces a mixture of
several notions, including causality, topology and metric geometry, thus
it is only natural that this complexity persists in the variety of unifica-
tion options possible. The only path forward is to test and evaluate each,
weighed by intuition, and hope that the correct solution eventually presents
itself. Until then, and until verified by the scholarly community at large,
the inverse implies that any particular approach will remain contentious to
varying extent, and can only be handled with caution.

As a final remark, on terminology and a guideline for further develop-
ment, note that a unified theory of gravity and internal gauge theory is
often taken as one part of a (or “the”) Theory of Everything. For a more
extensive discussion what a “Theory of Everything” is even understood to
require, refer to e.g. [51} 52]. Gauge-gravity unification in whatever sense
would clearly be a theory of all interactionsﬂ It should be further con-
sistently unified with a theory of quantum gravity, but would also require
some model of the quantum measurement, which is far too often neglected
in direct development, and would require at least a guideline (and prefer-
ably an actual derivation) for how higher-complexity phenomena such as
sentience and consciousness should emerge — otherwise, it would not be
possible to rule out the possibility of a greater set of fundamental natu-
ral principles that should be appended for a true theory of everything. A
generic suggestion that macroscopic particle interactions would necessarily
unlock the origin of e.g. consciousness is difficult to be taken as a definitive
solution. A Theory of Physical Everything can be more restrained, and
limit its attention to physical materia, particles and fields and emergent
phenomena a few layers above, such as up to thermodynamics, the span
of classical and nonrelativistic quantum mechanics, cosmology etc. But
what is a very unique and relevant line of thought to consider is that a
true Theory of Everything might never even be possible, due to limitations
of mathematical and logical structure. In specific, reference is to Godel’s
incompleteness theorems [53] and Tarski’s undefinability theorem [54], on
the limited extent of algorithmically provable truth about arithmetic in the

SInteractions that are presently observed, that is. This dissertation will not go into
depth on the possibilities for a fifth force, dark sector interactions etc., or how the
possibility of such extensions would affect the meaning of a Theory of Everything — of
increasingly tangential relevance for physics research.
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confines of any system of axioms, and on the concept of truth in first-order
logic, respectively. However, it can be argued that the implication is signif-
icantly more extensive, as any particular limited Lagrangian theory will be
unable to prove its own logic, and indeed, this was the topic of an excellent
recent essay [55] and has been argued far earlier as well (e.g. F. Dyson
and S. Hawking outside the research setting [56, 57]). That is, there will
necessarily be something “outside” the confines of physical interest, which
cannot be derived from a Theory of “Everything”. Nevertheless, this should
not be necessarily understood as a deficiency of any such programme, as
a physical theory is not necessarily expected to implicate the logic that
is used to define itself, the structure of what is “outside” is unclear, and
indeed, application of e.g. Godel’s incompleteness theorem outside of its
actual setting can be considered simply invalid. But regardless, let us re-
lent, as the aim of unification here was more limited in its scope, and only
acknowledge the argument that there may be an infinite array of more
phenomena, including physical phenomena, that cannot be limited to the
confines of any single Lagrangian theory. So, let us instead observe how
one line of thought leads its course to demise.

1.2 A summary of the included articles

The initial aspiration of the author’s work was to develop a gauge-gravity
unified theory based on the “Khronon” Lorentz gauge theory [20], which
would have been fit into the division algebra model of Furey [22]. The
Khronon vector field 7%, or Lorentz-valued scalar if avoiding reference to
tangent geometry, would have instead become quaternion-valued, eventu-
ally generically division-algebra valued, thus becoming the link between
spacetime geometry and algebra. There are several open questions in the
Khronon theory of gravity, e.g. the exact mechanism how the spontaneous
symmetry breaking should take place, but at the time the most urgent one
was of incorporating matter fields in general, and for unification, the case
of including Maxwell and Yang-Mills gauge fields in particular.

The published work follows the idea of facilitating a zero-metric topo-
logical phase in terms of first order formalism and BF theory. The intro-
duction of an auxiliary field permits a (rather ad hoc and formal) split
and isolation of covariant and contravariant components. Spelling out the
Hodge star requires the inverse metric, but it is possible to play around
this in first order formalism and avoid explicit reference, despite as arbi-
trary as unlinking the dual spaces may seem — and entirely unnecessary
in the metric phase of the theory, which necessarily should be as close to
standard theory as possible on observational grounds. In the author’s view,
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the metric, broken phase should ezactly reduce to the standard theory of
matter fields. Nevertheless, the quadratic Maxwell-Yang-Mills potential
and various rewritings of the auxiliary field established a somewhat greater
similarity between the Lagrangian gauge-gravity sectors and the Khronon
theory in particular, leading to introducing the “Isokhronon” theory — al-
though ultimately not viable. It similarly lends to a rather surprisingly
extensive amount of related work, e.g. premetric theory [58|, deformations
of topological BF theory [59], bimetric theory [60], speculation on the cos-
mological constant and the Kodama state [61], double copy structure [62],
and more. The hypothesis was further that by virtue of some constraining
mechanism the B-field would obtain the relevant physical values — so with
the internal Maxwell-Yang-Mills theory suitably rewritten, the position of
the extended Khronon in both the spacetime hypersurface basis *(e?Ae?) as
well as the internal gauge theory B-field would be more clear, and somehow
naturally fall into place. If all were successful, this would have eventually
resulted in a gauge-gravity unified theory, which in the broken phase re-
produces standard theory of matter and gravity, while the unified phase
corresponds to a zero metric ground state and a topological field theory.
The topological field theory questions provide another perspective into
premetric theory, as developed by Hehl & Obukhov [58], extended to grav-
ity by Koivisto, Hohmann & Marzola [63], and which served as significant
motivation for the work of this dissertation. That is, as the author suggests,
the physical premetric axioms can be understood as another expression of
introducing the basic principal bundle structure, outfit with the generic
BF-theory action, and by virtue of a constitutive law, constrained to phys-
ical Maxwell-Yang-Mills form. So, as this work has established, the B-field
can entirely be understood as the “excitation” field of premetric fare — and
more generally, premetric theory can be understood as the constraining of
a topological field theory to physical, metric form. First order formalism in
gauge theory is rather basic and fundamental and has been discovered and
rediscovered throughout the study of field theory, but obtains a more non-
trivial interpretation as the parent system in the study of dualities [64-67],
where apparently different theories in actuality describe the same physical
system, such as vacuum Proca and Kalb-Ramond field theory. As the au-
thor’s work |4}, 5] claimed, this is simply an identity of the parent system,
trivially integrating over the auxiliary fields — nontrivial modifications re-
quire nontrivial (degenerate) constitutive law structure for the auxiliaries.
The particular aim of the unified theory hypothesis, that the internal
gauge theories should somehow admit a suitable formulation paralleling
that of gravity, proved unsuccessful — here ultimately traceable to the
simple fact that the interactions are independent, at least so in the broken
phase. Nevertheless, this work suggests several locations and mechanisms
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that could instead be investigated further, especially so in adapting simplic-
ity constraints to the Khronon waywiser geometry, and studying all steps
of the constraining process. Perhaps future work can deal with the more
definite suggestions to an ultimately amicable resolution.

As presented earlier, this dissertation is based on the author’s work in
four research papers, published in peer-reviewed journals, and one preprint,
which is only included for the sake of completeness of the author’s thought.
These papers constitute the primary novel component of the dissertation,
and illustrate the approach to gauge-gravity unification that was attempted
to be developed and resolved. A brief summary follows.

1. Article [1] achieved two main results: it provided a Lagrangian and
equations of motion derivation of the cold dark matter dust of the
Khronon theory which was earlier derived only in Hamiltonian formu-
lation [20], and it proposed a unimodular theory of ACDM cosmology,
emergent from integration constants. The Khronon theory has a cu-
riously nontrivial interplay between the Einstein-prototype coframe
and connection equations of motion in how the gravitational degrees
of freedom are spread across the 7% vector field and the self-dual Twg,
and anti-self-dual ~wg, connection, while ideal dust (mimetic [6870],
as [20] refers to it) is collected into an integration constant 3-form.

2. Article [2] focused on the issue of introducing matter fields to the
Khronon theory of gravity. This was primarily following the premise
of the unification approach that was chosen early on: the Khronon
field 7® would be the main object to develop for unified gauge the-
ory geometry, thus would have to be introduced into the standard
Maxwell-Yang-Mills Lagrangian, so that the action would be formally
as similar as possible to the standard Einstein-Cartan-like Khronon
gravitational Lagrangian. This would better facilitate the Lorentz-
valued scalar 7® to become valued in other algebras, and, hopefully,
reveal the unified dynamics in a straightforward manner.

This required introducing new principles, as otherwise it would not be
possible to prefer any or restrict to specific matter couplings in any
manner, and only introduce a list of all possible Lagrangian terms
constructed from the dynamical quantities — in hindsight, a more
prospective effort. At the same time, compared to metric g,, ge-
ometry, it is more difficult to reject nil values and regions 7% = 0,
which would provide a zero metric (topological) phase. Permitting
such regions was argued to resolve a multiple of problems simultane-
ously: correspond to the unified phase, which would be topological as
it loses access to nondegenerate metric values, correspond to a nat-
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ural ground state of gravity, and seemingly correspond to (a notion
of) a “pregeometric” phase, where spacetime metric geometry is yet
to be formed. By reformulating the basic gauge theory actions, such
that they no longer make explicit reference to Hodge dualization or
the inverse metric, and bookkeeping the tensor spaces and their duals
without a priori relation inside the degenerate region, it was argued
that a first order formulation of gauge theory appears as the natural
Lagrangian for gauge-gravity unification.

While the Dirac spinorial action did not require any addition, the
Maxwell-Yang-Mills theory Lagrangians had a natural “kinetic cy-
cle” first order formulation, depending on the specific auxiliary field
introduced — a Lie-algebra valued 0-form Gg, 1-form u® or 2-form
B. Various interpretations for the introduction of these fields and the
quadratic potential were attempted (e.g. linear transformations, bi-
metric theory, premetric excitations, dual field strength auxiliary, cos-
mological constant), and it was argued that the premise of premetric
theory is dynamically resolved in terms of introducing auxiliary fields
of this kind. A novel modification was considered — the Isokhronon
¢* theory, with a similar background effect to the Khronon theory
of gravity, viz. an integration constant DX, = 0. Some different
algebraic organizations of the unified Lagrangian were attempted.

. Article 3] recollected previous work in the gravity and matter La-
grangians, and, in terms of the covariant phase space formalism, stud-
ied their symplectic structure and conserved currents and charges.
The Noether symmetries of Lorentz transformations and diffeomor-
phisms were considered, alongside energy-momentum and hypermo-
mentum currents. Some specific issues such as shift symmetries and
frame-dependent charges were analyzed; the appearance of dust was
linked with the shift symmetry of the Khronon. Altogether, the
first order formulations of scalar field theory, Maxwell-Yang-Mills
gauge fields, Dirac fermions and Khronon gravity with the cosmo-
logical constant were considered, spanning the entirety of the usual
Lagrangian content of the Standard Model and the theory of gravity.
Several questions were nuanced, such as the symplectic structure of
boundary-equivalent formulations of the Khronon theory of gravity —
classically, there is no expectation of substantial dynamical difference,
but as canonical quantization directly refers to the Poisson, or sym-
plectic structure, the distinction is no longer as obviously irrelevant
for the case of e.g. quantum theory and black hole thermodynamics.
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4. Article [4] considered two main topics: firstly, a canonical study of the
Isokhronon theory was performed, in both the noncovariant Dirac-
Bergmann algorithm and the covariant phase space formulation, and
secondly, the duality structure of a variety of theories was studied,
for the cases of Maxwell, Proca, Kalb-Ramond and Chern-Simons
theory, and non-Abelian duality rotations in differential geometric
terms. Outside non-Abelian questions (e.g. duality rotations), much
of the study considered the electromagnetic U(1) case for simplicity.
Yang-Mills generalization would be relatively straightforward.

Applying the Dirac-Bergmann algorithm to the Isokhronon theory
resulted in a constraint algebra equivalent with the usual Maxwell
constraint structure, including e.g. the Gauss constraint and only
two propagating photon degrees of freedom, despite the covariantly
constant DX, = 0 magnetization and polarization background —
and provided a suitably torsionful background geometry. This marks
a stark contrast to the Khronon theory, where proper dust degrees
of freedom appear in a similar integration constant fashion [20} [71].
The torsion-dependence, also visible when integrating the Lagrangian
by parts, decidedly argues against the viability of the Isokhronon
theory. Some technical remarks on background fields and Noether’s
theorems were considered. The symplectic geometry derived from
the covariant phase provided a new and immediate argument for the
quantum equivalence (viz. the BRST complex, geometric and defor-
mation quantization) of first order gauge theory with the standard,
second order form, consistent with previous results |72} |73]. More
generally, a symplectomorphic phase space was seen as an argument
for canonical quantum equivalence.

The duality implications of introducing auxiliary fields was found to
be of particular pertinence, as they define the parent action (La-
grangian, generating functional, etc.) in duality terms. Then, the
path integral formulation provides an especially prompt analysis of
the effects of such additions, as in many relevant cases they seem-
ingly allow for a literal integration over the auxiliary field measure,
in terms of e.g. Gaussians or Dirac delta functions. It was shown that
this remains so in the recently found S-dual of Maxwell-Chern-Simons
theory [74], provided the vacuum structure is maintained (e.g. dis-
connected propagators). Proca-Kalb-Ramond duality was the sub-
ject of some recent controversy [75} [76], but it was shown that this
remains the case in vacuum Proca and Kalb-Ramond theory, and in-
stead quartic self-interactions simply break the dual description (the
quartically self-interacting theories no longer possess a common par-
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ent partition function that would integrate to both one and the other).
The crucial conclusion is that dualities of this type are simply iden-
tities for the defining system (e.g. the path integral) — the integra-
tion can be performed directly. Finally, the failure of non-Abelian
electric-magnetic dualities and rotations [77] were shown to immedi-
ately follow from differential geometry, e.g. the lack of a non-Abelian
Poincaré lemma, loss of homogeneous structure for non-Abelian con-
nections F'[B] # aF[A], or solving linear algebraic systems.

5. The preprint [5] was intended as a conclusion to the approach for
gauge-gravity unification as was initially (!) attempted by the author.
In particular, three main points were argued.

First, it was argued that gauge-gravity unification immediately runs
into geometric issues, before even theorems like Coleman-Mandula
necessarily manifest. That is, gravity dealsﬂ with external symmetries
and reductions of the frame bundle. The tangent bundle is canoni-
cally induced and soldered onto the base manifold, and is tangent by
definition, while internal gauge groups are defined on a separately
appended principal bundle. Similarly, observer-signal information
arguments, formulated in terms of a “signal triplet”, suggest a ge-
ometry change in the unified phase. Note that if the solder form is
taken as the order parameter, the unified phase can be signified by a
zero value [15], i.e. degenerate geometry. However, here the author’s
arguments were termed “heuristic”, as they are contingent on the
specific formulation of spacetime and unification. A more standard
particle physics view might not care about dimensionality or tangent
geometry vs. particle excitations in the Hilbert space.

Secondly, the author has argued that the constitutive law in premetric
theory can be understood as reducing the B-field of BF theory fare
to some function of the field strength F. In turn, auxiliary fields can
be simply dismissed from the Lagrangian, cf. dualities and parent
systems. Therefore, the only option for nontrivial phenomenology
would be a degenerate constitute law, with multiple possible minima.
This kind of degeneracy is also somewhat reminiscent of spontaneous
symmetry breaking, but not of the same Lie group source. The case
of Plebanski theory has already been extensively studied [78], and
the paper explored options how to facilitate a similar multi-phase
phenomenology in electromagnetism.

"Rather, can deal, to be objective. There are many formulations of gravity, and it is
difficult to exclusively claim only one interpretation.
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Finally, the folly of the author’s attempts for a clear internal gauge
analogy to the Khronon was formulated in terms of a commutative
diagram being ill-defined. As Maxwell-Yang-Mills theory describe in-
dependent interactions, it is not surprising that there is no canonical
carryover from one sector to the other. However, the idea of this
approach was nevertheless put forward, as a new concept to consider.
The most straightforward way to unify the Khronon with other inter-
actions was considered in terms of constraints, with Smolin’s unified
model [29] as a specific example.

1.3 Statements

In particular, the dissertation argues for the following summarized state-
ments:

1.

The Cartan Khronon theory admits a consistent description in its
equations of motion, Lagrangian, Hamiltonian, (Noether) symmetries
and matter couplings. The Lorentz symmetry breaking is crucial for
the metric phase and the cosmological dust phenomenology.

. The Khronon waywiser constraint provides a simple inclusion prin-

ciple into any other field theory model, gauge-gravity unification in
particular. The interest and significance of the constraint alone, how-
ever, is uncertain and requires case-specific analysis.

First order formalism in gauge theory, and BF theory in particu-
lar, are a formalization of premetric ideas and prospective grounds
for studying the split of internal gauge vs. gravity. The Isokhronon,
however, is not consistent, albeit one of the more immediately obvi-
ous candidate analogies to the Khronon. Lagrangian analogy is an
independent concept.

A class of field theory dualities (e.g. Proca-Kalb-Ramond) is path
integral identity. Correspondingly, nontrivial phenomenology devel-
opment for auxiliary fields in this class implicates degenerate consti-
tutive laws.

. The core issue with gauge-gravity unification is geometric, establish-

ing what the internal gauge-gravity unified phase even is. The author
prefers a topological phase, and a requirement for consistent separa-
tion of the frame bundle, possibly in higher-dimensional manifolds.
However, this issue is also heavily interpretation-dependent — and
due to a lack of experimental data, difficult to unanimously solve.
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1.4 Structure of the dissertation

This dissertation is divided into two main components. In the first part, a
general overview, a cover letter in a sense, of the mathematical and physical
material is provided. This material is primarily referential and does not
include novel research. Similarly, it is not to be considered exhaustive,
as the topics require and deserve a significantly more detailed discussion
to preserve their entire nuance and purpose. However, an introduction to
primary topics and theories is nevertheless provided.

First, chapter [2| provides an introduction to the relevant differential
geometry, in terms of manifolds and fiber bundles. Gauge theory is in-
troduced in terms of connections on principal bundles, and the Cartan
geometry motivation for the Khronon waywiser tetrad is provided. A brief
reference to matter fields in terms of associated vector bundles and spin ge-
ometry is included. Then, chapter 3| provides the main dynamical premise
for the study. The topics include the variational bicomplex and covariant
phase space, premetric theory and topological field theories. A descrip-
tion of electromagnetism and Yang-Mills theory, including dualities and
gauge fixing, and the dynamics of gravity is provided. Finally, chapter [4]
discusses the main topics of unification. The Khronon theory of gravity
is introduced, alongside a discussion of its currently most pressing issues.
Various avenues of unification are briefly introduced, that were touched
upon at various points in study, including particle physics theories (Kras-
nov & Percacci), division algebras (Furey), and Cartan-geometry motivated
approaches (Westman & Zlosnik). A short section on the (lack of) perti-
nent observational signatures is provided. This dissertation is concluded in
chapter [5, with a discussion of possible future directions, and a summary
of the author’s line of thought on the Khronon theory and unification.

The second part consists of an as-is reproduction of the author’s publica-
tions [1H4], which include the work done by the author during the doctoral
programme, and which compose the scientific novelty of the dissertation.
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Chapter 2

Spacetime and matter

As the Khronon theory of gravity is, in its core, an argument on the spe-
cific geometry of spacetime, and namely the geometry of (co)frames and
(co)tetrads, we begin with a brief introduction to manifold geometry, up
to Cartan geometry, so to in a later chapter consider self-dual complexified
gravity — which is the setting that was used to define the Cartan Khronon
theory [20]. Generally, this mathematics lays at the core of models of
spacetime and relativity. Likewise, as much of the work was dedicated to
attempts at reinterpreting internal gauge theory, a similarly brief exposi-
tion on principal bundle geometry is provided. Ultimately, this is standard
exposition, written in the modern language of differential forms, and will
not contain much in the way of new material, except for the emphasis of
the presentation. In physical terms, the chapter considers the differential
geometric premise of classical field theory on curved spacetime — complete
classical field theory would be obtained by introducing a Lagrangian to se-
lect actually physical field configurations, which will be the subject of the
following chapter.

It increasingly appears that the basic and most direct application of
pseudo-Riemannian geometry and fiber bundle structure is slowly nearing
exhaustion, in the sense that to develop a truly new theory either ever-more-
sophisticated structure has to be overlaid onto an underlying geometry, or
the underlying geometry has to be changed to ever-more-intricate struc-
ture (or more likely, both). Let us only mention the amplituhedron [79],
noncommutative geometry [80, 81|, and orbifolds [82-84] as an arbitrary
selection of nontrivial extensions — indeed, even teleparallel relativity em-
bedded into metric-affine geometry [85, 86| is of a generalized class com-
pared to the basic Levi-Civita structure. It is readily apparent that a
thorough physical and mathematical understanding of differential geome-
try is inescapable — even gauge fixing in the BRST antifield formalism is
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justified in terms of the geometry of the covariant phase space [87].

At the same time, many topics will not be included at any significant
length, if at all, but would deserve substantial discussion for a more precise
understanding of the geometry of physics. For specific examples, let us
note the geometric description of nonrelativistic physics, e.g. in terms of
the Galileian group [88-90], or discretization procedures, including Regge
calculus [91], or the generic method of attaching structures onto underlying
spaces in terms of sheaves in category theory. Not only would this hold
theoretical value, but would actually be relevant for continuing work with
the Khronon (e.g. discrete Khronon quantum spacetime per adapting to
Regge calculus, spin foams, etc.). Hopefully the present mention of these
ideas will serve as some motivation and guidance.

The basic references for this chapter are [16} |58, 92, [93], and the math-
ematics itself is well understood. Beware the expedite tempo of introduced
concepts and definitions; a full mathematical treatise is, unfortunately, be-
yond the scope of this dissertation.

2.1 Geometry: from topology to manifolds

The common model for spacetime springs from R"-like continuity, which
immediately suggests manifold geometry. Defining this structure requires
the notion of continuity as provided by general topology, e.g. simplest in its
point-set formulation, so that a “local homeomorphism” to R™ could bring
over the apparatus of mathematical analysis in a natural fashion.

Definition 1. A topology 7 C P(M) on a set M is the collection of subsets
such that

1.0er, Mer,
2.1€1:0;€7=Ujer Os €7,
3.ieN,={1,2,...,n}: O, €T = ien, Oi € T.

The pair (M, T) is called a topological space. Sets O; € T are called open
sets.

Very often, the practitioner is imprecise and abuses terminology, e.g. re-
ferring to just M as a topological space; this covering overview will similarly
be rather relaxed in the terminology, as the aim is only to summarize no-
tions and ideas, but not necessarily their rigor. Many definitions follow,
e.g. closed sets A are those whose complement M \ A is open, a basis of
the topology is a collection of sets such that each open set is the union of
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some sub-family of the basis, and so on. A trivial topology is such that
7 = {0, M}, while a discrete topology is such that 7 = P(M). General
topology can similarly be constructed in different formulations, e.g. instead
in terms of neighborhoods or closed sets, and the definitions can easily be
adjusted, e.g. here it is sufficient to only require the intersection of two
sets to be contained in the topological space, as finite intersections follow
immediately.

Arguably the most important notion that can be derived from this basic,
abstract structure is the notion of continuity.

Definition 2. A mapping f : M — N between two topological spaces
(M, 7pr) and (N, 7n) is called continuous if for any open set O € Ty the
preimage is also open, f~1(O) € Tyy.

A continuous bijection, whose inverse is also continuous, is called a
homeomorphism.

It is a common exercise to show that the epsilon-delta definition of
continuity in R" is fully consistent with this definition, in the standard
open-ball topology of R™. Recall that open balls around p and of radius r
are those sets such that

Opr = {z €R"|||z —pl|| < r}. (2.1)

Homeomorphisms define an equivalence class of topological spaces. This
allows to define another important notion, that of topological properties.
Topological properties are simply any structures that are shared (invari-
ant) between homeomorphic topological spaces. Any listing would be quite
varied, but we will only name some categories of more immediate relevance
to further mathematics and physics.

1. Separability — a question how topologically distinguishable separate
points are. The topology binds together points into open sets, but
without further structure, there is not generally any possibility of
topologically distinguishing these points themselves, i.e. the points
are topologically degenerate. Most commonly, a Hausdorff (7%) space
is assumed — every two distinct points have disjoint open neighbor-
hoods. It is not difficult to conjure scenarios with physically signifi-
cantly more degenerate structure. Gauge theory, for one, works with
technically distinct but gauge-equivalent structures, and e.g. a zero
metric region would introduce metrically degenerate regions. Com-
monly, however, these are not considered as degeneracies of the topol-
ogy, but of some other structure.
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2. Compactness — the corresponding adjective evokes the intent. Gen-
erally, properties of compactness generalize closed and bounded sub-
sets of Euclidean space, and give a notion on “size”. For spacetime,
paracompactness is beneficial, as it is related to partition of unity
(relevant for e.g. integration) in relation to Hausdorff-separability. A
topological space is paracompact if every open cover has an open
locally finite refinement. Compactness is important in questions of
measure (e.g. probability), but physically, non-compact gauge groups,
such as the Lorentz group, will quickly run into quantum issues,
e.g. with unitarity.

3. Connectedness — a question how many separate components a topo-
logical space might have. In another way, the question on holes and
empty spaces between “material” parts. A space is connected if it
is not the union of disjoint non-empty open sets. This is physi-
cally reasonable, as the separate components are difficult to contin-
uously causally link. Often, a more restrictive requirement of path-
connectedness is assumed, where any two points possess a path be-
tween them.

4. Countability — a requirement on whether some part of the topolog-
ical structure can be reduced to a countable cardinality, rather than
being of the more troublesome uncountably infinite variety. Man-
ifolds are commonly assumed second-countable, i.e. they possess a
countable basis for the topology. This ensures that manifolds can be
embedded into some finite-dimensional Euclidean space, and is a use-
ful technical assumption — similarly for manifolds, paracompactness
follows from second-countability.

These items only include some common, often technical, assumptions on
spacetime. There are many more properties, and varieties of properties,
that are studied. For example, cardinality is, in principle, a topological
property as well, but physics does not often encounter such fundamental
set-theoretic quantities. Metrizability is very relevant, as a metric geometry
has proven to be physically more relevant. Most importantly, we are making
a fundamental assumption on spacetime — that it is Hausdorff-separable,
paracompact, path-connected, second-countable, and, soon-to-be-defined,
locally Euclidean. The validity of such assumption can only be verified to
the extent that the predictions derived from it are consistent with what is
observed.

A physicist reader might rightfully be confused why a physics disser-
tation begins with such an abstract (and incomplete!) introduction to the
mathematical apparatus. So far, even the still abstract, but much more
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computationally useful structure of a manifold was not defined. The point
the author wants to drive is of the toolset that is actually implicitly being
operated. Quite on the contrary, a theoretical physicist should be very
mindful of the model that is being operated to describe Nature, and of
every cog in the machine that can be calibrated, adjusted and replaced to
develop new models, with the aspiration of eventually reaching something
even more foundational — and the careful awareness of everything that
can be broken along the way. So let us provide a fundamental justifica-
tion for physics: the choice of topology defines the model how signals are
transmitted through spacetime, considered as a topological space. Signal
transmission is assumed continuous, in the most general sense. In essence,
there is a fundamental assumption of relativity present. Manifold geome-
try, outside of boundary questions, assumes a locally open ball structureﬂ
There is no causality assumed. Rather, this requires a light cone struc-
ture and the introduction of the pseudo-Riemannian metric — or perhaps
instead causal orderings [94]. Even more, there are also more immedi-
ately causally motivated topologies available, such as Zeeman-Gobel and
Alexandrov [95-98]. Without introducing the metric, no temporal notions
are introduced as well, so in a purely topological regime, there is a loss
of causality. In turn, this illustrates what a possible unified phase might
appear like — at least in one variant, as the ideas hardly hold a unique
preference.

The preceding notions prove sufficient to introduce manifold structure,
one of the grandest arenas for differential geometry. Manifolds correspond
to geometries which locally appear like R™, but can have nontrivial global
topology. Locally Euclidean topology is formalized in an obvious way
through charts and atlases.

Definition 3. A chart is a homeomorphism ¢ : U — R™ from an open set
U in a topological space M to Euclidean space. A C*-atlas is a collection of
charts (to R™) that cover the whole of M, such that all transition functions
wij = @i 0w b, wiUiNU;) — ¢;(U;NU;) are of class CF.

An atlas can be extended to include all compatible charts, producing a
maximal atlas, so the geometric object is unambiguously defined, indepen-
dently from any particular single atlas representation.

!The author argued [5] that this can be interpreted in terms how signal transmission
is modelled, in a sequence of steps (choice of topology, choice of causality, etc.) for a
spacetime-creation analogy with the premetric theory of electromagnetism [58]. How-
ever, interpretations are not calculable, and in practice it is simpler to just postulate a
geometry and a Lagrangian field theory on top.
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Definition 4. A manifold M is a topological spaccﬂ equipped with a max-
imal atlas: it is a locally Euclidea’rﬁ topological space.

Charts permit local differential calculus on R™, while the atlas struc-
ture permits nontrivial global topology. Depending on the class of the
atlas, we are presented with topological, differential, smooth etc. mani-
folds. Transition functions can be further characterized, e.g. by the notion
of orientation (viz. the sign of the Jacobian determinant, existence of the
volume form, etc.) we can define an orientable manifold. Furthermore,
chart-compatibility allows to understand mappings f : M — N between
manifolds, in particular in the sense of their (local) differentiability. The
most important comparison operation is provided by the notion of dif-
feomorphism: on smooth manifolds, a smooth bijective mapping with a
smooth inverse (or, correspondingly with relaxed differentiability). This
introduces the notion of isomorphism into the category of manifolds.

Altogether, a beautiful variety of geometry is derived from this basic
construction. For our purposes, we primarily request differential calculus,
and then a method to append yet more structure: the manifold structure,
as wonderful as it might be, is intrinsically still quite barren and stems from
just a topological requirement. For this reason, let us quickly introduce also
the notion of fiber bundles before anything else: for a fiber F', the concept
is just to permit local trivializations F' x U, so the fibers are locally trivially
attached to the base manifold, literally so.

Definition 5. A manifold E is called a fiber bundle, F — E 5 M, with
general fiber F', base manifold M and a surjective map 7, if for everyp € M
there is an open neighborhood U C M, such that it can be locally trivialized:
there is a diffeomorphism ¢y : Ey — U X F such that pry o ¢y = w, where
pry is the projection unto U.

Depending on the specific structure of the fiber F, we are provided
with e.g. line bundles, vector bundles, or, as in the next section, prin-
cipal bundles. Regardless, it is natural to introduce (smooth) sections
s € I'(F) : M — E of the fiber bundle, the space of all sections being
['(E). The implication of a geometric setting for classical field theory is
clear. However, for curiosity, note that this introduces an ambiguity into

2The exact topological requirements vary: e.g. Hausdorff-separability and paracom-
pactness is common, for technical reasons.

3This will not be discussed at length, but in principle, a manifold with boundary is to
be considered a separate object, and requires a slightly adapted definition, in permitting
some charts to include the edge — to be mappings to the half-space {(z!,...,2") €
R™|z™ > 0}. Further e.g. manifold with corners.
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the background spacetime premise: every global smooth section is diffeo-
morphic to the base manifold. What constitutes spacetime, if this freedom
persists? Is it even possible to uniquely determine what is the base manifold
(spacetime), or does it even hold any meaning? In a sense, all diffeomorphic
manifolds can be considered the “same”, so it is not necessarily sensible to
distinguish a specific manifold as the spacetime. Partly this will be resolved
by introducing a connection, but partly this re-enforces an operational view
unto physics, where the capacity for calculation takes the forefront. This
becomes more a philosophical question, that bears little difference to cal-
culable physical implication.

Returning to the basic manifold construction, some objects follow nat-
urally. Real (smooth) functions C*°(M) are simply mappings f : M — R,
and they define an algebra over the real numbers. Vector fields v € TM
can be (algebraically) defined as derivations of this algebra of functions,
collected into the set Vect(M) of all vector fields on M — and with it,
introducing vector and tensor calculus to the manifold setting. There is a
multitude of equivalent definitions of tangent vectors, e.g. as equivalence
classes of curves v : (—=1,1) — M through a point p, which can then be
extended to tangent vector fields, and used to define the tangent bundle
TM. Due to the importance of tangent (frame) geometry, let us provide
this in definition.

Definition 6. A tangent vector at p € M is an equivalence class v = [y]
of curves y; through p, v;(0) = p, such that y1 ~ 2 if for arbitrary local
coordinates %‘Oﬂf(’h (t) = % Ox('yg(t)).

The tangent space T,M of a manifold M at p € M is the set of all such
tangent vectors at p.

Then, it can be shown that T,M truly does have the structure of a
linear space — refer in particular to [92] for a clear recourse on the many
possible definitions of a tangent vector and a tangent space.

Definition 7. The tangent bundle is the disjoint union

™ =], [uTM
with the canonical projection w : TM — M and has the structure of a
smooth real vector bundle.

Tangent geometry is ubiquitous to manifold geometry and automati-
cally introduced — this bears special emphasis. Applications range from
modelling spacetime symmetries (Killing vectors) to variational calculus
on the variational bicomplex and beyond — some are explored further on
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in this dissertation. To hint at future sections, unified classical geometry
seems largely an issue of separating directions tangent to spacetime from
those directed to internal geometry, while gravitationally relevant is the
notion of a frame (tetrad in particular), really just bases of tangent spaces.

Covector fields, that is differential 1-forms, become mappings w €
T*M : TM — R, and further introduce the bundle of exterior k-forms
QF(M) = A¥T*M, which can be summed into the entire exterior algebra.
The operations @, &, A hold a natural definition compatible with basic
tensor analysis, simply continued fiberwise. Evaluation of a vector on a
differential form is mediated by the interior product i, an antiderivation
on the algebra of exterior forms, while the exterior derivative d increases
the rank of a differential form. Finally, these structures and objects can be
introduced from one manifold to another via f : M — N, by the notion of
pushforward f, and pullback f*.

Consider all of these structures naturally and immediately present. The
cynic, however, will refer to the basis expansion of a differential form,

_ 1 i1 i
w = Ewilmikdm AL Ada', (2.2)

and dissuade from any insurmountable advantage of differential calculus on
differential forms compared to standard tensor index formalism — this is
true, and must be so in principle. But convenience in many senses cannot
be dismissed, e.g. consider the definition of de Rham cohomology as given
by the complex

0— M) Sty S o2 S P S atoan S ..., (23)

or in another vein Stokes’ theorem condensed to

/M dw = 7{9M w. (2.4)

Note this requires introducing integral calculus on manifolds through e.g.
cochain complexes, which will not be considered at length, despite the
relevance to e.g. variational calculus. The statement of the Poincaré lemma
is similarly at leisurely capacity: on a contractible smooth manifold, a
closed form is also exact,

da=0=a=4dpg.

So, the language of differential forms and adjacent structure will be used
because it is convenient in many senses, and in a sense more immediately
derived from the geometry, but it cannot replace the computational effi-
ciency as provided by tensor index formalism.
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It is not useful to speculate on whether four-dimensional space(time)
is sacred in any particular fashion: some results are rigorously known,
for example General Relativity in lower dimension is simply a topologi-
cal Chern-Simons theoryﬁ [102} 103]. If discussing Lie groups, there are
certain exceptional isomorphisms, such as Spin(4) = SU(2) x SU(2) or
Spin(3) = SU(2) = Sp(1), which can be argued to have special physical
relevance, by virtue of chirality. On the other hand, quantum field theory
introduces deviations from integer dimensions as part of dimensional regu-
larization without extensive qualms on the meaning (cf. [104] on comparison
with Wilsonian Effective Field Theory), and fractal dimensions also emerge
in quantum gravity [105]. Alternatively, from the Whitney embedding the-
orem we can infer that higher-dimensional spaces are not by themselves
anything inexcusable, as any nontrivial manifold that physics might uti-
lize can be seen as a hypersurface in some higher-dimensional background
space.

Definition 8. Let f : N — M be a smooth map between manifolds,
dim N < dim M. If the pushforward f. is everywhere injective, f is called
an immersion. If both f and fy are injective, f is called an embedding. A
submersion requires the pushforward to be surjective (lesser the dimension-
ality requirements).

In particular, such notions of inclusion are useful to distinguish possible
cusps, corners and edges.

Theorem 1 (Whitney embedding theorem). Any smooth m-dimensional
manifold can be embedded into R*™.

Note that the embedding theorem is not necessarily a guideline to a bet-
ter description of geometry. Here it is referred to because it helps position
manifold geometry in relation to Euclidean geometry. More importantly,
at a point, a hypothesis was considered how spacetime might become more
than just a base manifold to attach structures to, so the dynamics of em-
bedded hypersurfaces (cf. branes) is not entirely unthinkable — however,
this was not developed to any greater extent.

Nevertheless, continuing this line of thought leads to ideas of e.g. holog-
raphy [106H108|, or the (anti-)de Sitter group, as seen for example in
MacDowell-Mansouri [109] or Stelle-West gravity |[110]. For the latter in
particular note that the Poincaré algebra can be seen as a deformation of
the Galilei algebra, and permits a further deformation to (anti-)de Sitter

4As was kindly emphasized by a referee, the relation to Chern-Simons theory is not
exact due to the non-degeneracy of the coframe [99H101]. Nevertheless, unified field
theories might want to relax the requirement of non-degeneracy.
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as well — so there is plenty of motivation to deform spacetime geometry
in this direction.

Physically, we would generally assume that we are provided with a
topological space M that is, as mentioned before, Hausdorff-separable,
paracompact, path-connected, second-countable, locally Euclidean, and
furthermore e.g. oriented. More curiously, note that despite the introduc-
tion of calculus, a manifold is otherwise actually a rather barren object:
essentially, its definition is a topological requirement, which just permits
significant computational carry-over. There is no surprise that still more
structure is required for any physical geometry.

For the last motif of this section, consider the question: if we are to
truly build a new fundamental theory of spacetime, how should all of this
structure, and more, appear? The Khronon proposes a step forward in the
metric structure, but the reader should also acknowledge that the implica-
tion of any such aspiration is possibly significantly more grand than at first
glance might appear. That is, should the goal be to find some mechanisms
to produce also the entirety of geometry, from topology to differential cal-
culus? We are at a complicated choice of strategy — the most successful
theories of fundamental physics, General Relativity and quantum field the-
ory (in the representation of the Standard Model, and close extensions)
have an exhaustive definition and formalism, but their extension appears
anything but easy or obvious. Yet, without extending them somehow, it is
not entirely clear if a unification of gravity and the rest of the interactions
is meaningful or even possible.

2.2 Principal bundles and gauge theory

To a large part, this dissertation works with gauge theory. However, a gen-
eral definition of gauge theory itself will not be attempted, because, apart
from somewhat being semantic meandering, partly the importance of differ-
ent aspects are not unanimously agreed uporﬁ7 and partly, the full precision
of the definition is of relatively little physical relevance, compared to calcu-
lation of observables from specific Lagrangians. An interested reader can
refer to e.g. Trautman [111} 112], and shortly, internal and external sym-
metry transformations will also be introduced. Generalizing these notions
even further could lead to a less than useful extreme, arguing for gauge
theory to refer to just the case of multiple representatives of some equiva-
lence class related by some “gauge transformations”. In practice, the most

5From personal anecdote, the exact gauge-theory relevance of, say, first class con-
straints versus internal and external symmetries has been of slight controversy.
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relevant structure to introduce is the geometry of principal bundles, which
describes the geometry of electromagnetism and Yang-Mills theory.

The equivalence of differing representatives is an important character-
istic of gauge theory, but this span is characterized by the action of a
particular Lie group G, so the definition becomes calculable. Equipped
with this notion, it is straightforward to introduce the required structures,
beginning with the notion of a Lie group itself — loosely put, requiring the
group operation to be smooth.

Definition 9. A Lie group G is a group which is also a smooth manifold,
such that its group product and inversion are smooth mappings.

Purely on principle there is no obstruction, apart from the loss of use-
ful structure, to at least trying to generalize to weaker algebraic structures,
e.g. monoids or semigroups, but Lie groups are of practical utility — in
relation to rotations, literally so with e.g. the special orthogonal groups
SO(n). Groups in general find their utility when understood as collec-
tions of possible transformations, and Lie groups represent continuous such
transformations. Thus, we are importantly provided with the general lin-
ear group GL(n,K), its various (closed) subgroups (the classical Lie groups,
SL, (S)O, (S)U, Sp), the exceptional compact Lie groups Ga, Fy, Fg, E7,
FEs, and the spin groups Spin. Further note the classification of compact
Lie groups, which prove an isomorphism with (products of) the preceding
groups. Hamilton [16] gives a particularly clean interpretation in terms of
the Peter-Weyl theorem, as compact Lie groups can be seen as embedded
Lie subgroups of some SO(n), i.e. literally as rotations on R".

The nonlinear effect of a group on some space (set) is provided by its
group action, while the linear effect is studied in terms of representation
theory. The mathematical model is straightforward, as it follows homo-
morphisms, i.e. structure preservation, to the group of all transformations
of the space in question. The purpose is subtle in its utility: we can charac-
terize objects by their behaviour under various transformations. It is quite
serendipitous that the Standard Model Lagrangian then only requests the
simplest of multiplet representations of U(1)y x SU(2)w x SU(3)¢, rather
than some horrendous structures — or perhaps a linear approximation in
rotations is a foregone conclusion at low energies.

Definition 10. A representation of a Lie group G on a vector space V is
a homomorphism to the space of linear isomorphisms, p: G — GL(V).

Definition 11. A left action of a group G on a set M is the mapping

d:GxM-— M
(9,p) — ®(g,p) = g p,
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which satisfies
1. (g-h)-p=g-(h-p),VpeM,g.heG,
2.e-p=p,VpeM.

The choice between left and right actions is mostly arbitrary convention.

Linear representation theory is vast and of immense utility [113, |114].
Nonlinear theory, with generic group actions as an example, is more difficult
to handle in general, but has natural structures when characterizing group
actions, e.g. left translations, orbits, stabilizers, and possible characteristics
of the actions themselves, e.g. free, transitive, faithful, principal (so the
action is free, and the map (p,g9) — (p,p - g) is closed — the name is
consistent with the geometry, as this action can also be used to define a
principal bundle). In particular the space of orbits O, allows to define a
quotient space with respect to the action,

M/G={0, C M|pe M}. (2.5)

This is relevant for constructing associated bundles, and generally in gauge
theory as well.

Definition 12. Consider the fiber bundle G — P = M, with general fiber
G and a smooth right action P x G — P. P is a principal G-bundle if

1. the action preserves the fibers, and is simply transitive on them,

2. there exists a principal bundle atlas for P. That is, there is a fiber
bundle atlas of G-equivariant charts ¢; : Py, — U; X G such that

The principal bundle is the fundamental object of study of classical
gauge theory. Many structures are naturally introduced, e.g. morphisms
of principal bundles require an equivariant smooth mapping, “preserving”
the principal bundle geometry. Note “quantum” principal bundles (in the
sense of noncommutative geometry) as a further development [115], or how
Hamiltonian analysis rather focuses on the constraint algebra [87]. Regard-
less, principal bundle theory is the basic modern differential geometry of
gauge theory. A particular purpose of this covering introduction is also
to emphasize how structures can be introduced or already be naturally
present — regardless whether a field theorist chooses to engage with the
differential geometry of principal bundles, from necessity or convenience,
this structures is implicitly present still.
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Some examples about the variety of principal bundles are in order.
Gauge interactions are described by principal bundles of the corresponding
symmetry group: for example, the electromagnetic U(1), weak SU(2) and
strong SU(3), or the Standard Model symmetry group U(1)y x SU(2), X
SU(3)¢ (requiring the important notable addition of symmetry break-
ing). However, note that the frame bundle Frgr (M), constructed point-
wise from bases of T,M, is similarly a GL(n) principal bundle, GL(n) —
Frgp(M) 5 M. The frame bundle is naturally induced, the gauge interac-
tion principal bundles have to be appended ad hoc. Generally speaking, it
is possible to imagine the idea of attaching the option or possibility (i.e. the
capacity to do so) of a transformation to each spacetime point — rather
quickly, the conclusion would be to simply attach the entire Lie group itself,
ultimately leading to the notion of a principal bundle.

Principal bundles can be “compared” as well by virtue of the notion of
morphisms. Let P and P’ be correspondingly G' and G’ principal bundles
over the same M, and let f : G — G be a Lie group homomorphism.
Then a bundle morphism H : P — P’ is an f-equivariant smooth bundle
map; if f is also an embedding, then H is called a G-reduction of P’, and
Im(H) is a principal G-subbundle of P’. What is curious is how relativity
appears as an SO-reduction of the frame bundle [116, 117] — nevertheless,
the standard way to see it is that a Riemannian metric (and an orientation)
defines an SO-structure on M. The author had toyed with whether the
notion of principal bundle reduction was primary, so a chosen reduction
of the frame bundle would have introduced the corresponding notion of
relativity to spacetime. That is, whether the metric defines the reduction,
or the reduction would induce the remainder of relativity structure. More
than that, the reduction of specifically the frame bundle, which is tangent
to spacetime and of relevance to gravity, appears special compared to ap-
pending arbitrary principal bundle structures — the question appears how
should this be handled in a unified geometry. However, this premise did
not result in a particularly calculable conclusion, which would rather oper-
ate with Lagrangian field theory. Nevertheless, the author cannot help but
imagine this question of decomposition of the frame bundle to be at the
core of any potential unified classical geometry. If to speculate, a unified
geometry might have the frame bundle reduced to a unified group, and the
dimensionality might be a question of representation theory.

Introducing a SO-structure is akin to moving to orthogonal frames —
sections of the frame bundle are tetrads. The specific choice of SO(1,3)
on a four-dimensional manifold is physically motivated. Comparatively, a
pseudo-Riemannian metric of signature (s,t) on a manifold M is a non-
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degenerate fiberwise symmetric section of the tensor bundle
gelN(T"M @ T*M). (2.6)

At each point it induces a non-degenerate symmetric bilinear form of sig-
nature (s,t) on the tangent vectors

gp : TyM x T,M — R. (2.7)

This allows to define orientation and time-orientation, depending on the
specific reduction of the frame bundle, and introduces a canonical cor-
respondence between the tangent and cotangent bundle in terms of the
musical isomorphisms f and b.

In particular, the metric introduces the notion of a Hodge duality be-
tween differential £ and n — k forms, where n is the dimension of the man-
ifold M. This is a curious and important notion, and due to the explicit
appearance of the (inverse) metric, the author’s |2] took it as a particular
object to try work around. Nevertheless, there is no inherent reason for
disdain, of course, as the Hodge star is naturally present as soon as a metric
is introduced. Especially important is the introduction of an inner product
onto differential forms, which the entirety of field theory Lagrangians useﬂ
So, we have the Hodge star

w: QF (M) — Q" F (M), (2.8)

with
aAxf=attteg, L, Volg, a,B € Qk(M) (2.9)

Note the g-volume form Vol,; and a very curious mixing with Lorentzian
duality on the hypersurface basis, *(e% A e?) vs. €% 4(e Ae?) vs. x(e® Aeb).
Moreso, the latter is a matter of self-dual gravity and the complexified
Lorentz group, but moving over to Hodge duality (rather than the internal
duality operator %) is one way how to e.g. try generalize the Khronon to
other dimensions. In practical terms, the Hodge dual can be calculated as

vdet g v

O = maﬂlmﬂkg

gltRRey, daREE AL dat (2.10)

5This question is more subtle than at first glance. On one hand, due to the presence
of the metric, the Hodge dual also introduces some relation to causality to a field theory
action, so it is a natural candidate to utilize for including time evolution. In more
Effective Field Theory terms, any and all Lagrangian respecting some symmetry could
be written down and studied. Some Lagrangian terms turn out to be topological, or
otherwise unremarkable. What should the extent of the theory be?!
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using the particularly nonlinear inverse metricﬂ while the Hodge inner
product

(a,B)g = /a/\ 3 (2.11)

has a significantly more prosaic component expression in a#*#¢ 3, . . In
this sense, exhausting all index contractions is a somewhat simpler opera-
tion to execute than to exhaust all relevant combinations of i, A, *,...

Returning to understanding the geometry, the fibers of a principal bun-
dle are isomorphic to the structure group almost by definition, so the basic
geometry is thus quite straightforward — the principal bundle geometry
simply attaches Lie groups to each point on the base manifold. Although
globally there is a possibility for a “twist”, the following theorem is quite
severe.

Theorem 2. If M is a contractible manifold and G is a Lie group, then
every principal G-bundle over M 1is trivial.

The apparatus that has been introduced so far is sophisticated, but its
most striking relevance is almost entirely in global geometry, as locally,
and even for many physically relevant global spacetimes, this structure is
necessarily a trivial bundle. When considering e.g. quantum field theory,
which is one of the primary practical areas for application of Yang-Mills-
type gauge theory, the common assumption is that of trivially contractible
Minkowski space background and observable states being only asymptotic.

Definition 13. A gauge transformation is a principal bundle automor-
phism.

Note a crucial point: gauge theory symmetry transformations, i.e. gauge
transformations, are automorphisms of the principal bundle, while gravity
works with the base manifold itself, and its symmetry group, i.e. diffeo-
morphisms of spacetime. The gauge group of the principal bundle (and
corresponding physical theory!) is the generally infinite-dimensional au-
tomorphism group G(P) = Aut(P). For General Relativity, the analo-
gous gauge group is Diff (M). This is, essentially, an orthogonal difference
between the symmetries in electromagnetism and Yang-Mills theory, and
gravity of General Relativity type. Hamilton [16] refers to DeWitt through
Witten [17] for this insight. Correspondingly, these diffeomorphisms are

"In four dimensions this could be calculated as
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respectively internal and external symmetries, and can be very concisely
formalized in terms of the Atiyah exact sequence |39, |40]

0—-Pxgg—TP/G—TM — 0, (2.12)

This “orthogonality” is also the reason why the author [5] had termed elec-
tromagnetism and Yang-Mills theory collectively as internal gauge theory,
while gravity could be recognized as external gauge theory — although this
is not standard terminology, and only serves a semantic reinforcement on
the distinction.

We are at a point where the question of comparing objects at different
points becomes relevant, that is the issue of parallel transport; similarly,
we are still bereft of some crucial dynamical components and structural
relations — gauge bosons and interacting fields. Uncharged, unassociated
fields can exist without as significant additional structure in separate fiber
bundles. For this purpose, we are required to introduce correspondingly
connections on principal bundles and associated vector bundles. The usual
justification and explanation stems from the simple fact that two tangent
spaces T, M and T;M at differing points p # ¢ cannot have an a priori
relation, so there is no general method to actually compare vectors (tensors,
differential forms, etc.) at different locations. The required structure is the
connection, which further allows to take covariant derivatives, and write
a covariant theory of particle and field dynamics. In relativity, we would
generally already have introduced the metric, for the sake of causality.
Then, restricted to tangent spaces on the base manifold, the particularly
natural choice is the unique metric-compatible and torsion-free Levi-Civita
connection.

However, the principal bundle perspective allows us to introduce, simul-
taneously, connections as gauge bosons of any symmetry group and prin-
cipal bundle of interest, and the connection relevant for relativity, when
restricting interest to a particular principal bundle — the frame bundle.
Perhaps the physical relevance of this lengthy exposition now also appears
more justified: as the aim was to (attempt to) unify the gravitational inter-
action with other internal gauge interactions, we should trace the locations
where there is a distinction between the interactions. The method to over-
come this necessarily extends somewhat beyond the basic geometry, but
the issue is very core to the geometry of spacetime and matter.

Note that in the intrinsic geometry of fiber bundles there is no clear
establishment how the fibers are actually situated in the bundle. We know
there is always a local trivialization, but this is also the topological extent
that is admitted, without having introduced any extra structure. Let P, =
7~1({x}) be afiber over x € M, and let p € P, be a point in the fiber. Then,
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quite naturally, we can introduce the vertical tangent space V), = T),(P;) at
p, and collect these spaces to the vertical tangent bundle V. By definition,
the horizontal tangent space H), is the complement to the vertical space,
such that T,P =V, ® Hp.

Definition 14. An Ehresmann connection on a principal bundle P is a
right-invariant distribution H, i.e. a vector subbundle of the tangent bundle.

Only this notion allows us to unambiguously write
TP=V &H, (2.13)

otherwise this decomposition is simply not uniquely defined. We are also
immediately led to the more practical definition of a connection 1-form.

Definition 15. A connection 1-form on P is a Lie-algebra valued 1-form
A € QY(P, g) with the properties

1. rgA=Adg-10A4A, Vg €q,

2. A(X') = X, VX € g, where X is the corresponding fundamental vector
field.

It can be shown that this definition is equivalent to defining the Ehres-
mann connection.

We have finally reached the definition of the bosonic fields mediating
gauge interactions — the connection forms are the gauge fields of particle
physics fare. However, note a subtle issue, in that A is defined on the
principal bundle P, not the base manifold. To be complete, we should pull
the connection 1-form down using a section s : M — P, to s*(A), so we
are provided with a usual spacetime field.

In terms of differential geometry, the inhomogeneous (and non-Abelian)
transformation law

A— gAgt 4+ gdgt (2.14)

is easily substantiated, rather than just sprung upon us on Lagrangian con-
sistency grounds, as would generally be explained in physical field theory
introductions — it is calculable from principal bundle automorphismsﬂ In

8The author cannot help, however, to worry about the circularity of the argumen-
tation. Do we care about principal bundles because they are primary, or because we
have found them to be relevant up to our theories in use? The question whether we
find connections on principal bundles because of gauge transformations, or in reverse, is
slightly easier to solve — these formulations exist simultaneously.
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practical terms, the bosons A can simply be seen as Lie-algebra valued
1-forms with a particularly curious transformation lawﬂ

The connection is a colorful structure, which introduces still other struc-
ture — most immediately, the curvature F'. In a computationally-minded
view, we will define the curvature 2-form through Cartan’s structure equa-
tions, although there are other (equivalent) options. So, the curvature of a
connection is provided by the structure equation

F=dA+AAA. (2.15)

We will introduce the exterior covariant derivative soon, but some use-
ful properties can be mentioned preemptively. For instance, the Bianchi
identity DF' = 0 is easy to check. Returning to frame bundle geome-
try, the corresponding connection is the affine (or Lorentz, when suitably
reduced) connection wgyp, which for the metric-compatible case is antisym-
metric, wgp = —wap, and in Riemann-Cartan geometry can be called
Cartan’s first structure equation. Then, Cartan’s second structure equation
gives the torsion

T = De". (2.16)
For post-Riemannian geometry, also note nonmetricity,
Qab = Dgap. (2.17)

Nonmetricity is signified by a symmetric component in the Lorentz connec-
tion wep, and is crucial in the symmetric teleparallel family of theories |[118-
120]. We will not consider theories with nonmetricity, but will permit tor-
sion, as in Einstein-Cartan theory [121H124].

The final construction that is required is to introduce representations
to matter fields — interactions, essentially. This is formalized in terms
of associated vector bundles, and the geometric implication is that there
is a sort-of internal symmetry (or structure, geometry) that is probed by
the gauge group. The natural candidate construction is to request that
the matter fields, as expressed as vectors in some suitable vector space,
further transform in a particular linear representation of the gauge group
of the principal bundle — this requires some configurations to be naturally
considered gauge-equivalent.

Definition 16. Let P be a principal G-bundle, and V' a vector space car-
rying a G-representation p. The vector bundle

E=Px,V=(PxV)/G

A transformation law which is easy to imagine being generalized with some nonmin-
imal, nonlinear additions. However, this has not proven as vastly relevant for physics —
nor developed in this dissertation, despite the curiosity of the possibility.
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is called the wvector bundle associated to the principal bundle P and the
representation p.

The simple exterior derivative is not gauge-covariant, so a generaliza-
tion is required. This is justified on grounds of physical principles, as
invariance of the Lagrangian under symmetry transformations can be un-
derstood to be a fundamental characteristic of the theory, so a consistent
gauge behaviour is required; it is as much as a mathematical condition as
well, as it would otherwise lead to inconsistent gauge behaviour. As we are
entrenched in exterior calculus, we introduce the exterior covariant deriva-
tive — the simplest definition can be found in e.g. Fecko [92] or Hehl &
Obukhov [58].

Definition 17. The exterior covariant derivative on P is the horizontal
part
Do = Hor da.

We are provided with an explicit formula to calculate exterior covariant
derivatives of e.g. horizontal k-forms « of type p (i.e. forms with values in
the representation space),

Da =da+ p'(4) A a, (2.18)

where A is the exterior product adapted to Lie-algebra valued forms, which
we will suppress in the following. The more widely used 0-form notions,
i.e. fancily rephrased standard tensor component analysis, can be achieved
by means of the interior product, so we would consider components or
directional derivatives. Of course, a more intrinsic and equivalent definition
from the notion of derivatives along lines can similarly be invoked, cf. [16].

Definition 18. Let s be a section of an associated vector bundle E and v €
Vect(M) a vector field on the base manifold M. The covariant derivative
is V : T(E) — QY (M, E) such that locally

d

(Vo)) = g|

(IL) = (s(v()))-
Here 11, is the parallel transport along the curve vy, defined using the

horizontal lift so that p — ~5(b). Carried over to vector bundles, [p,v] —
[H’Ya U] .

There are several important auxiliary steps here that are not presented,
e.g. showing that the derivative is not dependent on the specific curve
used — refer to [16] for details.
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Definition 19. For a covariant derivative V on a vector bundle E, the
exterior covariant derivative is the mapping

D: QF(M, E) — QLM E)
w = Dw = dw; ® e; + (—1)*w; A Vey,

For algebra, the exterior covariant derivative is a (graded) derivation,
i.e. satisfies the graded Leibniz rule, is linear etc. Handling exterior calculus
just requires adapting to a different set of rules.

We are now (barely) complete with a (barely!) sufficient amount of the
intrinsic geometry required to describe classical field theory on arbitrary
manifold backgrounds, provided the reader weighs the comments provided
here with a preceding understanding of differential geometry. However,
what this introduction provides is only a part of the physical premise — the
matter content and the spacetime premise. Dynamics, however, requires a
sense of trajectories, and purposeful dynamics requires calculable equations
to define these trajectories. Before considering dynamics, we will consider
a slight reformulation of connections, and the inclusion of fermions.

2.3 Cartan geometry

The Cartan Khronon theory [20] is Cartan waywiser geometry adapted to
the dynamics of self-dual General Relativity. Although similar in philos-
ophy, the waywiser constraint e® = D7% is not strictly part of the stan-
dard definition of Cartan geometry. Nevertheless, the inescapable geomet-
ric topic at hand is that of Cartan geometry: waywisers and the moving
frames, repére mobile, the Cartan connection, and model spaces. Then
the preceding mathematics is the natural apparatus to introduce Cartan-
geometric ideas, but it will not be purely a rewriting of manifold theory
in new terms. The Cartan connection is a generalization of the affine con-
nectionm [125], and rather than a locally linear space, we are provided a
locally homogeneous space [126]. Nevertheless, we will still struggle with
the computational issue, in that the backdrop geometry matters little in
comparison with the observables, which will verify or falsify any physical
theory. Throughout this section, the primary references will be the series
by Westman & Zlosnik [42-45], but also refer to [127] for more details. In
particular, [128] is of fundamental importance for a precise definition for

0Djifferential geometry has many notions of connection, sometimes used interchange-
ably, but generally of a subtle and complicated difference. So, we are presented with
linear, affine, principal, Cartan, Ehresmann, Koszul, and so on — all connections. To
avoid a lengthy digression on this topic, let the limit be here only their mention, and
that calculation-wise we would only care what properties the forms and tensors have.
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the notion of the observer space — the author of this dissertation provided
a heuristic argument [5] for incompatibility of unified geometry with ob-
server structure, arguing for the information that an “observer” might even
have access to, and a rigorous argument would certainly have to operate
on the notion of timelike unit vector fields.

Put figuratively, the motive of Cartan waywiser geometry is to derive
an understanding of the underlying (manifold) geometry by rolling a model
space along it, and tracing the change of a contact vector from the model
space to the underlying geometry — akin to measuring distances using a
waywiser. Several useful simplifying notions apply: e.g. the rolling is to
happen without slipping, and the model space is to be sufficiently well-
behaved@ We will introduce two constructions: first, the Cartan geom-
etry proper [126-130], as usually found in more mathematical literature,
and then Cartan waywiser geometry, as presented by Westman & Zlos-
nik [42-45] (but see [122, 131-135] for earlier work and discussion), so a
more intently physical description is provided. In particular, the Cartan
waywiser variables are the contact vector and the connection, so it is easy
to fit them into standard physical discourse, but introduction of a contact
vector is a separate requirement from what is standardly understood as
Cartan geometry.

Cartan geometry formalizes the idea that a geometry is locally homoge-
neous. More specifically, the space is locally the quotient G/H, i.e. a Klein
geometry. A homogeneous space (e.g. a homogeneous manifold) possesses
a transitive group action on it, i.e. it has a single orbit, any two points can
be related by the group action, y = g - x.

Definition 20. A Klein geometry is a pair (G, H) where G is a Lie group
and H is a closed Lie subgroup, such that the coset space G/H is connected.

In principle, the Klein geometry is also a (right) principal H-bundle
G — G/H, with the fibers being (left) cosets of H. Let some z on the base
space be fixed. Let us refer to [126] to explain the geometric meaning of
homogeneous space — distinct points can instead be identified with cosets
of the stabilizer H, (that is, there is a injective correspondence). This
leads to the idea to generally define the surroundings of a point as the
coset space G/H, i.e. the Klein geometry. The issues is that taken as-is,
spacetime globally is not homogeneous — at best it is locally Minkowski,
I150(3,1)/S0(3,1) [128].

11 As this is not a mathematical treatise, we will not discuss what is “well-behaved”
exactly. Moreso, the waywiser constraint can be taken to be quite flexible (say, in unified
geometry, even lacking immediate relation to the base manifold coframe). Theoretical
physics, (un)fortunately, can be very malleable with the concepts.
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Cartan geometry formalizes the notion of locally homogeneous spaces.
The crucial object is the Cartan connection, which allows to “roll with-
out slipping” the Klein geometry along the base manifold; in particular,
see [127] |136]. Consider the definition provided by [126} [128] and in par-
ticular [130], which is quoted.

Definition 21. A Cartan geometry (w: P — M, A) modeled on the Klein
geometry (G, H) is a principal right H-bundle 7w : P — M with the Cartan
connection A, a g-valued 1-form on P such that

1. (T’h)*A = Adh—l oA, Vh e H,

2. A(X) = X, VX e b, where X is the corresponding fundamental vector
field.

3. Ap: T,P — g is a linear isomorphism Vp € P.

The only new requirement is on the linear isomorphisms, relating the
tangent spaces on M with those on the Klein geometry. Principal bundle
structures (curvature, torsion, Bianchi identities) apply, suitably adapted,
and do not need to be replicated. Wise |126] presents a very clean inter-
pretation on the defining conditions of Cartan geometry: to be brief, this
comes down to that elements of the Lie algebras g and h can be inter-
preted as infinitesimal transformations (rotations) of the model space and
the point of tangency. This notion of “infinitesimal rotation” is also at the
crux of the waywiser geometry, where it is introduced through the contact
vector.

Before discussing waywisers, let us present what notion of the metric is
naturally present, first in the sense of the tangent geometry [127].

Theorem 3. Let (1 : P — M, A) be a Cartan geometry on the Klein
geometry (G, H). There is a canonical bundle isomorphism TM = P xpy
g/b. For all p € P with w(p) = x, there is a canonical linear isomorphism
op 1 TuM — g/b such that pp, = Adj-10p.

This is an expected result, in principle, as it clarifies how exactly “locally
homogeneous” is interpreted in the tangent bundle. The bundle P x5 g/b
is sometimes called the fake tangent bundle [126]. If the Lie algebras have
more structure, it is possible to introduce the Cartan connection more
directly into the coframes.

Definition 22. A Cartan geometry is called reductive if the Lie algebra
g decomposes as g = b ® 3, where h and 3 are subrepresentations of the
adjoint representation of H.
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Then, the Cartan connection A € Q'(P,g) decomposes into
A=w+e, (2.19)

where w € QY(P,h) and € € QY(P,3). Let z € M, v € T,M, p € P, and
w € T, P, such that m,(w) = v. Then, a coframe e : TM — P xg g/bh can
be defined by

e(v) = pe(w)), (2.20)

which is well-defined and relates the fake frame bundle and the proper
frame bundle GL(M) [130].

However, what is not introduced is any other detail of the waywiser
notation. Put another way, we also lack any objects to generate the quotient
G/H, and mathematical Cartan geometry proper takes it as primitively
available. So, a description of geometry of a waywiser requires extending
the Cartan-geometric framework by more objects. Let us follow the physics-
oriented resolution, as developed by Westman & Zlosnik [42(-45], but the
premise is hardly unique: for example, consider [122, 131-135] as further
examples.

The object that is required is a vector 7% in the fundamental repre-
sentation of G. Depending on the context, 7% can be called the contact
vector, or the (Cartan) radius vector. So, the full set of waywiser variables
is (7% Ag), i.e. the contact vector and the Cartan connection. Consider
the infinitesimal change

T4 07 = 60470 = (65 — sat A, T. (2.21)

The Cartan connection is understood to define the notion of “rolling with-
out slipping”. Even more, if we assume another contact vector 7% as a
repére, coinciding with the contact vector at 7%(x1) and rotating along
with the model space, we can measure the difference moving x7; — 9,

57_a = Ta(flfg) — Tla(xg) = Ta(l'g) — (5? — 5quHab)Tb($1)
~ 6t (9,7 + A7) (2.22)
= 0zt'D, .
The motivation can be seen graphically, consider figure 2.1
Note the implicit assumption 72 = const, where relaxing this require-
ment would lead to nonmetricity. However, retaining this consistent mea-

sure of length, we are suggested to identify (§7)? as the measure of distance
on the base manifold, as understood with a waywiser,

ds? = 107670 (2.23)
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Figure 2.1: The vexing graphic representation how to measure distances using a
waywiser, inspired and adapted from [42, 45]. With the motion of a waywiser’s
state established as 67 ~ dz#D,7¢, it is straightforwardly generalizable. How-
ever, this illustration, just as the calculation and the identification ,
are better taken as definition, rather than derivation — there are too many notions
implicitly assumed.

Note the introduction of 74, which should correspond to a metric on the
model space! Generally, 7y, = diag(+,...,+,—,...,—) in the Euclidean
or Lorentzian tangent sense. What bears greater emphasis, however, is the
requirement on the coframe,

e =Dr%, (2.24)

This is of core importance in the Khronon theory of gravity [20].

The author would call the waywiser coframe constraint. It is
a core part of any Khronon-like theory of gravity and its importance has
to be emphasized. In three dimensions, it has also been called the Bar-
tels frame [137, 138]. In particular, a suitable adaptation can be used to
define any Khronon-like theory in any other premise (other dimensions,
other groups, different topologies, real or complex, etc.). From a purely
functional point of view, the entire geometry discussion can be simply dis-
missed and only the field theory Lagrangian retained, so it is that
provides the substantial difference from standard Einstein(-Cartan, etc.)
gravitym The author’s aspiration [2] was to introduce a similar vector to
Maxwell-Yang-Mills theory, formulated in first order form, and through the
excitation (in premetric terminology — the B-field, from more common BF-
theory fare). In hindsight, a full similarity was perhaps doomed to fail from

12The waywiser constraint alone is not sufficient to reproduce Khronon phenomenol-
ogy. Rather, the symmetry group, such as Spin(4) or SOc(1, 3), is as important, and the
contact vector has to further be gauge-fixed. Consider [71,138] for further discussion.
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tangent geometry premises alone, but at the time, this seemed as a natural
way to develop gauge-gravity matter couplings. Possible more prospectives
directions of the Khronon development will be discussed later — let us just
hint that there are several, from simply appending the waywiser constraint
(that is, to the standard pseudo-Riemannian coframe), to a Standard Model
Higgs-like extension (which would change the representation of the contact
vector).

We find that standard manifold metric geometry can be derived through
a lighter or smaller set of variables (7%, wgp), than in the Palatini formalism
(9w, TP ) or (e, wap), by a count of configuration space dimensions (vector
vs. symmetric tensor vs. (co)frame). The value of this, off-shell or on-shell,
can ultimately only be understood by understanding the phenomenology
already present, and then further development of extended models that
would utilize the different field content. The physical interpretation is
rather colorful, and will be explored in further sections. An important
motivation of this dissertation was in trying to find new geometrizations of
7%, especially in terms of internal gauge theory — a task still not replete
in its possibilities.

2.4 Fermions, spinors

Let us conclude on a topic that was not extensively developed in the articles
that constitute this dissertation, but is important both simply intrinsically,
due to the existence of fermionic matter, and also theoretically, as there was
a line of thought that several of the fields, including the titular Khronon
field, might instead by constructed from spinors. At the same time, there is
another difficult theoretical obstruction in how the fermionic fields should
limit to or exist in the hypothesized topological unified phase — and as
spin geometry is based upon the spin group, it is not readily apparent how
to handle this phase transition in the fermionic sector.

When studying the representation theory of the Lorentz group or the
Poincaré group, it becomes clear that it possesses unique objects which
transform in a particularly nontrivial manner under rotations. These are
the fabled half-spin representations, and of primarily relevance are the Weyl
and Dirac spinorﬂ For reference, consider [140] for a more extensive
discussion of the representation theory of the Lorentz group, although this

13Rather than higher spin theories, such as Rarita-Schwinger vector-spinors [139),
which have not been found in any fundamental capacity. From a representation theory
perspective, an extremely limited set of possible elementary fields have actually been
observed in Nature.
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dissertation mainly follows the material by Hamilton [16]. The classical
reference for spin geometry is the book by Lawson & Michelsohn [141].

There are several options available for deriving spin(or) representa-
tions associated with the special orthogonal SO(n) and pseudo-orthogonal
SO(m,n) groups, as well as just the orthogonal groups. The most direct
approach would be to consider just the representation theory, which is an
approach easiest to motivate in physics terms. E.g. for the Lorentz group,
establishing the representations of the Lie algebra then establishes the rep-
resentations of the group itself, and allows to classify all objects that the
Lorentz group can even “sense”. Then, a series of isomorphisms becomes
of importance:

50(3,1) = suc(2) @ suc(2) =sl(2,C) @ sl(2,C). (2.25)

However, Dirac «-matrices in Clifford algebras have to be introduced sepa-
rately, and it is not possible to define dynamics without an understanding
of the Dirac operator. At the same time, the representations of the Clif-
ford algebra associated with the (pseudo-)orthogonal group likewise contain
spinors, and studying the Clifford algebra allows to naturally define the Pin
and Spin groups; further, Spin(m,n) is connected for maz(m,n) > 2, it
is the universal cover (with some dimensional constraints) and a double
cover of the underlying SO(m,n). Note the heavy emphasis on actually
properly defining the spinorial objects, i.e. groups and representations: the
field theory extension is relatively straightforward through the associated
vector bundle and principal bundle construction, although contingent on
some requirements on the manifold.

Definition 23. Let V be a K-vector space and Q) a symmetric bilinear
form on V. A Clifford algebra of (V,Q) is (CI(V,Q),~), where

1. CI(V,Q) is an associative K-algebra with unit element 1,

2. the Clifford relation is satisfied, in that v : V — Cl(V,Q) is a linear
map with

{W(U)’V(w)} = _ZQ(va) : 1,Vv,w € V7

3. the Universal Property is satisfied, in that if A is some other asso-
ciative K-algebra with unit element 1 and § : V — A a K-linear map
with

{6(v),d(w)} = =2Q(v,w) - 1,Vo,w € W,
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there there exists a unique algebra homomorphism ¢ : C<(V,Q) — A,

such that
vV — UV, Q)
L
A
commautes.

To be complete, also consider the definitions of the Pin and Spin
groups. Let n be the standard bilinear form of SO(s,t) on R*!. Define
Sy, S_ as the sets of vectors v € R*! with positive or negative unit norm,
and S3° = S3° U S>'. Then,

Pin(s,t) = {vivy - - velv; € S35, 7 > 0}, (2.26a)
Spin(s,t) = Pin(s,t) N C1%(s, t) (2.26b)
= {vivg - vgp|v; € Si’t,r > 0},

Spin® (s,t) = {v1 -+ - vgpwy - - - wag|v; € Ss’t,wj e S pg> 0}. (2.26¢)

These are the pin group, spin group and orthochronous spin group respec-
tively, with the structure of a Lie group. The Lorentz group is not compact,
nor simply connected — there are four distinct connected components, con-
tingent on the behaviour under time reversal T' and parity P, with the
identity in the proper orthochronous Lorentz group@ SO7*(3,1). The or-
thochronous spin group Spin™(s,t) is a double covering A : Spin™(s,t) —
SO (s,t) of the orthochronous Lorentz group, and is generally connected
ifs>2ort>2.

We will not consider the representation theory at greater length — for
Clifford algebras, the target is in homomorphisms to the endomorphism
algebra of a vector space. For example, the Dirac spinor representations
would then consider complex Clifford algebras, as endomorphisms of CV;
the definition of the dimension N is complicated [16]. For the Lorentz
group, the irreducible representations are classified as (s,t) with two half-
integer numbers. The representation theory of the Spin group can be done
in Clifford algebra form, and it is similar to that of the corresponding rota-
tion group [141} [142|. Spinorial field theory is reproduced with associated
vector bundles to spin group principal bundle geometry.

Quoting [16], the geometry is as follows.

1Readers beware of some abuse of terminology in literature, on what exactly is the
Lorentz group or the spin group. For example, Hamilton [16] terms O(1,t) = O(t,1) as
the Lorentz group, and SO"(3,1) as the (or rather, a!) proper orthochronous Lorentz
group, and similarly for pin and spin groups. Physics discourse often refers to just
SO(3,1) as the Lorentz group.
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Definition 24. A spin structure on M is a Spin™(s,t)-principal bundle
Tspin © Spint (M) — M with a double covering A : Spin™ (M) — SO (M),
such that the following diagram commutes,

Spint (M) x Spin*t(s,t) —— Spin™ (M)

SO (M) x SOt (s,t) ———— SOT(M)

Note that SOT(M) refers to the SO (s,t) frame bundle. Spin struc-
tures impose topological requirements on the base manifold. Namely and
to be precise, SOT(M) admits a spin structure if and only if the sec-
ond Stiefel-Whitney class vanishes, wo(M). In particular, parallelizable
manifolds, i.e. those with a trivial tangent bundle, have weo(M) = 0, but
this is not an exhaustive list: e.g. all sphere S™ are also spin. And as
promised, spinor fields are just sections of the associated complex vector
bundle Spin™ (M) x, A, where  : Spin*t(s,t) = GL(A) is a spinor rep-
resentation. In particular, the spin Connectionﬁ defines the spin-covariant
derivative of a spinor,

1
Dy = dy + Z[ya, V], (2.27)

where 7, = po(e,) on a representation p of the Clifford algebra basis are
the mathematical gamma matrices (vs. the physical I'y = —ivy,).

Let us move on to more practical comments. Recently, the Spin group
was taken as the basis for reinterpreting the Khronon theory of grav-
ity [138]. To be brief, the phenomenology was found to be similar to
the standard Khronon theory [20] in terms of various gravitational phe-
nomenology (exact solutions, e.g. black holes, but also cosmology, pertur-
bations, etc.), but was devoid of necessary complexification and exclusively
the self-dual formulation. The discussion during the author’s doctoral stud-
ies rather concerned a slightly different possibility, in that the titular Cartan
Khronon vector field was a spinor bilinear, e.g. 7% — ¢y*. In principle, a
similar substitution can be understood for MacDowell-Mansouri and Stelle-
West theory, where a vector field in (Anti-)de Sitter breaks the symmetry
to Lorentﬂ To a large extent, this remained incomplete, but note that

15Sometimes interchangeably called the Lorentz connection, although this is somewhat
an abuse of terminology and more precisely speaking the spin connection is on the spin
structure.

16 As suggested by M. Hohmann, work in progress.
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¥y*1p would not be sufficient to reproduce standard vector phenomenology,
as the pseudo-vector contribution 1y%y% is missing. That is, the chirality
element

w=Aej---e, € Cl(s, ) ® C, (2.28)

or the usual “fifth” gamma matrix in physics convention
% = inOyly243 (2.29)

is crucial for well-defined vector-equivalence. Put another way, the vector
norm squared

(7" 9)? = nap (97" ) (V7)) (2.30)

is necessarily positive-definite, and cannot produce negative norm vectors.
The substitution

T = Py + Y (2.31)
is rather trivial, however, and is unlikely to produce significantly interest-
ing phenomenology, although the appending of a Dirac kinetic Lagrangian
¥ (i — m)v would still remain to be clarified. There are some possible ap-
proaches, including rather adventurous, e.g. considering a ray or line space
of spinors, but a resolution is still pending. In this vein, consider the re-
cent pregeometric work by Wetterich [143-145] for related ideas, or even
further extension into twistors [146, [147]. Unfortunately, they remain only
as possible inspiration for future work.

On geometric foundations, spin structures require the vanishing of the
second Stiefel-Whitney class, which is in particular satisfied for paralleliz-
able manifolds, i.e. a trivial tangent bundle. Sometimes parallelizability is
thus seen as a fundamental requirement of spacetime. The author cannot
be entirely in agreement with this motivation — by suitably cutting away
parts of the non-parallelizable manifold, it is possible to imagine creating
a parallelizable manifold, which would then admit a spinor bundle. This
suggests that, loosely put in a limiting case, we are rather presented with
some discontinuity, which can be thought of as a shock wave or jump in the
field configurations. The validity of such solutions can be argued in greater
length, e.g. in terms of well-definedness or singularity of momentum, but
more likely this becomes a somewhat impractical discussion, as before such
phenomena should even be considered, we would likely have to understand
the proper definition of quantum fields on quantum geometry (gravity),
and a clear notion how to interconnect local phenomena to global geome-
tries, e.g. through a better understanding of the measurement process. In
the context of quantum field theory, this issue essentially does not appear,
because Minkowski space is trivially parallelizable.
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Chapter 3

Dynamics

To wit, note so far we are definitively incomplete in our theory definition, as
we lack any dynamic principles. Generally, this is understood to mean dif-
ferential equations that define the trajectories, or the geometry of the fields
in our situation, but we could just as well consider e.g. flows on phase spaces
in a canonical or phase space formulation of physics, or a causal sequence
of objects in a suitable ordering. Differential equations become just means
to establish the trajectories, calculate their geometry as understood when
embedded to R™ — perhaps there is something to say on the inevitability of
such a description given assumptions up to smoothness. But a dynamical
principle could be something as abstract as a rule establishing what section
are allowed in the space of all sections. Further assumptions are required
to avoid degeneracy, e.g. forbidding multiple sections correspondent to the
same boundary conditions, or those correspondent to different ones from
intersecting. The most trivial dynamical principle would be that all con-
figurations are allowed, and would be trivially inconsistent with physical
reality. So, a solution space has to be reduced from the entirety of the
configuration space, by means of some general rule. The history of physics
has determined the Lagrangian formulation to be sufficiently generic and
beneficial, and the covariant phase space formalism allows interpreting the
solution space as the phase space.

3.1 Variational bicomplex. Covariant phase
space

Earlier, it was alluded that physical trajectories can be understood as geo-

metric objects in their own right — lines and hypersurfaces, embedded in

higher-dimensional (possibly infinitely so) configuration spaces. The list of
physically relevant differential equations is certainly severely limited and
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curious in properties, but their purpose can be seen to define the solu-
tions as geometric objects. In the phase space perspective, the states are
rather considered to constitute points in the phase space geometry, and
flows correspond to dynamics. It is, of course, well known that the Hamil-
tonian (canonical, phase space, flow — cf. Poisson brackets) description is
generally consistent with the Lagrangian (variational, configuration space,
trajectoryEI) viewpoint, the Legendre transformation being a particular in-
terrelation, but the covariant phase space geometry [87, [148| [149] provides
another, near-immediate link between the Lagrangian and the canonical
formalism. In specific, it allows deriving the symplectic structure for a
Lagrangian (field) theory, thus justifying the “phase space” denomination.
The derivation of the Peierls bracket, cf. the Poisson bracket, from symplec-
tic structure proves useful for e.g. quantization, while the basic operation
of the first variation allows immediate operation of Noether’s theorems.

We will not present details of the Lagrangian formulation of dynamics
in deep sophistication, although this is possible in terms of e.g. jet bun-
dles [150, [151], among other options. Rather, let us re-emphasize that the
Lagrangian formulation of dynamics is based on a (linear) comparison of
trajectories, weighted by the action, so that the physical trajectories are
at a variational minimum. For simplicity, we will restrict to field theory,
although a conclusion drawn from this dissertation is that more general-
ized dynamics should also be considered and developed — for example,
dynamical generation of the underlying topology, or nontrivial base spaces
(e.g. graphs, discrete geometries). The method to achieve this does not
appear natural in traditional Lagrangian field theory, and only suggestions
can be given in this direction, e.g. gluing topological spaces together, using
nontraditional products and sums (of e.g. the partition function, or using
the step function, etc.), considering dynamics in other spaces (for example,
flows in the space of all topologies), or introducing some other conditional
logic into the equations. This, however, is highly speculative, and far too
distant from ordinary physics to be confidently evaluated in any depth.

We are presented with some dynamical quantities, in our case a collec-
tion of ﬁeldsﬂ ¢. These classical fields are just sections of some fiber bundle,
and the set of sections I'( E') can be considered to be the configuration space.

!Not to imply that the Hamiltonian formulation does not define trajectories, simply
that the action principle compares trajectories directly. Similarly, it is not to imply that
Lagrangians and Hamiltonians are somehow in contention over configuration vs. phase
space.

2Let it be remarked that it is entirely reasonable to also consider all fields simply as
one field with a particular internal structure, e.g. the vector spaces might decompose into
a direct sum @?:1 ¢i ~ P14+ ...+ ¢pn. This viewpoint is useful for a unified treatment
of matter fields, as it quickly distinguishes trivial from nontrivial structure.
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We are led to the Lagrangian n-form L(¢), and the action

slél = [ L) (31)

a functional of the dynamical objects. To compare different field config-
urations, we need some sense of ordering — in terms of smoothness and
continuity, and because the action should be calculable for any field con-
figuration ¢, we can consider “small” deviations d¢. This can be made
rigorous, here most relevant by virtue of the variational bicomplex [152,
153]. So, fields are understood to rather be on the infinite-dimensional jet
bundle J*°(FE) — very loosely, jets correspond to order-by-order Taylor se-
ries expansion and partial derivative equivalence classes of sections, so we
are provided the derivative components as local coordinates. Bundle con-
structions apply: we can introduce vector fields, differential forms, project
along the fibers of 7 : J*(E) — M, et cetera. We find that on J*°(E)
differential forms bi-grade into

PI*(E) = P Q(JI*(E), (3-2)
r+s=p
as does the total exterior derivative d : QP(J*®(E)) — QPT1(J*(E)) into
a horizontal component d : Q™%(J®(E)) — Q"15(J>®(E)) along the base
manifold, and a vertical component § : Q"*(J®(E)) — Q"+t (J®(E))
along field configurations,
d=d+59. (3.3)

Definition 25. The variational bicomplex is the bi-graded algebra
O*(J*(E)), with the exterior derivatives d and §.

Now, § provides a formalization to the notion of variation. Note, that
formally nilpotence of all the exterior derivatives implies anticommutation

d? =0=dé = —dd, (3.4)

but this can often be waived by convention.

The reason why such attention is given to a more rigorous variational
calculus is that the variation defines the pre-symplectic form on the space of
solutions, thus giving rise to the notion of a covariant phase space [87, (148,
149]. At the same time, as the variations are generic, they can be restricted
to symmetry variations, and give rise to Noether’s theorems [154-156).
Both questions were studied in |3} |4]. Recall that standard Hamiltonian
analysis is built upon the 3 + 1 spatial-temporal split: we introduce a unit
timelike vector n, corresponding to a “flow of time”. Further, this defines a
foliation into spacelike hypersurfaces M = R x 3, which can be understood
to represent space at “instants of time’ﬁ, and is indeed the basis for the

3Which clearly is a thoroughly non-relativistic notion.
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ADM formalism of canonical analysis of gravity [157]. This foliation is
parametrized by a single monotonously increasing time variable o, such
that nuodo = L£,0 = +1. Note the Lie derivative and Cartan’s homotopy
formula (or “Cartan’s magic formula”)

Lpo = dnoa + nada. (3.5)

In more practical terms, we can put the preceding mathematical apparatus
to use, and split any arbitrary differential form « in terms of a longitudinal
(temporal) component « | and transverse (spatial) component «, such that

a=doANa) +qa, (3.6)

where
a) = naa, (3.7a)
a=(1-"a=ni(doAa), nia=0. (3.7b)

The standard understanding of the Legendre transform follows. The top-
rank Lagrangian splits into

Sla] :/da/\LL, (3.8)
and as usual, variation defines canonical momenta m, so that
daLl| =0 ATy, (3.9)
with the Legendre transform to the canonical Hamiltonian

He=> &Amq—Ly. (3.10)
[0

The Poisson brackets of functionals read
oF  6G 6G  OF
{F,G}_/%:<MA6M—MA6M). (3.11)

Note there are a multitude of bracket structures for various formulations of
dynamics. For instance, consider the Peierls bracket, which generally coin-
cides with the Poisson bracket on the covariant phase space, see [148, 158~
160| for further details. The variety is somewhat subtle. Poisson brack-
ets would most immediately define a Poisson geometry, but a symplectic
geometry is often sufﬁcientﬂ in addition to multisymplectic geometry etc.
Nevertheless, it is valid to understand phase geometry as symplectic geom-
etry.

4As an example, consider that every symplectic manifold defines a Poisson structure
in an obvious manner. The converse is not generally true. Poisson geometry correspon-
dence would rather consider foliations (symplectic leaves, viz. the Weinstein splitting
theorem) [161].

58



Definition 26. A symplectic structure on a manifold M is the choice of a
particular closed non-degenerate differential 2-form w.
A manifold with a symplectic structure is called a symplectic manifold.

The equivalence (isomorphism) of symplectic manifolds follows as stan-
dard in mathematics, requiring compatibility of the additional structure.

Definition 27. A symplectomorphism f : M — N between symplectic
manifolds M and N with symplectic forms w and W' is a diffeomorphism
that preserves the symplectic structure, f*w' = w.

Several procedures are thoroughly more Hamiltonian-based than La-
grangian, including canonical quantization, but also the Dirac-Bergmann
algorithm, and indeed the entirety of Dirac constraint analysis [162] into
primary, secondary, first-class and second-class constraints. The constraint
structure of the Isokhronon theory [2| was studied in [4], and both the
initial Khronon paper [20] as well as the chiral extension [71] understood
the phenomenology in terms of Hamiltonian analysis, so a brief discussion
is warranted. The aim of constraint analysis is to establish the constraint
algebra of a theory, so to identify the basic degrees of freedom and both the
evolution and constraint equations they follow. This can clarify the system
in detail, e.g. whether it is consistent (e.g. field-dependence of the con-
straints), over or under constrained, etc. We obtain the following sequence
of steps for the basic algorithm; see also |87} 163} 164].

1. Derive the initial canonical description in terms of the canonical
variables (fields o and momenta 7,) and the primary Hamiltonian
H,. The canonical Hamiltonian H, is the Legendre-transformed La-
grangian L, which appends the primary constraints C' as Lagrange
multipliers to form a primary Hamiltonian.

2. Study the time evolution {H,C} = 0 of constraints, i.e. the consis-
tency conditions. That is, beginning with H = H,, consistent time
evolution might introduce additional constraints, which are not satis-
fied by previous constraints or evolution equations. Then, additional
(secondary, tertiary, etc.) constraints have to be introduced and ap-
pended to H, until the process terminates to a total Hamiltonian Hp
or the system proves to be inconsistent.

3. Consider the constraint algebra, studying Poisson brackets {C;, C;}.
Constraints whose brackets vanish with all others are first class con-
straints and signify gauge symmetries, while any nonvanishing bracket
implies a second class constraint. Altogether, this provides an under-
standing of the constraint surface, including e.g. dynamical degrees
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of freedom — constraints are subtracted from the initial count of
variables, and first class constraints are counted twice.

The Isokhronon (as to be introduced later) is not physically viable, per
torsion-dependence in the constraints among other issues, but the degree
of freedom count is curious: we only obtain two degrees of freedom, as
expected for Maxwell electromagnetism, despite the presence of an electro-
magnetic background freedom DX, = 0 — an integration constant freedom
somewhat similar to the Khronon [20], but dynamically insufficiently ad-
missible.

Let us return to the variation of the Lagrangian, and introduce the co-
variant phase space in the presentation of [149]. To again emphasize, there
are several formulations of covariant canonical geometry, including multi-
symplectic geometry and beyond [165]. Let us consider a base manifold
with boundary. Without significant delay, we can now write the action

S[6%, d¢] = /ML+ ) &, (3.12)

so its variation is

55 = /5(¢a NE,+d0)+ ¢ oL, (3.13)
oM

Define the pre-symplectic 2-form as an integral over a Cauchy surface
Q- / 5(6 — do), (3.14)
X

and it is a closed form on the pre-phase space P, which consists of solutions
to the equations of motion. It can be shown that this integral is independent
of the Cauchy surface. The phase space proper P is obtained by factoring
out (gauge) symmetries, which are expressed as a group action, generated
by zero modes of Q. The symplectic form proper  is induced by mapping
to orbits f : P — P. Let X,Y € Tq75 and X,Y be their pushforwards
through f.. It is possible to show that

QX,Y)=Q(X,Y) (3.15)

is well-defined, i.e. independent of the representatives ¢, X, Y. Thus, we are
provided with a closed, non-degenerate 2-form on the manifold P, which
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is constituted of solutions to the equations of motion, and it deserves an
interpretation as the covariantﬂ phase space.

As we are already intricately involved in Lagrangian theory, let us also
introduce the Noether machinery. It was already discussed that groups
induce transformations of the basic fields (sections of the associated vec-
tor bundles), and thus also on the Lagrangian. The group transformations
where the variation of Lagrangian is at most an exact form, so the action is
varied at most by a boundary term, are of fundamental importance, as they
represent symmetries of the trajectories — and, by Noether’s theorems, in-
duce conserved quantities. Deriving Noether’s theorems is straightforward
from the general variation , and was considered in [3,|4]. In particular,
the Lagrangian variation can be expanded as

oL .. 0L
Sgr T A0 A 5o

SL[¢*, dop"] = 5% A (3.16)

which rearranges to the standard symmetry statement

oL oL

oL
Cr (_1)pdad¢a

) +d(5¢“/\ ad¢a)] + aMM

S = M{éqﬁ“/\(

(3.17)
The transformations are arbitrary, so d¢% can be chosen in whichever way
is preferred: whether vanishing on the boundary or not, constrained to be
on-shell or not. We will neglect the pure boundary Lagrangian /.

1. Noether’s first theorem, by which on-shell, to each global symmetry
of the Lagrangian, the theory admits a conserved current

J=0-K, dJ =0. (3.18)

The corresponding conserved charge is just the integral

Q= / T, (3.19)

5 An important remark, as also mentioned in the author’s |4]: the covariant phase
space is only as covariantly consistent as the solutions to the equations of motions are.
It is known that interacting Rarita-Schwinger theory has issues with superluminal prop-
agation [139} 166H168|, and this issue would persist in the “covariant” phase space as
well. At the same time, although the 341 formalism is not ezplicitly covariant, there
is no actual inherent issue with relativity, as all objects still collectively transform in a
covariant manner.
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2. Noether’s second theorem, that the parameters of the local symmetry
transformation are required to satisfy a certain constraint; e.g. when
parametrized as in [4] (however, not in the most general manner)

6" (Aardra) = <5)\a A, + ddrg A b@) (3.20)

then ‘ '
al, A E; = (=D)kd, A Ey). (3.21)

3. Boundary theorem, which implies that the variation’s boundary con-
tribution must vanish separately, leading to another collection of con-
straints [154, |169]; per the preceding parametrization

Zd(é)\a AL A (;ﬁi — (—1)%521551.)) =dO®-K). (3.22)

This is purposefully left incomplete — Brading & Brown [169] vs.
Utiyama [170, |171] use different forms of the three equations. This
generally contingent on the parametrization, but the point of empha-
sis is in the independence of various variations.

Note that background fields may break the implications of Noether’s the-
orems, even if the background fields also take part in the symmetry trans-
formation [169, (172].

Noether’s theorems have long been the subject of extended mathemat-
ical and philosophical discussion. From the author’s view, it can only be
added that they are an important structural implication of the variational
system: they allow to characterize the symmetries by deriving their com-
plementary conserved quantities. Here, “structure” is intentionally left
imprecise, as the applications are too varied to count, from geometric char-
acterization of trajectories to simplifying dynamics (classical and quantum)
by invariant quantities, to providing observables for measurement.

3.2 Premetric theory. Topological field theory

Replete with formalism, we can now specialize into specific actions for
the dynamic objects of interest — in particular, the internal gauge fields,
i.e. separate principal bundle connections A, and gravitation embedded into
tangent bundle geometry, e.g. through the coframe e* and Lorentz connec-
tion wyp. But in a manner of delight, it is now easy to briefly just collect a
listing of all the basic top-rank gauge-invariant differential forms [5| 173],
i.e. Lagrangians, constructed from the fields and basic geometric operations
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like A, * and D, and find that they all have relevanceﬂ However, near-all
of dynamics is concentrated into a select few, namely the Einstein-Hilbert
(or Einstein-Cartan) and Maxwell-Yang-Mills Lagrangians. Nevertheless,
a more immediately physically interpretable introduction of notions is also
merited, and premetric theory [58] precisely corresponds to some of the
ideas developed in this dissertation, as premetric theory aims to develop
theory as far as possible without introducing any metric structure. For the
case of electromagnetism, Hehl & Obukhov list six physical axiomsﬂ

1. Conservation of electric charge, introducing a twistedﬂ charge-current
density 3-form, such that over any 3-volume

fr-o0.

2. Lorentz force density in experimentally observed form
fa = (0auF) A J,
for the field strength 2-form F' (that is, curvature).

3. Conservation of magnetic flux, requiring that for any closed 2-surface
F satisfies
fr-o

4. Local energy-momentum formula postulated to be
1
T, = §(F A (0;uB) — B A (0;0F)).

Here B is the excitation n — 2 form, which appears from the require-
ment that current be conserved, by the Poincaré lemma

dJ=0=J=dB.
It also trivially appears from the action

S:/BAR

which will be discussed shortly.

SProviding justification for “polynomial simplicity” [43] to be promoted to almost a
principle, and validating Lovelock’s theorem [174].

"That is, there is significant implicit mathematical structure nevertheless assumed.
It might be more accurate to call this list principles rather than axioms.

8Twisted differential forms introduce a further sign of the Jacobian when changing
coordinates compared to standard forms.
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5. Local and linear constitutive law, reducing the count of free variables
and relating the excitation and field strength as

B:)\O*F

To comment, the constitutive law of a gauge theory generally refers
to the relation between the excitation B and field strength F'.

6. Split of internal and external currents
J — Jlnt 4 Jext’
and their conservation separately,

dJ™ =0, dJ= = 0.

To the author’s knowledge, this axiomatics has not been continued to non-
Abelian theory in any greater extent, although much of the ideas can be
read off if a suitable covariant generalization of the operations is assumed —
namely, the exterior covariant derivative D rather than the exterior deriva-
tive d. At the same time, for example, because the exterior covariant
derivative does not obey a Poincaré lemma Da = O=xa = Dg, the collec-
tion of conservation laws does not imply a simple realization of the field
strength. On the other hand, gravitational premetric theory has seen more
development [63} 175, [176].

More critically, note that the theory of connections on principal bundles
produces an immediate mapping between these ideas and the precise math-
ematical structures: even the avenues for generalization are just as appar-
ent (e.g. generalizations in the constitutive law B = k(F') in the prototype
Yang-Mills Lagrangian B A F'), even if they are slightly de-emphasized.
For the context of the dissertation, articles [2, 5] understood the concept
of premetric theory as a physical restriction of topological BF theory, with
the primary distinction of physical versus mathematical introduction of
notions — for example, the constitutive law can be understood as just a
constraint term on the excitation B-field. Perhaps somewhat provocatively,
it might be reasonable to understand any derivation of physical theory from
topological field theory as a realization of the constitutive law of premetric
fare.

On the other hand, this leads to a line of thought, that any physical
theory descends from a series of simpler, less restricted or more general
Lagrangians, through essentially a constraining process, until finally reach-
ing its physical form |2, |5]. In this sense, topological field theories [177]
appear as a natural candidate for the initial theories, and indeed this has
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been both a curious and a mathematically intricate perspective, as it has
been found how both Yang-Mills theory and gravity can appear as a defor-
mation of BF-theory [59, |178|; the cycle of papers by Addazi et al. [179}-
181] is also noteworthy (in particular, e.g. the Ricci flow to BF theory).
For the author of this dissertation, the interest in topological field theory
arose from a possibly greater similarity between internal gauge theory and
gravity, where the distinction between (Maxwell-)Yang-Mills theory and
gravity can be worked out possibly dynamically (hopefully, as an appendix
to Lagrangian field theory) and geometrically (so the process of generating
the split of principal bundle geometry to the tangent bundle and inter-
nal bundles could be observed in detail). The hypothesis was that in a
truly gauge-gravity unified phase, there would be no distinction between
internal gauge interactions and gravity, so there possibly also would not be
a standard pseudo-Riemannian 4-manifold geometry. Unfortunately, this
ideal was not realized — if to repeat the attempt, the mechanisms for the
split of some principal bundle to the frame bundle and an internal principal
bundle would be studied in greater detail. Two options seem reasonable:
either to consider an abstract frame bundle in higher dimensions with a
unified group, so the broken phase splits off the spacetime frame bundle
and an internal gauge group, or to see how some part of the unified group
splits off and reduces the structure group of the frame bundle of spacetime.

Definition 28. A (quantum) field theory is topological, if according to
some notion, it does not depend on any (pseudo-)Riemannian metric. In
particular, the vacuum expectation value of observables should be metric-
independent,

0
dghv

(O1---O) = 0. (3.23)

Depending on the exact mechanism, topological quantum field theories
(TQFT-s) are of two primary types [182]:

1. Schwarz-type TQFT-s, where the action functional S|¢p;] is indepen-
dent of the metric.

2. Witten-type TQFT-s (or, cohomological field theories), which arise
from a topological twist in a supersymmetric theory.

Schwarz-type TQFT-s are more direct, as the defining system itself is
independent from the metric, but Witten-type TQFT-s are more subtle
in this sense, as the action is permitted to hold a metric-dependence, but
under certain conditions, prove to be nevertheless metric-independent. In
particular, four conditions, including introducing an exact symmetry trans-
formation § with requirements on observables and the stress-energy tensor,
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would then be considered — however, here we will not consider Witten-type
TQFT-s in any extent.

The purpose and relevance of T(Q)FT-s is rather colorful. On purely
mathematical terms, a topological quantum field theory allows to com-
pute topological invariants (partly by definition, but also consider Atiyah’s
classic papers [183, [184]), but is is known that e.g. 3-dimensional quan-
tum General Relativity is a Chern-Simons theoryﬂ [102, |103], among other
serendipitous relations. Topological quantum field theories can be exactly
solvable, so they also provide a testing ground for general (axiomatic and
otherwise) quantum field theory. Recall that the Chern-Simons action is
defined on a 3-manifold so that

&g:/ﬁ&GumA+§AAAAA> (3.24)

However, we are rather interested in what is known as BF theory, by the
name of the two fields in the action

,%F:/EMBAFy (3.25)

BF theory is well-understood, and exactly solvable [177, [185]. More gener-
ally, any invariant nondegenerate bilinear form over g could be considered.
The author has argued that topological BF theory is one further formal-
ization of premetric ideas [58|. Indeed, the equations of motion

DB
F

(J), (3.26a)
0 (3.26b)

already include the prototype inhomogeneous Maxwell-Yang-Mills equation
in premetric conserved current form, suitably generalized to non-Abelian
theory (and with the matter current (J) only mentioned for utility). The
field strength constraint F' = 0 is very severe, but ultimately only indicates
that a constitutive law B = x(F’) is missing. This was termed the “kinetic
cycle” when executed in Lagrangian theory |2]E|7 and furthermore, we will
see that BF theory greatly symmetrizes internal gauge theory and gravity
dynamics, while the distinction comes in the constitutive law, and the
geometric sector under study [5].

9 Albeit, again, not exactly so [991/101], as mentioned earlier.
0But is also referred to as just a quadratic potential, the first order formalism of
Maxwell of Yang-Mills gauge theory, or the parent system formalism.
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3.3 Electromagnetism and Yang-Mills theory.
Duality

We are finally complete with context to move on to the definition of phys-
ical dynamics of interest — Yang-Mills theory and electromagnetism, that
any consistent physical internal gauge theory aims to reproduce, at least
as a limiting case. The theory of principal bundles provided the setting,
structure and field content of gauge theory. The dynamical content is fixed
with the action

1
Spangel A, 7] = / 57 Tre(F A +F). (3.27)

The basic dynamic variable is a connection A on a principal G-bundle,
where G is generally assumed to be a compact Lie group, as otherwise
this would lead to a variety of problems in e.g. the quantum theory |1861-
189|]. Electromagnetism uses the Abelian group U(1), and Yang-Mills is
based upon non-Abelian groups like SU(2) (Weak interaction) or SU(3)
(Strong interaction). The coupling constant g determines the strength and
character of the interaction, while the trace Trg ensures that the action is
invariant under G-transformations, i.e. G is a symmetry of the action —
which by Noether’s theorems leads to conserved currents. Despite many at-
tempts for generalization, e.g. in terms of non-linear electrodynamics [190],
no deviation from quantum field theory based upon this Lagrangian has
been observed. Writing out all possible field theory Lagrangians only in A
and *, no low-order nontopological generalization can even exist.

Generally, Lagrangians of this type compose the topic of study of (mi-
croscopic, quantum and classical) electrodynamics, optics, electroweak the-
ory and chromodynamics, particularly so when further equipped with mat-
ter. Let us focus on some dynamical implications with a more specialized
focus, handling Yang-Mills theory and electromagnetism as simultaneously
as possible — this is not difficult, given the covariant continuation d — D,
but will become incurably different in the sense of e.g. dualities. Note there
is only one nontrivial equation of motion,

1
ngD « F =(J), (3.28a)

as the Bianchi identity
DF =0 (3.28b)

is trivially satisfied by construction. We have included possible matter
couplings J by hand, but in principle, they would appear from matter
Lagrangians, should some matter fields ¢* be charged and thus require the
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gauge-covariant derivative D rather than d — this is the minimal coupling
procedure, but it is hardly the only optiorﬂ

Generally solving is difficult, and even more so when J is con-
stituted of dynamical fields itself, leading to a coupled set of differential
equations. In principle, the exterior covariant derivative possesses a formal
inversion in a star-shaped neighborhood in terms of the linear homotopy
operator [191, [192], but in effect it comes down to numerical integration.
For Abelian theories, D — d, so J is exact, thus closed dJ = 0, and
provides the conservation of current automatically — which in premetric
theory was introduced as a separate axiom (note the order of the sequence).
Non-Abelian theory introduces self-interactions,

;@HPW{AJH):L (3.29)

so either a covariant sense of “conservation” through D has to adopted,
or the self-interactions have to be included into an effective current Jeg
for more standard Stokes theorem volume-to-boundary flux integrals. The
gauge-covariance in such a premetric interpretation would be somewhat
open, as it would require a reinterpretation of the transformation laws in
the self-interaction contribution.

It is, however, possible to study simpler-behaved classes of solutions.
Consider the vacuum equations

D F =0, (3.30a)
DF = 0. (3.30D)

There is a sense of duality xF' <> F', in that, taken as 2-forms, both *F and
F seem to be completely interchangeable. This is true even more so for
electromagnetism, as then the Poincaré lemma implies that the dual field
strength is also an exact form, xF = db, i.e. the field strength of another
gauge field b. Indeed, this is the premise of (vacuum!) electric-magnetic
duality, which was found already early in the 20" century, but proves
to be significantly more general. Refer to [64) [65, 193] for an excellent
overview, and to the author’s [4] for some differential geometry on this
topic — here, we will only present the premise. However, already beware
significant difference in non-Abelian theory, because D does not define a
de Rham cohomology in the way d does.

To be fair, there are several notions of duality present — including
Hodge duality on 4-dimensional spacetime. Then, each 2-form « splits

"The variety, unfortunately, appears too large to recount. The appearance of higher
gauge potential powers is common, in any sense of products and contractions. Idly
wondering leads to consider whether the gauge transformation A — gAg~! + gdg™!
could be generalized as well, but this was not pursued.
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into a self-dual T« and anti-self-dual component ~«, Q*(M) = TQ?*(M) @
~Q2(M), such that

+

a=" a+"a, ¥a=+a (3.31)

with the projector in the Riemannian case
1
tp, = 5 (1), (3.32)

The same holds for the field strength 2-form F' in four dimensions, with
(anti-)self-dual field strengths * F' generated by (anti-)self-dual connections
+A. These are the instanton solutions of Yang-Mills theory. Refer to Don-
aldson’s early work [194H196|, but as an interesting continuation, this gen-
eral idea of instanton solutions was recently applied to teleparallel gravity,
constructing “self-excited gravitational instantons” [197]. As minor adden-
dum, remark the symmetrized set of inhomogeneous equations, constructed

from (3.23),

1 1

1 1
—DF +F)=— .33b
55 (xF + F) 2J, (3.33b)

essentially written in terms of (anti-)self-dual projectors. With the Bianchi
identity DF' = 0, these are trivially equivalent to the basic equations. How-
ever, forgoing this relation, they allow the initial set to be derived in
full. At an early stage, this was aspired as a premise to introduce Maxwell-
Yang-Mills gauge theory to the Khronon model, but was not developed
in full. The hope was that introducing *F as independent 2-forms with
an implicit duality property would allow to avoid explicit reference to the
metric. However, the question remained how these 2-forms should be re-
lated to the curvature of gravity, and ultimately a direction of first order
formalism was (unfortunately) taken.

However, we are interested in the form of duality, where apparently
different theories, in the field content or dynamics, in fact describe the
same physical system [64} |65]. Apart from Maxwell electric-magnetic du-
ality, another example is Proca-Kalb-Ramond duality, which recently had
controversy in the quartic Proca-Kalb-Ramond limits [75]. As the author
claimed [4], this type of duality is really partition function identity, which
is how we will also introduce it hereEl Consider a theory defined by the

12With a rather adventurous handling of the path integral, and without any rigorous
definition of it. A careful and rigorous review is mandated, but here the topic of duality
came rather unexpectedly, in relation to first order formalism. A primary concern is
understanding what is actually physically meaningful in theory development, and the
first order formalism in gauge theory, although with a different configuration space,
proves physically identical to standard form; auxiliary fields as they are.
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collection of fields ¢ = {¢1, ..., ¢n}, with the partition function

216] = [ Dor... Do explisa) (3.34)

The path integral can be understood to include a literal integration, so we
could, in theory, perform a path integral over one of the field variables ¢y,
and obtain exactly the same generating functional as we began with:

Zlg] = /D¢1---D¢k—1p¢k+1 ---D¢n/D¢k exp(iS[¢])

(3.35)

= /D¢1 ... Do 1Dopy1... Doy HlD\ Ok,
where H is some new functional of the field variables ¢, without the partic-
ular ¢g. This, of course, greatly oversimplifies the procedure: it is entirely
possible that integration over field variables does not yield any simple re-
sult, but rather e.g. a propagator, or some other vacuum functional, or
some other sense of multi-valued “function’{| However, for many relevant
cases this procedure can be done exactly, for example involving Gaussians,
(generalized) Dirac deltas, or a set of constraints, disjoint propagators,
functional determinants, etc. That is, we might get a simple numerical
coefficient to a path integral with a different Lagrangian

Z16) = Z[6\ dn] = / Doy ... D_1Dys1 .. D Ny, exp(iS[o \ ox]),
(3.36)

or a set of constraints

216) > 216\6) = [ Dor ... Do 1Donsr .. DonC(8\dn) expliSIo\ ).
(3.37)
Or, it will not simplify in any significant manner, and retain a functional
dependence on ¢, — these examples are hardly exhaustive. However, the
particular case of two different field theories ¢ and ¢4, such that

| D1 explisilen]) = [ DorDos expliSpuentlr. 62]) = [ Donexplisalen)

Z [d)l] = Zparent [d)la ¢2] = ZZ[¢2]
(3.38)
is relevant, as it directly implies that the theories S; and S define the same
physical system.

13 Although somewhat an oxymoron, this is standard terminology. The works of Klein-
ert often consider multi-valued functions, and recently, these objects appear in the study
of amplitudes.
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The crucial implication is that this has only been a change in repre-
sentation, and not in any physical definition. The different representations
can be called dual theories, and the initial generating functional the parent
system. Duality in this sense is simply parent system identity, and was one
of the main topics in the author’s articles [4, |5]. As a particular example,
consider what is called the first order formulation of gauge theory,

2
Siet YM = /Tr (F[A] AB - %B A *B), (3.39)

which introduces a single auxiliary 2-form field B — interpreted as the
dual field strength, or the excitation, or the B-field of BF theory fare.
This is a rather basic theory description, without an easy-to-find definite
origin — it has been discovered, rediscovered, introduced and studied at
various points [198-204]. Indeed, the author had called the introduction
and elimination of the auxiliary field the “kinetic cycle” [2], and the basic
procedure can be related to the Ostrogradski procedure of lowering differ-
ential order [205, [206]. It is also an example of a parent system, because in
the path integral, we can integrate OVGIE either A or B. For simplicity, let
us restrict to U(1), so we obtain respectively a Dirac delta and a Gaussian,

2
ZEM, parent |4, B] = /DADB exp [z/ (dA ANB — %B A *B)]

~ electric[A] = /DAeXp |:Z/—212dA/\ *dA:|
! (3.40)

~ Zingnetic|B] = / DBG(dB) exp [z / ( - 9223 A *Bﬂ

N/Dbexp [z’/(—g;db/\*dbﬂ,

and the A-generated Dirac delta had constrained B to be a closed form,
thus by the Poincaré lemma also exact, allowing to introduce a “magnetic”
potential b.

We obtain the vacuum electric-magnetic duality in Maxwell theory.
Rather than literal integration, it is also possible to take a field transfor-
mation perspective, where one of the fields is shifted to its minimum (con-
stitutive law) — both approaches are well-explained in [74]. For Maxwell
theory up to quadratic terms such a field shift decouples the fields — es-
sentially, this is going through the standard procedure of calculating a

“Beware that the gauge theory path integral without gauge fixing is not well-
behaved — we will discuss this in the following section. The curious property, however, is
that this technicality can be neglected to illustrate the point, as e.g. the BRST antifield
contribution separates |73].
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Gaussian. Nevertheless, for the parent system, we consider B rather as a
perturbation around the minimum,

1
B — 7 * '+ h, (3.41)

and find the action to decouple

1 g2

The path integral measure is invariant under such shifts, and the Gaussian
can be evaluated separately. The field shift is also the argument Armoni [74]
proposed for deriving the dual of the Maxwell-Chern-Simons theory on a
3-manifold:

Inics = /DAexp [ /——dA/\ A4 A/\dA] (3.43)

with the parent system
g k
ZMCS parent = / DADbexp {z / ~Lonsb+bAdA+ AN dA} (3.44)
T

shifted to the dual

2
ZMCS dual = /Dan exp {z / —%b A xb — %b A db + 4£a A da} . (3.45)
™

Paper [4] argued that this is still effectively identical to a literal integration,
provided the vacuum functional determinant is retained,

/DAexp [z’/A/\dIH— fA/\dA]
v

- [_ 3'/dbA (211(1} _1db} det((z/zﬁ)d) (3:40)

- [—z/kdb/\b}/l)aexp{ /a/\da}

Field transformations do raise the question whether dual theories can be
continuously transformed (rotated) between themselves. For electromag-
netism, this is true, but for non-Abelian theory, this is not possible |77] —
the differential geometry is straightforward [4] and can be traced to the
fact that there is no covariant generalization of the Poincaré lemma, DG =
0> G = F[B], nor G = DB, and that curvatures generally do not form
a homogeneous space, F[B] # aF[A]. As electromagnetism is an Abelian
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theory with the symmetry group U(1), it loses the self-interaction contri-
butions, and standard cohomology theory applies.

Finally, invariance and identity of the parent system is crucial for de-
riving dual theories. Any additions, e.g. quartic self-interactions, change
the underlying theory, and no duality continuation can be assumed. So,
Proca and Kalb-Ramond theory are dual, but quartic Proca

2
Zprocat = /DAexp [i/—;QdA/\ *dA + m?A/\ * A+ X * (x(AA *A))Q}
g

(3.47)
is not dual to quartic Kalb-Ramond

1 2
Zygpt = /DBexp {i/WdB/\*dB—gzB/\*B—i—/\*(*(B/\*B))Q}, (3.48)

as they do not integrate to one-another from a common parent system —
therefore, the massless limits can be expected to also be different, consis-
tently so, and without any implication to the original Proca and Kalb-
Ramond duality [4], 75, 76].

In principle we are not required to introduce any quantum theory,
resp. the path integral, and can also consider purely classical duality. How-
ever, because the configuration spaces are clearly unequal, this requires
studying on-shell behaviour — or a field-shift decoupling, as discussed ear-
lier. The path integral simply allows to operate a single procedure, i.e inte-
gration, to derive the same results. An important conclusion, regardless, is
that a nontrivial theory extension should either modify the field algebra or
geometry in a nontrivial manner (e.g. more unique representations of what-
ever algebraic structure, non-manifold topologies in the background, new
Lagrangian coupling terms, irreducible phase solution space geometries) —
or nontrivial potentials, with degenerate minima [5]. The Plebanski theory
of gravity [78, 207| is a particular example where the Lagrange multiplier
allows for multiple solutions, i.e. the minimum can be understood to be
degenerate. The physical choice of the minimum is akin to a spontaneous
process, although it would be misleading to claim it to be spontaneous
symmetry breaking [208] per se, as spontaneous symmetry breaking refers
to actual symmetry breaking of Lie group symmetries, between the La-
grangian and the vacuum solutions (states). Manufacturing auxiliary field
minima, which in addition to the physical constitutive law B ~ *F' contain
other false vacuums, is rather a case of weakening the equations of mo-
tiorﬂ Furthermore, due to the inevitable backreaction to the inhomoge-

15The author attempted an interpretation in terms of a weakened sense of “rota-
tion” [5], but this has not been fully successful. A closer study of the function spaces
would be merited if a clear interpretation were to be found.
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neous Yang-Mills equation of a pure auxiliary field potential [5], candidates
like quartic B-potentials

V(B) = A (x(B A xB))? (3.49)

are not physically viable regardless — which is unfortunate, because it
dismisses the aspiration of producing nontrivial quantum phenomenology
from possible tunneling between the different phases. It does, however,
leave an avenue of continuation by considering weaker Lagrange multiplier
constraints, akin to Plebanski theory. However, this remains to be fully
resolved.

Note the presence of the Hodge star x in the Maxwell-Yang-Mills La-
grangian, and indeed the action is written as the Hodge inner product.
This is the local and linear constitutive law in premetric terms, and the
constraint B ~ xF that has to be introduced in BF theory — physically, it
establishes a sense of causality into the gauge theorﬂ The Hodge star is
also a nonlinear and singular object if the metric became degenerate. As
was discussed, it requires the inverse metric in its expression — and if a
zero-metric phase was desired, the question became how to bypass it [2].
The proposal was to consider first order gauge theory, as defined earlier,
and define the dual field strength B as some expression of a fundamentally
contravariant tensor, i.e. naturally situated in the dual space, without any
a priori relation to the base tensor space. Then, only in a metric phase
would a canonical correspondence have been introduced. In definite terms,
the rewritings under study were

2
Sy = /Tr (%eabcdua Ae? Aul A et 4+ ngu® A e’ A F), (3.50a)

2 . .
Sa = /Tr (géLG“bGCdnacnbdeijklel Ael Ak Ael + GPngenpaet A e A F>
(3.50D)

The symbols 7y, and €444 are only Lorentz-group invariants, and would
be well-defined regardless of the specific behaviour of any specific pseudo-
Riemannian metric. That is, the model space in Cartan geometry terms
would have been assumed to be well-defined, independent of whatever hap-
pens on the base manifold. Furthermore, in a metric phase, this reduces to
standard Hodge duality, and the standard first order formalism , with
the added benefit that the action does not become singular if ¢ = 0 (and

161n fact, note that all physically relevant kinetic terms are of the Hodge inner product
form — it is a matter of how exactly metric causality relates to field dynamics, but
deserves further elaboration and development.

74



only becomes zero) — at no point does the inverse metric appear in the
action, and the contravariant indices can be assumed to be formal, without
the requisite interpretation of a canonical mapping to the dual spacﬂ

The author is quite dissatisfied with this reinterpretation, but at the
time, it appeared as the simplest way forward to introduce a potentially
zero-metric phase, while also retaining equivalence with standard electro-
magnetism and Yang-Mills theory. When deviations from General Rela-
tivity can still be considered to be permitted, any significant deviations
from quantum electrodynamics, electroweak theory, or chromodynamics,
would be devastating to a theory’s viability — and here, this does not hap-
pen, as it reproduces the standard theories both classically and quantum-
mechanically |4} 13| 202, 203]. Furthermore, the added benefit of greater
similarity to the theory of gravity is apparent — internal gauge theory can
be thought to be a “rotation” of the surface element [2} 5]

e Ne’ = ut e, (3.51)
the connection assembled to
Wap = Wap + nabAy (3‘52)

so the cosmological constant term rotating to a potential, and the trace
eliminating unnecessary cross-terms. Then collectively, consider e.g.

1
S = 3 /Tr [(m_le“ Aeb +ut Aeb)
1
A (JrRab + NapF' + €aped <2iAec A e + iuc A €d>>:| , (353)

which, as soon to be defined, includes gravity as well as other gauge inter-
actions — but still not in a truly unified setting, as the gauge groups are
only trivially separated. Rather, unification would have required a mech-
anism for the solder form, or the hypersurface basis element, to separate

1"The crux of the argument is a difference in interpretation — the Lorentz structure is
assumed to persist throughout, as a sort-of model space with the Minkowski metric and
Levi-Civita symbol as background objects, so the Lorentz indices would be sensible, even
though not immediately related to the tangent space. The standard pseudo-Riemannian
metric only appears implicitly, through the coframe e, so purely formally, the action
tends to zero if e* — 0, rather than a co-singularity because of the inverse metric g"”.
Such juggling of structures is hardly appealing, and the author did not consider this
formalism to be the ultimate solution — e.g. an argument can instead be made for >
as a separate object, with F,, untouched. If to reattempt now, this direction would rather
be dismissed, and the topological phase would be glued through some other (potentially
non-Lagrangian) method.
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into SO and internal gauge components. The interpretations, and possible
directions of continuation, were multiple: should this construction be inter-
preted as some “surface excitation” (in the sense that other gauge theory
B-fields are understood as deviations e A e — e A e + B), or a “rotation”
(so, the process e A e — u A e as primary), or a “linear transformation”
(working with the components GL, 71)? To a large extent, these are trivial
reinterpretations, at least mathematically so, owing due to the component
expression of (Lie-algebra valued) differential forms, but they were sugges-
tive of rather different mathematical approaches to study.

Furthermore, a particular choice of the Lie-algebra valued u® one-form
led to a decidedly novel theory, the so-called “Isokhronon” with the action

1
Sy = / Tr <2eabcdD¢“ A e’ ADgC A e + ngpDo® A el A F) (3.54)

Here, the phenomenology is not trivially the same of electromagnetism and
Yang-Mills, but rather the equations of motion introduce a magnetized-
polarized background to the inhomogeneous Yang-Mills equation,

€abea€’ Do A e + nge’ ANF = X,, DX, =0, (3.55a)

1
D¢y N e = «F + 5(*Xa) N e’ (3.55b)

This somewhat mimics the behaviour of the Khronon theory of gravity,
which is also the reason why the Isokhronon was one of the main topics of
study [2, 4]. The structure of this theory becomes a bit more clear when
shifted to a perturbation around a solutior@ ®? of the equations of motion,

¢t — B 4 fa (3.56)
SO
a (1 1 "
Z¢—>/DADf exp[z/Q*F/\F+4(*Xa)/\e NF
+ €apeaDfE A2 ADFEA ed} . (3.57)

Note how the decoupled vector f* ~ o%.f compares to a usual massless
vector v action as

/Danf/\Dab_nf/\*(ea/\eb) VS. /aa_ndv/\ab_ndv/\*(e“/\eb) ~ /dv/\*dv.
(3.58)

Note that this requires a choice of the integration constant X,, DX, = 0 as well!
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In hindsight, by a simple integration by parts, it is clear that it introduces
a torsion-dependence into the kinetic terrrF_gI, paT* NF[A], so the mediation
of the gauge interaction becomes contingent on the presence of torsion, and
is not to be considered a viable extension of electromagnetism and Yang-
Mills theory [4}, 137]. But even this could be, to some extent, ameliorated
in the Khronon theory of gravity, which in principle permitted torsionful
Minkowski solutions. More immediately, the phenomenology was novel —
and rather tricky. For one, classification of the effects of the integration
constant X,, DX, = 0 is not immediately obvious, and mimics the Khronon
dark matter integration constant. At the same time, torsion permitting,
the electromagnetic Isokhronon only propagates two degrees of freedom [4],
despite this background, which is entirely unlike the Khronon with the
clear additional presence of ideal dust in vacuum. It would appear that the
Khronon symmetry breaking is indispensable for the dust generation, which
is in turn obtained entirely from the connection sector. The Isokhronon
does not possess such greater configuration freedom, such that it could be
removed by further symmetry breaking.

On a more fundamental side, there is a question why such actions with
inherent backgrounds are not forbidden — the Isokhronon can be gener-
alized to other types of backgrounds, and there was a recent discussion of
“shadow charges” in both electromagnetism and gravity [209} 210]. The au-
thor suggested that “background independence” (from background fields)
could be a fundamental principle to further limit the space of possible La-
grangians, although it is similarly possible that inherent background fields
are simply in conflict with the second law of thermodynamics |4]. Nev-
ertheless, the thermodynamic questions are yet to be studied. It seems a
reasonable hypothesis that a well of immutable interaction potential might
ruin thermodynamics, but formalizing an argument on the (to be selected!)
space of theories is yet to be done. There is still standard study possible
for the Isokhronon, e.g. canonical quantization or renormalization, but the
interest should be balanced with what insight can be gathered from such
models — rather, the implications seem to be better applied to further
theory construction, than hanging with the Isokhronon model.

3.4 Gauge fixing, BRST

The core of gauge theory is defining objects with internal gauge-redundant
description. The physical quantities are gauge-invariant, so we should work
with the equivalence classes themselves, rather than the representatives of

19As does the Khronon theory [20]. However, the Khronon can respite in shadow of
the Einstein-Cartan premise.
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equivalence classes. Failure to do so has rather severe consequences, to
the point that the dynamics is not well-defined. For example, if the gauge
redundancy is not removed, then the gauge theory path integral is simply
divergent (overcounted). Classically, the initial value problem cannot be
uniquely solved, instead there is a residual gauge freedom. This is clas-
sically also rather straightforward to resolve — in terms of the preceding
differential geometry, a local or global gauge is simply a selection of a local
or global section s in the principal bundle P; in terms of field theory, a
variety of explicit constraints have been utilized, mainly based on compu-
tational convenience. E.g. consider the Lorenz gauge d,A* = 0 (which is
actually an incomplete fixing, as it still permits a gauge transformation
A, +0up, 0,0Mp = 0), but the listing is greatly varied.

There are a few ways to include gauge fixing into the theory, from as
simple as the addition of Lagrange multipliers (and breaking gauge invari-
ance of the Lagrangian) to the introduction of ghost ﬁeldﬂ However,
the preceding differential geometry of the covariant phase naturally directs
toward the heavily algebro-geometric BRST (Becchi-Rouet-Stora-Tyutin)
antifield formalism, see [213] for an overview. The original cycle of papers
is spread out. BRST is also intrinsically linked with the Batalin-Vilkovisky
(BV) formalism, but their exact distinction is sometimes less than clear;
depending on the source, BV might be seen as a generalization of BRST
(to more relaxed constraint algebras) or as working on a different sector
of the issue (antifields, symmetries, homology and homotopy, etc.). Never-
theless, the basic aim is to introduce a set of “antifields” and ghosts with
a collection of superalgebraic axioms and weightings, replacing the initial
gauge symmetry with a new fermionic rigid symmetry. This is motivated
by renormalization and anomaly cancellation.

A traditional reference is the book by Henneaux & Teitelboim [87],
which will also be the primary reference of this section. A complete de-
scription, unfortunately, extends well beyond the scope of this dissertation,
as it would require treating perturbative (co)homology and supersymmet-
ric algebras. In the context of this dissertation neither is it actually re-
quired — there are just a few points to emphasize. That is, gauge fixing can
be achieved through the addition of ghost fields, by additive Lagrangian
terms and relevant for partition function manipulation. The symplectic
structure of the covariant phase space is the natural structure to quantize
(using traditional methods), and allows to quickly derive hypotheses on
the quantum behaviour of more nontrivial theories (but which has to be
actually verified). As further development, the Khronon gauge fixing can

20 And then, the introduction of Nakanishi-Lautrup fields [211}[212] is also reminiscent
of a “first order formalism” for gauge theory.
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be inspired from BRST and similar methods — but requires care w.r.t. the
shift symmetry. However, on more physical and philosophical grounds, the
author is not completely convinced that unification and quantum grav-
ity can proceed from traditional methods, or would require new principles
and settings — however, refraining from suggesting any speculation in this
direction.

For example, the main theorem to refer to is as follows, verbatim quoted.

Theorem 4 (Theorem 8.3 in Henneaux & Teitelboim [87)). (a) If Hi () =
0 for all k # 0 there exists a differential s of total ghost number one that
combines d with 9,

s=6+d+ 9+ P4+
r(®) =k, gn(®) =1,
s2=0.

(b) Any differential s that combines d and ¢ as preceded, fulfills
H*(s) = H*(d),

where the cohomology of d is computed in Hy(d), i.e., is defined by the
equations
de =6y, v ~x +dz+ 87,

with
r(z) =0=r(2), rly) =1=r(z).

Applied to the covariant phase space P = 75/ G, this theorem allows
to construct the BRST symmetry operator s, which has observables in
the cohomology at ghost number zero, H’(s). There is a great wealth of
definition to unpack, and the elements are nearly impossible to present
even in a very cavalier pacing; or, would be so brief to be meaningless. We
could say that the oft-quoted formula

s =0+ d+ “more” (3.59)

includes the Koszul-Tate differential § (transverse to gauge orbits, restrict-
ing from configuration space to the stationary surface of solutions), the
longitudinal derivative d (along the gauge orbits), and the “more” compo-

k
nent are the (s), derivations of resolution degree k. However, this would
require introducing homological resolutions, then differentials modulo §,
and then differential structure of a supercommutative (i.e. Zg-gradedE[)

21Qupersymmetry has proven to be useful for physics theory, but mathematically,
other gradings are also possible — consider e.g. “hypersymmetric” Zs-gradings [214].
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algebra, to then return to cohomology — and this for what was ultimately
used as argument in little more than a few paragraphs of the author’s [4].

Handling gauge fixing is a crucial component of modern gauge theory,
so any discussion of gauge theory would be incomplete without this topic.
But the implication of interest is somewhat different. For one, the physi-
cal (anti)ghost content, including Lagrangian terms, can be calculated in a
direct manner by solving what is known as the BRST master equation, so
in practical terms we could be content in defining the additional field and
Lagrangian content, leaning on relevant theorems explaining the impact on
physics — in particular, see [73] for application to first order Yang-Mills
theory. For two, the arena of operation is the covariant phase space, the
symplectic geometry that is constituted by the trajectories, both in the
classical and quantum theory. We are led to believe that if two symplec-
tic geometries are the same or equivalent, i.e. symplectomorphic, we are
provided the same phase space, and as we will shortly see, this suggests
quantum equivalence, and was the author’s argument why quantum equiv-
alence of first and second-order Yang-Mills theory is trivial [4].

Let us begin with the “one”. In addition to basic fields ¢, we introduce
(contingent on the symmetries) ghosts C® and ghosts-of-ghosts C4, and
the corresponding antifields ¢;, ¢}, and ¢%, all assigned a suitable grading
€ and ghost numbers pure gh and antigh, total ghost number being gh =
pure gh — antigh. Then,

gh ¢2’¢Z7¢;}<,¢i70a70/l = _37 _27_17071727
pure gh (bj:la ¢Z7 ¢;,k7 ¢i7 Ca7 CA = Oa 07 07 07 17 27 (360)
a'ntlgh ¢z’¢z7¢;}<7¢i7ca70/l = 37271707070'

Gauge transformations in the fields can be parametrized as
50" = Ry'e®, (3.61)

under which the action is invariant, S — S. However, there may be further
reducibility identities

ij 050

ap i _ i i
ZARy' = Cy 5 CyY = —-C47". (3.62)
Note the indices! The additional field content establishes its own trans-
formation rules as well, e.g. §¢% = R,'¢}, 6¢% = —Za%¢) — %C’Aij(bz‘@
etc.
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To bring this into BRST terms, an antibracket ( , ) is introduced, similar
to a Poisson bracket,

SRF6LG SRR SLG SRR SLG SBF LG
57 007 007 06 | 0C% ogy,  gp, oC°
n SRF §L@ B SRF§L@G
3CA 54, 0% 6CA”

(FaG):

(3.63)

Field-antifield pairs are naturally conjugate, e.g. (¢, gb}") = 5;, but more im-
portantly, the antibracket works to generate the BRST symmetry through
the BRST-generator S in the sense that

sF = (F, S). (3.64)

This permits to construct the new action that incorporates ghosts and
antifields. Physical requirements are

e(S) =0, gh(S) =0, (3.65)
while nilpotency s = 0 requires
(S,5) =0, (3.66)

which is the BRST “master equation”, to solve for S. Expanded in anti-
ghost number,
n
S=> (S), (3.67)
n=>0
(n)

there are further boundary conditions, e.g. in particular S = Sp, being
the original gauge-invariant action. Henneaux & Teitelboim [87] provide
several examples how to solve the master equation order-by-order, and |73]
applies BRST to first-order Yang-Mills theory for a proof of equivalence to
standard form. Up to order two,

o @ (2
S=5S+S+85+...

4 1
= S+ ¢; Ra'C* + ¢, (ZA‘”CA + 20/37“060”) (3.68)
1 y 1 ..
+ 97 95 ( —  Mag?CC” + 2CA”CA> T

So, the pragmatic extreme is quite straightforward in the algorithm, and
we can be content in handling gauge issues in gauge theories.
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Concluding very briefly with the “two”, however, we would like to con-
sider what even is “quantization”. Quantum field theory is an extensively
studied and understood subject [215] 216], without referring to mathemat-
ical treatments, and can be characterized as a theory of operator-valued
distributions. At the same time, it is not entirely surprising that Gen-
eral Relativity and the pseudo-Riemannian geometry of spacetime does
not admit a simple quantum description in terms of Fock states (essentially,
asymptotic plane waves) on a flat Minkowski background (essentially, a sin-
gle tangent space). What to even quantize? A field theory of the metric?
Or should the issue of (quantum) measurements and observers be taken to
the forefront? Perhaps the setting should be wholly different, strings or
loops or simplices or otherwise? Certainly the author has his opinion —
relationalist, observer-focused and geometric — but to avoid unnecessary
speculation, refer to a recent and exhaustive handbook on the matter [217]
instead. Rather, the curiosity is that the symplectic structure of the co-
variant phase space admits a well-motivated approach to quantum theory,
following Dirac’s prescriptions.

So, we are led to geometric [218] and deformation quantization [219].
These are non-perturbative quantizations of a theory. That is, we are to
find a mapping f — f from classical observables f to quantum operators
f , such that

1. the mapping is linear,
2. gives f as the multiplication operator when f = const,

3. satisfies the Poisson bracket-to commutator quantization rule
{f1. fo} = fs = [f1, fo] = —ilfs.

By the Gronewold-van Hove theorem [220, [221], these conditions alone are
not satisfactory, but nevertheless, they provide a natural direction to fol-
low. Then, geometric quantization aims to explicitly construct the Hilbert
space geometry, and finds that the Kostant-Souriau prequantum operator
depends on the symplectic potential §. Deformation quantization rather
works with a Poisson manifold (note that a symplectic manifold is a Poisson
one as well), and deforms the associative algebra of classical observables
to a non-commutative associative algebra. Both approaches are directly
based on the geometry of the phase space.

The author’s interest here was that the covariant phase space can be
probed for quantum effects as well — or lack of them. In particular, we can
argue that symplectomorphic covariant phase spaces should yield canoni-
cally the same quantum theory, e.g. as in the case of first order Yang-Mills
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theory [4]. In turn, the Isokhronon would provide a quantum-inequivalent
gauge theory, but the details become less clear because of the integration
constant background. A proper canonical quantization should follow — in
particular, how is the Hilbert space built (if it even can be, consistently!)
in relation to the new integration constants, background fields. Are transi-
tions between different backgrounds possible, or do they not intersect? This
was attempted as a simpler premise for quantization of the Khronon proper,
and also to illustrate problems with the “shadow charges” [209, 210], but it
might as well have increased the complexity instead. The quantum theory
of the Khronon can prove to be quite nontrivial, compare [222], and in the
author’s opinion, would be a prospective direction to consider.

3.5 Gravity. Relativity, real and complexified

Let us conclude with the theory of gravity. Then, all of General Relativity
can be derived from the simple construction that spacetime is provided as
a pseudo-Riemannian manifold M with metric g, such that g resides in the
stationary points of the (vacuum) Einstein-Hilbert action functional

1 1
Ser =5 - /d4w\/—9R ~ 9k / #(e? N €”) A Rap[wap). (3.69)

Matter Lagrangians can be appended, so variation provides the energy-
momentum tensor — or, the energy-momentum 3-form ¥, (commonly
rather T, but the letter is already used for torsion). Relevant to our appar-
ent reality is the 4-dimensional case with the Lorentzian metric (—, +, 4+, +)
or (+,—,—,—). In a sense, physical theory ends once a Lagrangian is writ-
ten down, as it gives a sufficiently total description of the model, and
proceeding analysis only tries to make sense of the trajectories (and it is
unfair to be dismissive of this — generally, this is extremely sophisticated).
There is little room for additional flexibility of theory creation once a La-
grangian formulation is providedP_Q-]7 apart from handling initial conditions
and proposing ever-new models instead. Having fixed a manifold back-
ground, however, the Einstein-Hilbert Lagrangian is one of the few lowest-
order Lagrangian contributions that can even be included; Lovelock’s the-
orem provides similar justification |174].

This dynamics has been the subject matter of gravity for over a hundred
years, with many excellent treatises on the subject [224-226|. Our interest
is rather in the formulation. This dissertation cares less how relativity

22N consistent Lagrangian description, that is. For example, the Einstein-Hilbert
action must be appended with the Gibbons-Hawking-York boundary term if the manifold
has a boundary [223].
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is justified, in the equivalence principles or otherwise, or how solutions
are derived analytically and numerically. Rather, the central issue is the
premise, which is not any less colorful than the physics that gravitation
provides.

Immediately, note that we are not required to consider the metric g as
the only basic dynamical variable, but can just as well consider e.g. the
(tetradic) Palatini formalism, where rather the coframe e® and the Lorentz
connection wyy, are the basic dynamical variables. Then, it is simple to relax
to Einstein-Cartan formalism, where the Lorentz connection is allowed to
in principle possess torsion. The equivalence in vacuum is relatively trivial,
as the system of differential equations

€apea® A R =0, (3.70a)
Dx(e?Ae’) =0 (3.70b)

trivially implies that the connection is still torsion-free, thus Levi-Civita,
and the connection equation of motion produces little new. Uniquely,

1 .
w = 5( bade® — o%Lde’ + 0% (o 1de;)el). (3.71)

Note the variation of the Hodge star,
dx o = *0ar — *(0e? Nogua) + de” Noga* a. (3.72)

The observational or physical relevance of hypermomentum to source the
connection is still a debated subject [227-231]. In metric-affine couplings,
fermionic currents provide a natural hypermomentum source, while General
Relativity does not require its presence.

The promotion of the connection to an independent dynamical variable
can be somewhat debatable on its merit. Arguments can vary, from the
inclusion of fermionic fields to greater similarity to Yang-Mills gauge the-
ory — the author also argued for the latter [5]. Nevertheless, the proper re-
lation between what is commonly known as the Palatini formalism and met-
ric General Relativity is somewhat subtle, the question if and where it can
actually introduce anything substantially different. To say that the Palatini
formalism is equivalent to metric General Relativity (at least in the vac-
uum) would be somewhat underselling the subtlety — although the Hamil-
tonian formulation of Palatini theory coincides with metric theory [232,
233| and the background-effective equivalence was discussed in [234], there
would be further discussion on projective transformations [235, 236], or if
the theory were to be modified in any manne@ [237], or on the bound-

Z3Non-minimal matter couplings and higher curvature terms are only one possible
questions then. There is an endless wealth of discussion in the definition and distinction
for Palatini formalism in any theory of gravity.
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ary conditions [238]. Refer to [239H241] for even further discussion on the
distinction of gravity from Maxwell-Yang-Mills theory.

So, why should we care? The author proceeded from the hypothesis
that there is a substantial split from a “unified” phase in the B-field of BF
theory fare, something akin to symmetry breaking that would completely
distinguish gravity from the remainder of gauge interactions. However,
this was, ultimately, nothing more than an unrealized hypothesis. The
premise is ultimately only as important as far as its implications go, unless
the study of the premise is taken as its own merit. We might as well
reasonably so consider gravity as a field theory of spin-2 gravitons |36}, |37,
242]. Regardless, the action is the target, either exactly or as a
limit, for any physical theory of gravity, and this can be achieved in a great
manner of ways [21].

Before exploring some further formulations, and primarily so in the
context of unification, let us briefly introduce complexified gravity. A short
introduction can be found in [243], which is also the main reference for
this exposé, but also refer to [233| 244]. Complexification here refers to
complexification of bundles over a real (implicitly 4-dimensional!) manifold
MPY In particular, e.g. the tensor bundle

Te =P T (M) C. (3.73)

We are provided two notions of dualization: the external Hodge *-dual,
and the internal soc(3,1) dual x defined by

*Ogbh = %GadeO'cd- (374)
Note that for the coframe basis the internal and external dualizations are
coincident, «(e® A €?) ~ x(e® A e?). The complexified Lie algebra splits
into self-dual and anti-self-dual components 50%(3, 1) — in particular, this
applies to the now complex-valued Lorentz connection wyp = Twap + ~Wab,
and therefore to the curvature Ry, = TRy, + ~ Rap, as well. The Einstein-
Hilbert action decomposes,

i i _ _

Sar = %/ea Ae’ ARy [Tw] — P /e“ AN’ AN "Rp["w].  (3.75)
However, there is no necessity for both contributions here — it is possible
to show (and spelled out in [243]) that we can restrict to only one term,
respectively self-dual or anti-self-dual gravity, and still obtain the same
equations of motion for the coframe field as the full complexified gravity
action.

24 As opposed to the theory of complex manifolds, locally homeomorphic to C".

85



As a final remark, but not considered in greater length in this disser-
tation, the Hamiltonian structure can be studied through the 3 + 1 split,
as defined before and which is the premise for the ADM formalism [157].
In the real case this quickly leads to various issues: the Hamiltonian van-
ishes, second class constraints, vanishing momenta; for canonical quantum
gravity this becomes near-unmanageable with the inner product problem,
the problem of time, finding solutions to the Wheeler-DeWitt equation et
cetera 217, 245]. Giulini [243] traces it to the nondynamical nature of
Wap, i-e. their vanishing momenta — and self-dual gravity allows to rather
consider the longitudinal component Yw 4, ~ Twor,

%6[AB+WAB = itwor (3.76)
for time derivatives of Twy,. The spacetime structure group SO¢(3,1) is
reduced to SO¢(3), working on the 3-dimensional hypersurfaces. FEither
through a careful constraint analysis, or with the prescient knowledge of
the required results [243], a set of new variables can be defined: the SO¢(3)
connectioﬁ A = 2w on the hypersurfaces ¥, alongside the lapse N, shift
N and densitized tetrad E. Reality constraints then remove the intermedi-
ary complexification. Apart from just a curious expression of gravitational
variables, these quantities laid the basis for quantization in the loop repre-
sentation [246) [247].

The extent to which the dissertation cares about complexified gravity is
twofold: the complexified Lorentz group possesses a self-dual vs. anti-self-
dual split, and the Khronon Hamiltonian proves to be self-dual Ashtekar
gravity alongside ideal dust. The former is crucial for theory definition, the
latter characterizes the phenomenology of the theory.

Consider that this incredibly short introduction is already sufficient to
soon introduce the Khronon theory of gravity — the basic philosophy is
straightforward, as will shortly be clear. We need not consider how to solve
the equations for any physical situation. Specialized treatises for various
aspects of the the Khronon phenomenology can be Written@, and there
are plenty of points that may prove to be nontrivial, such as the ques-
tion of black hole entropy, chiral cosmology, quantization, and more. But
for theory construction, we are complete. Rather, the issue is that if a
theory’s phenomenology can be sufficiently classified, it becomes difficult

25 An off-hand comment by Giulini is quite striking in the context of Yang-Mills duality
rotations: connections form an affine space, but not a linear one, and cannot generally by
added and multiplied with numbers. The author’s [4] traced a similar issue as the reason
why non-Abelian duality rotations fail, and this comment summarizes the problem.

26And the author would like to kindly direct toward the work of fellow student
L. Zheng for questions on cosmology in the Khronon theory.
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to have conviction in any certainty for nontrivial implications, or to not
simply rederive previously already known phenomenology just in a new
shade of theory. This is a question of risk balancing, and already in the
initial paper [20] was the Khronon theory implicated to follow an Einstein-
Aether phenomenology alongside a cosmological dust, per a Hamiltonian
comparison. The question of interest and purpose, triviality versus nontriv-
iality, complexity against meaningfulness, was a serious concern in choosing
the direction of theory development. So, a somewhat high risk approach
was settled to, partly by necessity, of testing rather speculative ideas and
proposing new principles for theory building — a more modest approach in
adapting simplicity constraints is also entirely possible, and any follow-up
can certainly exhaust the standard methods.

87






Chapter 4

Unification

Although the aim of proposing a unique unified theory of the Khronon
theory of gravity was not fully achieved, we would be incomplete without
reference to the motivation of this study. So, we will finish with a brief
exposition on unification, as it is commonly understood in particle physics,
and what motivations laid in the basis of the author’s work. Note, how-
ever, that although a unique unified theory was not proposed, the methods
to approach Khronon unification were proposed several — from modified
simplicity constraints to different vector representations. Follow-up work
can execute upon these ideas in a straightforward manner.

4.1 The Khronon theory of gravity

Before anything else, we are finally at the moment to introduce the theory
of gravity that was the origin topic of this study: the Cartan Khronon
Lorentz gauge theory of gravity [20]. So, we present the action

S, — /iDT“ AD7 A Ry (4.1)

Note the self-dual curvature *R,, and the exterior covariant derivative
w.r.t. the full connection D7 = dr? 4+ w% 7. We consider a 4-dimensional
real manifold M, and complexified variables upon it, with the symmetry
group SO¢(1,3). The basic dynamic variables are the Khronon Lorentz-
valued scalar 7%, and the Lorentz connection wy,, = —wp,; note that we
permit torsion, but not non-metricity (resp. the symmetric component w,p)
vanishes). The corresponding vacuum equations of motion are

DD’ A T Ry) =0, (4.2a)
+*DH(Drle A DY) = 2710+ RY A D7, (4.2b)
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respectively the Khronon and the connection equations of motion. In par-
ticular, the Khronon produces the prototype Einstein field equations.

The Lorentz connection wy;, retains its standard meaning as a principal
connection on the frame bundle, but we introduce 7% as a “Lorentz-valued
scalar”. This is one of several interpretations — we might as well have con-
sidered 7% as a Lorentz vector (or more precisely, components of a vector,
represented in an orthonormal basis); it is not unfair to instead desire to
introduce a proper manifold vector field 7 = 7%, or a 1-form » = 7,€’, but
the specifics of such an interpretation were not considered to greater extent.
In a basic rewriting it should be trivially equivalent, of course, but as the
intermixing of spacetime geometry and internal space is quite fundamen-
tal to this theory, the implication of introducing a proper tangent-space
object, and then forcing upon it a specific value, is slightly more subtle
than might appear at first glance — the Khronon vector field is assumed
to obtain a timelikeﬂ expectation value 7%1, < 0 as a gauge choice, thus
spontaneously breaking the Lorentz symmetry of the theory, and, through
a particular coframe choice e* = D7?, introduce the pseudo-Riemannian
geometry. Note that the symmetry breaking is crucial to obtain a metric
phase of the theory, and indispensable for seeing the Khronon theory as a
proper gauge theory — the dynamical degrees of freedom are entirely in
the connection field?

To request that the action has an interpretation as a theory of
gravity, in a more restricted fashion, it should have a geometric interpreta-
tion analogous to that of General Relativity, i.e. a relation to the pseudo-
Riemannian metric structure. There are a handful of options available how
to make this exact, with a varying degree of sophistication. Mostly this
is contingent on interpreting the geometry (in dynamic variables of the
connection wgyp, coframe e® and Khronon scalar-Lorentz vector 7% more
abstractly the tangent geometry), its generation (introduction of the phys-
ical coframe, and the spontaneous symmetry breaking), and the specific
form of the Lagrangian (gauge group, boundary-equivalence, comparison
with standard Einstein-Hilbert(-Cartan) theory). Most suggestively, the
action defines an Einstein-Cartan-like gravity, with the identification

e’ = D19, (4.3)

i.e. the coframe is forced into the form of an exterior covariant derivative

n (—,+,+,+) signature. Convention choices like this are not entirely innocuous,
e.g. in de Sitter vs. anti de Sitter Cartan gravity models later on.

2The relevance of first class constraints in General Relativity cannot be ignored
when discussing gravity as a gauge theory, but clearly the basic variables are different
here, resp. a symmetry breaking field and purely a connection. The importance of this
difference should be seen as a core point of study for the Khronon theory.
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of the Khronon field — generally, and due to the importance of this choice
to the theory, this has been called the Cartan frame in 4 dimensions, and
Bartels frame in 3 dimensions [137, 138]. The gauge choice forced upon 7%
partly removes it from the dynamical premise. In principle it could be any
symmetry breaking to timelike 72 < 0, but in practice, the most common
choice is the “time gauge” 7% = 740§ (or the synchronous symmetry break-
ing [137]; cf. also the time gauge D7% = 0 in [20]), where 7 is here just a
real-valued function; other gauges could be Lorentz-rotated or normalized
accordingly. Understanding that this system of differential equations truly
provides General Relativity accompanied by ideal dust dark matter as the
integration constant M, was one of the topics of paper [1] — it is a mat-
ter of algebra, and careful intermixing of the equations. In simple terms,

equation (4.2a]) can be integrated to
Dr® ARy, = M,, DM, =0, (4.4)

and through clever interplay with the connection equation , it can be
shown that M, is the energy-momentum of ideal dust.

However, this phenomenology was already presented in the initial pa-
per |20], albeit in the Hamiltonian formulation

H, = w6 D(e? A ef) + N(P\/1+ 0170;T + eryice! A TRIE)
+ NI(PajT + 2€]JK€J AN +EOK), (4.5)

and found to reduce to the self-dual formulation of gravity in Ashtekar’s
variables [246], in the presence of ideal dust [248, 249] (which is also seen
as “mimetic dark matter” [68-70]). Deriving the Hamiltonian is a matter
of Legendre transformation and fixing definitions, e.g. ¢/ = D7/ — in turn,
the action is Legendre-transformed back to

S, — / dt A (ergre! A e’ A0 WK + PoT — H,). (4.6)

A count of the variables and constraints leads to 3 complex propagating
degrees of freedom, reducible to 3 real degrees via reality conditions —
gravity, and dust; note rotationless dust defines a preferred frame [248|,
so 7 = v/—72 can also be seen as a measure of (cosmological) time. As
paper [20] summarizes, the phenomenology of contains solutions of

1
Sr Aether[gv T, P] = 5 / LV —gd4l' (R — p(aMTalﬂ' + 1)), (47)

where p is a Lagrange multiplier, and the action is in the broken phase.
Action (4.7)) is an Einstein-Aether theory, for phenomenology see [250-253].
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The author has already alluded that the proposition of a Lagrangian
is the end of a set of physical ideas, as now every implication (consistency
and phenomenology) can be derived, tested, verified and studied — and
the initial paper of Khronon gravity already classified the classical system.
Trying to work nontrivially around the initial classification is a significant
issue in theory development. There have been extended studies into this
formulation since then, rederiving the phenomenology in Lagrangian for-
mulation [1], discussions of matter couplings [2-4], and studies of solutions
and cosmology [137, [138|, but any derivation from the initial formulation
will struggle to extend beyond what was already classified. Verifying this
assertion to be true is a subtle point and well-merited, but it is difficult
to be sure in any certainty if or where to expect a nontrivial difference.
As such, an extension must necessarily change part of the premise. This
was the case in the adaptation to Spin(4) gauge theory |138], and must be
the case in any unified theory to be proposed. Note that although [138]
considered Spin(4) theory, the analysis of cosmology (e.g. Friedmann equa-
tions, perturbations, FLRW solutions), solutions (black holes, gravitational
waves) and matter couplings would be expected to persist by analogy to
the SOc(1, 3) theory as well.

The author would rather emphasize some questions that, as of writing
this dissertation, are not entirely yet clarified.

1. Although arguably the classical dynamics is sufficiently understood,
the spontaneous symmetry breaking of 7% to whatever vector v® is
not actually entirely clear, and is rather mostly done by hand. Intro-
ducing this as a part of the theory is most simply done by fixing a
Lagrange multiplielﬁ

S 5= / A (7% — 158), (4.8)

akin to the naivest by-hand gauge fixing in electromagnetism (and
thus here explicitly breaking Lorentz invariance). A quadratic con-
straint like 744(7% — t98)(7% — t63) = 0 or 74,7%7° — 2 = 0 can be
explored as well, the latter in particular being more analogous to the
Stelle-West Lagrange multiplier (cf. A(72 — C)). Any of these op-
tions would introduce a manifest preferred direction, although they
perhaps would not be as up-to-taste a spontaneous process as those
moderated by a Higgs-like potential (cf. simply integrating over the
Lagrange multiplier in the partition function).

3Note that here we use ¢ instead of 7. This is an open question — it might be

plausible to instead consider the actual norm ¢t — +/7ep7%7?, or t might be seen as
an independent field (or perhaps literally a constant over all of spacetime, likely losing
interpretation as time), or some other combination of gauge fixing.
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Nevertheless, this development remains a somewhat open problem —
including in phenomenology. The Lorentz-breaking that the time
gauge introduces, viz. a preferred frame, is not studied in greater
detail. It is known that Lorentz-violation is constrained to minus-
cule width, or conversely, Lorentz-covariance is verified to extreme
precision [252-256]. In this sense, the Khronon theory deserves clar-
ification on the range, scale and effect of the spontaneous symmetry
breaking it involves.

Reality conditions are another component that can be made more ex-
plicit, but they are not as pressing compared to the symmetry break-
ing. In principle, appending reality conditions is understood [233],
and the initial paper [20] provides several options how to proceed to
a real SO(3,1) theory, and to some part the complexified Khronon
has been supplanted by the Spin(4) theory [138] which is real as-is.
But for the sake of completeness, reality conditions should, of course,
be considered a part of the complexified theory.

. While classical phenomenology can be considered to be well under-
stood, the gquantum phenomenology is not explored in significant
depth. Namely, standard approaches are yet to be studied, includ-
ing canonical quantization, path integrals, and e.g. comparison with
Loop Quantum Gravity, bar more adventurous directions like Regge
calculus or String Theory infrared limits. Renormalization is a par-
ticularly poignant question to study, either in Euclidean SO(4) or in
Spin(4) theory. The author has argued that the integration constant
seems to behave like a classical background in the Isokhronon the-
ory [4], but Khronon gravity has proper dust degrees of freedom, the
quantization of which requires some consideration. Similarly, it was
argued [3] that such a vector-model might help in Loop Quantum
Gravity, but an actual verification of this is yet open. Consider [222]
as example that the inclusion of dust might improve quantum be-
haviour — reworking this with the Khronon would be very curious.

. The Khronon is inherently Cartan (waywiser!) geometric [42-45],
but the generation of manifold differential geometry is, in the au-
thor’s view, not entirely clarified — if the Khronon was understood
as pregeometric. It is possible to take a crude and in principle true
view that the Khronon theory posits either the coframe or the hy-
persurface basis on a preexisting 4-dimensional manifold to obtain a
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specific form,

(e A e?) = (D% A D7),

but there seems to be a some subtlety left to clarify, how exactly the
Lorentzian metric is imposed onto the base manifold’s tangent struc-
ture. In the sense of field theory, this is an entirely secondary point,
as the question comes down to the field content and the dynamics of
it, which the action completely explains, but geometrically, it is not
entirely clear how the Lorentz group as an internal symmetry group
imposes a reduction of the frame bundle’s structure group, without
forcing this by hand in the explicit symmetry breaking 7¢ — 76§ and
geometry identification e® = D7,

The author’s motive was that this question should be in the basis
of gauge-gravity unification — that is, gravity is necessarily tangent
geometry of the base manifold, and not just an appended structure
on top. Unification, in turn, would require internal gauge theory
bundles to be separated from the frame bundle geometryﬁ The Car-
tan Khronon has a clear “pregeometric” phase, where the symmetry
breaking and the identifications are not yet done, so the issue of the
relation to the underlying manifold appears immediately.

Note that this might be easy to bypass and ignore when accepting
that the structures (tangent and frame bundle, possible metrics, all
possible field theories) are always present and only gain importance
based on identification and interrelation (i.e., what fields are utilized
in the couplings, fermionic and otherwise — the actual Lagrangian
content), or if we are just studying the geometry that is generated by
the Khronon coframe.

. The motivation for considering first order actions appeared from con-
sidering matter couplings in the Khronon theory, i.e. the Dirac spinor
and Yang-Mills actions. If the Khronon vector were allowed to van-
ish, in a unified or “pregeometric” phase (i.e. before the symmetry
breaking and the generation of the pseudo-Riemannian metric) the
Hodge star component expression would become singular. There are

4Taken to an even greater extreme, the dimensionality of the base manifold also
becomes an open question. It is quite tempting to consider a gauge-gravity unified phase
such that unified group is the structure group of some different manifold, but clearly the
question is entirely open — from the definition of the geometry itself to the dynamics
that would mediate its behaviour.
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several ways to resolve this, but the author does not consider them
fully satisfactory yet.

The articles [2H4] considered the first order approach, where purely
formally the inverse metric was removed. However, this is not nec-
essarily a physically relevant issue to the metric phase, as clearly
Nature persists in a metric phase where signals of spacetime topolog-
ical phases are close to nonexistentﬂ— so, alternatively, the standard
matter couplings and actions, Hodge duality included, could be main-
tained as-is. Clearly, in the symmetry-broken metric phase the metric
exists, and standard Maxwell-Yang-Mills and Dirac actions are tar-
geted for the sake of consistency. Rather, the issue is in resolving
the phase transition — [5] considered constraints and potentials for
BF theory, but the exact dynamical (i.e. put into Lagrangian frame-
WOI‘kED mechanism remains an open question.

That is, although the matter couplings in the metric phase are known,
the transition to and from the unified phase is not known. Similarly,
a proper gauge-gravity unified Khronon model has not been actually
provided — a crude approach, as discussed in the author’s [5], would
be to append Khronon simplicity constraints B — e®Aeb ~ D¢ AD7?
to any other unified model, such as Smolin’s Plebanski model [29)],
but this is not entirely aligned with the Khronon geometric ideas,
which would rather prefer Westman & Zlosnik’s Cartan geometric
proposals [42-45]. In essence, although the simplest method for de-
riving various Khronon-unified models is of course visible through the
simplicity constraints, the geometry of the unified phase, the phase
transition, and the matter couplings there are still an open question.

. The phenomenological and theoretical viability and the predictions
of the Khronon, as is the case with any theory, must continuously
be verified against any set of new data. To reiterate, the Cartan
Khronon allows (predicts, interpretation-contingent) ideal dust de-
grees of freedom as a dark matter candidate in the vacuum|’ purely

5There are some areas where there is room for speculation for the existence of a
topological phase, say singularities like the Big Bang or black holes, some forms of dark
matter, spacetime microstructure or a quantum gravity zero metric ground state, but
without actual mathematical models behind them this remains speculation.

SWhether this means additional Lagrangian terms or some other dynamical expres-
sion, e.g. a “dynamical” topology of spacetime (essentially, topology becomes contingent
on field content, in some unspecified manner), remains to be seen.

"The issue is more complicated when matter is included, i.e. hypermomentum and
spin currents. Generally, there might be nontrivial couplings between the “dust”(-like)
integration constant and matter or the dust might not be ideal (even in a singly chiral
model), and this analysis is pending investigation.
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as a geometric effect (through an integration constant). The dust,
in turn, defines a preferred frame, and the gauge choice introduces
spontaneous Lorentz symmetry breaking.

That is, there is no requirement for dark matter microstructure — an
observation of dark matter particles would certainly cast a shadow
of doubt on the validity of this theory. At the same time, strictly
ruling it out entirely would require a verification of exactly nil (ideal)
dust; the requirement for effective or informal disproof is of course
lesser, as the commonly-referred Occam’s razor dictates. Currently,
no dark matter particles have been observed; however, there has been
evidence of dark matter self-interactions, per various dragging [257-
260]. Any mixture of different dark matter contributions is yet inde-
terminate.

But if not observed, the question would remain why this seemingly
consistent construction is even theoretically permitted. To be accu-
rate, physics does not have to eliminate theories that are not observed,
but it would still be desirable to introduce additional principles that
reject more of the unobserved possibilities — even if this is more a
philosophical than a physical point.

4.2 Further formulations of gravity

It is purposeful to briefly consider a few other Lagrangian formulations of
gravity as well, as they are relevant in both the ideas they introduce as well
practically useful for the task of unification. Consider [21] for a monograph
treatment; here, let us only mention the theories of MacDowell-Mansouri
and the Plebanski formulations of gravity. The former introduces the idea
of breaking into General Relativity from a larger structure group (de Sitter),
while the latter introduces General Relativity by constraining a topological
field theory (BF theory).

For the case of MacDowell-Mansouri and Stelle-West, consider also [126].
The direction is to consider a larger symmetry group while remaining on a
four-dimensional manifold background, specifically (anti-)de Sitter SO(4, 1)
or SO(3,2) instead of the Lorentz group SO(3,1); this will determine the
sign of the cosmological constant (correspondingly A > 0 and A < 0). The
action of MacDowell-Mansouri [109] is of Yang-Mills form, with only the
connection as a dynamic variable:

Sy [w] = /RAB N RCDQABCD. (4.9)
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Here we use MacDowell and Mansouri’s original notation, introducing con-
stants Qapcp: the crucial step is the projection to s0(3,1), which breaks
the symmetry to SO(3,1) and is done by hand. Consider [126, 261] for fur-
ther details. There are several explicit expressions for MacDowell-Mansouri
gravity in circulation, including utilizing the Stelle-West vector 74 to ex-
plicitly write

1
SMM[(,U] ~ m /RAB A *RCDTEGABCDE, (4.10)

or e.g. by manipulating the definition of the trace — in principle, they
are equivalent (implementation subtlety non-withstanding), but emphasize
different parts of the algebra and geometry. Regardless, the further devel-
opment of Stelle and West [110] was to break the symmetry spontaneously
by means of a Lagrange multiplier term (potential), loosely put

Sew = Saavt + / ArAra — 12) (4.11)

Straightforward analysis shows that this reduces to General Relativity
in the broken phase, and further development is yet possible: consider
e.g. [262] for spinor condensate and [263, [264] for BF formulations. The
success of the extent to which the Macdowell-Mansouri and Stelle-West for-
mulations actually mimic Yang-Mills theory is a separate matter: at least
in form, the Lagrangians certainly are much more analogous to Yang-Mills
theory.

We have already introduced BF theory as a particularly generic tem-
plate for gauge theory dynamics and as the mathematical premise for in-
troducing premetric theory. An exact formulation of gravity was provided
by Plebanski [207], by virtue of introducing a more nontrivial Lagrange
multiplier constraint structure rather than the simplistic By, = Rgp; for
some modern treatments, see e.g. [265, [266]. Consider the SO(4) Pleban-
ski actiorf]

1 1
SPlebanski[By‘/J7 )\] = % / Bab A Rgp — 5/\abchab A BCd, (4.12)

for a B-field, SO(4)-connection wy, and Lagrange multiplier Agpeq. Note
the symmetries of the Lagrange multiplier,

)\abcd = )\cdab = _Abacda (413)

8This version is as presented in [29} [267]. There are multiple versions of the “Pleban-
ski action” in circulation, differing mildly on the exact group, position and expression of
invariants, presence of the cosmological constant etc. — cf. also |78} [207} [265] [266] etc.
The crucial notion is that the basic variables are an auxiliary B-field, the connection, and
a Lagrange multiplier, which forces the B-field to obtain a coframe expression, see [266].
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and
eed vea = 0. (4.14)

The Lagrange multiplier equations
1 i,
B® A B = qiim B A BH gabed (4.15)

can be shown |78 to constrain the B-field to a branch of the hypersurface
basis +e* A e?, —e® Ael, —i—%e“bcdec Ae? or —%e“bcdec A e?. The equivalence
to General Relativity becomes rather apparent; the cosmological constant
can be appended directly. The constraints applied to the B-field are the
simplicity constraints, and crucial in restricting to General Relativity |78,
268, 269]. Smolin further proposed a unified model [29],

| |
Spic = = /BA AR = 56apBA A B + gqﬁABqSABBC ABe.  (4.16)

The action was generalized to a larger group G D SO(4), and it can be
shown that Yang-Mills theory and gravity are obtained in a perturbative
expansion. To add to the discussion of dualities from earlier, this weaker
or degenerate constraint structure is one of the few options to obtain any
extended nontrivial phenomenology with auxiliary fields.

We are presented with a varied array of different possible variational
principles to obtain the same gravity dynamics — Plebanski constraints
allow for other branches as well, but it retains General Relativity as a par-
ticular case. What we are not presented with is any relation to internal
gauge theory. Part of the author’s aspirations for a unified theory of the
Khronon and other gauge interactions was that there would be a preferred
internal gauge theory Lagrangian that would suggest the exact unification
scheme. In large part this is not feasible due to the simple independence
of different interactions, at least in the broken phase. Indeed, there is no
canonical correspondence between the internal gauge and gravity excita-
tions, which can be formalized in that the commutative diagram

0" 2(g)

B
C/ &Xt (4.17)
QS‘ e

Q"2 (gint) T " %(goxt)

Bing=*F Pe-i Bext=x(e*Aeb)
is generally ill-defined [5]. In turn, this presents some structure that does
not appear to have been introduced before: the constitutive mappings Cint,
Cext, ¢ie and ¢e.i can, in principle, be considered as new concepts, fixing
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the particular interrelation between the excitations of various different in-
teractions; their beneficence outside of explaining why the author’s partic-
ular approach to Lagrangian development was unsuccessful remains to be
established, of course. In turn, the hope for a canonically preferred inter-
nal gauge Lagrangian corresponding to gravity is not entirely unwarranted,
provided the unification scheme is fixed — this would be fixing the consti-
tutive mappings. This can be summarized in that unification is hopelessly
ad hoc, but it should rather be taken as a guideline that new principles are
required, and the space for Lagrangian engineering is still openﬂ

4.3 Unification in particle physics and beyond

“Unification” has a rather strict and limited meaning in particle physics,
even though the dissertation itself pursued more lax notions; as will soon
be seen, for gauge-gravity unification this is not entirely a downside. In
gauge theory terms, we are provided two Lie groups G4 and Gp describing
two types of gauge interactions, that are to be described by a single unified
field. Percacci & Krasnov |15} 270] describe particle physics unification as
a four-step process.

1. The gauge groups G4 and G must be found as commuting subgroups
of a unifying gauge group G. Often, G is also assumed to be e.g. sim-
ple and compact with a single coupling constant, or at most a direct
product of such groups, with an additional discrete symmetry [16].

Note that G4 x G corresponds to the broken phase, as the different
gauge groups are trivially added together. Much of the focus in this
dissertation was only on the broken phase, and what could then be
derived from it to the unified phase — perhaps naive from the start,
but the author would argue that there is a qualitative difference in the
gauge theories of gravity and Maxwell-Yang-Mills [5]. The geomet-
ric setting is different (frame bundle vs. separate principal bundle),
the symmetries are different (manifold diffeomorphisms vs. bundle
automorphisms), and the fields are different (metric objects possibly
in addition to the connection — or, e.g. the Khronon scalar). It is
worthwhile to understand how these qualitative differences come to

bd

9That is, optimism and pessimism.

10The issue here is that this will be heavily model-dependent and much of the meaning
is only assigned in relation to other structures. Say, the connection may be on the frame
bundle, but its dynamical relevance is because it is coupled to every field and its properties
are defined by the structure group.
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2. All known particles must then be first put into irreducible represen-
tations of the unifying gauge group G, which is then decomposed into
a direct sum in terms of G4 x Gp — generally, a restricted repre-
sentation pgy of an irreducible representation p to an embedded Lie
subgroup H C G might instead be reducible. The decomposition
must result in correct quantum numbers; generally, this also results
in new (yet unobserved!) particles. This decomposition is known as
the branching rule.

3. An order parameter (field) must then be identified — in essence, a
Higgs-like field. This can be a scalar with a linear representation
of G and an orbit diffeomorphic to coset G/(G4 x Gg), but not
necessarily. The soldering form (or, tetrad) might also serve as an
order parameter.

4. A G-invariant action functional S is provided. Paraphrasing |15], the
requirement (a) is fundamental: there must be a dynamical mech-
anism for the appearance of phenomena of type A and B. In less
nebulous terms, this is often the introduction of a G-invariant poten-
tial for the order parameter, such that the potential’s minimum is an
orbit with stabilizer G4 x Gp — the shape of the potential contingent
on various parameters then selects between G (the unified phase) and
G/(G4 x Gp) (the broken phase).

Requirement (b) is the physically always implicit necessity that the
model be conformant to reality — in particular, any new (and often
inevitable) particles be unobservable in collider experiments so far.
A large mass is rather standard for this.

Rather quickly the critical reader notes that neither the Standard Model
nor even the Electroweak theory actually follow this pattern exactly. The
symmetry group of the Standard Model is the trivial direct product

GSM = U(l)y X SU(?)L X SU(3)C, (4.18)
which includes the Electroweak sector
Gew = U(l)y X SU(Q)L. (4.19)

The Standard Model appends the chromodynamics group SU (3)¢ trivially.
Electroweak theory at least satisfies this list of requirements with the Higgs
field as the order parameter, except that Ggw = U(1)y x SU(2)r is not
semi-simple. Nevertheless, this is a clear and unambiguous list of require-
ments for any theory that claims to unify some fundamental forces.
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However, physics has been rife with various “unifications” that do not
really follow this particle physics logic. Perhaps too simplistic nowadays,
but the unification of space and time into a spacetime pseudo-Riemannian
4-manifold does not provide any natural selector for separating space and
time againlﬂ; in fact, 3 + 1 decomposition has been criticized on the basis
that timelike congruences (viz. observers) might simply lack an associated
spacelike foliation [275]. In a similar vein, unification of electricity and
magnetism into the electromagnetic force is also inherently a relativistic
consequence — there is no clear selector for an “electric” and “magnetic”
interaction, nor would it be Lorentz-invariant. The Aharonov-Bohm effect
suggests that the 4-potential should be considered the fundamental field of
electromagnetism.

But for the purpose of particle physics, despite involving two coupling
constants, Electroweak U(1)y x SU(2)r, theory is the closest “standard’ﬂ
particle theory there is to a unification example, as it demonstrates the
expected procedure — note the notion of symmetry breaking is here fun-
damental to unification; we will follow Hamilton [16], but any quantum
field theory exposition will discuss the premise just as well. The principle
is straightforward and can be understood classically: the Lagrangian pos-
sesses a greater set of symmetries, that solutions to the equations of motion
(and in particular, quantum states) might not, i.e. the symmetry is broken
to a smaller Lie group, which is the stabilizer of a particular vacuum vector.

That is, we are provided a gauge theory with connection A on a prin-
cipal G-bundle P, a Higgs field ® € I'(P x, W), and a potential V. In
the vacuum, we have a flat connection Agy, F'(Ap) = 0 and a covariantly
constant Higgs field &g, D® = 0, at the minimum of V. The space of
minima wg € W of V constitute the vacuum manifold — in particular, the
action of the symmetry on wg naturally induces a smaller symmetry group,
the stabilizer H C G, which is the unbroken subgroup. If H is a proper
subgroup, the symmetry is spontaneously broken — the generators of the
Lie algebra g can be divided into unbroken generators h, and the remainder
ht. Expanding the Higgs-Yang-Mills Lagrangian in terms of perturbations
around a minimum, ® = wy + ¢, introduces the Nambu-Goldstone bosons
and Higgs bosons — the former can be removed in unitary gauge, the
latter cannot, and are new physical scalar fields. The Higgs kinetic term

"Note a rather beautiful geometric theory of Euclidean geometry and Galilean rel-
ativity [271H274). The author has speculated whether relativistic unification, so to say,
could be reconciled with particle physics through this formalism, but nothing concrete
is yet to be stated.

12That is, with widely accepted theoretical, observational and experimental consis-
tency. Full (Grand or otherwise) unifications so far lack unambiguous supporting evi-
dence, despite theoretical merit.
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(D®)' A *D® after this expansion ultimately induces mass terms to the
broken gauge bosons. The author’s attempt [5] to generalize this notion
to constitutive laws was based on a particular characteristic of the Higgs
mechanism — the degenerate vacuum structure, so a solution of any one
vacuum vector is chosen “spontaneously”. This mimics the degenerate so-
lution structure of e.g. Plebanski theory, but in the case of pure potentials,
inevitably introduces classical backreaction. A more proper nomenclature
would be just in degenerate equations of motion, but the purpose was quite
straightforward: by virtue of how auxiliary fields are just integrated out of
the theory, one of the few ways they might introduce nontrivial phenomena
is through this degeneracy (which would be even more curious in quantum
theory — hopeless renormalization issues notwithstanding).

In the case of Electroweak theory, W = C? and G = U(1)y x SU(2)L.
The potential is the standard quadratic-quartic (sombrero) potential

V(w) = —p|lwl* + Alwl|*, (4.20)

which has a U(1) ring of solutions in the minimum. This generates masses
for the W and Z bosons, while the photon 7 of the unbroken U(1)g remains
massless. In principle, this is also the procedure for Grand Unification,
albeit with a different group structure. It is a small exercise to list all
possible Grand Unification groups up to some rank [16] (proposition 9.5.2),
i.e. the maximal dimension of an embedded torus subgroup. The only
permitted GUT groups up to rank 6 are the following;:

Rank 4: SU(3)2, SU(5),
Rank 5: SU(6) and Spin(10) (or, SO(10) theory),
Rank 6: SU(3)3, SU(4)2, SU(7) and E.

All have been studied to various extent, but the author has no strong prefer-
ence for any one unification group in particular — lacking any observational
implications, only theoretical arguments of varying strength remain. Until
more direct evidence is actually obtained, the ground for any particular
unification group is simply too unsolid to be strongly beholden tﬂ
What we also find, rather, is that the Khronon is largely agnostic to any
particularities on what happens in the internal gauge sector, and so is the

13 A methodological remark cannot be overlooked: if an observation was successful,
one (possibly for a period of time, some) or none of the proposals might be validated.
In the latter case, physics theory is quite flexible to introduce grand new principles and
ideas which will explain the observation. In the former case, the popular hindsight will
be adamant in correctness. In the run-up, however, objective personal conviction is a
very subtle question.
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Isokhronon, or any derivative of them — perhaps a trivial implication, as
gravity is an independent interaction, and symmetry structure is separate
to Lagrangian theory. But worse than that, this remains the case for gauge-
gravity unifications. This is an issue that plagued the dissertation very early
on — if the Khronon can be simply adapted to any particular unification
scheme, it is not clear where the nontrivial interest might be. This led to
the author’s unsuccessful gamble on new principles that might produce a
nontrivial unification (viz. toying with the Isokhronon as a first step). The
contrary would have been to work out how to exactly fit the Khronon into
some previous scheme, which would have been steady progress, with less
guarantee of breakthrough, but also less probability of failurdﬂ

There are graviGUT schemes which include gravity into a GUT unifica-
tion, but consider e.g. the graviweak theory of Nesti & Percacci [276], which
was a topic of interest at points due to U(1) not collecting in a straightfor-
ward algebraic manner [2], thus prompting toward unification of (Khronon)
gravity with non-Abelian theories only; the author also suggested that the
electromagnetic interaction could be assembled from the left-over anti-self-
dual connection in self-dual gravity, A = 2%~ wy, and F[A] = d(2®~we),
but this was not developed to greater extent.

For graviweak theory, the order parameter is a generalized [277] sol-
dering form e, with A,, as the graviweak gauge field (conjugate A_p)
of the graviweak symmetry group SOc(3,1) = SOc¢(4) = SLc(2)+ X
SLc(2)-. Herea,b,. .. are in the vector representation of the real SOg(3,1)
(cf. @,b,... for the imaginary part; together the graviweak group); mean-
while m,n, ... and u,v,... can be used for SLc(2)+ and SLc¢(2)— respec-
tively (Lorentz and isoLorentz). Introducing the generalized torsion 2-form

T8 = de™ 4 A% A b + A% A (4.21)
and curvature B B B
R&abb — Rabé‘&b + Rflbéab (422)
gives the actions
1 - _ _
SRl = 27//{/1 / Raabb VAN ecc AN edde(@a)(i)b)(éc)((id)’ (423&)

ST = ai / (tgngTee + (t2)eaa VAN el_)b> VAN 666 A ed_de(&a)(?)b)(éc)(cid)’ (423b)

Sra = | <rggj§;Reef f (e A e“’) A € N ) i) ey
2
(4.23¢)

1Ultimately, it will be up to the reader to decide which path would have been better.
As additional challenge, the amount of hindsight should be minimized.
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gg)?’} are auxiliary fields, and €(;q)gp)(ae)da) 1 @n SOc(4)
invariant. Study follows: there are the topological (e) = 0 and Minkowski
space (e™ ) = M g, vacuum expectation values, and a (massive) isospin
triplet appears in addition to the massless graviton. The broken phase has
global Lorentz and local weak isospin invariance.

For the the case of the Khronon, there are two issues.

where 29 and r

1. How to introduce e ~ D7, if it is possible?

2. How to introduce the self-dual connection tw,;, into the Einstein-
Cartan action, rather than the full SO¢(3,1) = SL¢(2)4+ x SLc(2)-7

The latter can be forced, to see if just the self-dual connection would lead
to a consistent theory; if not, then perhaps this condition can be dropped,
at the expense of likely losing dark matter phenomenology. The former
can be forced as well: the Lorentz-scalar 7% can be extended to 7% for
e — D79 — in principle, this automatically leads to a new theory, the
consistency, and interest, of which is to be studied in a new publication.
What we gather from this short discourse, however, is that the actuality of
unified Khronon theories are entirely dependent on simplicity or coframe
constraint consistency and compatibility with a Spin(4) or SO£(1,3) cur-
vature.

Let us reemphasize that the relation of gravity to the underlying mani-
fold is much stronger than that of other (internal) gauge theories. Gravity
works with the frame bundle Fr(M) and through it with the tangent bun-
dle TM, which is canonically induced by manifold structure on M; the
coframe e : TM — R introduces the notion of tangency to inherent ge-
ometry [40, 278|, and is a crucial additioxﬂ to the Lorentz connection w
on TM. External symmetries are diffeomorphisms of the base manifold,
rather than principal bundle automorphisms, cf. the Atiyah exact sequence
earlier. Restricted to the standard geometric interpretation of General Rel-
ativity, it is not entirely surprising that a standard unification of gravity
and other gauge theories does not succeed. This is most famously formal-
ized in the theorem of Coleman & Mandula [33], which we will quote; there
is also e.g. O’Raifeartaigh’s theorem [279] preceding it, among others.

Theorem 5 (The Coleman-Mandula theorem). Let G be a connected sym-
metry group of the S-matriz. The following five conditions are assumed to
hold.

SHowever, not unavoidable — there exist reformulations of gravity with only the
connection as the basic variable |[41]. In this sense, philosophical deliberation has not
gotten in the way of theory development, even though a General Relativity limit would
still require an eventual interpretation in terms of e and w on M.
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. (Lorentz invariance) G contains a subgroup locally isomorphic to the
Poincaré group.

. (Particle-finiteness) All particle types correspond to positive-energy
representations of the Poincaré group. For any finite mass M, there
are only a finite number of particle types with mass less than M.

. (Weak elastic analyticity) FElastic scattering amplitudes are analytic
functions of [Mandelstam variables] center-of-mass energy s, and in-
variant momentum transfer t, in some neighborhood of the physical
region, except at normal thresholds.

. (Occurrence of scattering) Let |p) and |p’) be any two one-particle
momentum eigenstates, and let |p,p’) be the two-particle state made
from these. Then [the nontrivial part of the S-matrix (S = 1 —
i(277)45(Pu - P/)T)]

Tlp,p') # 0,

except perhaps for certain isolated values of s. (At almost all energies,
any two plane waves scatter.)

. (An ugly technical assumption [sic!]) The generators of G, consid-
ered as integral operators in momentum space, have distributions for
their kernels. There is a neighborhood of the identity in G such that
every element of G in this neighborhood lies on some one-parameter
group g(t). Further, if x and y are any two states in [the set of
single-particle states whose momentum-space wave functions are test
functions] D, then

1d

;&(fv,g(t)y) = (z, Ay)

exists at t = 0, and defines a continuous function of x and y, linear
in y and antilinear in x.

Then, G is locally isomorphic to the direct product of an internal symmetry
group and the Poincaré group.

The most direct or naive gauge-gravity unification schemes are thus

ruled out, but with sufficiently clever handling, the Coleman-Mandula the-
orem is hardly a significant limitation. Supersymmetry bypasses these
assumptions (and instead runs into the Haag-Lopuszanski-Sohnius theo-
rem |34]). More generically, the (vacuum expectation value of the) soldering
form e simply vanishes in the unified phase, thus the Poincaré invariance
assumption is violated, while in the broken phase the symmetry groups
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are in a trivial product, as required [15]. The author has argued that the
Coleman-Mandula theorem simply expresses a geometry phase transition,
and an analogy is heuristically apparent even classically, when trying to
construct spacetime from possible tangent space notions [5]. Then, we
would like to explicitly construct spacetime as a field of observers. Rather,
the proposal was to introduce a signal triplet

o= (1,v,p) (4.24)

of proper time 7, observer state v in a representation p of some total unified
group G. If p does not decompose into a sum pexy B pPing, there is no clear
possibility of discerning what should be the tangent space of the base man-
ifold and what is internal space, at least based on the signals that could
be transmitted — but this requires a reinterpretation of spacetime con-
struction, of course; namely, conflating (!) the notion of observer state and
bundle tangent spaces, which might hardly be desirable. Furthermore, for
a proper theory, this observer-signal notion would require proper dynamics,
which is difficult to do without any notions external to the observer. It is
likely significantly simpler and more productive to take a global perspective
from the beginning, considering some other geometry than the manifold or
overlaying some other algebraic structure onto the base topology — but
this is yet to be explored.

4.4 Division algebras

Abstract algebra is rife with various algebraic structures. We will only
focus on one particular structure, that has piqued physical curiosity apart
from just mathematical utility, and briefly discuss part of the motivation
for this direction.

Definition 29. An algebra A over a field K is a (finite-dimensional) K-
vector space with a bilinear map -, A X A — A and a unit element 1 € A,
such thatVa € A:1-a=a=a-1. For conciseness, also a -b = ab.

A is a division algebra if ab=0=a =0V b= 0.

An algebra is normed if the vector space’s norm || - || satisfies ||ab|| =

llall - [18]]-

The interpretation is, as usual in mathematics, up to the reader —
in a sense, this e.g. generalizes the notion of a “(complex) number”, but
this is only one option among many. Adding some more natural structure,
the space of possible division algebras quickly restricts in an extraordinary
manner. Note two exemplary theorems in this direction.
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Theorem 6 (Hurwitz’s theorem on normed division algebras). The only
normed real division algebras are (isomorphic to) the real numbers R, com-
plex numbers C, quaternions H, and octonions QO (correspondingly of di-
mensions 1,2,4 and 8).

Theorem 7 (Frobenius’s theorem on associative division algebras). The
only associative real finite dimensional division algebras are (isomorphic
to) R, C, H.

Consider [280] for more details — there is also e.g. Wedderburn’s,
Mazur’s, Gelfand’s etc. theorems.

From a theoretical physics point of view, there is plenty of structures
in Nature that appear very limited@ Spacetime seems four—dimensiona]lz],
and the particle content of leptons, hadrons, mesons etc. is very much finite,
and of seemingly rather arbitrary composition, insofar that the Standard
Model symmetry group and the three generations of quarks and leptons
is not subject to some further principles. Under general field theory logic,
it is also quite natural to consider fields subject to various algebraic re-
quirements, as it is essentially a probe to the interactions and particle con-
tent or their internal structure — Lie group representations have been the
most productive, as they have a clear interpretation and at the same time
are varied and adaptable enough to describe most symmetry contenﬁ,
but e.g. the quantum description of fermions requires Grassmann algebras,
i.e. anticommuting numbers. It is hardly a leap of faith to consider what
other algebraic structure could be applied, particularly so as it provides a
very clear analysis in terms of Lagrangian dynamics.

A closer look into quaternions raises more intrigue. Quaternions are a
4-dimensional real vector space, spanned by basis vectors 1,1, j, k. The “1”
spans the real part of the quaternion, while 7, j, k are the (generalized, in

16 A rather philosophical issue has to be raised: the division algebra sequence is only
relevant if Nature somehow is immediately related to this limited variety. Beyond oc-
tonions, there can be e.g. sedenions S (losing the multiplicative norm and not being
alternative), generally the Cayley-Dickson construction, or hypercomplex numbers etc.
This is a difficult direction to take for building a theory, due to the great variety of
properties to try match to Nature, and just as large a variety of algebraic structures to
work with.

17 At least on a macroscopic scale, and codified into the Standard Model and General
Relativity. It is hardly a significant formal obstruction to add (compactified, immeasur-
able) extra dimensions, cf. Kaluza-Klein theory, String Theory etc. The relevance is still
unclear, however. Similarly, the increase in complexity is not innocuous — these kinds
of modification introduce a subtle variety of a new kind of theory-building freedom.

18 A continuous infinitesimal transformation already suggests Lie algebras. Associa-
tivity, invertibility, and existence of a unit, thus defining a group, are very generic re-
quirements, and manifold-like continuity is commonplace in physical thought.
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a sense) imaginary units, which satisfy

L= |1 i 4§k
1T [ 1 i 5 &k
‘2_.2_ 2_‘. _ . . .
i =j"=k"=ijk=—1, i i -1 k  —j (4.25)
il =k -1
Eolk - -1

The table is read a-b = ¢, where a is from the first column, b from the first
row; quaternions are not commutative, but still associative — octonions
lose even that, but remain e.g. alternative (z(xy) = (zx)y and (yx)xr =
y(zx)). Expanded in the standard basis, a quaternion over the real numbers
is then an element of the algebra

-/ -/
a = apl+aii+asj+ask ~ < Z, w) = ( a0+a11./ a2+a32.,> , (4.26)
—-w Z —ag +azlt” ag — ait

where a; are real numbers, w and z are complex numbers with a separate
imaginary unit ¢, unrelated to the quaternion algebra. Quaternions over
complex numbers H(C) = C ® H are built in a similar manner, except that
the coefficients become complex-valued. Standard constructions follow,
e.g. conjugates, norms, real (or scalar) part R (i.e. component agl) and
imaginary (or vector) part & (i.e. component ai+asj+ask). In particular
for C ® H, there are three natural conjugates to introduce: the complex
conjugate * of the C component (i’ — —i’), the quaternion conjugate ~ of
the H component (i, j, k — —i, —j, —k), and their composition I (sometimes
referred to as the Hermitian conjugate [22]). Quaternionic matrices require
slightly more careful handling for their determinant and inverse [16].

Relativity can be built using complex quaternions [24]. Then, 4-vectors
become simply

x = (i't,xt, 2% 23) = i't1 + 2l + 225 + 23k, (4.27)
with the Minkowski-metric magnitude
|2 = za* = =12 + ()% + (2®)% + (%) (4.28)

Analysis follows. We will not reproduce the explicit constructions; Girard
develops the cases of Special Relativity and classical electromagnetism and
up to General Relativity in detail — there should not be any major sur-
prises, as the rewriting (attributed already to Minkowski!) allows
rewriting any Lorentzian 4-vector rather in terms of a single quaternion
(or, “minquat” — Minkowski quaternion), so the tangent space is well-
established, and multivector calculus is defined in terms of H ® H. What
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instead to emphasize is that this is currently little more than a change in
representations, as the unit quaternions Sp(1) are isomorphic to Spin(3)
and SU(2),

Sp(1) =2 SU(2) = Spin(3), (4.29)

and are the universal cover of the 3-dimensional rotation group SO(3). We
have gained in a new representation, and a curious relation to 4 dimensions,
separate in time 1 and space i, j, k, but not necessarily in fundamentally
new information — the isomorphisms explicitly force the quaternion
perspective to contest with the Lie algebra one anyway.

Nevertheless, algebraic creativity has persisted, and uncovered yet more
relations between physics and division algebras. Here, the reference is to
one of the original motivating works for this dissertation — the expression
of Standard Model symmetries entirely in division algebra structure, per
Furey [22]. We will only relay the basic structure. Furey considers the
“Dixon algebra” R®CoH®O [281-284]. Very loosely put, causality can be
understood to appear as a sequence of the algebra’s operations, so particles
are to be represented by ideals (as they “persist under propagation”).

Definition 30. A left ideal of an algebra A is a linear subspace U C A that
is closed under multiplication on the left by any a € A, i.e. Va € A,u e U :
a-uel.

A right ideal is defined analogously; the notion of ideal carries over to
other structures as well, e.g. rings and Lie algebras.

Considering the entire subspace as the particle itself certainly integrates
out whatever internal freedom the quantity might have, but will have
to contend with standard interpretations, e.g. the standard Fock space
number states in quantum field theory. Furey’s dissertation [22] works
out the details how to derive Standard Model representations in terms of
R®C®H® O. Generalized ideals in C ® H are introduced to derive the
basic dynamical quantities: the subspace U is to be closed under a new
mapping (generalized multiplication) m : A x A — A, so the three actions
respectively produce (a € A and u € U)

Complex-invariant: me(a,u) = auP + a*uP* = spinors, (4.30a)
Hermitian-invariant: my,(a,u) = aua’ = 4-vectors, (4.30b)

Quaternionic-invariant: mgy(a,u) = aud = Scalars, field strength tensor,
(4.30c)

where P is a particular projector to C x H. One generation of quarks is

F
introduced via the octonionic chain algebra C ® @ = CI(6), spanned by
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left-products as maps

b o1(a)=o01...0p-a, k=1,2,... (4.31)

Quarks and leptons are fit into algebra through minimal left ideals of (C®(6)
(i.e. the only left ideals that it contains is {0} and itself). Ladder operators
can be constructed. An option for three generations is found by a different
partition of CI(6). Overall analysis of various Clifford algebra combina-
tions, ideals and maximally totally isotropic subspaces, in comparison to
the Standard Model representations and interactions, further e.g. suggests
chirality of SU(2), and grand-unification contributions in CI(10). Furey
has since developed the division algebra line of thought significantly fur-
ther [2851292] — in various algebraic methods. Our concern is slightly
different, however.

Division algebras provide quite a striking new way to organize Standard
Model particles. The hypothesis considered at the beginning of the author’s
work was that the Khronon was to become “quaternion-valued”, and when
further extended to other division algebras, it would drive other internal
gauge interactions. The exact meaning of this was to be determined —
most obviously, the Khronon could rather become a scalar field valued in
whatever other algebraic structure, which would be in part constrained to
a Lorentz vector representation, and in another part to internal gauge ob-
jects (which could be the connection or a form excitation B, most likely).
This was one of the main motivations for considering the Isokhronon ac-
tion, which was also motivated from the geometrization of the excitation
(i.e. attempting to provide a coframe-like interpretation to the B-field),
rather than just trying to fit the Yang-Mills connections in with the gravi-
tational field(s), the Lorentz connection and the Khronon vector.

There were several issues that obstructed from considering the Khronon
from a division algebra perspective, and instead pushed toward continuing
Lagrangian and spacetime geometry questions. For one, a rather open ques-
tion at first was how Yang-Mills theory should even be introduced. This has
now been resolved quite multifold, at least in principle. Geometrizing the
excitation B-field is one option, another would be to include just the stan-
dard Yang-Mills actions in the metric phase. However, the transition from
the gauge-gravity unified phase to the metric phase remains unclear — and
this is not an algebraic issue of unification, but rather a dynamical issue in
the Lagrangian or a geometric issue in the manifold and principal bundles.
Furthermore, division algebras would necessarily contest with any other
perspective on unification. That is, it is not entirely clear what benefit a
R®C®H® O perspective would have provided compared to, say, Spin(10)
or SU(5). If there was a canonical mapping between division algebras and
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particle representations, it would benefit in providing an explanation to
the limited selection of particles that are observed, but it is not clear that
this is the case. For the Khronon, an argument for division algebras would
be a canonical appearance of a Lorentz vector and complexified connec-
tion in the division algebra structure. It is not, in principle, difficult to
introduce various different structure into the Khronon action — [138] con-
siders the Khronon action subject to a different symmetry group, Spin(4)
vs. SOE (1,3). Similarly, it is not difficult to rather consider a quaternio
T = 79 + 711 + Toj + T3k rather than a Lorentz-valued scalar 7%, but it is
not clear if any new phenomenology is actually achieved.

4.5 Unification in waywiser gravity

Although the author did not pursue this direction, it has to be emphasized
that there is a particular Cartan-geometric unification proposal already
published in literature, the cycle of work by Westman & Zlosnik [42-45].
Adapting this would be the most natural and prospective unification scheme
to attempt for the Cartan Khronon theory [20] — and indeed, it should
be one of the foremost options to consider when pursuing the Khronon
unification further. Despite having been acquainted to this early on, the
reason why this dissertation did not develop this scheme was because of the
obviousness of this option, a fear of triviality to the point that it was not
entirely clear if anything novel could have actually been said, and because
there was an ambition to develop new (pregeometric) principles for unifica-
tion. However, for continuation work, a definite resolution should be devel-
oped in working out the details how to put the Khronon (either [20] or the
Spin(4) development [138]) into the unified Cartan geometry framework;
this procedure should be significantly more straightforward than what was
attempted here.
Westman & Zlosnik consider the general Cartan-gravity action

Scartan = /GABCDFAB AFP 4 bapopDrd ADTB A FEP

+ CABCDDTA ADTE ADTC A DT, (4.32)

The theory is on a four-dimensional spacetime with either the de Sitter
SO(1,4) or anti-de Sitter SO(2,3) symmetry group — the capital letters
A, B,C,... = 0,1,2,3,4 refer to (anti-)de Sitter indices, eapcpp is the

9Note the immediate generalization to a quaternion, rather than a minquat! So
desired, it could also be generalized to be octonion-valued, if the connection, curvature
and trace is adapted so that the Lagrangian is still ultimately a scalar.
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respective totally antisymmetric symbol and nsp the corresponding or-
thonormal metric. As done in waywiser geometry, the dynamical variables
are {74, A48} where 74 is the contact vector and A45 the (anti-)de Sitter
connection. Note that D is here the derivative w.r.t. the full connection,
and F is its field strength (curvature). The contact vector then defines the
symbols

AABCD = alGABCDETE + asTATCNBD + A3NACMBD, (4.33a)
bapcp = bieapopeT? + baTaTenpp + bsnacnsp, (4.33b)
CABCD = C1€ABCDET". (4.33c)

The scalars a;, b;, c; are allowed to depend on 72 = 7474. The tetradic
Palatini action is recovered under the gauge choice 74 = B&f: the remain-
ing components are identified with the spacetime tangent structure — the
Lorentz connection in particular wy, = Agp, and the coframe e® = D7,
with the derivative w.r.t. w only, i.e. it is the usual SO(1,3) exterior co-

variant derivative. Here a,b,c,... = 0,1,2,3 as before. It can be shown
that
1
F®[A] = R®[w] + 6—26“ Aeb, (4.34a)
1 1
FA] = FgDue” ¥ 5T (4.34b)

For convenience, we will identify D,, = D. The interested reader can refer to
the cycle [42-45] for analysis on solutions (cosmological solutions, signature
change etc., equations of motion analysis), geometry (frames, connections,
hypersurfaces, etc.), and other phenomenology (e.g. quintessence, dark en-
ergy), and symmetry breaking (dynamical and otherwise).

In particular, a unified theory electromagnetism and gravity was pro-
posed in [43]: a suitable generalization to a higher-dimensional group rolling
on underlying spacetime, so that SO(3,3) or SO(1,5) — SO(1,3) x U(1)
through two contact vectors V4 and W+, Beginning with the action

Ss0(1,5)/50(3,3) = § / eascperVEWT eA N eB A FCP
+ X / ViaWg VieWp FAP A FCP| - (4.35)

under the gauge fixings VA = £5* and WA = ,uég“ with

ab e? B

AAB el g ]Ig’
=|-% 5, (4.36)
B B
I Im
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the action decomposes to
Ss50(1,5)/50(3,3) — /fufﬁabcdea A N F 4 x(ul)? Fys A P

1
= ulé / €abede® N €’ A (RCd + 6—266 A ed>

¢
+ / ( + —Eeapeac® A e® A B A BY—2xdB Aeg A B“)
n

+X/(dBAdB+eaAB“AebABb).

(4.37)
It is shown that this action reproduces the standard Maxwell equations —
note that [43] considers a waywiser geometry extension of the internal gauge
fields B® (or generally some B4), so that they carry an extra index. The
standard gauge field is B, identified with V,B* ~ V4B#. In particular, the
Yang-Mills-Cartan action is

1
Symc = 292/Tr (gEABCDETEGC NeP NBANBP e N BAA F[B]).

(4.38)
We can add that this is essentially first order formalism for Yang-Mills
theory [2], working with the auxiliary field B4 in some other representation,
rather than the Lie algebra adjoint (cf. B4 vs. u®). Clearly, thought had
converged in this matter coupling, even though the motivation was slightly
different, viz. zero-metric phases vs. rolling on the base manifold.

But the unification extension to non-Abelian theory was not yet re-
solved: there is a suggestion in [45] that the soldering form should be
constructed from an enlarged gauge structure, e®, — 6“4“, which should
then somehow break down to standard gravity and gauge theory, but this
procedure is yet not entirely certain. Indeed, the author argued for a sim-
ilar case [2] with the Lie-algebra valued u® = u*T! as an analogy of the
coframe field, but this does not resolve the topological issue of the assumed
spacetime 4-manifold, which seems to prefer SO(1, 3) rather than any other
gauge group@

The similarity of ideas with the Khronon action is rather plain. Both
the (anti-)de Sitter Cartan gravity theory as well as the Khronon have as a
fundamental geometric requirement that the coframe be restricted to a par-
ticular form D7%. Apart from various topological terms which can be sim-
ilarly appended to the Khronon theory, the distinction is what symmetry
group is introduced first: the Khronon works on SOc(1,3) and SO{(1,3),

20An extreme example would be trying to reduce the frame bundle structure group
to Abelian U(1), which would be an entirely foreign sense of relativity.
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Westman & Zlosnik study restrictions of SO(1,4) and SO(2,3) to SO(1, 3);
and the most recent extension of the Khronon was to Spin(4). It raises
the question on the direction of development, however — should the focus
be on the symmetry groups, or the representation of the contact vector, or
the symmetry breaking potentials or constraints in the Lagrangian, or the
matter couplings, or the bundle geometry? Or perhaps something entirely
different?

4.6 Observational signatures

To put it bluntly, there is no observational or experimental verification of
any specific unification scheme. It is very tempting to conclude the chapter
with this single sentence, but nevertheless, we will refer to some recent re-
sults. There are some constraints on various processes some unified theories
might exhibit (say, proton decay or Lorentz violation) and some indirect
suggestions on unified phenomena (e.g. the seeming convergence of coupling
constants at high energy). In a similar vein, ACDM currently persists, de-
spite some recent data on Hubble tension, dark matter self-interactions,
and numerical simulations that are critical against what a pure-ACDM
phenomenology might suggest. This will not be a complete review: Be-
yond the Standard Model (BSM) physics is a field of active research, and
both specialist and layman up-to-date documentation can be easily found
online; neither are concrete observational constraints entirely relevant for
pure theory development of Khronon gravity. Experiment and observation
does, however, force a theorist to be very critical of the equations.
Currently, the Khronon does not have a definite preference for any
specific gauge-gravity unification or Grand-Unified mode@ but any pro-
posal in this direction would be riddled with usual Grand-Unification con-
tention. All Grand-Unified models will differ from the Standard Model
simply by virtue of unification of the fundamental forces (e.g. the conver-
gence of coupling constants), but the exact character of this difference is
model-dependent [293-H297]. Often, new particles are introduced — none
have been observed that would implicate any particular grand unification;
by virtue of construction, the mass of these new particles can and has to be
made so large as to be unobservable at currently achievable energy scales.
Proton decay is another possible observational signature, through model-
dependent interaction channels — it has not been observed®] and several

> Apart from two loose suggestions, so that either SOF(1,3) or Spin(4) would be
included in the full unified group.

22Gingular candidate events notwithstanding. The lower bound on the mean proton
lifetime has been estimated to be more than 1032-103* years (dependent on specific
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models have been ruled out [298| 299]. The Review of Particle Physics [6]
provides an exhaustive reference on the status of current particle physics ex-
periment and observation. The summary can be taken as that no particular
unified model has been implicated so far. Generally speaking, GUT-scale
phenomena are currently inaccessible in contemporary colliders, as of the
time of writing (and for a good while into the future as well).

The by-hand choice of the gauge of the Khronon field can be seen as
spontaneous Lorentz symmetry breaking, introducing a preferred frame.
Einstein-Aether theories have similar phenomenology. To date, the break-
ing of Lorentz symmetry has not been observed [252-256]. However, this
is far too simplistic a statement. Establishing how a theory ezactly might
break Lorentz symmetry is not straightforward, and generally comparison
with observation requires theory-dependent analysis. At the same time,
strictly speaking, the parameter range of various models has not been ex-
hausted eitheﬂ so, at the time of writing, neither have Einstein-Aether
theories been ruled out. The author would characterize the matter as “to
be resolved further on”.

Khronon gravity can be seen to make a prediction in the ideal dust
it allows for in the vacuum, corresponding to Cold Dark Matter. The
inclusion of matter or both gravitational chiralities would complicate the
phenomenology considerably, so the dust might no longer be ideal. On the
other hand, Cold Dark Matter is part of the Standard Model of Cosmology,
but there has been a growing variety of problems and concerns that suggest
a necessary extension. Recently, Hubble tension, that is the difference of
the Hubble parameter derived from early and late universe measurements,
has come to the forefront [300H304]. Numerical simulations have run into
certain discrepancies, such as the core-cusp problem (a difference in dark
matter density profiles in low-mass galaxies from observation) or the dwarf
galaxy problem (observations indicating them in a lesser quantity than sim-
ulations), among others [305-310]. The deviations from ACDM cosmology
are extensively studied [302] (and unfortunately, beyond the scope of this
dissertation). The unimodular extension of Khronon gravity [1] produces
the cosmological constant A as an integration constant — recent data [311]
has suggested A might be varying over time. It is not currently clear how
the Khronon theory would mold to all of these problems simultaneously (or
if it even needs to!). In spite of issues that might be levied against it, it is

measurement, confidence interval, etc.), depending on the specific experiment.

?3As an example, [253] constrains the deviation of the speed of the Einstein-Aether
spin-2 graviton from the speed of light (in natural units) to approx. 107*°~107*%. There
are other observables also under consideration, e.g. certain rotational invariants, modifi-
cations to the photon dispersion relation, etc. This is a heavily phenomenological topic
that is unfortunately beyond the scope of this dissertation.
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not possible to rule out Khronon gravity based on ACDM tests either —
even if Dark Matter did not possess a component of (ideal) dust, at least
classically the Khronon gravity zero-dust solution seemingly persists.

Are we even at need for unification, gauge-gravity or Grand Unification
or otherwise? Quantum Gravity is a pressing theoretical issue, as the Stan-
dard Model is a quantum field theory, but General Relativity is not, and
it is not yet unanimously resolved how they should coexist simultaneously
and consistently, under a single framework. Even if quantum gravity signa-
tures have not been observed, the theoretical issue persists, as some form of
gravity and quantum field theory must be accessible simultaneously. Uni-
fication, however, argues for a simplification of interactions — but without
neither an observational basis or strict theoretical necessity. We are left
with indirect implications and theoretical desires. Krasnov & Percacci [15]
provide four arguments:

1. Convergence of coupling constants under renormalization is a stan-
dard argument for unification. A dimensionless coupling constant
can be assigned to gravity as well, which converges with the other in-
teractions near the Planck scale, perhaps suggesting unification with
gravity.

2. The Kaluza-Klein construction includes the Higgs field, gauge fields,
and the metric together into a single unified higher-dimensional met-
ric. The possibility and coincidence of this is very curious.

3. Standard Model fermions can be put into a single irreducible spinor
representation of a graviGUT model, complexified to SO¢(14) in par-
ticular. Again, the coincidence is striking.

4. That the General Relativity connection is not a propagating degree
of freedom is suggestive of a Higgs-like mechanism in gravity, where
the difference of an independent connection and the Levi-Civita con-
nection obtains a large mass.

The persuasiveness of these arguments is to be decided by the reader. For
the author, the arbitrariness of SO(1,3) versus U(1)y x SU(2)r, x SU(3)¢
on the frame bundle against an internal principal bundle is already sufficient
to consider if there exists some mechanism to reduce or actuate this split.
A manifold seems to introduce a Gyt X Gint split, but finding a geometric
mechanism that removes this distinction is alluring?y— just as its relevance
yet remains physically to be determined.

24That is, a mechanism distinct from just making the tetrad the order parameter or
the like. To emphasize, this comment is alluding to the author’s own intuition, which
might not be true.
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Chapter 5

Conclusion

5.1 Further directions

There remains a wealth of work to be done — including actually find-
ing a satisfactory solution to the very initial problem of incorporating the
Khronon theory into a division algebra unified framework. Chapter
already includes a list of pressing issues for the Khronon theory of gravity,
so for convenience, let us only restate a summary.

1.

The theory and phenomenology of the Khronon spontaneous symme-
try breaking 7¢ — 746§ should be better studied. The reality condi-
tions, depending on the theory, can be made more explicit.

. Quantum phenomenology should be extensively studied, including

the (Euclidean and otherwise) path integral, canonical quantization,
simplicity constraints in spin foams and Loop Quantum Gravity.

The differential geometry generated by the Khronon should be made
mathematically more precise, particularly so between the tangent
space geometry and Lorentzian internal space — and see whether a
more nontrivial interpretation than simplicity constraints is possible.

. The transition to the gauge-Khronon unified phase should be devel-

oped, in both the dynamics (Higgs mechanism, waywiser constraints)

and the geometry. In particular, explicit adaptations to various uni-
fied models should be studied.

. The phenomenology should be continuously verified, e.g. the valid-

ity of the (ideal and non-ideal in extended theory) dust degrees of
freedom and quantum Hilbert space, and in relation to recent obser-
vational issues (Hubble tension, dark matter self-interactions etc.).
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These are the problems most immediately pressing for the Khronon the-
ory per se [20], but the model has since been extended to Spin(4) the-
ory [138], and a prospective path is to continue to introduce ever-more
modifications. In chapter [£.3] it was suggested that the Khronon could be
put into graviweak |276] form by reinterpreting the indices 7, — 7% of
SOc(1,3) = SOc(4) — it is straightforward to write essentially the way-
wiser tetrad D7% to whatever dimensionality and structure group, and then
see if interesting phenomenology might followﬂ The contact vector 7% is
a 0-form object, and standard analysis would be to test any and all cou-
plings to other fields in any and all contexts, and see the phenomenology
that might follow. However, theory development in this manner is rather
ad hoc, and it is difficult to promise whether anything physically relevant
will appear.

The basic case of duality is well-understood now (for a while now, truth-
fully) — it is an identity transformation in the parent path integral. Simi-
larly, the relation of BF theory, premetric theory, first order formalism, and
parent systems is now discussed more explicitly and collected together. Pre-
metric theory development would further require a more explicit discussion
of non-Abelian theory. A nontrivial continuation of the premise of dualities
would instead consider when the auxiliary field is not constrained uniquely,
which will provide both interesting quantum phenomenology as well as a
rather difficult problem for interpreting this situation. That is, if

/ DAexp [z / AC(A, B)] ~ 5(C(A, B)) (5.1)

is possible and has multiple zeros, then the integration cannot be performed
uniquely. Instead, all minima would be included — for the Plebanski the-
ory path integral see [78]. However, |78] did not consider this as a duality
between Plebanski theory and the new quantum systems. This is a question
which seems to be yet unresolved. The author studied pure B-potentials
in [5], but the general case of such (degenerate and otherwise) dual struc-
tures (including mapping between e.g. observables) can be considered as a
continuation topic this dissertation has motivated.

The Khronon matter couplings should now be much more clear [2-4],
appended with the suggestions in this dissertation. What can be considered
further is the study of Yang-Mills analogies with gravity [2, 4] — that

! As a specific example, the Khronon could be generalized to other dimensions. Four
dimensions is special with e.g. the exceptional isomorphism Spin(4) = SU(2) x SU(2),
but as a testable premise, it is possible to consider e.g. compactification to three dimen-
sions, or the requirement for self-duality and including only the waywiser constraint —
or, considering just arbitrary (products of) groups in arbitrary dimensions.
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is, the first order formalism u-field can be used to define a (bi)metric-
like structure in g}fl}\/[ = Trg(u® Mub,,nab), and the geometry can be studied
further. Similarly, a full Yang-Mills gravitational analogue

1
Su_GRw/TrG(292u/\u/\F+AGu/\uAu/\u> (5.2)

can be curious to consider in various structure groups G and various di-
mensionalities (and when it is well-defined).

Background fields still provide some theoretical interest. Quantum
Electrodynamics in plane wave backgrounds is well-developed [312], and
generally the background field method is well-understood [313]. However,
the case of inherent backgrounds holds some confusion. For the Dirac-
Bergmann algorithm, the Isokhronon provided standard electromagnetic
degrees of freedom even in the case of the X,, DX, = 0 background (pro-
vided a consistent torsion) [3]. The Khronon introduces an additional dust
degree of freedom to the graviton |1, 20,|71], despite a similar appearance of
the integration constant. When exactly is a degree of freedom introduced?
Is the anti-self-dual contribution essential, or is it possible to manufacture
other gauge theory (e.g. electromagnetic) constitutive laws which consis-
tently introduce more degrees of freedom? Is the Khronon gauge fixing
crucial? On a more fundamental note, the consistency of these inherent
backgrounds should be verified. Renormalizability is an oft-quoted prin-
ciple, but the thermodynamic validity could be checked as well. Namely,
whether an inherent background is consistent with the second law of ther-
modynamics, or whether there is an infinite pool of energy provided in the
background. In this sense, the Khronon should be safe, as it introduces
a proper dust degree of freedom, but the mixture of quantities remains
curious. Finally, the exact Hilbert space structure should be clarified, in
general and e.g. to the presence of background quantum transitions. This
is also a minor question for the Shadow Charges proposal [209, 210].

A variety of different interpretations were attempted in comparison of
Yang-Mills theory and gravity; they all should be developed in more so-
phisticated terms. For BF theory, ultimately, a constraining process must
restrict the B-field to its physical values — as pure B-potentials are not
really viable due to the backreaction of the inhomogeneous equation [5],
this leaves a Lagrange multiplier constraint structure, similar to Plebanski
theory [207]. Explicit degenerate constitutive laws should be manufactured
and studied. In comparison with gravity, the relevance of the hypersurface
basis e® A e? and *(e? A €®) appears crucial |2, 5]. When the gauge field is
taken as an “excitation” or perturbation [2],

1

o ; 1 o
kij*e' Nel = (;57?5? + ZBijﬁab + 4ijab) e’ Nel, (5.3)
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collected into the action
Sp = / Tr (e A e Vhas? A (7 Rij +migF + ki (¢ A e ecann) ), (5.4)

the suggestion of deforming hypersurfaces in “internal gauge directions”
should be properly formalized. The relevance and meaning of the object
mimicking a connection

d)ab = +wab + nabA (55)

should be clarified. Alternatively, the Yang-Mills excitation can be under-
stood to be “rotated” relative to the hypersurface basis |2, 5] — in par-
ticular, the applicability of (generalized) symmetry breaking is something
to understand in greater detail. The issue why the Isokhronon direction
proved unsuccessful was very concisely formulated in terms of the ill-defined
constitutive diagram; it would be curious to see if there is any greater utility
possible to introduce there.

Spinorial theory still promises a rich avenue for theory development, as
various standard theories are rewritten in terms of spinor quantities, bilin-
ears — although the Dirac equation squares to the standard wave equation,
Fermi-Dirac statistics open a greater possibility for modified phenomenol-
ogy. The most obvious modification is 7 — 1(y*++°7%)1 for the Khronon,
or really for any other vector, but this is somewhat trivial. Alternatively,
twistors [146] can be a further option, but the geometry becomes much
more complicated.

This returns to the issue of the difference in geometry sectors between
Maxwell-Yang-Mills theory and General Relativity — the hypothesis was
that a unified phase should lose this distinction. An embedded hypersurface
approach (or really, branes in String Theory) might prove more prospective
for this. Alternatively, the base manifold dimensionality questions might be
attempted to solve in a manner similar to junction conditions, see e.g. [314].
There seems to be a significant geometry transition in the unified phase [5],
already suggestive from the Coleman-Mandula theorem. A wealth of ideas
have been already considered before |25].

A primary hypothesis was that there should be a zero-metric topolog-
ical phase, where all interactions will obtain the same Lagrangian form.
However, the geometry and dynamics of the phase transition is yet to be
handled satisfactorily (and explicitly!). This includes actually deriving so-
lutions which include a zero-metric region, and verifying the limits of all
relevant quantities when tending to this region. A particular candidate
choice is in studying black hole solutions, which include an unavoidable
curvature singularity, even for the Khronon [137]. Nevertheless, it may be
more productive to just handle the topological region by gluing boundaries
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to each other. The physicality of these regions is a separate issue, and
would be verified by studying solutions.

To finish with a (very) distant aspiration — more generally than the
quantization of the specific Khronon model, the question of quantum ge-
ometry prevails. More than a fancy name for quantum gravity, the author
would rather expect several physical phenomena to define a new mathe-
matical structure, which can be interpreted in terms of a quantized metric.
The signal triple was an attempt to consider what information an observer
might even admit — and a linear representation theory is a natural pro-
posal. If to speculate, perhaps quantum information theory could provide
further inspiration — generally, relativistic quantum information theory is
a work in progress [315H319], so even apart from the author’s speculation,
it is a worthwhile direction to understand.

In this vein, with the extreme success of quantum field theory, it is
tempting to e.g. interpret its tangent-like Minkowski-space formalism hap-
pening at a literal spacetime event, i.e. a single point. Perhaps the Fock
space could model the quantum tangent space instead, the quantum mea-
surement would introduce another axis of time, independent as it is from
the unitary time evolution, and a global quantum geometry could be built
point-wise. However, this proposal heavily requires a definite mathematical
structure to operate on. To wit, there is a structure that must be naturally
present in quantum field theory even as it is, because purely implicitly there
is a model of quantum measurement viz. time evolution, (metric) geometry
of events, and observer-tangent space relation present, but its mathematics
should be explicitly written outﬂ The competition is fierce [217], and the
suggestions here remain speculative.

5.2 Summary

This dissertation initially set out to provide a gauge-gravity unified model
for the Khronon theory of gravity [20]. The aspiration was to introduce the
Khronon into the division algebra scheme of R ® C ® H® O [22], chang-
ing from a Lorentz-valued scalar to a division algebra valued object, but
as work progressed [1-5], focus ever shifted toward unification-geometric,
Lagrangian and duality questions. The author will provide a seemingly con-

2As a definite example, the quantum measurement defines a probabilistic distribu-
tions of outcomes to which the system can collapse — this is a probabilistic evolution,
and can be seen as a new axis of time, or a set of them, and should be formalized. Then,
specific choices on these extra axes define a specific model of quantum measurement.
The danger is that the freedom of choosing the measured observable rather introduces
an infinity of axes, but introducing unitary evolution to quantum measurement sequences
by themselves is nothing foreign to what is already present in the theory.
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tradictory answer to the initial problem: at the culmination of this work,
unification of the gravitational interaction and internal gauge fields has not
yet been achieved, but the method to work the Khronon into any unifica-
tion proposal has been extensively developed and a significant part of it
is now well-understood. Although real and complex numbers, quaternions
and octonions did not ultimately take part in the development of unifica-
tion, the geometry and dynamics, including proposals for new models in
the simplicity constraints or extending the Khronon, should be much more
straightforward to develop. Only a choice of constraints, waywiser and cur-
vature, or changing the representation of the Khronon scalar is required.
Geometric questions remain, in how the base manifold and tangent bun-
dle geometry should be reconciled with internal principal bundle geometry,
resp. the geometry of gravity as in General Relativity versus the geometry
of Maxwell-Yang-Mills theory, but they are also significantly more subtle
and can promise more mathematical interest — perhaps in another treat-
ment. To be very clear, adapting the Khronon waywiser coframe will allow
to develop any number of preceding gauge-gravity unified models. Even
in this dissertation new suggestions were provided for e.g. quaternions and
graviweak theory, but studying the phase transition to the unified phase
remains to be exhausted.

The position of auxiliary fields, first order systems, and parent system
symmetries and transformations in the role of dualities, as in e.g. Proca-
Kalb-Ramond [64], |65], but also in terms of premetric theory [58], should
be abundantly clear now. Dualities are simply parent system identities, es-
pecially obvious as path integral identity operations, e.g. in Gaussian and
Dirac delta integration. Premetric theory can be seen as a physical descrip-
tion of principal bundle geometry and constraining topological field theory.
Developing nontrivial phenomenology for the auxiliary fields would require
a degenerate constraint structure, but this direction would rather work with
Lagrange multipliers than with (generalized) potentials, as a development
of Plebanski-like ideas [78, |207] to both gravity and internal gauge theory.
Dualities continue to prove useful, interesting and mathematically curious,
as can be seen e.g. in the case of Maxwell-Chern-Simons [74], and limit
inconsistencies [4, 75, [76]. The classical differential geometry is straight-
forward, and allows to quickly explain the problems with duality rotations
in non-Abelian theory in terms of cohomology, or the Poincaré lemma. It
would be interesting to see if this idea of dualities as essentially moving
between representatives of an equivalence class could be pushed further,
to dualities of other classes. Inter-gauge rotations or perturbations require
further study.

The mathematical structure of the background fields generated by in-
tegration is something that deserves more attention, but some progress
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has been made. The Khronon case is largely exhausted, both in Hamilto-
nian [20] and Lagrangian |1] formalism. The ideal dust energy-momentum
is an integration constant, and the extra degree of freedom appears from
interplay of self-dual and anti-self-dual connection components, the Ein-
stein Field Equations and the connection equation of motion. The case for
the Isokhronon is more confusing [4], as the degree of freedom count does
not show additional degrees of freedom from the covariantly constant back-
ground — perhaps unsurprisingly so, as there is no other sectors to pull
from, so we are left with only a covariantly constant background. Similarly,
the Isokhronon is not a proper Higgs field. This is partly a mathemati-
cal physics problem, to trace when exactly the constitutive law structure
changes the Dirac-Bergmann algorithm degree of freedom count. It be-
comes a more physical problem, if the quantum case is to be studied —
the Hilbert space structure should be clarified, particularly so for back-
ground transitions. The quantum Khronon theory would promise more
novel phenomenology than considering classical solutions.

The Khronon theory is now better understood. Much of the classifi-
cation and interpretation was already provided in the initial paper [20],
but verification and extension required further work. Now, the Lagrangian
formalism has been verified [1], matter couplings have been studied (2, 3],
particularly so for internal gauge theory [4], and the use of the Khronon
constitutive law in unification has been clarified [5]. This dissertation has
considered Khronon matter couplings in the metric and topological phase,
Lagrangian analogy between internal gauge theory and gravity, Khronon
simplicity constraints for unification, and the mathematics how the integra-
tion constant appears in conserved currents and Lagrangian theory. There
has been significant work in extending the Khronon. The complexified
SOc(3,1) Khronon has been continued to a Spin(4) gauge theory [13§],
with extensive analysis of cosmology and exact and perturbative solutions.
Solutions, black holes and cosmology, have also been considered for the
Khronon theory proper [137]. It can be confidently stated that the under-
standing of the behavior, i.e. structure and phenomenology, of the Khronon
theory has significantly improved. However, it clearly has not yet exhausted
its potential — it is the author’s hope that this dissertation will serve as
both inspiration and reference for future development in this regard.

Two important continuation topics bear special emphasis: providing
a definite mechanism for the spontaneous symmetry breaking 7¢ — 74,
and studying the quantum phenomenology of the Khronon Lorentz gauge
theory of gravity (or, the same for the Spin(4) theory). The symmetry
breaking so far has been done by hand. However, writing a dynamical
mechanism, either a scalar potential or a Lagrange multiplier constraint,
will be necessary to complete the definition of the theory, and give a defi-
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nite meaning to the symmetric phase. Quantum phenomenology, in the au-
thor’s opinion, is likely the most probable location for interesting Khronon
phenomenology, as the classical theory was already classified in the ini-
tial paper and this has been better understood and verified since — it
should be verified that the resulting quantum theory really is Ashtekar’s
self-dual gravity alongside dust, and this can be done canonically, in path
integral, spin foams and Loop Quantum Gravity, or otherwise. Dust has
already benefited quantization of gravity [222], it would be noteworthy to
see if the Khronon can achieve this intrinsically. If it proves true that the
Khronon can assist in solving [1] the “covariance crisis” in Loop Quantum
Gravity [320], it would be a significant contribution, but it remains to be
verified.

The author considers this dissertation to lay the premise for much more
successful approaches to the Khronon theory, having pushed through var-
ious unsuccessful lines of thought on internal-external gauge unification.
The general approach to unification and the Khronon theory development
should now be more than clear, and what remains is to evaluate specific
details. However, the problem to weigh is the analysis against its value —
what odds are there for something remarkable to appear, and what is truly
required at this stage? For the author, the most pressing questions reside
outside of what was studied in this dissertation, and outside of what the
author has even worked on so far: to develop the quantum measurement
in all sense of theory and experiment, and to achieve a satisfactory theory
of quantum gravity. A notion of geometry, both local and global, subject
to some notion of quantization, will unavoidably appear, and it would be
most curious to understand and develop it in precision. For the Khronon,
however, the author’s collection of thoughts reaches its conclusion. Only
one final question remains: Quo vadis?

124



Bibliography

[13]

P. Gallagher and T. Koivisto, Symmetry 13, 2076 (2021),
arXiv:2103.05435 [gr-qc].

P. Gallagher, T. Koivisto, and L. Marzola, Phys. Rev. D 105, 125010
(2022), |arXiv:2202.05657 [hep-th].

P. Gallagher, T. S. Koivisto, L. Marzola, L. Varrin, and T. Zlosnik,
Phys. Rev. D 109, L061503 (2024), arXiv:2311.07464 [hep-thl].

P. Gallagher, Phys. Rev. D 110, 085010 (2024),
arXiv:2403.02578 [hep-th].

P. Gallagher, Nontrivial constitutive laws and unified structures in
constrained BF theory, 2025, arXiv:2504.14062 [hep-th].

S. Navas et al. (Particle Data Group), Phys. Rev. D 110, 030001 (2024).

K. G. Arun et al. (LISA), Living Rev. Rel. 25, 4 (2022),
arXiv:2205.01597 [gr-qc].

E. Abdalla et al., JHEAp 34, 49 (2022),
arXiv:2203.06142 [astro-ph.CO].

L. Barack et al., Class. Quant. Grav. 36, 143001 (2019),
arXiv:1806.05195 [gr-qc].

E. Berti et al., Class. Quant. Grav. 32, 243001 (2015),
arXiv:1501.07274 [gr-qc].

P. A. Seoane et al. (eLISA), (2013), arXiv:1305.5720 [astro-ph.CO]l

I. L. Shapiro,

“The background information about perturbative quantum gravity”,
in Handbook of quantum gravity,

edited by C. Bambi, L. Modesto, and I. Shapiro

(Springer Nature Singapore, Singapore, 2023), pp. 1-66.

P. M. Lavrov and I. L. Shapiro,

“Gauge invariant renormalizability of quantum gravity”,
in Handbook of quantum gravity,

edited by C. Bambi, L. Modesto, and I. Shapiro
(Springer Nature Singapore, Singapore, 2023), pp. 1-37.

125


https://doi.org/10.3390/sym13112076
https://arxiv.org/abs/2103.05435
https://doi.org/10.1103/PhysRevD.105.125010
https://doi.org/10.1103/PhysRevD.105.125010
https://arxiv.org/abs/2202.05657
https://doi.org/10.1103/PhysRevD.109.L061503
https://arxiv.org/abs/2311.07464
https://doi.org/10.1103/PhysRevD.110.085010
https://arxiv.org/abs/2403.02578
https://arxiv.org/abs/2504.14062
https://doi.org/10.1103/PhysRevD.110.030001
https://doi.org/10.1007/s41114-022-00036-9
https://arxiv.org/abs/2205.01597
https://doi.org/10.1016/j.jheap.2022.04.002
https://arxiv.org/abs/2203.06142
https://doi.org/10.1088/1361-6382/ab0587
https://arxiv.org/abs/1806.05195
https://doi.org/10.1088/0264-9381/32/24/243001
https://arxiv.org/abs/1501.07274
https://arxiv.org/abs/1305.5720
https://doi.org/10.1007/978-981-19-3079-9_8-1
https://doi.org/10.1007/978-981-19-3079-9_9-1

[14]

R. Martini, G. P. Vacca, and O. Zanusso,

“Perturbative approaches to nonperturbative quantum gravity”,
in Handbook of quantum gravity,

edited by C. Bambi, L. Modesto, and I. Shapiro

(Springer Nature Singapore, Singapore, 2024), pp. 1097-1142.

K. Krasnov and R. Percacci, |Class. Quant. Grav. 35, 143001 (2018),
arXiv:1712.03061 [hep-th]l

M. J. D. Hamilton, Mathematical Gauge Theory, With Applications to the
Standard Model of Particle Physics, Universitext (Springer, Cham, 2017).

E. Witten, Newton lecture 2010: String theory and the universe, 2010.

A. Arbey and F. Mahmoudi, Prog. Part. Nucl. Phys. 119, 103865 (2021),
arXiv:2104.11488 [hep-phl].

M. Cirelli, A. Strumia, and J. Zupan, (2024),
arXiv:2406.01705 [hep-phl].

T. Ztosénik, F. Urban, L. Marzola, and T. Koivisto,
Class. Quant. Grav. 35, 235003 (2018)} arXiv:1807.01100 [gr-qc].

K. Krasnov, Formulations of General Relativity,
Cambridge Monographs on Mathematical Physics
(Cambridge University Press, 2020).

C. Furey, “Standard model physics from an algebra?”,
PhD thesis (Waterloo U., 2015), arXiv:1611.09182 [hep-th].

Hurwitz, A., Mathematische Annalen 88, 1 (1922).

Girard, Patrick R.,
Quaternions, Clifford Algebras and Relativistic Physics
(Birkh&user Basel, 2007).

D. Meschini, M. Lehto, and J. Piilonen, |[Stud. Hist. Phil. Sci. B 36, 435
(2005), arXiv:gr-qc/0411053.

S. Gielen and D. Oriti, Class. Quant. Grav. 27, 185017 (2010).

S. Alexandrov, M. Geiller, and K. Noui, SIGMA 8, 055 (2012),
arXiv:1112.1961 [gr-qc].

A. Perez, Living Rev. Rel. 16, 3 (2013), arXiv:1205.2019 [gr-qc].
L. Smolin, |Phys. Rev. D 80, 124017 (2009), arXiv:0712.0977 [hep-th]l

J. A. de Azcarraga and J. M. Izquierdo, J. Phys. A 43, 293001 (2010),
arXiv:1005.1028 [math-ph]l

W. de Boer, Prog. Part. Nucl. Phys. 33, 201 (1994),
arXiv:hep-ph/9402266.

D. Croon, T. E. Gonzalo, L. Graf, N. Kosnik, and G. White,
Front. in Phys. 7, 76 (2019), arXiv:1903.04977 [hep-ph].

S. Coleman and J. Mandula, Phys. Rev. 159, 1251 (1967).

126


https://doi.org/10.1007/978-981-99-7681-2_25
https://doi.org/10.1088/1361-6382/aac58d
https://arxiv.org/abs/1712.03061
https://doi.org/10.1016/j.ppnp.2021.103865
https://arxiv.org/abs/2104.11488
https://arxiv.org/abs/2406.01705
https://doi.org/10.1088/1361-6382/aaea96
https://arxiv.org/abs/1807.01100
https://arxiv.org/abs/1611.09182
https://doi.org/{10.1007/BF01448439}
https://doi.org/10.1016/j.shpsb.2005.01.002
https://doi.org/10.1016/j.shpsb.2005.01.002
https://arxiv.org/abs/gr-qc/0411053
https://doi.org/10.1088/0264-9381/27/18/185017
https://doi.org/10.3842/SIGMA.2012.055
https://arxiv.org/abs/1112.1961
https://doi.org/10.12942/lrr-2013-3
https://arxiv.org/abs/1205.2019
https://doi.org/10.1103/PhysRevD.80.124017
https://arxiv.org/abs/0712.0977
https://doi.org/10.1088/1751-8113/43/29/293001
https://arxiv.org/abs/1005.1028
https://doi.org/10.1016/0146-6410(94)90045-0
https://arxiv.org/abs/hep-ph/9402266
https://doi.org/10.3389/fphy.2019.00076
https://arxiv.org/abs/1903.04977
https://doi.org/10.1103/PhysRev.159.1251

R. Haag, J. T. Lopuszanski, and M. Sohnius, Nucl. Phys. B 88, 257
(1975).

M. Blagojevi¢ and F. W. Hehl, eds.,
Gauge Theories of Gravitation, A reader with commentaries
(World Scientific, Singapore, 2013).

T. Padmanabhan, [Int. J. Mod. Phys. D 17, 367 (2008),
arXiv:gr-qc/0409089.

W. Barker, C. Marzo, and A. Santoni, Phys. Rev. D 112, 044032 (2025),
arXiv:2505.23894 [hep-th]l

R. M. Wald, Phys. Rev. D 33, 3613 (1936).

K. C. H. Mackenzie, General Theory of Lie Groupoids and Lie Algebroids,
Second Edition, London Mathematical Society Lecture Note Series
(Cambridge University Press, Cambridge, 2005).

G. Catren, Int. J. Geom. Meth. Mod. Phys. 12, 1530002 (2015),
arXiv:1407.7814 [gr-qc].

K. Krasnov, |Phys. Rev. Lett. 106, 251103 (2011),
arXiv:1103.4498 [gr-qc]l

H. F. Westman and T. G. Zlosnik,
Gravity, Cartan geometry, and idealized waywisers, Mar. 2012,
arXiv:1203.5709 [gr-qcll

H. F. Westman and T. G. Zlosnik, Annals Phys. 334, 157 (2013),
arXiv:1209.5358 [gr-qc].

H. F. Westman and T. G. Zlosnik, Class. Quant. Grav. 31, 095004 (2014),
arXiv:1302.1103 [gr-qc].

H. F. Westman and T. G. Zlosnik, Annals Phys. 361, 330 (2015),
arXiv:1411.1679 [gr-qc].

K. R. Dienes, [Phys. Rept. 287, 447 (1997).
P. Pelddn, Phys. Rev. D 46, R2279 (1992).
D. C. Robinson, Class. Quant. Grav. 11, L157 (1994).

D. Beke, G. Palmisano, and S. Speziale, JHEP 03, 069 (2012),
arXiv:1112.4051 [hep-th]l

S. Alexander, A. Marciano, and L. Smolin, [Phys. Rev. D 89, 065017
(2014).

S. Weinberg, Dreams of a Final Theory, The Scientist’s Search for the
Ultimate Laws of Nature (Knopf Doubleday Publishing Group, 1994).

J. D. Barrow,
New Theories of Everything, The Quest for Ultimate Ezxplanation
(Oxford University Press, 2007).

Godel, Kurt, Monatshefte fiir Mathematik und Physik 38, 173 (1931).

127


https://doi.org/10.1016/0550-3213(75)90279-5
https://doi.org/10.1016/0550-3213(75)90279-5
https://doi.org/10.1142/S0218271808012085
https://arxiv.org/abs/gr-qc/0409089
https://doi.org/10.1103/1xqx-f57g
https://arxiv.org/abs/2505.23894
https://doi.org/10.1103/PhysRevD.33.3613
https://doi.org/10.1142/S0219887815300020
https://arxiv.org/abs/1407.7814
https://doi.org/10.1103/PhysRevLett.106.251103
https://arxiv.org/abs/1103.4498
https://arxiv.org/abs/1203.5709
https://doi.org/10.1016/j.aop.2013.03.012
https://arxiv.org/abs/1209.5358
https://doi.org/10.1088/0264-9381/31/9/095004
https://arxiv.org/abs/1302.1103
https://doi.org/10.1016/j.aop.2015.06.013
https://arxiv.org/abs/1411.1679
https://doi.org/https://doi.org/10.1016/S0370-1573(97)00009-4
https://doi.org/10.1103/PhysRevD.46.R2279
https://doi.org/10.1088/0264-9381/11/12/003
https://doi.org/10.1007/JHEP03(2012)069
https://arxiv.org/abs/1112.4051
https://doi.org/10.1103/PhysRevD.89.065017
https://doi.org/10.1103/PhysRevD.89.065017
https://doi.org/10.1007/BF01700692

A. Tarski, Pojecie prawdy w jezykach nauk dedukcyjnych, 34
(Nakladem Towarzystwa Naukowego Warszawskiego, 1933).

M. Faizal, L. M. Krauss, A. Shabir, F. Marino, and B. Pourhassan,
Can quantum gravity be both consistent and complete?, May 2025,
arXiv:2505.11773 [gr-qc].

S. Hawking, Gddel and the End of Physics, 2002.
F. Dyson, The World on a String, 2004.

F. W. Hehl and Y. N. Obukhov,
Foundations of Classical Electrodynamics, Charge, Flux, and Metric
(Birkh&user, Boston, 2003).

A. S. Cattaneo, P. Cotta-Ramusino, F. Fucito, M. Martellini, M. Rinaldi,
A. Tanzini, and M. Zeni, Commun. Math. Phys. 197, 571 (1998),
arXiv:hep-th/9705123.

O. V. Pavlovsky, Nucl. Phys. B Proc. Suppl. 104, Proceedings of the
International Meeting on Quantum Gravity and Spectral Geometry, 254
(2002).

H. Kodama, [Prog. Theor. Phys. 80, 1024 (1988).

Z. Bern, J. J. M. Carrasco, and H. Johansson,
Phys. Rev. Lett. 105, 061602 (2010).

T. Koivisto, M. Hohmann, and L. Marzola, Phys. Rev. D 103, 064041
(2021).

S. E. Hjelmeland and U. Lindstrom, Duality for the nonspecialist,
May 1997, arXiv:hep-th/9705122.

F. Quevedo, Nucl. Phys. B Proc. Suppl. 61, edited by Z. Hasiewicz,
Z. Jaskolski, and J. Sobczyk, 23 (1998), arXiv:hep-th/9706210.

S. Deser, A. Gomberoff, M. Henneaux, and C. Teitelboim,
Phys. Lett. B 400, 80 (1997).

F. Quevedo and C. A. Trugenberger, Nucl. Phys. B 501, 143 (1997),
arXiv:hep-th/9604196.

A. H. Chamseddine and V. Mukhanov, JHEP 11, 135 (2013),
arXiv:1308.5410 [astro-ph.CO].

A. H. Chamseddine, V. Mukhanov, and A. Vikman, JCAP 06, 017
(2014), larXiv:1403.3961 [astro-ph.CO].

L. Sebastiani, S. Vagnozzi, and R. Myrzakulov,
Adv. High Energy Phys. 2017, 3156915 (2017),
arXiv:1612.08661 [gr-qc].

M. Nikjoo and T. Zlosnik, |Class. Quant. Grav. 41, 045005 (2024),
arXiv:2308.01108 [gr-qc].

N. Kiriushcheva, S. V. Kuzmin, and D. G. C. McKeon,
Can. J. Phys. 90, 165 (2012), [arXiv:1112.2003 [hep-th].

128


https://arxiv.org/abs/2505.11773
https://doi.org/10.1007/s002200050465
https://arxiv.org/abs/hep-th/9705123
https://doi.org/https://doi.org/10.1016/S0920-5632(01)01627-9
https://doi.org/https://doi.org/10.1016/S0920-5632(01)01627-9
https://doi.org/https://doi.org/10.1016/S0920-5632(01)01627-9
https://doi.org/10.1143/PTP.80.1024
https://doi.org/10.1103/PhysRevLett.105.061602
https://doi.org/10.1103/PhysRevD.103.064041
https://doi.org/10.1103/PhysRevD.103.064041
https://arxiv.org/abs/hep-th/9705122
https://doi.org/10.1016/S0920-5632(97)00517-3
https://doi.org/10.1016/S0920-5632(97)00517-3
https://arxiv.org/abs/hep-th/9706210
https://doi.org/https://doi.org/10.1016/S0370-2693(97)00338-9
https://doi.org/10.1016/S0550-3213(97)00337-4
https://arxiv.org/abs/hep-th/9604196
https://doi.org/10.1007/JHEP11(2013)135
https://arxiv.org/abs/1308.5410
https://doi.org/10.1088/1475-7516/2014/06/017
https://doi.org/10.1088/1475-7516/2014/06/017
https://arxiv.org/abs/1403.3961
https://doi.org/10.1155/2017/3156915
https://arxiv.org/abs/1612.08661
https://doi.org/10.1088/1361-6382/ad1c84
https://arxiv.org/abs/2308.01108
https://doi.org/10.1139/p11-154
https://arxiv.org/abs/1112.2003

P. Lavrov, Phys. Lett. B 816, 136182 (2021).

A. Armoni, Phys. Rev. Lett. 130, 141601 (2023),
arXiv:2212.00513 [hep-th].

A. Hell, JCAP 01, 056 (2022)} farXiv:2109.05030 [hep-th]l

F. A. d. S. Barbosa, Eur. Phys. J. Plus 137, 678 (2022),
arXiv:2203.08867 [hep-th].

S. Deser and C. Teitelboim, Phys. Rev. D 13, 1592 (1976).

R. De Pietri and L. Freidel, |Class. Quant. Grav. 16, 2187 (1999),
arXiv:gr-qc/9804071.

N. Arkani-Hamed and J. Trnka, JHEP 10, 030 (2014),
arXiv:1312.2007 [hep-th].

A. Connes, Noncommutative Geometry (Academic Press, 1994).

A. Connes, M. R. Douglas, and A. S. Schwarz, JHEP 02, 003 (1998),
arXiv:hep-th/9711162.

1. Satake, Proceedings of the National Academy of Sciences 42, 359
(1956).

W. Thurston, The geometry and topology of three-manifolds,
Princeton lecture notes, 1980.

L. Dixon, J. Harvey, C. Vafa, and E. Witten, Nucl. Phys. B 261, 678
(1985).

S. Bahamonde, K. F. Dialektopoulos, C. Escamilla-Rivera, G. Farrugia,
V. Gakis, M. Hendry, M. Hohmann, J. Levi Said, J. Mifsud, and

E. Di Valentino, Rept. Prog. Phys. 86, 026901 (2023),
arXiv:2106.13793 [gr-qc].

M. Hohmann, Lect. Notes Phys. 1017, 145 (2023)l,
arXiv:2207.06438 [gr-qc].

M. Henneaux and C. Teitelboim, Quantization of Gauge Systems
(Princeton University Press, 1992).

A. N. Bernal and M. Sanchez, J. Math. Phys. 44, 1129 (2003),
arXiv:gr-qc/0211030.

X. Bekaert and K. Morand, |J. Math. Phys. 57, 022507 (2016),
arXiv:1412.8212 [hep-th].

M. Geracie, K. Prabhu, and M. M. Roberts, |J. Math. Phys. 56, 103505
(2015), arXiv:1503.02682 [hep-th].

T. Regge, Nuovo Cim. 19, 558 (1961).

M. Fecko, Differential geometry and Lie groups for physicists
(Cambridge University Press, Mar. 2011).

M. Nakahara, Geometry, topology and physics,
Graduate Student Series in Physics
(Institute of Physics Publishing, Bristol and Philadelphia, 2003).

129


https://doi.org/https://doi.org/10.1016/j.physletb.2021.136182
https://doi.org/10.1103/PhysRevLett.130.141601
https://arxiv.org/abs/2212.00513
https://doi.org/10.1088/1475-7516/2022/01/056
https://arxiv.org/abs/2109.05030
https://doi.org/10.1140/epjp/s13360-022-02856-8
https://arxiv.org/abs/2203.08867
https://doi.org/10.1103/PhysRevD.13.1592
https://doi.org/10.1088/0264-9381/16/7/303
https://arxiv.org/abs/gr-qc/9804071
https://doi.org/10.1007/JHEP10(2014)030
https://arxiv.org/abs/1312.2007
https://doi.org/10.1088/1126-6708/1998/02/003
https://arxiv.org/abs/hep-th/9711162
https://doi.org/10.1073/pnas.42.6.359
https://doi.org/10.1073/pnas.42.6.359
https://doi.org/https://doi.org/10.1016/0550-3213(85)90593-0
https://doi.org/https://doi.org/10.1016/0550-3213(85)90593-0
https://doi.org/10.1088/1361-6633/ac9cef
https://arxiv.org/abs/2106.13793
https://doi.org/10.1007/978-3-031-31520-6_4
https://arxiv.org/abs/2207.06438
https://doi.org/10.1063/1.1541120
https://arxiv.org/abs/gr-qc/0211030
https://doi.org/10.1063/1.4937445
https://arxiv.org/abs/1412.8212
https://doi.org/10.1063/1.4932967
https://doi.org/10.1063/1.4932967
https://arxiv.org/abs/1503.02682
https://doi.org/10.1007/BF02733251

[94]

[95]

K. Papadopoulos, S. Acharjee, and B. K. Papadopoulos,
Int. J. Geom. Meth. Mod. Phys. 15, 1850069 (2018).

K. Papadopoulos and F. Scardigli, “Spacetimes as topological spaces, and
the need to take methods of general topology more seriously”,; in |Current
trends in mathematical analysis and its interdisciplinary applications,
edited by H. Dutta, L. D. R. Koc¢inac, and H. M. Srivastava

(Springer International Publishing, Cham, 2019), pp. 185-196.

E. Zeeman, Topology 6, 161 (1967).
R. Gobel, (Commun. Math. Phys., 289.

R. Penrose, Techniques of Differential Topology in Relativity
(Society for Industrial and Applied Mathematics, Philadelphia, 1972).

E. Witten, Three-Dimensional Gravity Revisited, June 2007,
arXiv:0706.3359 [hep-th].

G. Canepa and M. Schiavina, Adv. Theor. Math. Phys. 26, 595 (2022),
arXiv:1905.09333 [math-ph]|

M. Dimitrijevi¢ Ciri¢, G. Giotopoulos, V. Radovanovié, and R. J. Szabo,
J. Math. Phys. 61, 112502 (2020).

E. Witten, Nucl. Phys. B 311, 46 (1988).

S. Carlip, Quantum gravity in 2+1 dimensions,
Cambridge Monographs on Mathematical Physics
(Cambridge University Press, Dec. 2003).

C. Branchina, V. Branchina, F. Contino, and N. Darvishi,
Phys. Rev. D 106, 065007 (2022).

J. Ambjgrn and R. Loll, “Causal dynamical triangulations: gateway to
nonperturbative quantum gravity”, English,

in |[Encyclopedia of mathematical physics, Vol. 1, 2nd ed.

(Elsevier, Netherlands, 2024), pp. 555-567, arXiv:2401.09399 [hep-th].

L. Susskind, J. Math. Phys. 36, 6377 (1995), [arXiv:hep-th/9409089.
W. Fischler and L. Susskind, (1998), arXiv:hep-th/9806039.

R. Bousso, Rev. Mod. Phys. 74, 825 (2002), arXiv:hep-th/0203101.
S. W. MacDowell and F. Mansouri, Phys. Rev. Lett. 38, 739 (1977).
K. S. Stelle and P. C. West, Phys. Rev. D 21, 1466 (1980).

A. Trautman, in Geometrical and topological methods in gauge theories,
edited by J. P. Harnad and S. Shnider (1980), pp. 114-120.

A. Trautman, in Geometric techniques in gauge theories,
edited by R. Martini and E. M. de Jager (1982), pp. 179-189.

W. Fulton and J. Harris, Representation Theory,
Graduate Texts in Mathematics (Springer, New York, 2004).

B. C. Hall, Lie Groups, Lie Algebras, and Representations,
Graduate Texts in Mathematics (Springer, Cham, 2015).

130


https://doi.org/10.1142/S021988781850069X
https://doi.org/10.1007/978-3-030-15242-0_6
https://doi.org/10.1007/978-3-030-15242-0_6
https://doi.org/https://doi.org/10.1016/0040-9383(67)90033-X
https://doi.org/https://doi.org/10.1007/BF01609125
https://arxiv.org/abs/0706.3359
https://doi.org/10.4310/ATMP.2022.v26.n3.a2
https://arxiv.org/abs/1905.09333
https://doi.org/10.1063/5.0011344
https://doi.org/https://doi.org/10.1016/0550-3213(88)90143-5
https://doi.org/10.1103/PhysRevD.106.065007
https://doi.org/10.1016/B978-0-323-95703-8.00109-9
https://arxiv.org/abs/2401.09399
https://doi.org/10.1063/1.531249
https://arxiv.org/abs/hep-th/9409089
https://arxiv.org/abs/hep-th/9806039
https://doi.org/10.1103/RevModPhys.74.825
https://arxiv.org/abs/hep-th/0203101
https://doi.org/10.1103/PhysRevLett.38.739
https://doi.org/10.1103/PhysRevD.21.1466

[115]
[116]

[117]

[118]
[119]

[120]
[121]

[122]
[123]
[124]

[125]
[126]

[127]

[128]

[133]

[134]

[135]

S. B. Sontz, Principal Bundles, The Quantum Case
(Springer Cham, 2015).

M. Lachieze-Rey, Connections and Frame Bundle Reductions, Feb. 2020,
arXiv:2002.01410 [math-ph].

J. G. Pereira, AIP Conf. Proc. 1483, edited by W. A. Rodrigues,
R. Kerner, G. Pires, and C. Pinheiro, 239 (2012),
arXiv:1210.0379 [gr-qc].

J. M. Nester and H.-J. Yo, Chin. J. Phys. 37, 113 (1999),
arXiv:gr-qc/9809049.

J. Beltran Jiménez, L. Heisenberg, and T. S. Koivisto, Universe 5, 173
(2019), arXiv:1903.06830 [hep-th].

L. Heisenberg, Phys. Rept. 796, 1 (2019), arXiv:1807.01725 [gr-qc].

F. W. Hehl, P. von der Heyde, G. D. Kerlick, and J. M. Nester,
Rev. Mod. Phys. 48, 393 (1976).

F. W. Hehl, J. D. McCrea, E. W. Mielke, and Y. Ne’eman,
Phys. Rept. 258, 1 (1995), arXiv:gr-qc/9402012.

F. Gronwald and F. W. Hehl, in International School of Cosmology and
Gravitation: 14th Course: Quantum Gravity (May 1995), pp. 148-198,
arXiv:gr-qc/9602013.

R. T. Hammond, Rept. Prog. Phys. 65, 599 (2002).
E. Cartan, |Acta Mathematica 48, 1 (1926).

D. K. Wise, [Class. Quant. Grav. 27, 155010 (2010),
arXiv:gr-qc/0611154.

R. W. Sharpe, Differential Geometry, Cartan’s Generalization of Klein’s
Erlangen Program (Springer, New York, 1997).

S. Gielen and D. K. Wise, J. Math. Phys. 54, 052501 (2013),
arXiv:1210.0019 [gr-qcll

M. Hohmann, Phys. Rev. D 87, 124034 (2013).
M. Hohmann, |J. Math. Phys. 57, 082502 (2016).
G. Grignani and G. Nardelli, Phys. Rev. D 45, 2719 (1992).

R. Aldrovandi and J. G. Pereira, Teleparallel Gravity: An Introduction
(Springer, 2013).

J. G. Pereira, “Teleparallelism: a new insight into gravity”,
in |Springer handbook of spacetime, edited by A. Ashtekar and V. Petkov
(Springer Berlin Heidelberg, Berlin, Heidelberg, 2014), pp. 197-212.

M. Krssak, R. J. van den Hoogen, J. G. Pereira, C. G. Béhmer, and
A. A. Coley, Class. Quant. Grav. 36, 183001 (2019),
arXiv:1810.12932 [gr-qc].

T. Koivisto, M. Hohmann, and T. Zlosnik, Universe 5 (2019).

131


https://arxiv.org/abs/2002.01410
https://doi.org/10.1063/1.4756972
https://doi.org/10.1063/1.4756972
https://arxiv.org/abs/1210.0379
https://arxiv.org/abs/gr-qc/9809049
https://doi.org/10.3390/universe5070173
https://doi.org/10.3390/universe5070173
https://arxiv.org/abs/1903.06830
https://doi.org/10.1016/j.physrep.2018.11.006
https://arxiv.org/abs/1807.01725
https://doi.org/10.1103/RevModPhys.48.393
https://doi.org/10.1016/0370-1573(94)00111-F
https://arxiv.org/abs/gr-qc/9402012
https://arxiv.org/abs/gr-qc/9602013
https://doi.org/10.1088/0034-4885/65/5/201
https://doi.org/10.1007/BF02629755
https://doi.org/10.1088/0264-9381/27/15/155010
https://arxiv.org/abs/gr-qc/0611154
https://doi.org/10.1063/1.4802878
https://arxiv.org/abs/1210.0019
https://doi.org/10.1103/PhysRevD.87.124034
https://doi.org/10.1063/1.4961152
https://doi.org/10.1103/PhysRevD.45.2719
https://doi.org/10.1007/978-3-642-41992-8_11
https://doi.org/10.1088/1361-6382/ab2e1f
https://arxiv.org/abs/1810.12932
https://www.mdpi.com/2218-1997/5/7/168

[136]

[137]
[138]
[139]
[140]

[141]

[142]
[143]

[144]
[145]

[146]
[147]
[148]
[149]
[150]
[151]

[152]

[153]

R. Sharpe,

in Proceedings of the 21st Winter School "Geometry and Physics" (2002),
[61]-75.

T. S. Koivisto and L. Zheng, [Phys. Rev. D 111, 064008 (2025),
arXiv:2408.10100 [gr-qc].

T. Koivisto, L. Zheng, and T. Zlosnik, (2025),
arXiv:2507.00968 [gr-qc].

W. Rarita and J. Schwinger, Phys. Rev. 60, 61 (1941).

I. M. Gelfand, R. A. Minlos, and Z. J. Sapiro, Representations of the
Rotation and Lorentz Groups and Their Applications
(Gosudarstv. Izdat. Fiz.-Mat. Lit., Moscow, 1958).

H. B. Lawson and M.-L. Michelsohn, Spin Geometry,
Princeton Mathematical series
(Princeton University Press, Princeton, 1989).

T. Brocker and T. t. Dieck, Representations of Compact Lie Groups,
Graduate Texts in Mathematics (Springer, 1985).

C. Wetterich, Nucl. Phys. B 971, 115526 (2021),
arXiv:2101.07849 [gr-qc].

C. Wetterich, JHEP 06, 069 (2022), arXiv:2101.11519 [gr-qc].

C. Wetterich, Phys. Rev. D 104, 104040 (2021),
arXiv:2104.14013 [gr-qc].

R. Penrose and M. A. H. MacCallum, Phys. Rept. 6, 241 (1972).

R. S. Ward and R. O. Wells, Twistor geometry and field theory,
Cambridge Monographs on Mathematical Physics
(Cambridge University Press, 1991).

I. Khavkine, [Int. J. Mod. Phys. A 29, 1430009 (2014),
arXiv:1402.1282 [math-ph]l

D. Harlow and J.-Q. Wu, JHEP 10, 146 (2020),
arXiv:1906.08616 [hep-thl].

D. Krupka, Introduction to global variational geometry
(Atlantis Press, Paris, 2015).

D. J. Saunders, The geometry of jet bundles
(Cambridge University Press, 2009).

I. M. Anderson, “Introduction to the variational bicomplex”,
in Mathematical aspects of classical field theory, Vol. 132,
edited by M. Gotay, J. Marsden, and V. Moncrief,
Contemporary Mathematics (1992).

G. Giachetta, L. Mangiarotti, and G. Sardanashvily,
Advanced classical field theory (World Scientific, 2009).

132


http://eudml.org/doc/220395
https://doi.org/10.1103/PhysRevD.111.064008
https://arxiv.org/abs/2408.10100
https://arxiv.org/abs/2507.00968
https://doi.org/10.1103/PhysRev.60.61
https://doi.org/10.1016/j.nuclphysb.2021.115526
https://arxiv.org/abs/2101.07849
https://doi.org/10.1007/JHEP06(2022)069
https://arxiv.org/abs/2101.11519
https://doi.org/10.1103/PhysRevD.104.104040
https://arxiv.org/abs/2104.14013
https://doi.org/10.1016/0370-1573(73)90008-2
https://doi.org/10.1142/S0217751X14300099
https://arxiv.org/abs/1402.1282
https://doi.org/10.1007/JHEP10(2020)146
https://arxiv.org/abs/1906.08616

[154] K. Brading and H. R. Brown,
in Symmetries in physics: philosophical reflections,
edited by K. A. Brading and E. Castellani
(Cambridge University Press, 2003), p. 89.

[155] D. L. Karatas and K. L. Kowalski, Am. J. Phys. 58, 123 (1990).
[156] S. Aoki, Prog. Theor. Exp. Phys. 2022, 123A02 (2022).

[157] R. L. Arnowitt, S. Deser, and C. W. Misner, Gen. Rel. Grav. 40, 1997
(2008), arXiv:gr-qc/0405109.

[158] R. E. Peierls, Proceedings of the Royal Society of London. Series A,
Mathematical and Physical Sciences 214, 143 (1952).

[159] G. Barnich, M. Henneaux, and C. Schomblond, [Phys. Rev. D 44, R939
(1991).

[160] M. Forger and S. V. Romero, Commun. Math. Phys. 256, 375 (2005),
arXiv:math-ph/0408008|

[161] M. Crainic, R. L. Fernandes, and I. Marcut,
Lectures on poisson geometry, Graduate Studies in Mathematics
(American Mathematical Soc., 2021).

[162] P. A. M. Dirac, Lectures on quantum mechanics
(Dover Publications, 2001).

[163] H. J. Rothe and K. D. Rothe,
Classical and Quantum Dynamics of Constrained Hamiltonian Systems
(World Scientific, 2010).

[164] D. Salisbury and K. Sundermeyer, Eur. Phys. J. H 42, 23 (2017),
arXiv:1606.06076 [physics.hist-ph].

[165] F. Gieres, SciPost Phys. Lect. Notes 77, 1 (2023),
arXiv:2109.07330 [hep-th].

[166] K. Johnson and E. Sudarshan, Ann. Phys. 13, 126 (1961).

[167] G. Velo and D. Zwanziger, Phys. Rev. 186, 1337 (1969).

[168] W. Cox, J. Phys. A 22, 1599 (1989).

[169] K. Brading and H. R. Brown, Noether’s theorems and gauge symmetries,

Aug. 2000, arXiv:hep-th/0009058.
[170] R. Utiyama, Phys. Rev. 101, 1597 (1956).
[171] R. Utiyama, Prog. Theor. Phys. Suppl. 9, 19 (1959).

[172] M. Banados and I. A. Reyes, Int. J. Mod. Phys. D 25, 1630021 (2016),
arXiv:1601.03616 [hep-thl].

[173] D. J. Rezende and A. Perez, Phys. Rev. D 79, 064026 (2009),
arXiv:0902.3416 [gr-qcll

[174] D. Lovelock, J. Math. Phys. 12, 498 (1971).

[175] Y. Itin, Y. N. Obukhov, J. Boos, and F. W. Hehl, Eur. Phys. J. C 78, 907
(2018), larXiv:1808.08048 [gr-qc].

133


https://doi.org/10.1119/1.16219
https://doi.org/10.1093/ptep/ptac160
https://doi.org/10.1007/s10714-008-0661-1
https://doi.org/10.1007/s10714-008-0661-1
https://arxiv.org/abs/gr-qc/0405109
http://www.jstor.org/stable/99080
http://www.jstor.org/stable/99080
https://doi.org/10.1103/PhysRevD.44.R939
https://doi.org/10.1103/PhysRevD.44.R939
https://doi.org/10.1007/s00220-005-1287-8
https://arxiv.org/abs/math-ph/0408008
https://doi.org/10.1140/epjh/e2016-70042-7
https://arxiv.org/abs/1606.06076
https://doi.org/10.21468/SciPostPhysLectNotes.77
https://arxiv.org/abs/2109.07330
https://doi.org/https://doi.org/10.1016/0003-4916(61)90030-6
https://doi.org/10.1103/PhysRev.186.1337
https://doi.org/10.1088/0305-4470/22/10/015
https://arxiv.org/abs/hep-th/0009058
https://doi.org/10.1103/PhysRev.101.1597
https://doi.org/10.1143/PTPS.9.19
https://doi.org/10.1142/S0218271816300214
https://arxiv.org/abs/1601.03616
https://doi.org/10.1103/PhysRevD.79.064026
https://arxiv.org/abs/0902.3416
https://doi.org/10.1063/1.1665613
https://doi.org/10.1140/epjc/s10052-018-6344-5
https://doi.org/10.1140/epjc/s10052-018-6344-5
https://arxiv.org/abs/1808.08048

[176]

Y. N. Obukhov, in [15th Marcel Grossmann Meeting on Recent
Developments in Theoretical and Experimental General Relativity,
Astrophysics, and Relativistic Field Theories (Mar. 2019),
arXiv:1904.00180 [gr-qc].

D. Birmingham, M. Blau, M. Rakowski, and G. Thompson,
Phys. Rept. 209, 129 (1991).

A. S. Cattaneo, L. Menger, and M. Schiavina,
Class. Quant. Grav. 41, 155001 (2024), arXiv:2310.01877 [math-ph].

A. Addazi, S. Capozziello, A. Marciano, and G. Meluccio,
Class. Quant. Grav. 42, 045012 (2025), arXiv:2409.02200 [hep-th].

A. Addazi, S. Capozziello, A. Marciano, and G. Meluccio,
Phys. Rev. D 112, 064058 (2025),, jarXiv:2505.01272 [gr-qcl.

A. Addazi, S. Capozziello, J. Liu, A. Marciano, G. Meluccio, and X.-L. Su,
(2025), arXiv:2505.17014 [gr-qcl.

A. S. Schwarz, Topological quantum field theories, Nov. 2000,
arXiv:hep-th/0011260.

M. Atiyah, Proc. Symp. Pure Math. 48, edited by R. O. Wells, 285
(1988).

M. Atiyah, Inst. Hautes Etudes Sci. Publ. Math. 68, 175 (1989).

G. T. Horowitz, Commun. Math. Phys. 125, 417 (1989).

K. Cahill and S. ¢. Ozenli, Phys. Rev. D 27, 1396 (1983).

A. Margolin and V. Strazhev, Phys. Lett. B 249, 438 (1990).

A. E. Margolin and V. 1. Strazhev, Mod. Phys. Lett. A 07, 2747 (1992).
S. Alexander and T. Manton, Phys. Rev. D 107, 064065 (2023).

D. P. Sorokin, Fortsch. Phys. 70, 2200092 (2022),
arXiv:2112.12118 [hep-th]l

R. A. Kycia, Results Math. 77, 182 (2022),
arXiv:2009.08542 [math.DG].

R. A. Kycia and J. Silhan, Anal. Math. Phys. 15, 82 (2025),
arXiv:2210.03663 [math.DG].

P. Aschieri, S. Ferrara, and B. Zumino,
SFIN A 1, edited by B. Dragovich and Z. Rakic, 1 (2009).

S. K. Donaldson, J. Differ. Geom. 18, 279 (1983).
S. K. Donaldson, J. Differ. Geom. 24, 275 (1986).
S. K. Donaldson, Topology 29, 257 (1990).

M. Krssék, Phys. Rev. Lett. 134, 201501 (2025)),
arXiv:2408.01140 [gr-qc].

T. W. B. Kibble, J. Math. Phys. 2, 212 (1961).
M. B. Halpern, Phys. Rev. D 16, 1798 (1977).

134


https://doi.org/10.1142/9789811258251_0087
https://doi.org/10.1142/9789811258251_0087
https://doi.org/10.1142/9789811258251_0087
https://arxiv.org/abs/1904.00180
https://doi.org/10.1016/0370-1573(91)90117-5
https://doi.org/10.1088/1361-6382/ad5135
https://arxiv.org/abs/2310.01877
https://doi.org/10.1088/1361-6382/ada767
https://arxiv.org/abs/2409.02200
https://doi.org/10.1103/v5wg-sy4w
https://arxiv.org/abs/2505.01272
https://arxiv.org/abs/2505.17014
https://arxiv.org/abs/hep-th/0011260
https://doi.org/10.1007/BF02698547
https://doi.org/10.1007/BF01218410
https://doi.org/10.1103/PhysRevD.27.1396
https://doi.org/https://doi.org/10.1016/0370-2693(90)91012-Z
https://doi.org/10.1142/S0217732392002214
https://doi.org/10.1103/PhysRevD.107.064065
https://doi.org/10.1002/prop.202200092
https://arxiv.org/abs/2112.12118
https://doi.org/10.1007/s00025-022-01646-z
https://arxiv.org/abs/2009.08542
https://doi.org/10.1007/s13324-025-01085-3
https://arxiv.org/abs/2210.03663
https://doi.org/10.1103/PhysRevLett.134.201501
https://arxiv.org/abs/2408.01140

M. B. Halpern, Phys. Rev. D 16, 3515 (1977).

K. Sundermeyer, Constrained Dyanmics, With applications to Yang-Mills
theory, General Relativity, Classical Spin, Dual String Model,
Lecture Notes in Physics (Springer-Verlag, 1982).

D. G. C. McKeon, Can. J. Phys. 72, 601 (1994).

N. Kiriushcheva, S. V. Kuzmin, and D. G. C. McKeon,
Can. J. Phys. 90, 165 (2012).

F. T. Brandt, J. Frenkel, and D. G. C. McKeon, Phys. Rev. D 98, 025024
(2018).

S. Deser, Class. Quant. Grav. 23, 5773 (2006).
N. Kiriushcheva and S. V. Kuzmin, Class. Quant. Grav. 24, 1371 (2007).
J. F. Plebanski, |J. Math. Phys. 18, 2511 (1977).

A. J. Beekman, L. Rademaker, and J. van Wezel,
SciPost Phys. Lect. Notes 11, 1 (2019), arXiv:1909.01820 [hep-th].

D. E. Kaplan, T. Melia, and S. Rajendran, The Classical Equations of
Motion of Quantized Gauge Theories, Part I: General Relativity, 2023,
arXiv:2305.01798 [hep-th]l

D. E. Kaplan, T. Melia, and S. Rajendran, Phys. Lett. B 869, 139871
(2025), larXiv:2307.09475 [hep-th].

N. Nakanishi, Prog. Theor. Phys. 35, 1111 (1966).

B. Lautrup, Kong. Dan. Vid. Sel. Mat. Fys. Med. 35 (1967).

G. Barnich, F. Brandt, and M. Henneaux, Phys. Rept. 338, 439 (2000).
V. Abramov, R. Kerner, and B. Le Roy, J. Math. Phys. 38, 1650 (1997).

S. Weinberg, The quantum theory of fields, 3 vols.
(Cambridge University Press, 2013).

B. DeWitt, The global approach to quantum field theory, 2 vols.
(Oxford University Press, 2003).

C. Bambi, L. Modesto, and 1. Shapiro, eds.,
Handbook of Quantum Gravity (Springer, 2024).

N. M. J. Woodhouse, Geometric Quantization, 2nd
(Oxford University Press, Oxford, 1991).

M. Bordemann, J. Phys. Conf. Ser. 103, edited by J.-C. Wallet, 012002
(2008).

M. J. Gotay, J. Math. Phys. 40, 2107 (1999).
1. Todorov, Bulg. J. Phys. 39, 107 (2012), |arXiv:1206.3116 [math-ph].

V. Husain and T. Pawlowski, Phys. Rev. Lett. 108, 141301 (2012),
arXiv:1108.1145 [gr-qc]l

E. Dyer and K. Hinterbichler, Phys. Rev. D 79, 024028 (2009),
arXiv:0809.4033 [gr-qc].

135


https://doi.org/10.1063/1.523215
https://doi.org/10.21468/SciPostPhysLectNotes.11
https://arxiv.org/abs/1909.01820
https://arxiv.org/abs/2305.01798
https://doi.org/10.1016/j.physletb.2025.139871
https://doi.org/10.1016/j.physletb.2025.139871
https://arxiv.org/abs/2307.09475
https://doi.org/10.1143/PTP.35.1111
https://doi.org/https://doi.org/10.1016/S0370-1573(00)00049-1
https://doi.org/10.1063/1.531821
https://doi.org/10.1088/1742-6596/103/1/012002
https://doi.org/10.1088/1742-6596/103/1/012002
https://arxiv.org/abs/1206.3116
https://doi.org/10.1103/PhysRevLett.108.141301
https://arxiv.org/abs/1108.1145
https://doi.org/10.1103/PhysRevD.79.024028
https://arxiv.org/abs/0809.4033

[224]
[225]

[226]

[227]
[228)]
[229]
[230]
[231]

[232]
[233]

[234]
[235]

[236]

237

[238]
[239]

[240]

[241]

[242]

R. M. Wald, General Relativity (The University of Chicago Press, 1984).

C. W. Misner, K. S. Thorne, and J. A. Wheeler, Gravitation
(W. H. Freeman and Company, San Francisco, 1973).

S. W. Hawking and G. F. R. Ellis,
The Large Scale Structure of Space-Time
(Cambridge University Press, 1973).

V. A. Kostelecky, N. Russell, and J. Tasson, [Phys. Rev. Lett. 100, 111102
(2008), arXiv:0712.4393 [gr-qcll

S. Bahamonde and J. Gigante Valcarcel, Eur. Phys. J. C 81, 495 (2021),
arXiv:2103.12036 [gr-qc].

Y. N. Obukhov, A. J. Silenko, and O. V. Teryaev,
Phys. Rev. D 90, 124068 (2014), larXiv:1410.6197 [hep-th].

D. Iosifidis and F. W. Hehl, Phys. Lett. B 850, 138498 (2024),
arXiv:2310.15595 [gr-qc].

I. Andrei, D. Tosifidis, L. Jarv, and M. Saal, Phys. Rev. D 111, 064063
(2025), larXiv:2411.19127 [gr-qc].

J. D. Romano, Gen. Rel. Grav. 25, 759 (1993), arXiv:gr-qc/9303032.

A. Ashtekar, Lectures on non-perturbative Canonical gravity
(World Scientific, 1991).

F. T. Brandt, J. Frenkel, S. Martins-Filho, and D. G. C. McKeon,
Phys. Rev. D 113, 026001 (2026), arXiv:2510.17615 [hep-th].

N. Dadhich and J. M. Pons, Gen. Rel. Grav. 44, 2337 (2012),
arXiv:1010.0869 [gr-qc].

C. Bejarano, A. Delhom, A. Jiménez-Cano, G. J. Olmo, and
D. Rubiera-Garcia, Phys. Lett. B 802, 135275 (2020),
arXiv:1907.04137 [gr-qc].

1. D. Gialamas, A. Karam, T. D. Pappas, and E. Tomberg,
Int. J. Geom. Meth. Mod. Phys. 20, 2330007 (2023),
arXiv:2303.14148 [gr-qc].

D. Séez-Chillén Gémez, Phys. Lett. B 814, 136103 (2021),
arXiv:2011.11568 [gr-qc].

H. Gomes, Gauge theory is about the geometry of internal spaces,
Apr. 2024, arXiv:2404.10461 [hep-th].

E. March and J. O. Weatherall,
A Puzzle About General Covariance and Gauge, May 2024,
arXiv:2405.03906 [physics.hist-ph].

J. O. Weatherall, On (Some) Gauge Theories of Gravity, Apr. 2025,
arXiv:2504.05701 [physics.hist-ph].

Y. M. Zinoviev, Nucl. Phys. B 770, 83 (2007), |arXiv:hep-th/0609170.

136


https://doi.org/10.1103/PhysRevLett.100.111102
https://doi.org/10.1103/PhysRevLett.100.111102
https://arxiv.org/abs/0712.4393
https://doi.org/10.1140/epjc/s10052-021-09275-6
https://arxiv.org/abs/2103.12036
https://doi.org/10.1103/PhysRevD.90.124068
https://arxiv.org/abs/1410.6197
https://doi.org/10.1016/j.physletb.2024.138498
https://arxiv.org/abs/2310.15595
https://doi.org/10.1103/PhysRevD.111.064063
https://doi.org/10.1103/PhysRevD.111.064063
https://arxiv.org/abs/2411.19127
https://doi.org/10.1007/BF00758384
https://arxiv.org/abs/gr-qc/9303032
https://doi.org/10.1103/x6h1-bg4n
https://arxiv.org/abs/2510.17615
https://doi.org/10.1007/s10714-012-1393-9
https://arxiv.org/abs/1010.0869
https://doi.org/10.1016/j.physletb.2020.135275
https://arxiv.org/abs/1907.04137
https://doi.org/10.1142/S0219887823300076
https://arxiv.org/abs/2303.14148
https://doi.org/10.1016/j.physletb.2021.136103
https://arxiv.org/abs/2011.11568
https://arxiv.org/abs/2404.10461
https://arxiv.org/abs/2405.03906
https://arxiv.org/abs/2504.05701
https://doi.org/10.1016/j.nuclphysb.2007.02.005
https://arxiv.org/abs/hep-th/0609170

[243]

[244]

[245]

[246]
[247]
[248]

[249]
[250]
[251]
[252]
253]

[254]
[255]

[256]
[257]
[258]
[259]
[260]
[261]

[262]

D. Giulini,
Lect. Notes Phys. 434, edited by J. Ehlers and H. Friedrich, 81 (1994),
arXiv:gr-qc/9312032.

A. Ashtekar, in Les Houches Summer School on Gravitation and
Quantizations, Session 57 (Dec. 1992), pp. 0181-284,
arXiv:gr-qc/9302024.

J. Baez and J. P. Muniain, Gauge fields, knots and gravity
(World Scientific, 1995).

A. Ashtekar, Phys. Rev. Lett. 57, 2244 (1986).
C. Rovelli, Living Rev. Rel. 1, 1 (1998), arXiv:gr-qc/9710008.

J. D. Brown and K. V. Kuchar, [Phys. Rev. D 51, 5600 (1995),
arXiv:gr-qc/9409001.

K. Giesel and T. Thiemann, Class. Quant. Grav. 32, 135015 (2015),
arXiv:1206.3807 [gr-qc].

T. Jacobson and D. Mattingly, [Phys. Rev. D 64, 024028 (2001),
arXiv:gr-qc/0007031.

T. Jacobson and A. J. Speranza, (2014), larXiv:1405.6351 [gr-qc].

K. Yagi, D. Blas, E. Barausse, and N. Yunes,
Phys. Rev. D 89, [Erratum: Phys.Rev.D 90, 069902 (2014), Erratum:
Phys.Rev.D 90, 069901 (2014)], 084067 (2014 ), |arXiv:1311.7144 [gr-qc].

J. Oost, S. Mukohyama, and A. Wang, Phys. Rev. D 97, 124023 (2018),
arXiv:1802.04303 [gr-qc].

D. Mattingly, Living Rev. Rel. 8, 5 (2005), larXiv:gr-qc/0502097.

S. Liberati, |Class. Quant. Grav. 30, 133001 (2013),
arXiv:1304.5795 [gr-qc].

Z. Cao et al. (LHAASO), Phys. Rev. Lett. 133, 071501 (2024),
arXiv:2402.06009 [astro-ph.HE]l

S. Adhikari et al., Rev. Mod. Phys. 97, 045004 (2025),
arXiv:2207.10638 [astro-ph.CO].

C. Arido, M. S. Fischer, and M. Garny, Astron. Astrophys. 694, A297
(2025), |arXiv:2410.07175 [astro-ph.CO].

Z. Zhang, Y. Chen, Y. Rong, H. Wang, H. Mo, X. Luo, and H. Li,
Nature 642, 47 (2025), arXiv:2504.03305 [astro-ph.CO].

D. Kong and H.-B. Yu, |[Phys. Dark Univ. 48, 101939 (2025),
arXiv:2501.06413 [astro-ph.GA].

J. E. Rosales-Quintero, Int. J. Mod. Phys. D 32, 2350054 (2023),
arXiv:2304.05606 [hep-th].

A. Randono, Class. Quant. Grav. 27, 215019 (2010),
arXiv:1005.1294 [hep-th]l

137


https://doi.org/10.1007/3-540-58339-4_16
https://arxiv.org/abs/gr-qc/9312032
https://arxiv.org/abs/gr-qc/9302024
https://doi.org/10.1103/PhysRevLett.57.2244
https://doi.org/10.12942/lrr-1998-1
https://arxiv.org/abs/gr-qc/9710008
https://doi.org/10.1103/PhysRevD.51.5600
https://arxiv.org/abs/gr-qc/9409001
https://doi.org/10.1088/0264-9381/32/13/135015
https://arxiv.org/abs/1206.3807
https://doi.org/10.1103/PhysRevD.64.024028
https://arxiv.org/abs/gr-qc/0007031
https://arxiv.org/abs/1405.6351
https://doi.org/10.1103/PhysRevD.89.084067
https://doi.org/10.1103/PhysRevD.89.084067
https://arxiv.org/abs/1311.7144
https://doi.org/10.1103/PhysRevD.97.124023
https://arxiv.org/abs/1802.04303
https://doi.org/10.12942/lrr-2005-5
https://arxiv.org/abs/gr-qc/0502097
https://doi.org/10.1088/0264-9381/30/13/133001
https://arxiv.org/abs/1304.5795
https://doi.org/10.1103/PhysRevLett.133.071501
https://arxiv.org/abs/2402.06009
https://doi.org/10.1103/m2vm-59y3
https://arxiv.org/abs/2207.10638
https://doi.org/10.1051/0004-6361/202452551
https://doi.org/10.1051/0004-6361/202452551
https://arxiv.org/abs/2410.07175
https://doi.org/10.1038/s41586-025-08965-5
https://arxiv.org/abs/2504.03305
https://doi.org/10.1016/j.dark.2025.101939
https://arxiv.org/abs/2501.06413
https://doi.org/10.1142/S0218271823500542
https://arxiv.org/abs/2304.05606
https://doi.org/10.1088/0264-9381/27/21/215019
https://arxiv.org/abs/1005.1294

263]

[264]

265

[266]
[267]
268]

[269]
[270]
[271]

272
273

[274]
[275]
[276]

[277]
[278]

[279]
[280]

[281]

[282]
[283]

L. Smolin and A. Starodubtsev,
General relativity with a topological phase: An Action principle,
Nov. 2003, arXiv:hep-th/0311163,

L. Freidel and A. Starodubtsev,
Quantum gravity in terms of topological observables, Jan. 2005,
arXiv:hep-th/0501191|

R. Capovilla, T. Jacobson, J. Dell, and L. J. Mason,
Class. Quant. Grav. 8, 41 (1991).

K. Krasnov, Gen. Rel. Grav. 43, 1 (2011)} jarXiv:0904.0423 [gr-qc].
L. Smolin and S. Speziale, Phys. Rev. D 81, 024032 (2010).

J. W. Barrett and L. Crane, J. Math. Phys. 39, 3296 (1998),
arXiv:gr-qc/9709028.

J. W. Barrett and L. Crane, |Class. Quant. Grav. 17, 3101 (2000),
arXiv:gr-qc/9904025.

R. Percacci, PoS ISFTG, edited by C. Pinheiro, A. S. de Arruda,
H. Blas, and G. O. Pires, 011 (2009), arXiv:0910.5167 [hep-th].

H. P. Kiinzle, en, Annales de I'institut Henri Poincaré. Section A,
Physique Théorique 17, 337 (1972).

H. P. Kiinzle, Gen. Rel. Grav. 7, 445 (1976).

P. K. Schwartz, Class. Quant. Grav. 40, 105008 (2023),
arXiv:2211.11796 [gr-qc].

P. K. Schwartz and A. L. von Blanckenburg, Gen. Rel. Grav. 57, 166
(2025), |arXiv:2410.01800 [gr-qc].

D. Blixt, A. Jiménez Cano, and A. Wojnar, Symmetry 16, 1384 (2024),
arXiv:2408.16513 [gr-qc].

F. Nesti and R. Percacci, J. Phys. A 41, 075405 (2008),
arXiv:0706.3307 [hep-th].

R. Percacci, Nucl. Phys. B 353, 271 (1991), arXiv:0712.3545 [hep-th]l

F. Hélein, “Manifolds obtained by soldering together points, lines, etc.”,
in Geometry, topology, quantum field theory € cosmology,

edited by J. Kouneiher, C. Barbachoux, and F. Hélein

(Hermann Glassin, Paris, 2009) Chap. 2, pp. 23-44.

L. O’Raifeartaigh, Phys. Rev. 139, B1052 (1965).

J. C. Baez, Bull. Am. Math. Soc. 39, [Erratum: Bull. Am.Math.Soc. 42,
213 (2005)], 145 (2002), larXiv:math/0105155!

A. Barducci, F. Buccella, R. Casalbuoni, L. Lusanna, and E. Sorace,
Phys. Lett. B 67, 344 (1977).

R. Casalbuoni and R. Gatto, Phys. Lett. B 88, 306 (1979).
R. Casalbuoni and R. Gatto, Phys. Lett. B 90, 81 (1980).

138


https://arxiv.org/abs/hep-th/0311163
https://arxiv.org/abs/hep-th/0501191
https://doi.org/10.1088/0264-9381/8/1/009
https://doi.org/10.1007/s10714-010-1061-x
https://arxiv.org/abs/0904.0423
https://doi.org/10.1103/PhysRevD.81.024032
https://doi.org/10.1063/1.532254
https://arxiv.org/abs/gr-qc/9709028
https://doi.org/10.1088/0264-9381/17/16/302
https://arxiv.org/abs/gr-qc/9904025
https://doi.org/10.22323/1.081.0011
https://doi.org/10.22323/1.081.0011
https://arxiv.org/abs/0910.5167
https://www.numdam.org/item/AIHPA_1972__17_4_337_0/
https://www.numdam.org/item/AIHPA_1972__17_4_337_0/
https://doi.org/https://doi.org/10.1007/BF00766139
https://doi.org/10.1088/1361-6382/accc02
https://arxiv.org/abs/2211.11796
https://doi.org/10.1007/s10714-025-03490-2
https://doi.org/10.1007/s10714-025-03490-2
https://arxiv.org/abs/2410.01800
https://doi.org/10.3390/sym16101384
https://arxiv.org/abs/2408.16513
https://doi.org/10.1088/1751-8113/41/7/075405
https://arxiv.org/abs/0706.3307
https://doi.org/10.1016/0550-3213(91)90510-5
https://arxiv.org/abs/0712.3545
https://arxiv.org/abs/0904.4616
https://doi.org/10.1103/PhysRev.139.B1052
https://doi.org/10.1090/S0273-0979-01-00934-X
https://doi.org/10.1090/S0273-0979-01-00934-X
https://arxiv.org/abs/math/0105155
https://doi.org/https://doi.org/10.1016/0370-2693(77)90389-6
https://doi.org/https://doi.org/10.1016/0370-2693(79)90474-X
https://doi.org/10.1016/0370-2693(80)90056-8

[284]

[285]
[286]
[287]

[288)]
[289]
[290]
[291]
[292]
[293]
[294]

[295]
[296]

297
298]
[299]

300]

[301]
302]

303]

G. M. Dixon, Division algebras, Octonions, quaternions, complexr numbers
and the algebraic design of physics, Mathematics and Its Applications
(Springer, New York, 1994).

C. Furey, Eur. Phys. J. C 78, 375 (2018)} jarXiv:1806.00612 [hep-th].
N. Furey, |[Phys. Lett. B 785, 84 (2018), |arXiv:1910.08395 [hep-th].

N. Furey and M. J. Hughes, Phys. Lett. B 827, 136959 (2022)l,
arXiv:2209.13016 [hep-phl.

N. Furey and M. J. Hughes, Phys. Lett. B 831, 137186 (2022)),
arXiv:2210.10126 [hep-ph].

N. Furey, |Annalen Phys. 537, 2400322 (2025)|,
arXiv:2312.12377 [hep-ph].

N. Furey, |Annalen Phys. 537, 2400323 (2025)),
arXiv:2312.12799 [hep-ph].

N. Furey, |Annalen Phys. 537, 2400324 (2025)|,
arXiv:2312.14207 [hep-ph].

N. Furey and M. J. Hughes, Phys. Lett. B 865, 139473 (2025),,
arXiv:2409.17948 [hep-phl.

G. G. Ross, Grand Unified Theories
(The Benjamin/Cummings Publishing Company, 1974).

A. J. Buras, J. R. Ellis, M. K. Gaillard, and D. V. Nanopoulos,
Nucl. Phys. B 135, 66 (1978).

P. Langacker, Phys. Rept. 72, 185 (1981).

K. R. Dienes, E. Dudas, and T. Gherghetta, Phys. Lett. B 436, 55
(1998), larXiv:hep-ph/9803466.

J. C. Baez and J. Huerta, [Bull. Am. Math. Soc. 47, 483 (2010),
arXiv:0904.1556 [hep-th].

T. Ohlsson, Nucl. Phys. B 993, 116268 (2023),
arXiv:2306.02401 [hep-phl].

Fundamental Physics at the Intensity Frontier (May 2012),
arXiv:1205.2671 [hep-ex].

N. Aghanim et al. (Planck),
Astron. Astrophys. 641, [Erratum: Astron.Astrophys. 652, C4 (2021)], A6
(2020), arXiv:1807.06209 [astro-ph.CO].

L. Verde, T. Treu, and A. G. Riess, Nature Astron. 3, 891 (2019),
arXiv:1907.10625 [astro-ph.CO].

L. Perivolaropoulos and F. Skara, New Astron. Rev. 95, 101659 (2022),
arXiv:2105.05208 [astro-ph.CO].

E. Di Valentino, O. Mena, S. Pan, L. Visinelli, W. Yang, A. Melchiorri,
D. F. Mota, A. G. Riess, and J. Silk, [Class. Quant. Grav. 38, 153001
(2021), larXiv:2103.01183 [astro-ph.CO0].

139


https://doi.org/10.1140/epjc/s10052-018-5844-7
https://arxiv.org/abs/1806.00612
https://doi.org/10.1016/j.physletb.2018.08.032
https://arxiv.org/abs/1910.08395
https://doi.org/10.1016/j.physletb.2022.136959
https://arxiv.org/abs/2209.13016
https://doi.org/10.1016/j.physletb.2022.137186
https://arxiv.org/abs/2210.10126
https://doi.org/10.1002/andp.202400322
https://arxiv.org/abs/2312.12377
https://doi.org/10.1002/andp.202400323
https://arxiv.org/abs/2312.12799
https://doi.org/10.1002/andp.202400324
https://arxiv.org/abs/2312.14207
https://doi.org/10.1016/j.physletb.2025.139473
https://arxiv.org/abs/2409.17948
https://doi.org/10.1016/0550-3213(78)90214-6
https://doi.org/10.1016/0370-1573(81)90059-4
https://doi.org/10.1016/S0370-2693(98)00977-0
https://doi.org/10.1016/S0370-2693(98)00977-0
https://arxiv.org/abs/hep-ph/9803466
https://doi.org/10.1090/S0273-0979-10-01294-2
https://arxiv.org/abs/0904.1556
https://doi.org/10.1016/j.nuclphysb.2023.116268
https://arxiv.org/abs/2306.02401
https://arxiv.org/abs/1205.2671
https://doi.org/10.1051/0004-6361/201833910
https://doi.org/10.1051/0004-6361/201833910
https://arxiv.org/abs/1807.06209
https://doi.org/10.1038/s41550-019-0902-0
https://arxiv.org/abs/1907.10625
https://doi.org/10.1016/j.newar.2022.101659
https://arxiv.org/abs/2105.05208
https://doi.org/10.1088/1361-6382/ac086d
https://doi.org/10.1088/1361-6382/ac086d
https://arxiv.org/abs/2103.01183

[304]
305]

[306]

307]

308]
309]

310]

[311]

[312]

313]

[314]

315]

316]
[317]

[318]
[319]

320]

J.-P. Hu and F.-Y. Wang, Universe 9, 94 (2023),
arXiv:2302.05709 [astro-ph.CO].

W. J. G. de Blok, Adv. Astron. 2010, 789293 (2010),
arXiv:0910.3538 [astro-ph.CO].

M. Kuhlen, M. Vogelsberger, and R. Angulo,

Phys. Dark Univ. 1, Next Decade in Dark Matter and Dark Energy, 50
(2012).

B. Famaey and S. McGaugh, J. Phys. Conf. Ser. 437, edited by

L. P. Horwitz, L. Lusanna, T. Gill, M. Land, and P. Salucci, 012001
(2013), larXiv:1301.0623 [astro-ph.CO].

M. Vogelsberger, F. Marinacci, P. Torrey, and E. Puchwein,
Nature Rev. Phys. 2, 42 (2020), arXiv:1909.07976 [astro-ph.GA].

R. E. Angulo and O. Hahn, Liv. Rev. Comput. Astrophys. 8, 1 (2022),
arXiv:2112.05165 [astro-ph.CO].

N. E. Mavromatos, in |15th Marcel Grossmann Meeting on Recent
Developments in Theoretical and Experimental General Relativity,
Astrophysics, and Relativistic Field Theories| (2022).

K. Lodha et al. (DESI), Phys. Rev. D 112, 083511 (2025),
arXiv:2503.14743 [astro-ph.CO].

A. Fedotov, A. Ilderton, F. Karbstein, B. King, D. Seipt, H. Taya, and
G. Torgrimsson, Phys. Rept. 1010, 1 (2023),
arXiv:2203.00019 [hep-ph].

L. F. Abbott, Acta Phys. Polon. B 13, 33 (1982).

A. Casado-Turrién, A. de la Cruz-Dombriz, A. Jiménez-Cano, and

F. J. Maldonado Torralba, JCAP 07, 023 (2023),
arXiv:2303.01206 [gr-qc].

A. Peres and D. R. Terno, Rev. Mod. Phys. 76, 93 (2004),
arXiv:quant-ph/0212023,

R. B. Mann and T. C. Ralph, Class. Quant. Grav. 29, 220301 (2012).

J. Maldacena and L. Susskind, Fortsch. Phys. 61, 781 (2013)l,
arXiv:1306.0533 [hep-th].

C. Cao, S. M. Carroll, and S. Michalakis, Phys. Rev. D 95, 024031
(2017).

P. Simidzija, A. Ahmadzadegan, A. Kempf, and E. Martin-Martinez,
Phys. Rev. D 101, 036014 (2020)} arXiv:1908.07523 [quant-ph]k

M. Bojowald, Phys. Rev. D 103, 126025 (2021).

140


https://doi.org/10.3390/universe9020094
https://arxiv.org/abs/2302.05709
https://doi.org/10.1155/2010/789293
https://arxiv.org/abs/0910.3538
https://doi.org/https://doi.org/10.1016/j.dark.2012.10.002
https://doi.org/https://doi.org/10.1016/j.dark.2012.10.002
https://doi.org/10.1088/1742-6596/437/1/012001
https://doi.org/10.1088/1742-6596/437/1/012001
https://doi.org/10.1088/1742-6596/437/1/012001
https://arxiv.org/abs/1301.0623
https://doi.org/10.1038/s42254-019-0127-2
https://arxiv.org/abs/1909.07976
https://doi.org/10.1007/s41115-021-00013-z
https://arxiv.org/abs/2112.05165
https://doi.org/10.1142/9789811258251_0156
https://doi.org/10.1142/9789811258251_0156
https://doi.org/10.1142/9789811258251_0156
https://doi.org/10.1103/w4c6-1r5j
https://arxiv.org/abs/2503.14743
https://doi.org/10.1016/j.physrep.2023.01.003
https://arxiv.org/abs/2203.00019
https://doi.org/10.1088/1475-7516/2023/07/023
https://arxiv.org/abs/2303.01206
https://doi.org/10.1103/RevModPhys.76.93
https://arxiv.org/abs/quant-ph/0212023
https://doi.org/10.1088/0264-9381/29/22/220301
https://doi.org/10.1002/prop.201300020
https://arxiv.org/abs/1306.0533
https://doi.org/10.1103/PhysRevD.95.024031
https://doi.org/10.1103/PhysRevD.95.024031
https://doi.org/10.1103/PhysRevD.101.036014
https://arxiv.org/abs/1908.07523
https://doi.org/10.1103/PhysRevD.103.126025

Kokkuvote

Sisemise kalibratsiooniteooria analoogiast Cartani
Kroononi gravitatsiooniteooriaga

Kéesoleva dissertatsiooni algseks sihiks oli leida kalibratsiooni ja gravi-
tatsiooni ithendteooria Kroononi gravitatsiooniteooria jaoks [20]. Esialgne
soov oli liita Kroonon jagamisega algebrate R ® C ® H® O struktuuri [22],
nii et Kroononi Lorentzi-vaartuseline skalaar asendataks jagamisega algeb-
rate vadrtuseliseks objektiks, aga t66 edenemise kaigus |[1H5] liikus fookus
ithendamisgeomeetriliste, Lagranziaani ja duaalsuskiisimuste poole. Autor
annaks nailiselt vasturdédkiva vastuse esialgsele probleemile: gravitatsioo-
nilise vastasmoju ja seesmiste kalibratsiooniviljade ithendamist ei ole veel
saavutatud, kuid meetodeid, kuidas paigutada Kroononit mistahes iihen-
damisettepanekusse, on ulatuslikult arendatud ja suur osa on niiiid hasti
moistetud. Kuigi reaal- ja kompleksarvud, kvaternioonid ja oktonioonid
kokkuvottes ei osalenud tihendamisarendustes, siis geomeetria ja diinaami-
ka, sealhulgas uute mudelite viljapakkumine, kasutades lihtsuskitsendusi
voi laiendades Kroononit ennast, peaks olema oluliselt otsesem arendus-
suund Kroononiteooria jaoks. On tarvis iiksnes valida sobivad kitsendus-
ed, st. kas mootratta-raami voi kdveruse jaoks, voi vahetada Kroononi ska-
laari esitust. Geomeetrilised kiisimused aga endiselt jadvad piisima, kui-
das alusmuutkonna ja puutujakihtkonna geomeetria peaks olema iihitatud
seesmise printsipaalkihtkonna geomeetriaga, vastavalt tildrelatiivsusteooria
versus Maxwell-Yang-Millsi teooria geomeetria, kuid need kiisimused on ka
mérgatavalt keerulisemad ja voivad pakkuda rohkem matemaatilist huvi,
vahest arendatuna mones teises t66s ja késitluses. Et rohutada: Kroononi
lihtsuskitsenduste kohandamine voimaldab arendada edasi palju erinevaid
varem vilja pakutud kalibratsiooni-gravitatsiooniteooria ithendmudeleid.
Dissertatsioonis endaski on moned uued soovitused vélja pakutud, nt. kva-
ternioonide ja gravindrga teooria osas, aga faasisiirde uurimine ithendatud
faasi ei ole veel ammendatud.

Lisavéljade, esimest jarku siisteemide ja peremeessiisteemide siimmeet-
riate ja teisenduste positsioon duaalsustes, nii nagu Proca-Kalb-Ramondi
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teoorias [64, 65], aga ka eelmeetrilises teoorias |58|, peaks olema niiiid kiil-
lalt selge. Duaalsused on koigest pohisiisteemi identsused, mis on eriti
ilmsed teeintegraali identsusteisendustena, nt. Gaussi voi Diraci delta in-
tegreerimise naol. Eelmeetrilist teooriat voib vaadata kui printsipaalkiht-
kondade geomeetria ja topoloogilise véljateooria kitsendamise fiitisikalist
kirjeldust. Mittetriviaalse fenomenoloogia arendamine néuaks kddunud
kitsenduste struktuuri, aga see suund pigem arendaks Lagranzi kordajaid,
mitte lisavéljade (iildistatud) potentsiaale, Plebanski-laadsete matete jét-
kuna [78, 207] nii gravitatsiooniteoorias kui ka seesmises kalibratsiooni-
teoorias. Duaalsused osutuvad jatkuvalt kasulikuks ning fiiiisikaliselt ja
matemaatiliselt huvitavaks, nagu on nidha néiteks Maxwell-Chern-Simonsi
teooria [74] ja piirvadrtusebakolade [4, (75| 76] néitel. Siin on klassikaline di-
ferentsiaalgeomeetria vordlemisi selge ja voimaldab kiiresti seletada mitte-
Abeli teooria duaalsuspéorete probleeme kohomoloogia voi Poincaré lem-
ma kaudu. Oleks huvitav uurida, kas motet duaalsustest kui ekvivalentsi-
klassi esindajate vahetusest saaks arendada monda teise duaalsuste klassi.
Kalibratsioonivahelised poorded ja hairitused nduavad edasisi uuringuid.
Integreerimisest tulenevate taustaviljade matemaatiline struktuur on
valdkond, mis védarib rohkem téhelepanu, aga moningast progressi on ju-
ba saavutatud. Kroononi nédide on valdavalt ammendatud, nii Hamil-
toni [20] kui ka Lagranzi [1] formalismis. Ideaalne tolm on téepoolest
integreerimiskonstant ning lisavabadusastmed ilmuvad enesekaasse ja anti-
enesekaasse seostuse komponentide, Einsteini véljavorrandite ja seostuse
liikumisvorrandite koosmojus. Isokroononi juht on veidi rohkem segadust
tekitav [4], kuna vabadusastmete loend ei too sisse kovariantselt konstant-
sesse tausta lisavabadusastmeid — vahest see ei ole iillatav, sest ei ole ka
mond teist sektorit, kust neid vabadusastmeid tommata, mistottu jaabki
alles iiksnes kovariantselt konstantne taust. See on osaliselt matemaatili-
se fiitisika probleem, et teha kindlaks, millal tdpselt konstitutiivse seadu-
se struktuur muudab Dirac-Bergmanni algoritmi vabadusastmete loendit.
See muutub fiilisikalisemaks probleemiks, kui uurida kvantjuhtu — Hilber-
ti ruumi struktuuri tuleks selgitada, eriti taustasiirete osas. Kvantkroonon
paistab lubavat uut fenomenoloogiat, rohkemgi kui klassikaline juht.
Arusaam Kroononi teooriast on niiiid parenenud. Suur osa klassifi-
katsioonist ja tolgendusest oli juba pakutud vilja algses artiklis [20], aga
kontroll ning edasiarendamine néudis rohkemat t66d. Niiiid on kontrol-
litud Lagranzi formalismi |1], uuritud mateeriaseostusi [2, 3], eriti sees-
mise kalibratsiooniteooria jaoks [4], ning on selgitatud Kroononi konsti-
tutiivse seaduse tdhtsust ithendamise seisukohast [5]. See dissertatsioon
on uurinud Kroononi teooria jaoks mateeriaseostusi meetrilises ja topo-
loogilises faasis, lagranziaani analoogiaid seesmise kalibratsiooniteooria ja
gravitatsiooniteooria vahel, Kroononi lihtsuskitsendusi ithendamise tarbeks
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ning matemaatilisi detaile integreerimiskonstandi ilmumisest jdavates voo-
ludes ja lagranziaanis. Kroononit on oluliselt edasi arendatud. Kompleksi-
fitseeritud SO¢(3,1) Kroonon on laiendatud Spin(4) kalibratsiooniteoo-
riaks [138], ulatusliku kosmoloogia ning héirituslike ja analiititiliste lahen-
dite analiiiisiga. Lahendeid, mustasid auke ja kosmoloogiat, on uuritud
ka Kroononi teooria enda jaoks [137]. V&ib 6elda, et Kroononi teooria
kéditumine, st. struktuur ja fenomenoloogia, on tunduvalt parenenud, kuid
ta ei ole oma kogu potentsiaali veel ammendanud — autor loodab, et see
doktorit66 annab nii inspiratsiooni kui ka selgust edasiseks arendustooks.

Kaks olulist jatkusuunda véaarivad eraldi tdhelepanu: tuleb leida konk-
reetne mehhanism spontaanse siimmeetriarikkumise 7% — 74§ jaoks ning
tuleb uurida Kroononi kvantfenomenoloogiat (voi sama ka Spin(4) teooria
jaoks). Seni on stimmeetriat rikutud iiksnes késitsi. Sobiva diinaamilise
mehhanismi vélja kirjutamine, kas skalaarpotentsiaali voi Lagranzi korda-
jate néol, on oluline, et teooria definitsioon 16petada ja et anda konkreet-
ne tdhendus siimmeetrilisele faasile. Autori arvates on kvantfenomenoloo-
gia toendoliselt kdige huvitavam koht Kroononi fenomenoloogia uurimiseks,
sest klassikaline teooria oli juba klassifitseeritud esimeses artiklis ning sel-
lest saati on seda koigest opitud paremini tundma ja kontrollitud — tuleks
kontrollida, et ka vastav kvantteooria on téepoolest sama kui Ashtekari
enesekaasne gravitatsiooniteooria koos tolmuga, ning seda voib uurida ka-
nooniliselt, teeintegraalidega, spinnivahtudega voi silmuskvantgravitatsioo-
niteoorias voi monel teisel viisil. Tolm on juba aitanud gravitatsiooni kvan-
tiseerimisele kaasa [222], ning oleks mérkimisvidrne, kui Kroonon annab
sama tulemuse. Kui Kroononi teooria aitab lahendada [1] “kovariantsus-
kriisi” silmuskvantgravitatsiooniteoorias [320], siis see oleks oluline tulemus.
Seda tuleks aga tegelikult kontrollida.

Autori silmis see dissertatsioon annab aluse oluliselt edukamatele ldhe-
nemistele Kroononiteooriale, olles seesmise-véilimise kalibratsiooniteooria
iihendamises mitu ebadnnestunud mottesuunda ammendanud. Uldine 14-
henemine kroononiteooria ithendamiseks on niitid selge ja jérel on iiksnes
detailide kontrollimine. Probleem on aga kaaluda analiiiisi tema voimali-
ku véartuse vastu — mis on vbéimalus, et ilmub midagi méarkimisvaérset,
ja mida oleks selles etapis toepoolest vaja teha? Autori jaoks on pea-
mised kiisimused véljaspool seda, mida sai uuritud selles dissertatsioonis,
ja véaljaspool seda, mis alal autor on seni to6tanud: arendada arusaama
kvantmootmisest, nii teooria kui ka eksperimendi vallas, ning jouda so-
biva kvantgravitatsiooniteooriani. Paratamatult ilmub mingi geomeetria
moiste, nii lokaalselt kui ka globaalselt ja kohandatuna mingile arusaamale
kvantiseerimisest, ja oleks viga huvitav seda moista ning tdpselt arendada.
Kroononiteooria jaoks aga on iiks kogum moétteid joudnud oma kokku-
votteni. Ainult tiks viimane kiisimus on jaanud alles: Quo vadis?

143



Publications



Curriculum Vitae
Ernest Michael Priidik Gallagher

E-mail priidik.gallagher@ut.ee
Office Wilhelm Ostwaldi 1,

50411 Tartu, Estonia

Date of birth 06.02.1996 (dd.mm.yyyy)

Education
2026

AY 2022/23
2020

2018

2015

PhD studies at University of Tartu,

physics curriculum (GPA 5.00/5.00)
Thesis “On the internal gauge theory analogy to the Car-
tan Khronon theory of gravity”, supervisors Drs. Tomi
Koivisto, Luca Marzola, Stefan Groote
Academic leave
MSc diploma cum laude, University of Tartu,

physics curriculum (GPA 5.00/5.00)
Thesis “Comments on introducing interactions to the
Poincaré algebra and covering wavefunctions”, supervisor
Dr. Stefan Groote
BSc diploma cum laude, University of Tartu,

physics curriculum (GPA 5.00/5.00)
Thesis “Compton scattering of spin-3/2 particles in the
Rarita-Schwinger theory”, supervisor Dr. Stefan Groote

Tartu Jaan Poska Gymnasium (Golden Medal award)

Selected Supplementary

2025 — Kristjan Jaagu scholarship award for study visits

(Foundations of General-Relativistic Gauge Field Theory, Turin).
2019 — 69*" Lindau Nobel Laureate Meeting, Estonian representative.
Quantum Mechanics teaching assistant at University of Tartu 2021-2025.
Member of the COST action CA23130 BridgeQG.
Referee work for journals Physical Review D, Physical Review Letters,
International Journal of Geometric Methods in Modern Physics, Founda-
tions of Physics.

213


mailto:priidik.gallagher@ut.ee

Elulookirjeldus

Ernest Michael Priidik Gallagher

Meiliaadress priidik.gallagher@ut.ee

Kontor Wilhelm Ostwaldi 1,
50411 Tartu, Estonia

Stinniaeg 06.02.1996 (pp.kk.aaaa)

Haridustee

2026

2022/23 oa.
2020

2018

2015

Doktoriope Tartu Ulikoolis, fiiiisika eriala
(keskmine hinne 5.00/5.00)
Dissertatsioon “Sisemise kalibratsiooniteooria analoogiast
Cartani Kroononi gravitatsiooniteooriaga”, juhendajad
dr.-d Tomi Koivisto, Luca Marzola, Stefan Groote
Akadeemiline puhkus
MSc diplom cum laude, Tartu Ulikool, fiiiisika eriala
(keskmine hinne 5.00/5.00)
Tees “Kommentaare interaktsioonide toomisest Poincaré
algebrasse ja lainefunktsioonide katmisest”, juhendaja
dr. Stefan Groote
BSc diplom cum laude, Tartu Ulikool, fiiiisika eriala
(keskmine hinne 5.00/5.00)
Tees “Spinn-3/2 osakeste Comptoni hajumine Rarita-
Schwingeri teoorias”, juhendaja dr. Stefan Groote

Tartu Jaan Poska Giimnaasium (kuldmedal)

Valitud lisasid

2025 — Kristjan Jaagu nimeline 6pirdnde stipendium

(Foundations of General-Relativistic Gauge Field Theory, Torino).
2019 — 69. Lindau Nobeli Laureaatide kohtumine, Eesti esindaja.
Kvantmehhaanika &ppeassistent Tartu Ulikoolis 2021-2025.
COST vorgustiku CA23130 BridgeQG liige.
Retsenseerinud ajakirjadele Physical Review D, Physical Review Letters,
International Journal of Geometric Methods in Modern Physics, Founda-
tions of Physics.

214


mailto:priidik.gallagher@ut.ee

10.

11.

12.

13.

14.

15.

16.

17.
18.

19.

20.

21.

DISSERTATIONES PHYSICAE
UNIVERSITATIS TARTUENSIS

Andrus Ausmees. XUV-induced electron emission and electron-phonon
interaction in alkali halides. Tartu, 1991.

Heiki Sonajalg. Shaping and recalling of light pulses by optical elements
based on spectral hole burning. Tartu, 1991.

Sergei Savihhin. Ultrafast dynamics of F-centers and bound excitons from
picosecond spectroscopy data. Tartu, 1991.

Ergo Nommiste. Leelishalogeniidide rontgenelektronemissioon kiiritamisel
footonitega energiaga 70—140 eV. Tartu, 1991.

Margus Ritsep. Spectral gratings and their relaxation in some low-
temperature impurity-doped glasses and crystals. Tartu, 1991.

Tonu Pullerits. Primary energy transfer in photosynthesis. Model calcula-
tions. Tartu, 1991.

Olev Saks. Attoampri diapasoonis voolude modtmise fiiiisikalised alused.
Tartu, 1991.

Andres Virro. AlGaAsSb/GaSb heterostructure injection lasers. Tartu, 1991.
Hans Korge. Investigation of negative point discharge in pure nitrogen at
atmospheric pressure. Tartu, 1992.

Jiiri Maksimov. Nonlinear generation of laser VUV radiation for high-reso-
lution spectroscopy. Tartu, 1992.

Mark Aizengendler. Photostimulated transformation of aggregate defects
and spectral hole burning in a neutron-irradiated sapphire. Tartu, 1992.
Hele Siimon. Atomic layer molecular beam epitaxy of A’B® compounds de-
scribed on the basis of kinetic equations model. Tartu, 1992.

Tonu Reinot. The kinetics of polariton luminescence, energy transfer and
relaxation in anthracene. Tartu, 1992.

Toomas R6dm. Paramagnetic H* and F* centers in CaO crystals: spectra,
relaxation and recombination luminescence. Tallinn, 1993.

Erko Jalviste. Laser spectroscopy of some jet-cooled organic molecules.
Tartu, 1993.

Alvo Aabloo. Studies of crystalline celluloses using potential energy calcu-
lations. Tartu, 1994.

Peeter Paris. Initiation of corona pulses. Tartu, 1994.

MMagen Pyoun. Jlokanbuble aedextHble cocTosiHUS B CuO: IIIOCKOCTAX
BBICOKOTEMIIEPATYPHBIX CBEPXIPOBOJIHUKOB. TapTy, 1994.

Olavi Ollikainen. Applications of persistent spectral hole burning in ultra-
fast optical neural networks, time-resolved spectroscopy and holographic
interferometry. Tartu, 1996.

Ulo Mets. Methodological aspects of fluorescence correlation spectroscopy.
Tartu, 1996.

Mikhail Danilkin. Interaction of intrinsic and impurity defects in CaS:Eu
luminophors. Tartu, 1997.

215



22.

23.

24.

25.
26.

27.

28.

29.

30.
31.

32.

33.

34.

35.
36.

37.

38.
39.

40.

41.

42.
43.

44.

45.

Hpuna KynpsieueBa. Co3nanue u crabminzanus 1eQeKToB B KpHCTAILIax
KBr, KCl, RbCl npu o6nyuenuun BY @-panuanueii. Tapty, 1997.

Andres Osvet. Photochromic properties of radiation-induced defects in
diamond. Tartu, 1998.

Jiiri Ord. Classical and quantum aspects of geodesic multiplication. Tartu,
1998.

Priit Sarv. High resolution solid-state NMR studies of zeolites. Tartu, 1998.
Cepreii Jloaros. DieKkTpoHHBIE BO30YXKICHUS U nedekTooOpa3oBaHue B
HEKOTOPBIX OKcHax MeTaioB. Taprty, 1998.

Kaupo Kukli. Atomic layer deposition of artificially structured dielectric
materials. Tartu, 1999.

Ivo Heinmaa. Nuclear resonance studies of local structure in RBa>Cu3Ogx
compounds. Tartu, 1999.

Aleksander Shelkan. Hole states in CuO; planes of high temperature super-
conducting materials. Tartu, 1999.

Dmitri Nevedrov. Nonlinear effects in quantum lattices. Tartu, 1999.

Rein Ruus. Collapse of 3d (4f) orbitals in 2p (3d) excited configurations and
its effect on the x-ray and electron spectra. Tartu, 1999.

Valter Zazubovich. Local relaxation in incommensurate and glassy solids
studied by Spectral Hole Burning. Tartu, 1999.

Indrek Reimand. Picosecond dynamics of optical excitations in GaAs and
other excitonic systems. Tartu, 2000.

Vladimir Babin. Spectroscopy of exciton states in some halide macro- and
nanocrystals. Tartu, 2001.

Toomas Plank. Positive corona at combined DC and AC voltage. Tartu, 2001.
Kristjan Leiger. Pressure-induced effects in inhomogeneous spectra of
doped solids. Tartu, 2002.

Helle Kaasik. Nonperturbative theory of multiphonon vibrational relaxation
and nonradiative transitions. Tartu, 2002.

Tonu Laas. Propagation of waves in curved spacetimes. Tartu, 2002.
Riinno Lohmus. Application of novel hybrid methods in SPM studies of
nanostructural materials. Tartu, 2002.

Kaido Reivelt. Optical implementation of propagation-invariant pulsed
free-space wave fields. Tartu, 2003.

Heiki Kasemigi. The effect of nanoparticle additives on lithium-ion mobi-
lity in a polymer electrolyte. Tartu, 2003.

Villu Repén. Low current mode of negative corona. Tartu, 2004.

Auekceil KotinoB. OKCHaHHOHHBIE TUANEKTPUUECKUE KPUCTAIIIbI: 30HHAS
CTPYKTYypa M dJIEKTPOHHBIE BO30YxaeHus. Tartu, 2004.

Jaak Talts. Continuous non-invasive blood pressure measurement: compa-
rative and methodological studies of the differential servo-oscillometric
method. Tartu, 2004.

Margus Saal. Studies of pre-big bang and braneworld cosmology. Tartu,
2004.

216



46.

47.

48.
49.

50.

51.

52.

53.

54.

55.

56.

57.

58.
59.

60.

61.
62.

63.

64.

65.

66.

67.

68.

69.

Eduard Gerskevits. Dose to bone marrow and leukaemia risk in external
beam radiotherapy of prostate cancer. Tartu, 2005.

Sergey Shchemelyov. Sum-frequency generation and multiphoton ioniza-
tion in xenon under excitation by conical laser beams. Tartu, 2006.

Valter Kiisk. Optical investigation of metal-oxide thin films. Tartu, 2006.
Jaan Aarik. Atomic layer deposition of titanium, zirconium and hafnium
dioxides: growth mechanisms and properties of thin films. Tartu, 2007.
Astrid Rekker. Colored-noise-controlled anomalous transport and phase
transitions in complex systems. Tartu, 2007.

Andres Punning. Electromechanical characterization of ionic polymer-
metal composite sensing actuators. Tartu, 2007.

Indrek Jogi. Conduction mechanisms in thin atomic layer deposited films
containing TiO,. Tartu, 2007.

Aleksei Krasnikov. Luminescence and defects creation processes in lead
tungstate crystals. Tartu, 2007.

Kiillike Régo. Superconducting properties of MgB; in a scenario with intra-
and interband pairing channels. Tartu, 2008.

Els Heinsalu. Normal and anomalously slow diffusion under external fields.
Tartu, 2008.

Kuno Kooser. Soft x-ray induced radiative and nonradiative core-hole
decay processes in thin films and solids. Tartu, 2008.

Vadim Boltrushko. Theory of vibronic transitions with strong nonlinear
vibronic interaction in solids. Tartu, 2008.

Andi Hektor. Neutrino Physics beyond the Standard Model. Tartu, 2008.
Raavo Josepson. Photoinduced field-assisted electron emission into gases.
Tartu, 2008.

Martti Pérs. Study of spontaneous and photoinduced processes in mole-
cular solids using high-resolution optical spectroscopy. Tartu, 2008.
Kristjan Kannike. Implications of neutrino masses. Tartu, 2008.

Vigen Issahhanjan. Hole and interstitial centres in radiation-resistant MgO
single crystals. Tartu, 2008.

Veera Krasnenko. Computational modeling of fluorescent proteins. Tartu,
2008.

Mait Miintel. Detection of doubly charged higgs boson in the CMS detec-
tor. Tartu, 2008.

Kalle Kepler. Optimisation of patient doses and image quality in diagnostic
radiology. Tartu, 2009.

Jiiri Raud. Study of negative glow and positive column regions of capillary
HF discharge. Tartu, 2009.

Sven Lange. Spectroscopic and phase-stabilisation properties of pure and
rare-earth ions activated ZrO, and HfO,. Tartu, 2010.

Aarne Kasikov. Optical characterization of inhomogeneous thin films.
Tartu, 2010.

Heli Valtna-Lukner. Superluminally propagating localized optical pulses.
Tartu, 2010.

217



70.

71.

72.

73.

74.

75.

76.

77.

78.

79.

80.

81.

82.

83.

84.

85.

86.

87.

88.

89.
90.

Artjom Vargunin. Stochastic and deterministic features of ordering in the
systems with a phase transition. Tartu, 2010.

Hannes Liivat. Probing new physics in et+e— annihilations into heavy
particles via spin orientation effects. Tartu, 2010.

Tanel Mullari. On the second order relativistic deviation equation and its
applications. Tartu, 2010.

Aleksandr Lissovski. Pulsed high-pressure discharge in argon: spectro-
scopic diagnostics, modeling and development. Tartu, 2010.

Aile Tamm. Atomic layer deposition of high-permittivity insulators from
cyclopentadienyl-based precursors. Tartu, 2010.

Janek Uin. Electrical separation for generating standard aerosols in a wide
particle size range. Tartu, 2011.

Svetlana Ganina. Hajusandmetega iilesanded kui iiks vdimalus fiiiisika-
oppe efektiivsuse tdstmiseks. Tartu, 2011

Joel Kuusk. Measurement of top-of-canopy spectral reflectance of forests
for developing vegetation radiative transfer models. Tartu, 2011.

Raul Rammula. Atomic layer deposition of HfO, — nucleation, growth and
structure development of thin films. Tartu, 2011.

Cepreii Hakoneunslii. MccienoBanue 3meKTpOHHO-ABIPOYHBIX U UHTEP-
CTHUIIMAJI-BAKAHCHOHHBIX MPOIIecCOB B MOHOKpHcTamiax MgO u LiF meto-
JaMU TePMOAKTUBALIMOHHOM cnekTpockonuu. Tapty, 2011.

Niina Voropajeva. Elementary excitations near the boundary of a strongly
correlated crystal. Tartu, 2011.

Martin Timusk. Development and characterization of hybrid electro-
optical materials. Tartu, 2012, 106 p.

Merle Lust. Assessment of dose components to Estonian population. Tartu,
2012, 84 p.

Karl Kruusamée. Deformation-dependent electrode impedance of ionic
electromechanically active polymers. Tartu, 2012, 128 p.

Liis Rebane. Measurement of the W — tv cross section and a search for a
doubly charged Higgs boson decaying to t-leptons with the CMS detector.
Tartu, 2012, 156 p.

Jevgeni Sablonin. Processes of structural defect creation in pure and doped
MgO and NaCl single crystals under condition of low or super high density
of electronic excitations. Tartu, 2013, 145 p.

Riho Vendt. Combined method for establishment and dissemination of the
international temperature scale. Tartu, 2013, 108 p.

Peeter Piksarv. Spatiotemporal characterization of diffractive and non-
diffractive light pulses. Tartu, 2013, 156 p.

Anna Sugai. Creation of structural defects under superhigh-dense irradiation
of wide-gap metal oxides. Tartu, 2013, 108 p.

Ivar Kuusik. Soft X-ray spectroscopy of insulators. Tartu, 2013, 113 p.
Viktor Vabson. Measurement uncertainty in Estonian Standard Laboratory
for Mass. Tartu, 2013, 134 p.

218



91.

92.
93.

94.
95.

96.

97.

98.

99

100,
101.
102.
103.
104.
105.
106.
107.

108.

109.
110.
111.

112.

113.

Kaupo Voormansik. X-band synthetic aperture radar applications for
environmental monitoring. Tartu, 2014, 117 p.

Deivid Pugal. hp-FEM model of IPMC deformation. Tartu, 2014, 143 p.
Siim Pikker. Modification in the emission and spectral shape of photo-
stable fluorophores by nanometallic structures. Tartu, 2014, 98 p.

Mihkel Pajusalu. Localized Photosynthetic Excitons. Tartu, 2014, 183 p.
Taavi Vaikjarv. Consideration of non-adiabaticity of the Pseudo-Jahn-
Teller effect: contribution of phonons. Tartu, 2014, 129 p.

Martin Vilbaste. Uncertainty sources and analysis methods in realizing SI
units of air humidity in Estonia. Tartu, 2014, 111 p.

Mihkel Réihn. Experimental nanophotonics: single-photon sources- and
nanofiber-related studies. Tartu, 2015, 107 p.

Raul Laasner. Excited state dynamics under high excitation densities in
tungstates. Tartu, 2015, 125 p.

Andris Slavinskis. EST Cube-1 attitude determination. Tartu, 2015, 104 p.
Karlis Zalite. Radar Remote Sensing for Monitoring Forest Floods and
Agricultural Grasslands. Tartu, 2016, 124 p.

Kaarel Piip. Development of LIBS for in-situ study of ITER relevant
materials. Tartu, 2016, 93 p.

Kadri Isakar. >'°Pb in Estonian air: long term study of activity con-
centrations and origin of radioactive lead. Tartu, 2016, 107 p.

Artur Tamm. High entropy alloys: study of structural properties and
irradiation response. Tartu, 2016, 115 p.

Rasmus Talviste. Atmospheric-pressure He plasma jet: effect of dielectric
tube diameter. Tartu, 2016, 107 p.

Andres Tiko. Measurement of single top quark properties with the CMS
detector. Tartu, 2016, 161 p.

Aire Olesk. Hemiboreal Forest Mapping with Interferometric Synthetic
Aperture Radar. Tartu, 2016, 121 p.

Fred Valk. Nitrogen emission spectrum as a measure of electric field
strength in low-temperature gas discharges. Tartu, 2016, 149 p.

Manoop Chenchiliyan. Nano-structural Constraints for the Picosecond
Excitation Energy Migration and Trapping in Photosynthetic Membranes
of Bacteria. Tartu, 2016, 115p.

Lauri Kaldamée. Fermion mass and spin polarisation effects in top quark
pair production and the decay of the higgs boson. Tartu, 2017, 104 p.
Marek Oja. Investigation of nano-size a- and transition alumina by means
of VUV and cathodoluminescence spectroscopy. Tartu, 2017, 89 p.
Viktoriia Levushkina. Energy transfer processes in the solid solutions of
complex oxides. Tartu, 2017, 101 p.

Mikk Antsov. Tribomechanical properties of individual 1D nanostructures:
experimental measurements supported by finite element method
simulations. Tartu, 2017, 101 p.

Hardi Veermie. Dark matter with long range vector-mediated interactions.
Tartu, 2017, 137 p.

219



114.

115.

116.

117.

118.

119.

120.

121.

122.

123.

124.

125.

126.

127.

128.

129.

130.

131.

132.

133.

134.

Aris Auzans. Development of computational model for nuclear energy
systems analysis: natural resources optimisation and radiological impact
minimization. Tartu, 2018, 138 p.

Aleksandr Gurev. Coherent fluctuating nephelometry application in labo-
ratory practice. Tartu, 2018, 150 p.

Ardi Loot. Enhanced spontaneous parametric downconversion in plas-
monic and dielectric structures. Tartu, 2018, 164 p.

Andreas Valdmann. Generation and characterization of accelerating light
pulses. Tartu, 2019, 85 p.

Mikk Vahtrus. Structure-dependent mechanical properties of individual
one-dimensional metal-oxide nanostructures. Tartu, 2019, 110 p.

Ott Vilson. Transformation properties and invariants in scalar-tensor
theories of gravity. Tartu, 2019, 183 p.

Indrek Siinter. Design and characterisation of subsystems and software for
ESTCube-1 nanosatellite. Tartu, 2019, 195 p.

Marko Eltermann. Analysis of samarium doped TiO: optical and multi-
response oxygen sensing capabilities. Tartu, 2019, 113 p.

Kalev Erme. The effect of catalysts in plasma oxidation of nitrogen oxides.
Tartu, 2019, 114 p.

Sergey Koshkarev. A phenomenological feasibility study of the possible
impact of the intrinsic heavy quark (charm) mechanism on the production
of doubly heavy mesons and baryons. Tartu, 2020, 134 p.

Kristi Uudeberg. Optical Water Type Guided Approach to Estimate Water
Quality in Inland and Coastal Waters. Tartu, 2020, 222 p.

Daniel Blixt. Hamiltonian analysis of covariant teleparallel theories of
gravity. Tartu, 2021, 142 p.

Ulbossyn Ualikhanova. Gravity theories based on torsion: theoretical and
observational constraints. Tartu, 2021, 154 p.

Iaroslav Iakubivskyi. Nanospacecraft for Technology Demonstration and
Science Missions. Tartu, 2021, 177 p.

Heido Trofimov. Polluted clouds at air pollution hot spots help to better
understand anthropogenic impacts on Earth’s climate. Tartu, 2022, 96 p.
Ott Rebane. /n situ non-contact sensing of microbiological contamination
by fluorescence spectroscopy. Tartu, 2022, 157 p.

Juhan Saaring. Ultrafast Relaxation Processes in Ternary Hexafluorides
Studied under Synchrotron Radiation Excitation. Tartu, 2022, 106 p.
Ahmet Ilker Topuz. Quantitative and qualitative investigations for muon
scattering tomography via GEANT4 simulations: A computational study.
Tartu, 2023, 163 p.

Nico Benincasa. Phase transitions and gravitational waves in models of
dark matter. Tartu, 2023, 206 p.

Kaja Pae. Electron-phonon interactions in local degenerate electronic
states in solids. Tartu, 2024, 201 p.

Kristjan Miiiirsepp. Phenomenological implications of Standard Model
extensions. Tartu, 2024, 136 p.

220



135.

136.

137.

138.

139.

140.

Ye Wang. Investigating the properties of metal surfaces under high electric
fields based on ab initio calculations. Tartu, 2024, 107 p.

Laxmipriya Pati. The effects of non-Riemannian connection in teleparallel
gravity. Tartu, 2025, 172 p.

Débora Aguiar Gomes. Theoretical and astrophysical aspects of extended
general relativity. Tartu, 2025, 169 p.

Mina Hajizadeh Omaslanolya. Structure and dynamics of photoactive
proteins studied by (in situ-) neutron scattering methods. Tartu, 2025,
150 p.

Aditya Savio Paul. Advancing the study of small solar system bodies
through multi-agent mapping and characterization. Tartu, 2025, 244 p.
Sanu Bifal Maji. Synthesis and luminescence investigation of nano-
particles doped with Pr’ ions in selected fluoride and phosphate hosts.
Tartu, 2025, 114 p.



	Contents
	List of publications
	Acknowledgments
	Introduction
	On motifs of unification
	A summary of the included articles
	Statements
	Structure of the dissertation

	Spacetime and matter
	Geometry: from topology to manifolds
	Principal bundles and gauge theory
	Cartan geometry
	Fermions, spinors

	Dynamics
	Variational bicomplex. Covariant phase space
	Premetric theory. Topological field theory
	Electromagnetism and Yang-Mills theory. Duality
	Gauge fixing, BRST
	Gravity. Relativity, real and complexified

	Unification
	The Khronon theory of gravity
	Further formulations of gravity
	Unification in particle physics and beyond
	Division algebras
	Unification in waywiser gravity
	Observational signatures

	Conclusion
	Further directions
	Summary

	Bibliography
	Kokkuvõte
	Publications
	The Lambda and the CDM as Integration Constants
	Pregeometric first order Yang-Mills theory
	Consistent first-order action functional for gauge theories
	Canonical aspects of pregeometric vector-based first order gauge theory

	Curriculum Vitae



