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REVIEW OF LITERATURE

Thin walled plates and shells have a lot of practical applications in civil en-
gineering and machinery. Annular plates are used as internal watertight bulk-
heads in submersibles in order to isolate a damaged compartment in the case of
an accident.

The dynamic plastic behaviour of annular and circular plates subjected to
dynamic loadings was studied by several authors. Probably the first investi-
gations in dynamic plastic response of circular plates are by Hopkins and Prager
(1954), also Wang and Hopkins (1954) and Wang (1955) making use of the
concept of a rigid-plastic body and Tresca yield hexagon. Hopkins and Prager
(1954) considered a simply supported circular plate subjected to the uniformly
distributed transverse pressure which is suddenly applied and removed at a
certain instant of time. Wang and Hopkins (1955) considered circular plates
subjected to initial impulsive loading. This concept was used by many
researchers in studying of the plastic behaviour of various beams, plates and
shells. Reviews of these works can be found in the books and review papers by
Jones (1980, 1989), also Stronge and Yu (1993) and Martin (1975), Kaliszky
(1985, 1989), Nurick and Martin (1989), Chakrabarty (2000).

As regards annular plates, e.g. circular plates with central concentric hole,
the investigation of the plastic response to dynamic loads is quite complicated
even in the case of a rigid-plastic Tresca material. Shapiro (1959) examined the
dynamic behaviour of annular plates which are fully clamped around the inner
edge and completely free at the outer edge. As a result of the initial impact the
outer edge is subjected to a constant axisymmetric transverse velocity which is
removed at certain time instant.

A similar problem was studied by Florence (1965) except that the outer edge
was subjected to a transverse impulse rather than a constant velocity being
maintained for a short time.

An approximate solution to the problem of dynamic loading of annular
plates was given by Aggarwal and Ablow (1971). A rigorous solution procedure
was developed later by Mazalov and Nemirovski (1976).

However, in many cases even this approach appeared to be too complicated.
A simplification which retains reasonable exactness was suggested by Martin
and Symonds (1966). The so-called method of mode form motions was later
used in the optimization of beams, plates and shells subjected to dynamic
loadings by Lepik (1982) and by Lepik and Mroz (1977), also in the further
works Lellep and Mürk (1997, 1999).

Problems of strength of non-homogeneous composite materials have been
studied by many authors. Tamuzs, Romalis and Petrova (2000), also Tamuzs
and Romalis (1989) investigated fracture of non-homogeneous solids and solids
with microdefects. Starting from the maximum shear stress theory of plastic
failure Lance and Robinson (1972, 1973) derived simple yield surfaces for
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composite materials composed of stiff fibers arranged in a uniform array in a
ductile matrix. In the present study these yield surfaces are used in order to get
simple approximations for deflections of plates of variable thickness made of
composite materials.

Sandwich annular plates made of an inelastic composite material which
obeys the yield surface derived by Lance and Robinson (1972, 1973) were
studied by Lellep and Mürk (1997, 1999, 2002, 2003). The last paper is devoted
to the determination of bounds of applicability of the mode form motions with
triangular modes.

Failure modes and criteria of plastic beams, plates and shells are presented
by Yu and Chen (1998). Dynamic response of fully clamped and simply sup-
ported circular plates to impact and distributed pressure loading applied in a
central area of the plate is investigated by Liu and Stronge (1996) in the case of
a Tresca material. Wang et al. (2005), Ma et al. (1999) studied circular plates on
the base of unified strength theory. The unified yield criterion includes as
particular cases both, the Tresca and Mises yield criteria. Clamped circular
plates subjected to impulsive loading were examined by Wen, Yu, Reddy
(1995).

Shen and Jones (1993) developed an approximate analysis of dynamic
plastic deformations of fully clamped circular plates under impulsive loading.
The analysis employs an interaction yield surface and uses the Cowper –
Symonds constitutive equation which enables to prescribe the strain rate
sensitivity of the material. Li and Jones (1994), also Liu and Stronge (1996);
Jones, Kim and Li (1997) investigated shear and bending behaviour of circular
plates subjected to various types of loading. Li and Jones (1994) considered
blast loaded plates and Liu and Stronge (1996) plates subjected to a distributed
pressure loading applied in a central area of the plate. Jones, Kim and Li (1997)
presented a theoretical analysis to predict the dynamic behaviour of circular
plates struck normally by blunt solid cylindrical masses at the centre.

In the papers mentioned above circular and annular plates of constant
thickness have been investigated. Plastic response of structures to dynamic
loading and optimization of beams, plates and shells were investigated by Lepik
(1982). In the book by Lepik (1982) exact and approximate theoretical methods
are used for determination of the stress-strain state of structures of variable
thickness.

Although, there is a quite rich literature on the dynamic plasticity of struc-
tural elements, the most of authors have studied the dynamic behaviour of
beams and axisymmetric plates (see Jones, 1989; Yu and Chen, 1998). How-
ever, the only exact theoretical solution on dynamic response of a non-axisym-
metric plastic plate is obtained by Cox and Morland (1959) who investigated
within the framework of thin plate theory the behaviour of square plates
subjected to rectangular pressure pulse.

It is shown that the analysis for simply supported square plates may be
adopted with slight modifications to the case of regular n-sided polygonal
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plates. This problem is not only of practical interest but it is of mathematical
interest, as well. Evidently, this solution includes, as limiting cases, the
solutions of the square and circular plate problems.

Several authors (among these Cox and Morland) have studied square plates
of constant thickness made of a Johansen’s material. Blast loaded square plates
are investigated by Olson et al. (1993). Approximate techniques are presented
by Baker (1975). Zhu (1997) obtained both, theoretical numerical predictions
and experimental results for transient deformation modes of square plates
subjected to explosive loadings. Numerical predictions showed a good agree-
ment with experimental results.

The phenomenon of saturated impulse in elastic- plastic square plates is
studied by Zhu and Yu (1997) in the case of a fully clamped plate.

Approximate procedures for investigation of rigid- plastic rectangular plates
subjected to dynamic loadings are developed by Jones et al. (1970, 1971), Yu
and Chen (1992). Theoretical predictions suggested by Jones (1970, 1971) and
Symonds (1980, 1982) give surprisingly good agreement with corresponding
experimental results. Lellep and Mürk (2003, 2004) used this approach for
determination of residual deflections of stepped annular and square plates
subjected to impulsive loadings. Lellep and Mürk (2003) investigated the
dynamic plastic response of annular plates to the initial impact loading. The
authors considered stepped plates with following support conditions: (i) plates
clamped at the outer edge and free at the inner edge, (ii) annular plates clamped
at the inner edge with free outer edge. Making use of numerical experiments
lower bounded to the thickness was established in the case of single step.

Lellep and Mürk (2004) developed an approximate theoretical method for
prediction of the problem of the behaviour of inelastic square plates under
dynamic loading. The plates of piece wise constant thickness are studied
whereas the material of plates obeys Johansen’s yield condition. Numerical
results are presented for plates with single step.

Inelastic behaviour and optimal design of beams, plates and shells was
investigated by Lepik (1982) in the case of dynamic loading. Various
approaches to the optimization of thin-walled structures are discussed in review
by Kruzelecki and Žyczkowski (1985), Lellep and Lepik (1985), Žyczkowski
(1992). In the work by Lepik (1982) also by Lellep and Hein (2002) methods on
non-linear programming have been used for optimal design of structures of
piece wise constant thickness in the case of initial impulsive loading.

An alternative approach which is based on variational methods of the theory
of optimal control was suggested for optimization of shells under quasistatic
loading by Lellep and Puman (2001), Lellep and Tungel (2005).

Optimal design of rigid-plastic structural elements subjected to dynamic
loadings was initiated by Lepik and Mroz (1977). The authors considered rigid
plastic circular plates of piece wise constant thickness and converted the
problem into a constrained minimization problem. Lepik (1982) has solved a
large variety of problems of optimal design of rigid plastic structures subjected
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to dynamic loading. Lellep and Hein (2002) studied clamped shallow shells of
piece wise constant thickness subjected to impulsive loading. The shell under
consideration has a central hole and its material obeys the “limited interaction
yield surface”. The designs of shallow shells are established under the condition
that the maximal residual deflection attains its minimal value for given material
consumption. Lellep and Puman (1999, 2000) developed optimal designs for
stepped conical shells. Lellep and Puman (1999) established optimal designs of
inelastic conical shells with step-wise varying cross-section. It is assumed that
the material of the shell obeys a “limited interaction yield surface” and
associated flow law. The problem of minimum weight under given load carring
capacity is transformed into a problem of non-linear programming and it is
solved by the use of Lagrange multipliers.

Similar problem is solved by Lellep and Puman (2000) in the case of a
conical shell loaded by the rigid boss. The material of the shells obeys the
generalized diamond yield condition suggested by Ich and Jones (1973).

An alternative approach was suggested by Lellep and Hannus (1995), Lellep
and Puman (2001), Lellep and Tungel (2005) on the basis of the theory of
optimal control. In earlier works by Lellep and Mürk (1997, 1999, 2002, 2003)
dynamic plastic response of stepped annular plates of sandwich cross-section
was studied.

Methods of the optimal control theory are given in books by Bryson, 1975;
Hocking, 2001; Hull, 2003. Variational methods of the theory of optimal
control are used in order to get necessary conditions of optimality for annular
plates subjected to impulsive loading by Lellep and Mürk (in press). Numerical
results are presented for plates with single step in the thickness.

The aim of the work is to develop approximate theoretical methods for
predictions of residual deflections of square plates and annular plates, also the
use of these predictions in optimization of inelastic plates.

Current thesis consists of five original research papers of the author co-
authored with the supervisor and of the introduction to contributing papers.
Three of these (Chapters 1–3) regard to annular plates, the rest of papers to
square plates (Chapters 5 and 6).
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1. INTRODUCTION TO CONTRIBUTING PAPERS

1.1. Formulation of the problem

In papers [1]–[8] the dynamic response and optimization of stepped plates is
considered. The plates are made of a homogeneous or composite material which
can be regarded as a rigid- plastic material.

1.1.1. Annular plates clamped at the outer edge

Axisymmetric plates subjected to the initial impulsive loading are studied.
Plates clamped at the outer edge of radius R with the free inner edge of radius a
will be considered (Fig.1).

Fig. 1. Annular plate

It is assumed that the thickness is piece wise constant, e.g. jhh =  for

( )1, +∈ jj aar , where nj ,...,0= . Here aa =0  and Ran =+1 . The quantities

jh  ( nj ,...,0= ) and ja  ( nj ,...,1= ) are treated as preliminarily unknown
constant parameters to be defined so that a cost criterion attains its minimal
value. It is assumed that at the re-entrant corners of steps (Fig. 2) symmetrical
cracks of length jc  ( nj ,...,1= ) are located.

a

R
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nc

2c
1c

1−nc

1h
0  R r1−na na2a1aa 0h

1−nh nh

Fig. 2. Stepped annular plate

The cracks are assumed to be stable cracks, we neglect the crack propagation
during the process of deformation. Generally speaking, the crack located at

jar =  is not of constant length for each [ ]πθ 2,0∈ , where θ  stands for the

polar angle. We call the length jc  of the crack the maximal length of this

circular crack over [ ]πθ 2,0∈ .
In the paper [1] we are looking for the design of the plate so that the

maximal residual deflection of the plate attains the minimum value. Evidently,
if the initial velocity distribution does not differ substantially from the uniform
distribution then the maximum of deflections is attained at the outer edge of the
plate. The cost criterion to be minimized can be written as

( )ftaWJ ,0=

where ft  is the time instant when the motion of the plate is completed. It
appears that the maximal residual deflection depends on the design parameters

nhh ,...,0  and naa ,...,1  and on the acceleration of the free edge 2
0

2

t
W
∂

∂
, as

well, e.g.

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

∂

∂
Φ= ∗ nn hhaa

t
W

J ,...,,,...,, 012
0

2
,
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where ( )taWW ,00 =  and ∗Φ  is a given function which will be defined later.
The cost criterion will be minimized for given weight or volume of the plate,
e.g.

( )∑
=

+ −=
n

j
jjj aahV

0

22
1π ,

where V is a given constant.
In the paper [5] an approximate method for determination of residual deflec-

tions of stepped plates is developed. This method is used in [1] for calculating
of optimal designs of stepped plates clamped at the edge.

1.1.2. Annular plates clamped at the inner edge

Consider an axisymmetric plate clamped at the inner edge of radius a . The
outer edge of radius R  is absolutely free. Assume that jhh =  for

( )1, +∈ jj aar  where nj ,...,0= . Here jh  ( nj ,...,0= ) and ja  ( nj ,...,1= )
are the design parameters. The cost criterion is

( )ftRWJ ,= ,

where ft  is the response time of the plate. The weight or material volume of
the plate is

( )∑
=

+ −=
n

j
jjj aahV

0

22
1π .

We are looking for the design of the plate of given weight so that the maximal
residual deflection attains the minimal value.

Making use of method of mode form motions the cost criterion can be put
into the form

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

∂

∂
Φ= ∗ nn hhaa

t
W

J ,...,,,...,, 012
0

2
,

where ( )tRWW ,0 =  and ∗Φ  is a given function.
In the paper [2] the design of the plate is established which minimizes

maximal residual deflection for given weight.



14

1.1.3. Square plates

Let a square plate with a side length 2L (Fig. 3.) be subjected to the initial
impact loading. We assume that the initial kinetic energy 0K  is given whereas
the initial transverse velocity field may be unknown.

Stepped plates will be considered, e.g. jhh =  for ( ) jDyx ∈, ; nj ,...,0= .
The attention will be focused on the concentric case when the inner and outer
boundaries of regions jD  are squares. Let the boundaries of regions of constant

thickness intersect x- and y- axis at points L20α , L21α ,…, Ln 21+α
(Fig. 3). Here

1, 10 == +nL
a αα ,

provided 2a is the length of the internal edge of the plate. Note that in the case
of a full plate without cut out 00 == aα .

Fig. 3. Square plate

α1 2 L
α2 2 L

 x2 L

 y

0 αn 2 L
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1.1.4. Optimization of square plates

Let the stepped square plate (Fig. 3) be subjected to the initial impact loading.
The initial kinetic energy 0K  is assumed to be given whereas the initial
transverse velocity field may be unknown.

We are considering plates with piece wise thickness, e.g.
jhh =

for ( ) jDyx ∈, ; nj ,...,0= . We restrict our attention to the concentric case

when the inner and outer boundaries of regions jD  are squares.
It is assumed that the plates under consideration have cracks at re-entrant

corners of steps. Let jc  be the length (deepness) of the straight crack located at

the inner boundary of the region jD . Cracks are treated as stable part trough
surface cracks. The propagation of cracks is neglected.

The material volume of the plate is

( )∑
=

+ −=
n

j
jjjhLV

0

22
1

24 αα

We are looking for the design of the plate for which the maximal residual deflec-
tion 1W  attains its minimal value for fixed weight or material volume of the plate.

1.2. Basic equations and assumptions

1.2.1. Annular plates

In the case of axisymmetric plates the equilibrium equations and deformation
rates of a plate element can be presented as (Jones, 1989)

( )

( ) 2

2

21

t
WrhrQ

r

rQMrM
rr

j
∂

∂
=

∂
∂

=⎟
⎠
⎞

⎜
⎝
⎛ −
∂
∂

∂
∂

µ

for ( )1, +∈ jj aar ; nj ,...,0=  and

tr
W

rttr
W

t ∂∂
∂

−=
∂
∂

∂∂

∂
−=

∂
∂ 2

2
2

3
1 1, κκ

.

Here 1M , 2M  stand for principal moments and 21,κκ  — principal curvatures.
The material of the plate is assumed to be an ideal rigid plastic material.

Plastic yielding of the material is controlled by the yield condition suggested by
Lance and Robinson (1972). These yield locusci correspond to unidirectionally
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reinforced ductile composites with ductile fibers and ductile matrix. In the
foregoing analysis we assume that the stress profile corresponds to horizontal
sides EA’ of rectangles A’BC’E. The rectangles are considered as
circumscribed approximations to hexagons presented by Lance and Robinson
(Fig. 4, 5). Fig. 4 corresponds to a composite reinforced in the circumferential
direction whereas Fig. 5 is associated with a radially reinforced plate.

Fig. 4. Yield condition for circumferentially reinforced solid plates

Fig. 5. Yield condition for radially reinforced solid plates

F

A

A′

∗MM /1

∗MM /2

C

2
1βγ

2
0βγ

2
0γ

2
1γ

C ′

E

B

0
D

A

C

F

B

0

E

2
1βγD

2
1γ

2
0γ

2
0βγ

C ′

A′

∗MM /2

∗MM /1
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According to the associated flow law 01 =
∂
∂

t
κ

. Thus,

aR
ar

t
W

t
W

−
−

∂
∂

=
∂
∂ 0 .

When deriving the last equation the kinematical boundary condition

( ) 0, =
∂
∂ ta

t
W

is taken account.
It is reasonable to assume that the stress state of the plate corresponds to the

flow regime EA’ one has

jMM β−=2

in the case of circumferential orientation of fibers and

jMM −=2

for ( )1, +∈ jj aaρ ; nj ,...,0=   in the case of  radially reinforced plate. Here

4/2
0 jj hM σ= in the case of solid plates and jj HhM 0σ=  in the case of

sandwich plates whereas 0σ  is the yield stress of the matrix material.
The initial kinetic energy 0K  is defined as

( )∑ ∫
=

=∂
∂

=
n

j D
tj

j

rdr
t

WhK
0

0
2

0 µπ ,

where µ  is the density of the material.

1.2.2. Square plates

The material of plates is an isotropic homogeneous material which can be
treated as an ideal plastic material obeying Johansen’s yield condition (Fig. 6).
Here 21,MM  stand for the principal moments which are coupled with
moments yx MM ,  by relations (see Jones, 1989)

( )

( ) .4
2
1

,4
2
1

22
2

22
1

⎥⎦
⎤

⎢⎣
⎡ +−−+=

⎥⎦
⎤

⎢⎣
⎡ +−++=

xyyxyx

xyyxyx

MMMMMM

MMMMMM
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The moments xyyx MMM ,,  with shear forces yx QQ ,  have to satisfy
equilibrium equations

0

0

2

2

=−
∂

∂
+

∂

∂

=−
∂

∂
+

∂
∂

∂

∂
=+

∂

∂
+

∂
∂

y
xyy

x
xyx

yx

Q
x

M
y

M

Q
y

M
x

M
t
Whp

y
Q

x
Q

µ

Here µ  stands for the material density, p  is the intensity of transverse loading
and W  is the transverse deflection. Since we consider the motion of the plate
due to inertia we can take 0=p . Eliminating shear forces yx QQ ,  from the
last system one obtains a single equation as

2

2

2

22

2

2
2

t
Wh

y

M
yx

M

x
M yxyx

∂

∂
=

∂

∂
+

∂∂

∂
+

∂

∂
µ

It is well known that the curvatures have the form (see Ventsel and Kraut-
hammer, 2001)

yx
W

y
W

x
W

xyyx ∂∂
∂

−=
∂

∂
−=

∂

∂
−=

2

2

2

2

2
,, κκκ

The method of mode form motions will be used. Perhaps the simplest
kinematically admissible transverse velocity distribution is

( )( )ztW
t

W
−=

∂
∂ 10

&

where Lyxz 2/)( += .
Here ( )tW0

&  stands for is the transverse velocity of the central point of the plate.
Boundary conditions at the edge can be obtained from the relation for the

moment with respect to an inclined edge (see Ventsel and Krauthammer, 2001)
( ) βββ 2sincossin 22

xyyxn MMMM ++=
where β  stands for the angle of inclination with respect to the x-axis. In the
case of a square plate 4πβ = . Therefore the last relation takes the form

( ) ( ) xyyxn MMMM ++= 2

2
1

.
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Similarly, for the shear force one has

( ) ( )yxn QQQ +=
2

1
.

We are looking for the solution of the equation of motion as
( )
( )

( ),
,

,
2

2

zxyFM

zFyMM

zFxMM

jxy

jjy

jjx

=

+=

+=

for ( ) jDyx ∈,  ( nj ,...,0= ). Here jF  ( nj ,...,0= ) stand for unknown
functions.

Fig. 6. Johansen’s yield condition

In the paper [4] a method of determination of residual deflections of stepped
plates was developed. It was used in [3] for determination of optimal designs of
stepped plates.
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2. INELASTIC STEPPED PLATES
UNDER IMPULSIVE LOADING

J. Lellep and A. Mürk
Institute of Applied Mathematics, Tartu University

Tartu, Estonia

ABSTRACT

Axisymmetric plates made of a fiber reinforced composite are studied. The
plates are subjected to the initial impulsive loading which imparts to the plates a
fixed amount of the kinetic energy. Making use of the method of mode form
motions simple theoretical predictions of maximal residual deflections are
developed. Limits of the applicability of current approach are established.

2.1. INTRODUCTION

Dynamic plastic response of circular plates was investigated by Hopkins and
Prager (1954) making use of the concept of a rigid-plastic body and Tresca
yield hexagon. This concept was used by many researchers in studying of the
plastic behaviour of various beams, plates and shells. Reviews of these works
can be found in the books and review papers by Jones (1980, 1989), also by
Stronge and Yu (1993) and Martin (1975), Kaliszky (1989).

However, in many cases even this approach appeared to be too complicated.
A simplification which retains reasonable exactness was suggested by Martin
and Symonds (1966). The so-called method of mode form motions was later
used in the optimization of beams, plates and shells subjected to dynamic
loadings by Lepik and Mroz (1977), also in the further works by Lellep and
Mürk (1999, 2002).

Starting from the maximum shear stress theory of plastic failure Lance and
Robinson (1972) derived simple yield surfaces for composite materials com-
posed of stiff fibers arranged in a uniform array in a ductile matrix. In the
present paper these yield surfaces are used in order to get simple approxi-
mations for deflections of plates of variable thickness made of composite
materials.
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2.2. FORMULATION OF THE PROBLEM AND
ASSUMPTIONS

Consider an axisymmetric plate of variable thickness with the outer edge of
radius R and inner edge of radius a. Assume that the plate is subjected to the
initial impulsive loading so that at the initial moment of time the plate has the
kinetic energy K0. The subsequent motion is due to inertia until the energy K0 is
absorbed in plastic work.

The thickness of the plate is approximated with a piece wise constant
distribution, e.g.

jhh = (1)

for ( )1, +∈ jj aar , where nj ,...,0= . It is reasonable to define aa =0  and

Ran =+1 .
We consider both, homogeneous plates and ideal sandwich - type plates. In the
latter case the thickness of carrying layers is piece wise constant whereas the
thickness of the core material is assumed to be constant.

Material of the plates is a fiber reinforced composite which obeys the yield
condition suggested by Lance and Robinson (1975). It is well known that the
material behaviour strongly depends on the orientation of fibers in the solid
under consideration.

That is why it is not possible to draw a single yield surface for different
values of  the angle of orientation of fibers. In the present paper we consider
only the plates with radial and circumferential orientation of fibers in the matrix
material. Corresponding yield conditions are presented in Fig. 2.1 and 2.2.

The aim of the paper is to evaluate the dynamic plastic response of plates
making use of the method of mode form motions. This approach was developed
by Martin and Symonds (1966, 1975). Later it was established by several
authors (see Jones, 1989) that the results obtained by the method of form
motions compare favourably with other theoretical predictions and with
experimental data.

The plates clamped at inner edge (with free outer edge) and plates clamped
at outer edge (inner edge is free) are considered from the unique point of view.
The transverse velocity field is assumed to be given as

aR
rR

dt
dW

t
W

−
−

=
∂
∂ 0 (2)

for the plate clamped at the outer edge and

aR
ar

dt
dW

t
W

−
−

=
∂
∂ 0 (3)
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for the plate with clamped inner edge. Here ( )tW0  stands for the deflection of
the free edge.

Fig. 2.1. Yield locus-circumferential reinforcement

Fig. 2.2. Yield locus-radial reinforcement
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2.3. GOVERNING EQUATIONS

Equilibrium equations of a plate element can be put into the form (Hopkins and
Prager, 1954; Jones, 1989 )

( )
2

2

21
t
WhrprMrM

rr ∂

∂
+−=⎥

⎦

⎤
−⎢⎣

⎡
∂
∂

∂
∂ µ (4)

where 21, MM  stand for the principal moments in the radial and circum-
ferential direction, respectively. Here µ  is the density of the material and h  is
defined by (1). Note that in the case of impulsive loading 0=p  .

The curvatures in the principal directions are

r
W

rr
W

∂
∂

−=
∂

∂
−=

1, 22

2

1 κκ . (5)

According to the associated flow law the vector of curvature rates is to be
directed along the outward normal to the yield surface. It can be easily shown
that the associated flow law is fulfilled in the case of a linear mode form
solution. Indeed, differentiating (2) and (3) twice with respect to  r   one can see
that

01 =
∂
∂

t
κ

(6)

in both cases.
However,

dt
dW

aRrt
02 11

−
=

∂
∂κ

(7)

and

dt
dW

aRrt
02 11

−
−=

∂
∂κ

(8)

for plates clamped at the outer or inner edge, respectively. Thus, the associated
flow law is satisfied, if the flow regimes BC or EF are used in the cases of
plates clamped at the outer or inner edge, respectively.
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The initial kinetic energy can be calculated as

( ) rdr
t
rWhK

n

j

a

a
j

j

j

2

0
0

1 0,∑ ∫
=

+

⎥⎦
⎤

⎢⎣
⎡

∂
∂

= µπ . (9)

It appears to be reasonable to introduce following non-dimensional variables

.,,,

,,,,

0
22

0
0

2,1
2,1

∗∗∗

∗

∗∗

∗

====

====

hM
K

Kt
Rh

M
h
W

w
M

M
m

R
a

h
h

R
a

R
r j

j
j

j

πµ
τ

αγαρ

(10)

Here ∗h  stands for a reference thickness of a plate of constant thickness and

∗M  is the limit moment of the plate of thickness ∗h .

Thus, in the case of a solid plate 42
0 ∗∗ = hM σ  and in the case of a sandwich

plate HhM ∗∗ = 0σ  where H  is the thickness of the core material and 0σ
stands for the yield stress of the material.

Making use of (10) the equilibrium equation can be presented as

( )( ) 021 =−
′

−′ wmm j &&ργρ (11)
for ( )1, +∈ jj ααρ , where prims and dots denote the differentiation with respect
to ρ  and τ , respectively.
The initial kinetic energy (9) can be put into the form

( ) ρρργ dwK
n

j

a

a
j

j

j

0,2

0

1

&∑ ∫
=

+

= (12)

whereas the modal velocities (2) and (3) take the form

α
ρ

−
−

=
1
1

0ww && (13)

and

α
αρ

−
−

=
10ww && (14)

respectively.
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2.4. RESIDUAL DEFLECTIONS

It is known that the method of mode form motions leads to motions with
constant accelerations (see Lepik and Mroz, 1977; Martin and Symonds, 1966).
Thus, constw =0&& . Integrating this equation twice with respect to time yields

000 vww += τ&&& (15)
and

ττ 0
2

00 2
1 vww += && (16)

where the initial conditions ( ) 00 0 vw =&  and ( ) 000 =w  are taken into account.
The motion ceases at the moment 1ττ =  when the velocity vanishes, e.g.

0

0
1 w

v
&&

−=τ (17)

Making use of (16), (17) one obtains the maximal residual deflection
( )101 τww =   as

0

2
0

1 2w
v

w
&&

−= (18)

Note that in (15)–(18) the quantity 0v  is an unknown constant. It can be
determined from the requirement that the initial kinetic energy is fixed. Making
use of (12)–(14) one can easily to recheck that

( )

( ) ( )[ ( )]44
1

0

33
1

22
1

2
02

0

386

112

jj

n

j
jjjjj

K
v

ααααααγ

α

−+−−−

−
=

+
=

++∑
(19)

in the case of the plate clamped at the outer edge and
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( )

( ) ( )[ ( )]44
1

0

33
1

22
1

2

2
02

0

386

112

jj

n

j
jjjjj

K
v

ααααααααγ

α

−+−−−

−
=

+
=

++∑
(20)

in the case of the clamped inner edge.
In a particular case 1=n  relations (18) – (20) lead to results

( )
( )( )[ ( ) ] 01

234
0

2
1

3
1

4
110

2

1
683683

16
w

Kw
&&γαααγαααγγ

α
++−−+−−

−−
= (21)

and

( )
( )( )[ ( ) ] 0

4
0

2
1

22
1

3
1

4
110

2

1
683683

16
w

Kw
&&αγααγαααααγγ

α
−+−++−−

−−
=  (22)

which hold good for plates clamped at the outer or inner edge, respectively.

2.5. ANNULAR PLATE CLAMPED
AT THE INNER EDGE

Let us consider a sandwich plate with clamped inner and absolutely free outer
edge. Consider first the case of circumferential arrangement of fibers in the
matrix material.

As it was mentioned above we assume that the flow regime EF (Fig. 2.1)
takes place, e.g.

km jγ−=2 (23)
for ( )1, +∈ jj ααρ ; nj ,..,0= .
Substituting (23) with (14) in (11) after integration one obtains

( ) jjj B
w

km +⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
−

−
=+′

231

23
0

1
ραρ

α
γγρ

&&
(24)

and

jj
j

j CB
w

km ++⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
−

−
=+ ρραρ

α
γ

ργρ
6121

34
0

1
&&

 (25)

for ( )1, +∈ jj ααρ ; nj ,..,0= .
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Constants of integration jB , jC  are to be determined so that the bending
moment  1m  and the shear force

( )[ ]21
1 mmq −′= ρ
ρ

(26)

are continuous at each boundary point jα  for nj ,..,0= . Moreover, the
boundary conditions

( ) ( ) ( ) 0,1,0,1,, 0 ==−= ττγτα qmm (27)

are to be satisfied, as well.
In the case of a single step in the thickness constants of integration in (24),

(25) can be determined as

( )

⎟
⎠
⎞

⎜
⎝
⎛ +−

−
+=

−++

+⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
+−

−
−⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
+−+−

−
=

⎟
⎠
⎞

⎜
⎝
⎛ −

−
=

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
−

−
−⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
−+−

−
=

4
1
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0
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γ
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α
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α

γ

α
α

γ
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α
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α

γ

w
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kk

ww
C

w
B

ww
B

&&

&&&&

&&

&&&&

(28)

The acceleration takes according to (24)–(28) the form

( ) ( ) ( )[ ]
( )( ) ( ) 4

0
2

1
3
1

2
1

24
110

11100
0

386863
1112

αγααγαααααγγ

αγααγαγα

−+−+−+−

−+−+−−
=

kk
w&& . (29)

Making use of (29) one can present the maximal residual deflection as

( )
( ) ( )[ ]11100

1 12
1

αγααγαγ
α

−+−+
−

=
kk

Kw . (30)
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Consider now the case of radial orientation of fibers in the matrix. The yield
surface corresponding to the radial reinforcement is presented in Fig. 2.2. If the
flow regime EF takes place then

jm γ−=2 (31)
for ( )1, +∈ jj ααρ .

The integration of the equilibrium equation (11) is similar to that in the
previous case. However, one has to take into account that now the maximal
admissible bending moment in the radial direction is 0γk . Thus the first
boundary condition in (27) is to be replaced by the requirement

( ) 0, γτα km −= . (32)

For the plate with one step in the thickness one obtains the acceleration as

( ) ( ) ( )[ ]
( )( ) ( ) 4

0
2

1
3
1

2
1

24
110

11100
0

386863
1112

αγααγαααααγγ

αγααγαγα

−+−+−+−

−−−+−−
=

kK
w&& . (33)

The maximal residual deflection takes the form

( )
( ) ( )[ ]11100

1 12
1

αγααγαγ
α

−+−+
−

=
k

Kw . (34)

2.6. ANNULAR PLATE CLAMPED
AT THE OUTER EDGE

Consider a sandwich plate with clamped outer edge and free inner edge. In the
case of the circumferential reinforcement according to the flow regime BC (Fig.
2.1) one has

jkm γ=2 (35)

for ( )1, +∈ jj ααρ ; nj ,..,0= .
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Substituting (35) in the equilibrium equation (11) one can easily find the
integrals of (11). For the plate with one step of the thickness one obtains

( ) ( ) ( )[ ]
( )( ) ( ) 1

234
0

2
1

3
1

4
110

11110
0

683683
1112

γαααγαααγγ

γαγααγα

++−−+−−

+−+−−−
=

kkK
w&& . (36)

Substituting (36) in (21) leads to the maximal residual deflection of the plate
with circumferential orientation of fibers

( )
( ) ( )[ ]11110

1 12
1

γαγααγ
α

+−+−
−

=
kk

Kw . (37)

Similarly, in the case of radial reinforcement one has according to Fig. 2.2

jm γ=2 (38)

in each part of the plate. Now according to (38), (11), (13) one has

( ) ( ) ( )[ ]
( )( ) ( ) 1

234
0

2
1

3
1

4
110

11110
0

683683
1112

γαααγαααγγ

γαγααγα

++−−+−−

+−+−−−
=

kK
w&& . (39)

When deriving (39) the boundary conditions

( ) ( ) ( ) 0,,,1,0, 1 =−== ταγττα qkmm

have been taken into account. In the present case the maximal residual
deflection has the form

( )
( ) ( )[ ]11110

1 12
1

γαγααγ
α

k
Kw

+−+−
−

= . (40)
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2.7. DISCUSSION

Results of calculations are presented in Fig. 2.3–2.8 and Tables 2.1–2.2. In Fig.
2.3–2.8 distributions of the bending moment 1m  are presented for different
thicknesses and different locations of the step. Fig. 2.3, 2.4, 2.7 correspond to
plates clamped at the inner edge and free at the outer edge whereas Fig. 2.5, 2.6,
2.8 are associated with plates clamped at the outer edge. Different curves in Fig.
2.3–2.8 are obtained for the thickness 1γ  or 0γ  equal to 0.1, 0.2,…,0.9,
respectively. In Fig. 2.3 and 2.4 1.0=α  whereas 3.01 =α  and 5.01 =α ,
respectively.

The bending moment 1m  is shown for plates clamped at the outer edge in
Fig. 2.5, 2.6. Here 1.0=α  whereas in 2.01 =α  and 3.01 =α , respectively.

It can be seen from Fig. 2.3–2.6 that the bending moment distributions are
admissible, e.g. jm γ≤1  for jD∈ρ .

At the boundary between these regions the slope of the curve has a finite
jump.

In Fig. 2.7, 2.8 the maximal residual deflections are presented for plates
clamped at the inner and outer edge, respectively. The matter that the curves
intersect at the unique point is not surprising. Vice versa, it is natural because
when the point where the jump takes place moves towards the clamped edge the
solution for a stepped plate tends to that corresponding to the plate of constant
thickness.

It was checked numerically if the solutions obtained above met statical
conditions of admissibility. Calculations carried out showed that in the case of
the plate clamped at the inner edge the solution (23)–(28) was statically
admissible for ∗≥ γγ . The values of the parameter ∗γ  are accommodated in
Table 2.1. It can be seen from Table 2.1 that the limits of applicability of the
mode form solution are more severe in the cases if the step is located near to the
internal edge of the plate. Note that the upper part of Table 2.1 is empty because
of the natural constraint αα >1 .

Similar bounds for 0γ  in the case of the plate clamped at the outer edge are
presented in Table 2.2.
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Fig. 2.3. Bending moment for the plate clamped at the inner edge (α=0.1, α1=0.3)
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Fig. 2.4. Bending moment for the plate clamped at the inner edge (α =0.1, α1=0.5)
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Fig. 2.5. Bending moment for the plate clamped at the outer edge (α =0.1, α1=0.2)

-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

1

0.1 0.18 0.26 0.34 0.42 0.5 0.58 0.66 0.74 0.82 0.9 0.98

r/R

m1
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Table 2.1. Lower bounds for the thickness in the outward region

α

1α
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

0.2 0.5578 – – – – – – – –
0.3 0.4517 0.6032 – – – – – – –
0.4 0.3654 0.4596 0.6222 – – – – – –
0.5 0.2650 0.3410 0.4477 0.6218 – – – – –
0.6 0 0.2014 0.2914 0.4126 0.6019 – – – –
0.7 0 0 0 0 0.3426 0 – – –
0.8 0 0 0 0 0 0 0 – –
0.9 0 0 0 0 0 0 0 0 –

Table 2.2. Lower bounds for the thickness in the internal region

α

1α
0.1 0.3 0.5 0.7

0.5 0 0 0 0
0.6 0.2330 0 0 0
0.65 0.3533 0.2210 0 0
0.7 0.4553 0.3665 0 0
0.75 0.5464 0.4865 0.2547 0
0.8 0.6313 0.5914 0.4373 0
0.85 0.7143 0.6888 0.5860 0.2509
0.9 0.7998 0.7852 0.7204 0.5322

2.8. CONCLUDING REMARKS

A method for evaluation of stresses and displacements for plates of variable
thickness has been developed. The thickness of the plate has been approximated
with a piece wise constant distribution. The method of mode form motions
based on the energy balance was used.

The applicability of the simplest method of mode form motions in the case
of stepped plates was investigated numerically. It was established that the lower
bound for the thickness is essential in the cases, if the step in the thickness is
relatively large and it is located relatively near to the clamped edge.
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3. OPTIMIZATION OF INELASTIC ANNULAR
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Abstract

Stepped plates made of a fiber reinforced composite material are studied. The
plates are subjected to the initial impulsive loading which imparts the plates
given kinetic energy. Optimal designs corresponding to the minimum of the
maximal residual deflections are established making use of the variational
methods of the theory of optimal control. Maximal deflections are evaluated
with the method of mode form motions.

Keywords: Annular plate. Impulsive loading. Inelastic material. Optimization.
Crack.

3.1. Introduction

Axisymmetric plates are structural elements which have a lot of practical
applications. The quasistatic and dynamic behaviour of annular and circular
plates was studied under various assumptions by many authors. An exhaustive
review of investigations of this kind can be found in the book by Jones (1989).
Earlier works on dynamic plasticity are cited by Nurick and Martin (1989), also
by Kalizky (1985, 1989).

Optimal design of rigid-plastic structural elements subjected to dynamic
loadings was initiated by Lepik and Mroz (1977) who converted the problem
into a constrained minimization problem. Lepik (1982) has solved a large
variety of problems of optimal design of rigid plastic structures subjected to
dynamic loading. Lellep and Hein (2002) studied clamped shallow shells of
piece wise constant thickness subjected to impulsive loading whereas Lellep
and Puman (1999, 2000) developed optimal designs for stepped conical shells.
An alternative approach was suggested by Lellep and Hannus (1995), Lellep
and Puman (2001), Lellep and Tungel (2005) on the basis of the theory of
optimal control. In earlier works by Lellep and Mürk (2003, 2004) dynamic



38

plastic response of stepped annular plates of sandwich cross-section was
studied.

In the present paper variational methods of the control theory (see Hocking,
2001; Hull, 2003) are used in order to get necessary conditions of optimality for
annular plates subjected to impulsive loading. Numerical results will be
presented for plates with single step in the thickness.

3.2. Formulation of the problem

Let us consider an annular plate of radius R with the free inner edge of radius a.
Let the outer edge of the plate be clamped. We shall consider plates of piece
wise constant thickness whereas (Fig. 3.1)

jhh =

for ( )1, +∈ jj aar  where nj ,...,0= . Here aa =0  and Ran =+1 . At jar =
( nj ,...,1= )  stable symmetrical cracks of constant length jc  are located (Fig.

3.1). The quantities jh  ( nj ,...,0= ) and ja  ( nj ,...,1= ) are treated as
preliminarily unknown constant parameters to be defined so that a cost criterion
attains its minimal value.

nc

2c
1c

1−nc

1h
0  R r1−na na2a1aa 0h

1−nh nh

Figure 3.1. Annular plate with cracks
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It is assumed that the plate is subjected to an initial impulsive loading which
imparts the plate the initial kinetic energy 0K , whereas

( )∑ ∫
=

=∂
∂

=
n

j D
tj

j

rdr
t

WhK
0

0
2

0 µπ . (1)

Here ( )trWW ,=  stands for the transverse deflection, t is time, r-current radius
of the plate, µ  density of the material and ( )1, += jjj aaD .

Material of the plate is a fiber reinforced composite material with strong
ductile fibers embedded in a metal matrix. It is assumed that the behaviour of
the composite can be prescribed with the model of a rigid-plastic body. It is well
known (see Jones, 1999) that the behaviour of a composite strongly depends on
the orientation of fibers in the matrix material. In the present study we restrict
our attention to the cases of circumferential and radial arrangements of fibers
only. Corresponding yield surfaces for these materials have developed by Lance
and Robinson (1972). These yield surfaces can be presented as hexagons
ABCDEF on the plane of principal moments 1M , 2M  (Fig. 3.2, 3.3). Fig. 3.2
corresponds to the case of circumferential arrangement of fibers, Fig. 3.3 is
associated with the radial orientation of fibers. In the present study rectangular
approximations of hexagons are used.

Figure 3.2. Yield condition for a circumferentially reinforced plate

A

F A′

C

2
1βγ

2
0βγ

2
0γ

2
1γ

C ′

E

B

1m

2m

0
D
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Figure 3.3. Yield condition for a radial arrangement of fibers

We are looking for the design of the plate corresponding to the minimum of the
maximal residual deflection of the plate. Evidently, if the initial velocity
distribution does not differ substantially from the uniform distribution then the
maximum of deflections is attained at the outer edge of the plate. Thus, the cost
criterion to be minimized can be taken as

( )ftaWJ ,0=

where ft  is the time instant when the motion of the plate is completed. It will
be shown that the maximal residual deflection depends not only on the design
parameters nhh ,...,0  and naa ,...,1  but on the acceleration of the free

edge 2
0

2

t
W
∂
∂

, as well, e.g.

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

∂
∂

Φ= ∗ nn hhaa
t
W

J ,...,,,...,, 012
0

2

, (2)

where ( )taWW ,00 =  and ∗Φ  is a given function which will be defined later.
When minimizing the cost criterion (2) we assume the weight or volume of the
plate to be given, e.g.

( )∑
=

+ −=
n

j
jjj aahV

0

22
1π . (3)

At the re-entrant corners of steps the plate has cracks of constant length. Let
jc  be length of the crack located at jar = . Due to the crack the radial moment

at jar = is restricted as (provided, jj hh <−1 ; nj ,...,1= )

A

C

F

B

0

E

2
1βγD

2
1γ

1m

2m
2
0γ

2
0βγ

C ′

A′
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( ) 101
1

11 −−− =≤ jjjj MMaM ν
for circumferential orientation of fibers and

( ) 101
2

11 −−− =≤ jjjj MMaM βν

for radial arrangement of fibers where 
2

1
1

2
1 ⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
−=

−
−

j

j
j h

c
ν . In previous relations

and henceforth 
2

0
0 4

j
j

h
M

σ
=  ( nj ,...,0= ). Here 0σ stands for the yield stress

of the matrix material and 0βσ – yield stress of the composite in the fiber
direction.

3.3. Basic equations

The equilibrium equation of a plate element can be presented as (Jones, 1989)

( ) 2

2

21 t
WrhMrM

rr j ∂
∂

=⎟
⎠
⎞

⎜
⎝
⎛ −
∂
∂

∂
∂ µ (4)

for jDr ∈ , ( nj ,...,0= ). The curvature rates in principal directions are

tr
W

rttr
W

t ∂∂
∂

−=
∂
∂

∂∂
∂

−=
∂
∂ 2

2
2

3
1 1, κκ

. (5)

It is assumed that the curvature rates satisfy associated flow law. According to
the flow law the vector of curvature rates (5) is orthogonal with respect to the
yield surface and it is directed towards the outward normal to the yield surface
(Kaliszky, 1989). In the present study we use approximated yield surfaces
which are formed by sides BC’, C’E, EA’, A’B (Fig. 3.2, 3.3). It appears that in
the present case the admissible flow regimes are  the sides BC’ of rectangles
presented in Fig. 3.2, 3.3. Thus

01 =
∂
∂

t
κ

and

02 ≥
∂
∂

t
κ

.

Last equation with relations (5) yields

Ra
Rr

t
W

t
W

−
−

∂
∂

=
∂
∂

0

0 (6)
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where the boundary conditions

( ) ( )
dt

dW
ta

t
WtR

t
W 0

0 ,,0, =
∂
∂

=
∂
∂

are taken into account. It follows from (6) that the requirement 02 ≥
∂
∂

t
κ

 is

satisfied if 00 ≥
dt

dW
.

It is reasonable to introduce following non-dimensional quantities

.,,,

,,,,,

0
222

0
0

2,1
2,1

∗∗∗

∗

∗∗

∗∗

====

=====

Mh
K

Kt
Rh

M
hR

Vv
h
W

w

M
M

m
h
h

R
a

R
a

R
r j

j
j

j

πµ
τ

π

γααρ

(7)

Here ∗h  stands for the thickness of the reference plate of constant thickness and

∗M  is corresponding yield moment, e.g. 
4

2
0 ∗

∗ =
h

M
σ

.

Making use of (6), (7) one can present the velocity and acceleration distri-
butions as

α
ρ

α
ρ

−
−

=
−
−

=
1
1,

1
1

00 wwww &&&&&& , (8)

where dots denote differentiation with respect to the variable τ . Note that the
differentiation with respect to ρ  will be denoted by primes.

In variables (7) the equilibrium equation (4) takes the form

,
1
1

,

0

21
1

−
−

+−=′

++−=′

α
ργ

ρ

ρρ

wqq

qmmm

j &&

(9)

for each segment jD  ( nj ,...,0= ). Here q stands for an auxiliary variable
(non-dimensional shear force) which admits to present the second order
equation (4) in the form of a system of two equations.

The quantity 2m  in (9) is to be taken according to Fig. 3.2, 3.3 as
2

2 jm γβ= (10)
in the case of circumferential orientation of fibers. Alternatively, for radial
arrangement of fibers one has

2
2 jm γ= .
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Let us consider now the case of circumferentially reinforced plate in a
greater detail. The case of radial orientation of fibers can be solved in the
similar way.

Boundary conditions for the plate clamped at the outer edge and free at the
inner edge have the form

( ) ( ) ( ) 2
11 ,1,0,,0, nmqm γττατα −=== , (11)

The solution of (9) corresponding to the flow regime (10) and boundary
conditions (11) must be statically admissible, e.g.

( ) 2
1 , jjm γντρ ≤ (12)

for internal points of each segment jD  ( nj ,...,0= ). In the case of radial

reinforcement instead of (12) one has the restriction ( ) 2
1 , jjm γβντρ ≤  if

jD∈ρ  and jαρ ≠ , 1+≠ jαρ .

3.4. Necessary conditions of optimality

The problem posed above will be considered as a particular problem of the
theory of optimal control. The cost function for the problem is given by (2) and
state equations are presented by (9). The acceleration 0w&&  in (9) is assumed to
be a constant parameter whereas 1m  and q  are called as state variables. In
order to derive necessary conditions of optimality let us introduce an extended
functional (Bryson, 1975; Hocking, 2001)

( )

( ) ( ) ( )( )
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⎧
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⎝

⎛
−−+Φ=

−−
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−

=

=
+∗

∑

∑ ∫

∑

+

&&
(13)

In (13) λ , 1µ , 2µ , 3µ , 1jϕ , 2jϕ  stand for Lagrange multipliers whereas

( )ρψψ 11 =  and ( )ρψψ 22 =  are so-called co-state variables.
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Quantities 1jθ  and 2jθ  are slack variables which admit to transform the
inequalities (12) into equalities

( )
( ) ,0

,0
2
2

2
111

2
1

2
11

=+−

=+−

−−

−

jjjj

jjjj

m

m

θγνα

θγνα
(14)

for each of nj ,...,1= . The function Φ  in (13) is obtained from (2) when using
non-dimensional quantities (7).

Necessary optimality conditions can be presented as 0=∆ ∗J , where ∗∆J
denotes the total variation of the functional ∗J  (Hocking, 2001; Hull, 2003).
Calculating the total variation of ∗J  one obtains
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 (15)

Here ∆Φ  stands for the total variation of the function
( )nnw γγαα ,...,,,...,, 010&&Φ=Φ . Evidently,

0
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γ
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∆
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From (15) one obtains the co-state system

.

,

2
2

2
1

1

ρ
ψ

ψ

ψ
ρ
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ψ

=′

−=′

(17)
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Due to arbitrariness of the quantity 0w&&  equations (15) and (16) yield

0
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1

1
1
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ρ
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ργψ
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&&
(18)

The design parameters jγ  ( nj ,...,0= ) are arbitrary, as well. Thus, according
to (15) and (16)
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where
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Similarly it follows from (15) that
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for each nj ,...,1=  .
According to (15) the transversality conditions have the form

( ) ( )
( ) ( ) .01,

,1,
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3211
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−==

ψµαψ
µψµαψ

(22)

Substituting the total variations ( )±∆ jm α1 , ( )±∆ jq α which are connected
with weak variations as (see Hull, 2003; Lellep and Puman, 2001)
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into (15) one has
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The last equation yields jump conditions for co-state variables at jαρ =
( nj ,...,1= )
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and equations
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for each nj ,...,1= .

3.5. Determination of residual deflections

When solving the optimization problem one has to solve equations (17)–(24)
with (9)–(11), provided the function Φ  is specified. For determination of Φ
we employ the method of mode form motions (see Jones, 1989; Martin and
Symonds, 1966) with velocity distribution (8).

Integrating the system (9) for jD∈ρ  one obtains
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where jB , jC  ( nj ,...,0= ) stand for arbitrary constants to be determined
making use of appropriate boundary and continuity conditions. Starting from
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the boundary conditions (11) at αρ =  and satisfying the continuity of m  and
q at jαρ =  step by step one can define
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In (26) nj ,...,0=  provided αα =0 , 11 =+nα , 01 =−γ .

The boundary condition ( ) 2
1 ,1 nm γτ −=  gives with (25) and (26) the

acceleration
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It follows from (27) that constw =0&&  and thus,
( )0000 www &&&& += τ (28)

and

ττ )0(
2 0

2

00 www &&& += , (29)

where the initial condition ( ) 000 =w  has been taken into account.
Assume that the motion of the plate ceases at 1ττ =  when ( ) 010 =τw& . It

can be easily obtained from (28) that
( )
0

0
1

0
w

w
&&

&
−=τ . (30)

The maximal residual deflection takes according to (29), (30) the form

( ) ( )
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2
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10
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2
1

w
w

w
&&

&
−=τ . (31)

Note that the quantity ( )00w&  in (28)-(31) is unknown. On the other hand, it is
assumed that the initial kinetic energy K  is given.
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Therefore, making use of (1), (6)-(8) one can recheck that

( )
( ) ( ) ( )( )[ ]∑

=
+++ −+−−−

−
= n

i
iiiiiii

Kw

0

44
1

33
1

22
1

2
2
0

386

112

ααααααγ

α
& . (32)

Equations (27) and (31), (32) give after some algebraic manipulations
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3.6. Discussion of results

Results of calculations are presented in Tables 3.1–3.4 and Fig. 3.4–3.19 for
plates with a single step. In Tables 3.1–3.4 values of the coefficient of
efficiency

∗

=
w
w

e 1 (35)

are presented for different values of v  and different crack lengths ν . Here ∗w
stands for the residual maximal deflection of the reference plate of constant
thickness 1hh =∗ . Evidently,

21 α
γ

−
=∗

v
(36)

and
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−+
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=∗ 112
11

2

23

v
Kw (37)
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Table 3.1. Coefficient of efficiency for circumferentially reinforced plates ( Ra 2.0= )

Table 3.2. Coefficient of efficiency for circumferentially reinforced plates ( Ra 5.0= )
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Table 3.3. Coefficient of efficiency for radially reinforced plates ( Ra 2.0= )

Table 3.4. Coefficient of efficiency for radially reinforced plates ( Ra 5.0= )
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Figure 3.4. Optimal step location for Ra 2.0=

Figure 3.5. Optimal thickness for Ra 2.0=
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Figure 3.6. Maximal residual deflection for Ra 2.0=
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Figure 3.7. Bending moment 1m  distribution for circumferentially reinforced plates
with Ra 2.0=
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Figure 3.8. Optimal step location for Ra 5.0=

Figure 3.9. Optimal thickness for Ra 5.0=
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Figure 3.10. Maximal residual deflection for Ra 5.0=

Figure 3.11. Bending moment 1m  distribution for circumferentially reinforced plates
with Ra 5.0=
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Figure 3.12. Optimal step location for Ra 2.0=

Figure 3.13. Optimal thickness for Ra 2.0=

0,2

0,4

0,6

0,8

1

0,83 0,86 0,89 0,93 0,96

v

α 1
ν=0.1 ν=0.2 ν=0.3
ν=0.4 ν=0.5 ν=0.6
ν=0.7 ν=0.8 ν=0.9
ν=1

0

0,1

0,2

0,3

0,4

0,5

0,6

0,7

0,8

0,9

1

0,83 0,84 0,85 0,86 0,87 0,88 0,89 0,9 0,91 0,93 0,95 0,96 0,96

v

γ0

ν=0.1
ν=0.2
ν=0.3
ν=0.4
ν=0.5
ν=0.6
ν=0.7
ν=0.8
ν=0.9
ν=1



56

Figure 3.14. Maximal residual deflection for Ra 2.0=

Figure 3.15. Bending moment 1m  distribution for radially reinforced plates with
Ra 2.0=
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Figure 3.16. Optimal step location for Ra 5.0=

Figure 3.17. Optimal thickness for Ra 5.0=
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Figure 3.18. Maximal residual deflection for Ra 5.0=

Figure 3.19. Bending moment 1m  distribution for radially reinforced plates with
Ra 5.0=
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In calculations the material with 5.1=β  is considered. Tables 3.1 and 3.2
correspond to plates made of a circumferentially reinforced inelastic composite
material and Tables 3.3, 3.4 are associated with radial orientation of fibers in
the matrix material. Calculations carried out showed that the design parameters
depend on the material and geometric parameters. It can be seen from Tables
3.1–3.4 that the efficiency of the design diminishes with decreasing ν . This
means that the coefficient e increases when ν  increases, provided other
parameters are fixed. However, it is somewhat surprising that the coefficient
(35) is not very sensitive with respect to the crack length.

Calculations carried out showed that the optimal solution does not exist for
each value of v  and each combination of other parameters. The places not filled
up in Tables 3.1–3.4 correspond to combinations of parameters which do not
lead to real optimal solutions.

In Fig. 3.4–3.11 are presented optimal values of quantities 1α , 0γ , 1w
versus v and the distribution of the bending moment 1m  for a plate with internal
radius Ra 2.0= . Fig. 3.12–3.19 correspond to plates with Ra 5.0= . Plates
made of a circumferentially reinforced material are considered in Fig. 3.4–3.7
and Fig. 3.12–3.15 whereas Fig. 3.8–3.11 and Fig. 3.16–3.19 are associated
with radial orientation of fibers in the matrix material.

Optimal values of the coordinate 1α  are presented in Fig. 3.4, 3.8, 3.12, 3.16
as functions of the volume v for different values of the crack length at the re-
entrant corner of the step.

Calculations carried out showed that in the range of small values of α
optimal values of 1α , 0γ  increase with respect to v for given ν  (Fig. 3.4, 3.5)
whereas 1α , 0γ  decrease (Fig. 3.12, 3.13) for given crack length in the range of
moderate values of internal radius α  in the case of circumferential orientation
of fibers.

In the case of radial orientation of fibers these trends take place, as well. It
reveals from Fig. 3.16, 3.17 that for fixed ν  quantities 1α  and 0γ  decrease
monotonically if Ra 5.0= . However, the results for plates with Ra 2.0=
(Fig. 3.8, 3.9) show that the type of behaviour of curves 1α  versus v  and 0γ
versus v strongly depends on the crack length ν . For 5.0>ν  the curves reflect
the behaviour typical to plates with small holes (Fig. 3.8, 3.9). However, if

5.0<ν  ie in the case of longer cracks the plates with Ra 2.0=  belong to the
intermediate or transition zone.

Minimal values of maximal residual deflections are presented in Fig. 3.6 and
3.14 for circumferentially reinforced plates and in Fig. 3.10, 3.18 for plates with
radial orientations of fibers. Figures 3.6 and 3.10 correspond to plates with
internal radius Ra 2.0=  whereas Fig. 3.14, 3.18 are associated with
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Ra 5.0= . It can be seen from Fig. 3.6, 3.10, 3.14, 2.18 that the maximal
residual deflection is not very sensitive with respect of the crack length.

Distributions of the radial bending moment are presented for a
circumferentially reinforced plate in Fig. 3.7, 3.15 and for a radially reinforced
plate in Fig. 3.11, 3.19. Figures 3.7 and 3.11 correspond to plates with

Ra 2.0=  and Fig. 3.15, 3.19 to Ra 5.0= .
Calculations carried out showed that the efficiency of the design is higher in

the case of radially reinforced plates. For instance, in the case Ra 5.0=  and
single step of the thickness the optimized design enables to shorten maximal
residual deflections up to 21.9 % for a radially reinforced material and 16.6 %
for a circumferentially reinforced material. The maximal efficiency is obtained
for a plate without any cracks. For the case Ra 5.0=  the most efficient designs
correspond to 71.0=v . It is worth while to mention that the efficiency of both,
radially and circumferentially reinforced plates increases when the internal
radius of the plate increases with other parameters remaining unchanged.

3.7. Concluding remarks

An optimization technique based on the variational methods of the theory of
optimal control has been developed in the present paper. Annular plates
clamped at the outer edge subjected to the initial impulsive loading have been
studied. Calculations carried out showed that the maximal residual deflection
can be remarkably shortened by the way of re-distributing the material in the
plate. In the case of plates with a single step of the thickness the efficiency of
the optimal design is maximally more than 20 %. Calculations showed that the
efficiency of the design increases together with the internal radius of the plate.
It appeared that the coefficient of efficiency is more sensitive with respect to the
crack length in the case of small values of the internal radius of the plate.
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ABSTRACT

The behaviour of stepped annular plates made of a fiber reinforced composite
material is studied making use of the method of mode form motions. At the re-
entrant corners of the steps stable crack of prescribed maximal deepness are
located. The plates under consideration are subjected to an initial impact and the
subsequent motion is due to inertia. Variational methods of the theory of
optimal control are used in order to get necessary conditions of optimality for
plates with piece wise constant thickness. The designs of stepped plates are
established which minimize maximal residual deflections under given material
consumption. Numerical results are presented for the plate with single step.

Keywords: Annular plate, impulsive loading, ductile material, optimization,
crack.

4.1. Introduction

Thin walled plates and shells have a lot of practical applications in civil
engineering and machinery. Annular plates are used as internal watertight
bulkheads in submersibles in order to isolate a damaged compartment in the
case of an accident.

The dynamic plastic response of annular and circular plates to dynamic
loadings was studied by several authors. Reviews of earlier investigations in
this field can be find in the monograph books by Jones (1989) and Kaliszky
(1989). A review of failure modes and criteria of plastic beams, plates and
shells is presented by Yu and Chen (1998). Dynamic response of fully clamped
and simply supported circular plates to impact and distributed pressure loading
is investigated by Jones (1989), Liu and Stronge (1996), in the case of a Tresca
material. Wang et al. (2005), Ma et al. (1999) studied circular plates on the base
of unified strength theory. The unified yield criterion includes as particular
cases both, the Tresca and Mises yield criteria. Clamped circular plates
subjected to impulsive loading were examined by Wen, Yu, Reddy (1995).
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Shen and Jones (1993) developed an approximate analysis of dynamic
plastic deformations of fully clamped circular plates under impulsive loading.
The analysis employs an interaction yield surface and uses the Cowper –
Symonds constitutive equation which enables to prescribe the strain rate
sensitivity of the material. Li and Jones (1994), also Liu and Stronge (1996);
Jones, Kim and Li (1997) investigated shear and bending behaviour of circular
plates subjected to various types of loading. Li and Jones (1994) considered
blast loaded plates and Liu and Stronge (1996) plates subjected to a distributed
pressure loading applied in a central area of the plate. Jones, Kim and Li (1997)
presented a theoretical analysis to predict the dynamic behaviour of circular
plates struck normally by blunt solid cylindrical masses at the centre.

In the papers mentioned above circular and annular plates of constant
thickness have been investigated. Plastic response and optimization of beams,
plates and shells were investigated by Lepik (1982) in the case of dynamic
loading and variable thickness of structures. Methods of optimization of stepped
shells based on the variational approach were developed by Lellep and Puman
(2000, 2001), Lellep and Tungel (2005) for the case of quasistatic loading. In
the present paper this approach is extended to stepped annular plates with
cracks at the re-entrant corners of steps whereas plates are subjected to the
initial impulsive loading.

4.2. Formulation of the problem

Consider an axisymmetric plate clamped at the inner edge of radius a . The
outer edge of radius R  is absolutely free (Fig. 4.1). Assume that the thickness
of the plate is piece wise constant, e.g.

jhh =

for ( )1, +∈ jj aar  where nj ,...,0=  and r  stands for the current radius. It is

reasonable to introduce the notations ( )1, += jjj aaD  whereas nj ,...,0= ;

aa =0 ;  Ran =+1 . Here jh  ( nj ,...,0= ) and ja  ( nj ,...,1= ) are the
design parameters to be defined so that the cost criterion

( )ftRWJ ,= (1)
attains the minimal value for given weight or material volume of the plate

( )∑
=

+ −=
n

j
jjj aahV

0

22
1π . (2)
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Figure 4.1. Annular plate with cracks

In (1) W  stands for the transverse deflection and ft  is the response time of the
plate. Thus we are looking for the design of the plate of given weight so that the
maximal residual deflection attains the minimal value.

It is assumed that at the re-entrant corners of steps (Fig. 4.1) symmetrical
cracks of length jc  ( nj ,...,1= ) are located.

The cracks are assumed to be stable cracks; we neglect the crack propagation
during the process of deformation. Generally speaking, the crack located at

jar =  is not of constant length for each [ ]πθ 2,0∈ , where θ  stands for the

polar angle. We call the length jc  of the crack the maximal length of this

circular crack over [ ]πθ 2,0∈ .
The plate under consideration is subjected to the initial impulsive loading.

Instead of the initial transverse velocity field we shall use the initial kinetic
energy 0K  defined as

( )∑ ∫
=

=∂
∂

=
n

j D
tj

j

rdr
t

WhK
0

0
2

0 µπ , (3)

where µ  is the density of the material.
In the present paper residual deflections of the plate are evaluated with the

method of mode form motions. This approach enables to present the maximal
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residual deflection as a function of design parameters and the acceleration at the

free edge 2
0

2

t
W
∂

∂
. Thus

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

∂

∂
Φ= ∗ nn hhaa

t
W

J ,...,,,...,, 012
0

2
, (4)

where ( )tRWW ,0 =  and ∗Φ  is a given function which will be defined later.

4.3. Basic equations and assumptions

The equilibrium equation and deformation rates of a plate element can be
presented as (Jones, 1989)

( )

( ) 2

2

21

t
WrhrQ

r

rQMrM
rr

j
∂

∂
=

∂
∂

=⎟
⎠
⎞

⎜
⎝
⎛ −
∂
∂

∂
∂

µ
(5)

for ( )1, +∈ jj aar ; nj ,...,0=  and

tr
W

rttr
W

t ∂∂
∂

−=
∂
∂

∂∂

∂
−=

∂
∂ 2

2
2

3
1 1, κκ

. (6)

Here 1M , 2M  stand for principal moments and 21,κκ  — principal curvatures.
The material of the plate is assumed to be an ideal rigid plastic material.

Plastic yielding of the material is controlled by the yield condition suggested by
Lance and Robinson (1972). These yield hexagons correspond to unidirec-
tionally reinforced ductile composites with ductile fibers and ductile matrix. In
the foregoing analysis we assume that the stress profile corresponds to
horizontal sides EA’ of rectangles A’BC’E. The rectangles are considered as
circumscribed approximations to hexagons presented by Lance and Robinson
(Fig. 4.2, 4.3). Fig. 4.2 corresponds to a composite reinforced in the circum-
ferential direction whereas Fig. 4.3 is associated with a radially reinforced plate.
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Figure 4.2. Yield condition for a circumferentially reinforced plate

Figure 4.3. Yield condition for a radial arrangement of fibers

According to the associated flow law 01 =
∂
∂

t
κ

. Thus, taking (6) into account

one has

aR
ar

t
W

t
W

−
−

∂
∂

=
∂
∂ 0 . (7)

When deriving (7) the kinematical boundary condition

( ) 0, =
∂
∂ ta

t
W
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is satisfied, as well. It is expected that 00 ≥
∂
∂

t
W

in (7). Taking now (7) and (6)

into account one can recheck that the inequality 02 ≤
∂
∂

t
κ

 is satisfied as it is

expected by the associated flow law.
Let us introduce following non-dimensional quantities

.,,,

,,,,,

0
222

0
0

2,1
2,1

∗∗∗

∗

∗∗

∗∗

====

=====

Mh
K

Kt
Rh

M
hR

Vv
h
W

w

M
M

m
h
h

R
a

R
a

R
r j

j
j

j

πµ
τ

π

γααρ

(8)

In (8) and henceforth ∗h  denotes the thickness of the reference plate of constant

thickness and ∗M  is corresponding yield moment, e.g. 
4

2
0 ∗

∗ =
h

M
σ

, 0σ

being the yield stress of the matrix material. The yield stress in the fiber
direction will be denoted by 0βσ .

Assuming that the stress state of the plate corresponds to the flow regime
EA’ (Fig. 4.2, 4.3) one has

2
2 jm γβ−= (9)

in the case of circumferential orientation of fibers and
2

2 jm γ−= (10)

for ( )1, +∈ jj aaρ ; nj ,...,0=   in the case of  radially reinforced plate.
It is reasonable to assume that starting from the clamped edge and moving

towards the free edge thicknesses in corresponding segments decrease, e.g.
jj hh >−1  for each nj ,...,1= . At the corners of steps due to stress

concentration circular cracks are located. We assume that at jαρ =  the cracks

of maximal length jc  are located on both, upper and lower sides of the plate.
The maximal moment which can be carried by the damaged plate at this point is
evaluated as

( ) 2
1 , jjm γντρ ≤ (11)

for a plate with circumferential orientation of fibers, where nj ,...,1=  and
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2
2

1 ⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
−=

j

j
j h

c
ν , (12)

if 1−≤ jj γγ  for each nj ,...,1= .

In the case when fibers are oriented radially in the plate instead of (11) one has
( ) 2

1 , jjm γβντρ ≤
where β  is the ratio of yield stresses in radial and circumferential direction,
respectively.

Making use of (8) the transverse velocities (7) and accelerations can be
presented as

α
αρ

α
αρ

−
−

=
−
−

=
1

,
1 00 wwww &&&&&& (14)

Equations of motion (5) can be presented in non-dimensional variables (8) as

,

,
1

21
1

0

q
mm

m

wqq j
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−
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+−=′

ρρ

α
αργ

ρ
&&

(15)

for [ ]1, +∈ jj aaρ ; nj ,...,0= . The solution of (15) has to satisfy following
boundary conditions at the free edge

( ) ( ) 0,1,0,1 1 == ττ mq . (16)

From kinematical considerations it is evident that there is a plastic hinge circle
at the clamped edge. Thus the radial moment attains minimal admissible value
at αρ =  and in the case of circumferentially and radially reinforced plate

( )
( ) ,,

,,
2
01

2
01

γτα

βγτα

−=

−=

m

m
(17)

respectively.
It appears to be reasonable to introduce an attribute k   as follows. We

assume that β=k  in the case of circumferential orientation of fibers and 1=k
in the case of radially embedded fibers in the matrix. Thus (17) can be written
together as

( ) 2
01 , γβτα

k
m −= . (18)

Substituting (9) and (10) in (15) one can present the equations of motion as
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,
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wqq
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&&

(19)

for [ ]1, +∈ jj aaρ ; nj ,...,0= .

4.4. Necessary conditions of optimality

The problem posed above consists in the minimization of the cost function with
differential constraints (19), inequality constraints (11), (13) and boundary
conditions (16)–(18). In order to get necessary conditions of optimality we have
to compile the extended functional (Bryson, 1975; Hull, 2003; Lellep and Pu-
man, 2001; Lellep and Tungel, 2005)
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( ) ( ) ( )τµγβταµτµ

θγβνταϕ

ργ
ρρ

ψ
α
αργ

ρ
ψ

ααγλ

α

α

,1,,1

,

1

13
2
0121

1

22
1

21
12

0
01

0

22
1

1

m
k

mq

k
m

dqkmmwqq

vJ

n

j
jjjjj

j

n

j
j

n

j
jjj

j

j

+⎟
⎠
⎞

⎜
⎝
⎛ +++

+⎟
⎠
⎞

⎜
⎝
⎛ +−+

+
⎭
⎬
⎫
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−−+′+

⎩
⎨
⎧

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−
−

−+′+

+
⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
−−+Φ=

∑

∑ ∫

∑

=

=

=
+∗

+

&&

(20)

where Φ  is the cost criterion (4) written in non-dimensional quantities (8).
Here 1ψ , 2ψ  stand for co-state variables whereas λ , 1µ , 2µ , 3µ , jϕ are

unknown Lagrange multipliers. The quantities jθ  are to be considered as slack
variables employed in order to transform inequality constraints (11), (13) into
equalities

( ) 0, 22
1 =+− jjjj k

m θγβντα (21)

for each of nj ,...,1= . When calculating the total variation of (20) it is
worthwhile to perceive that quantity 0w&&  can be considered as a constant. In
fact, transverse velocity (14) corresponds to the method of mode form motions
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(Jones, 1989). However, it is well known that the method of mode form motions
leads to constant accelerations (Jones, 1989; Stronge, Yu, 1993).

The total variation of the extended functional (20) gives the following
equation
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Considering qδ , 1mδ as independent variations one easily obtains the co-state
(adjoint) equations

ρ
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ψ
ρ
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2
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(23)

for [ ]1, +∈ jj aaρ ; nj ,...,0= .

Due to arbitrariness of variations 0w&&∆  one can write
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Arbitrary variations of parameters jγ  ( nj ,...,0= ) yield
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&& (25)

where nj ,...,0= . Here the quantity jχ  can be expressed as
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Variations of slack variables jθ  lead to the equations

0=jjθϕ (27)
for each nj ,...,1=  .

At the boundary points αρ =  and 1=ρ  variations ),(1 ταδm , ),( ταδq
and ),1(1 τδm , ),1( τδq  are arbitrary. Therefore it follows from (22) that

( )
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( ) 01
0)1(

0,
0,

32
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22

1

=+
=+

=+−
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µψ
µψ

µταψ
ταψ

(28)

Since intermediate points jαρ =  of the optimal trajectory are not fixed one

has to use total variations of quantities 1m  and q  defined as (see Hull, 2003;
Lellep and Puman, 2001; Lellep and Tungel, 2005)
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( ) ( ) ( ) .

,111
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∆±′+±=∆
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(29)

Here ( )jm α1∆ , ( )jq α∆  stand for the total variations of  1m  and q whereas

)(1 ±jm αδ , )( ±jq αδ  denote the right-hand and left-hand weak variations,
respectively, e.g.

),(lim)(
0

τρδαδ
αρ

qq j
±→

=±

),(lim)( 1
0

1 τρδαδ
αρ

mm j
±→

=±

The distinction of right-and left-hand variations is essential because according
to (15) the state variables q  and 1m  satisfy different equations in regions
[ ]jj aa ,1−  and [ ]1, +jj αα , respectively.
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Taking (23)–(29) into account one can rewrite (22) as
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In (30) ( )τα ,jq∆  and ( )τα ,1 jm∆  are arbitrary variations, therefore
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for each nj ,...,1= .
Finally, arbitrariness of jα∆  in (30) yields
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for nj ,...,1= .

4.5. Residual deflections

In order to define residual deflections of a stepped plate subjected to initial
impulsive loading the method of mode form motions will be employed.
Originally this method was suggested by Martin and Symonds (1966). Later it
was shown by several researchers (see Jones, 1989; Lepik, 1982; Stronge and
Yu, 1993) that the method enables to evaluate the dynamic plastic response of
structures with reasonable exactness.

Integrating the set of equations (19) in the segment  [ ]1, +jj αα
( nj ,...,0= ) one obtains
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For determination of arbitrary constants of integration jB  ( nj ,...,1= ) one can
use the boundary condition (16) accounting for the continuity of the shear force

( ) ( )τατα ,, +=− jj qq (35)

for each nj ,...,1= . It can be rechecked that (16) and (35) lead to results
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for each 1,...,0 −= nj  whereas
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The continuity of the bending moment, e.g.

),(),( 11 τατα +=− jj mm

with the boundary condition (16) admits to define constants
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Substituting (36)–(39) in (33) and (34) leads the relations
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for [ ]1, +∈ nn aaρ .
It can be easily rechecked that the bending moment given by (40) for 0=j

satisfies the boundary condition (18) if
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From (42) one easily obtains
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It follows from (43) as it might be expected that constw =0&& . Thus by
integration one obtains
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The motion of the plate is completed at 1ττ =  when ( ) 010 =τw& . Thus it
follows from (45) that
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Substituting (46) in (45) yields the maximal residual deflection
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It is assumed that the plate under consideration is subjected to the initial
impulsive loading whereas the initial kinetic energy 0K  of the plate is given.
Calculating the kinetic energy corresponding to the transverse velocity
distribution (14) at the moment 0=τ  gives
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The latter yields the initial velocity at the free edge of the plate
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Maximal residual deflection can be defined according to (47) when the
acceleration and the initial velocity )0(0w&  are substituted from (43) and (48) as
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where
( )
K

w
w 10

1
τ

= . (50)

4.6. Discussion of results

Results of calculations are presented in Tables 4.1–4.4 and Fig. 4.4–4.21.The
curves depicted in Figures are calculated for plates with a single step, whereas
the material parameter 5.1=β .

Figures 4.4–4.11 and 4.12–4.19 correspond to plates with internal radii
Ra 2.0=  and Ra 4.0= , respectively. From figures of the first group Fig. 4.4–

4.7, and of the second group Fig. 4.12–4.15, correspond to plates made of a
ductile material reinforced in the circumferential direction. The rest of the
figures are associated with the radially reinforced plates.

Optimal values of the coordinate 1αρ =  where the thickness varies rapidly
are presented in Fig. 4.4, 4.8, 4.12, 4.16 versus v  for different values of the
crack length parameter ν . As it can been seen in (12) the value 0.1=ν
presents the case of a plate without any crack. However, if 0=ν , then the
crack has reached trough the thickness. In the case of a crack of constant length
this value corresponds to the failure of the plate. That is why in the present
paper we assume that 0>ν . The results of the calculation show that the
location of the step moves towards the free edge when the material volume of
the plate v  increases. The same tendency can be revealed when the parameter
ν  increases, e.g. the crack length decreases.

It is worthwhile to emphasize the behaviour of 1α  versus v  is quite similar in
the cases of circumferential and radial arrangement of fibers in the matrix material.

Optimal values of the thickness of the outward annulus 1γ  versus v  are
depicted in Fig. 4.5, 4.9, 4.13, 4.17 for several values of the crack parameter ν .
It reveals from Fig. 4.5, 4.9, 4.13, 4.17 that the qualitative behaviour of 1γ  is
similar for plates with different radii of the clamped edge and for both types of
arrangements of fibers. The thickness 1γ  decreases when the volume v
increases. Similarly, in the case of a fixed value of  v  the thickness 1γ  is
greater if the parameter ν  is smaller, e.g. the crack is larger.
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Figure 4.4. Optimal step location for Ra 2.0=

Figure 4.5. Optimal thickness for Ra 2.0=
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Figure 4.6. Maximal residual deflection for Ra 2.0=

Figure 4.7. Bending moment 1m  distribution for circumferentially reinforced plates
with Ra 2.0=
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Figure 4.8. Optimal step location for Ra 4.0=

Figure 4.9. Optimal thickness for Ra 4.0=
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Figure 4.10. Maximal residual deflection for Ra 4.0=

Figure 4.11. Bending moment 1m  distribution for circumferentially reinforced plates
with Ra 4.0=
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Figure 4.12. Optimal step location for Ra 2.0=

Figure 4.13. Optimal thickness for Ra 2.0=
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Figure 4.14. Maximal residual deflection for Ra 2.0=

Figure 4.15. Bending moment 1m  distribution for radially reinforced plates with
Ra 2.0=
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Figure 4.16. Optimal step location for Ra 4.0=

Figure 4.17. Optimal thickness for Ra 4.0=
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Figure 4.18. Maximal residual deflection for Ra 4.0=

Figure 4.19. Bending moment 1m  distribution for radially reinforced plates with
Ra 4.0=
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Figure 4.20. Bending moment 1m  distribution for 1.0=ν

Figure 4.21. Bending moment 1m  distribution for 9.0=ν

Minimal values of the residual deflection at the free edge of plates are presented
in Fig. 4.6, 4.10, 4.14, 4.18 for different values of the crack parameter ν .
Comparing Fig. 4.6 and 4.10, also Fig. 4.14 and 4.18 one can see that in the
case of plates with smaller internal radius a  the residual deflection at the free
edge is larger, as it might be expected. For instance, if one compares plates with
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circumferential reinforcement and the crack parameter 2.0=ν  then
345.01 =w , if Ra 2.0=  and 245.01 =w , if Ra 4.0= .

It is somewhat surprising that the curves presented in Fig. 4.6, 4.10, 4.14,
4.18 for different values of ν  are comparatively close to each other.

However, it reveals from Fig. 4.6, 4.10, 4.14, 4.18 that regions of existence
of optimal solutions with respect to the volume v  are substantially different for
different values of the crack length. This matter reflects in Tables 4.1–4.4, as
well.

The efficiency of designs is evaluated as

∗

=
w
w

e 1 (51)

where ∗w  stands for the deflection at the free edge of a reference plate of
constant thickness 0hh ∗∗ = γ . We assume herein that the reference plate of
constant thickness ∗h  and the optimized plate of stepped shape have common
weight. Therefore the non-dimensional thickness can be expressed as

21 α
γ

−
=∗

v
. (52)

In the case of the reference plate the stress-strain state can be evaluated by (19)
where ∗= γγ j  for each [ ]1,αρ ∈ . Thus the residual deflection is expressed by
(49), (50), (52) as

( ) ( )
( ) ⎟

⎠
⎞

⎜
⎝
⎛ +−

+−
=∗

k
kv

w
βαα

αα

12

11
2

23
. (53)

Values of the coefficient of efficiency (51) are accommodated in Tables 4.1–4.4
for different values of the crack parameter ν . It can be seen from Tables 4.1–
4.4 that the coefficient e  increases when the parameter ν  decreases. This
means that the design is always the best among the designs of the same weight
if there is no any crack ( 0.1=ν ). It would be mentioned that the coefficient of
efficiency is comparatively insensitive with respect to the crack size ν .

Comparing the deflections of plates made of materials with radial and
circumferential orientation of fibers, respectively, one can see that the
deflections of circumferentially reinforced plates are less than that of radially
reinforced plates, if Ra 5.0< . When Ra 5.0>  then radially reinforced
material gives smaller deflections than a circumferentially reinforced material
does. Thus for a narrow annulus clamped at the inner edge the use of a radial
reinforcement seems to be preferable if the deflections are restricted.

In order to assess the statical admissibility of solutions established above
radial bending moments are calculated for various values of the internal radius
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α  and the crack length ν . For Ra 2.0=  the bending moment distributions are
presented in Fig. 4.7, 4.11 and for Ra 4.0=  in Fig. 4.15, 4.19. Figures 4.7 and
4.15 correspond to plates made of a circumferentially reinforced material
whereas Fig. 4.11 and 4.19 are associated with radial orientation of fibers in the
matrix material. It is somewhat surprising that the curves presented in these
figures do not differ drastically. This matter seems to be paradoxical at the first
sight as the curves correspond to different values of the crack length. However,
one has to take into account that curves presented in the same figure correspond
to the common weight or material volume v . Fig. 4.15, 4.19 correspond to

71.0=v ; Fig. 4.7, 4.11 to 77.0=v .
The variation of bending moments with the volume v  is demonstrated in

Fig. 4.20 and 4.21 for plates with 2.0=α . The curves in Fig. 4.20 are obtained
for 1.0=v  and in Fig. 4.21 for 9.0=v  respectively, whereas the material is a
circumferentially reinforced composite. In Fig. 4.21 the material volume varies
in the interval (0.65; 0.95) and in Fig. 4.20 corresponds to the interval (0.77;
0.95).

Calculations carried out show that the stress distributions are statically
admissible. It can be seen from Fig. 4.21 that in plates with low material
consumption (the curves corresponding to 65.0=v  and 66.0=v ) bending
moments are negative at each point of the plate.

4.7. Concluding remarks

Annular plates with step wise varying thickness have been studied in the case of
initial impulsive loading. A method resorting to the variational methods of the
theory of optimal control has been developed for minimization of maximal
residual deflections of the plates among those having common weight or
material volume. The plates under consideration have been made from a ductile
composite reinforced in radial or circumferential direction and clamped at the
inner edge whereas the outer edge is completely free. Necessary optimality
conditions are presented for a general case with n  steps in the thickness.
Computations carried out showed that the residual deflections of circumfe-
rentially reinforced plates are less than those corresponding to the radial
orientation of fibers, if the internal radius is less than half of the outer one. If

Ra 5.0>  then, via versa, the radial orientation of fibers is more preferable.
When comparing deflections we assume that the plates have common material
volume.

It was shown that in the case of plates with single step the residual deflection
can be reduced up to two times when choosing optimal values for thickness and
the location of the step. Calculations carried out showed that the efficiency of
designs established depends on the material parameters and on the geometry of
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the plate. The results revealed a surprising matter that the efficiency of the
design quite weakly depends on the crack length. Of course, deflections of
cracked plates and the ability to sustain the impulsive loading do depend on the
lengths of cracks.
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5. INELASTIC BEHAVIOUR
OF STEPPED SQUARE PLATES

J. Lellep and A. Mürk
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2 Liivi str., Tartu, Estonia

ABSTRACT

The plastic behaviour of square plates subjected to initial impulsive loading is
studied. The plates under consideration have piece wise constant thickness and
the material obeys Johansen’s yield condition. An approximate method of mode
form motions resorting to the energy balance is used in order to predict maximal
residual transverse deflections. According to this concept the initial kinetic
energy is assumed to be given whereas the motion of the plate is due to inertia.

5.1. INTRODUCTION

The most of the work in dynamic plasticity is dedicated to the dynamic
behaviour of beams and axisymmetric plates (see Jones, 1989; Yu and Chen,
2000; Stronge, 1993). The only exact theoretical solution on dynamic response
of a non- axisymmetric plastic plate is obtained by Cox and Morland (1959).

In the present paper the method of mode form motions is used in the case of
small deflections of stepped square plates subjected to impulsive loadings.

5.2. FORMULATION OF THE PROBLEM AND
GOVERENING EQUATIONS

Consider a square plate with a side length 2L (Fig. 5.1). The plates with and
without cutout will be studied. It is assumed that the plate is subjected to the
initial impact loading. We assume that the initial kinetic energy 0K  is given
whereas the initial transverse velocity field may be unknown. The dynamic
response of the plate will be studied within the concept of a rigid- plastic body.



95

Fig. 5.1. Square plate

Let the plate thickness be piece wise constant, e.g.
jhh = (1)

for ( ) jDyx ∈, ; nj ,...,0= . We restrict our attention to the concentric case

when the inner and outer boundaries of regions jD  are squares. Let the
boundaries of regions of constant thickness intersect x- and y- axis at points

L20α , L21α ,…, Ln 21+α . Here

1, 10 == +nL
a αα , (2)

provided 2a is the length on the internal edge of the plate. Note that in the case
of a full plate without cutout 00 == aα .

It is assumed that the initial kinetic energy is high enough to cause plastic
strains. Moreover, we assume that elastic stains are small in comparison with
plastic strains so that elastic counterparts of strains can be neglected. The
material of plates is an isotropic homogeneous material which can be treated as
an ideal plastic material obeying Johansen’s yield condition (Fig. 5.2). Here

21, MM  stand for the principal moments

y

x0
α 2 L 2 L
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Fig. 5.2. Johansen’s yield condition

The equation of motion can be presented as

2

2

2

22

2

2

2
t
Wh

y
M

yx
M

x
M yxyx

∂
∂

=
∂

∂
+

∂∂

∂
+

∂
∂ µ . (3)

The curvatures corresponding to (5) have the form

yx
W

y
W

x
W

xyyx ∂∂
∂

−=
∂
∂

−=
∂
∂

−=
2

2

2

2

2

,, κκκ . (4)

It is reasonable to assume that the deformation process is symmetrical with
respect to coordinate axis. Thus we can restrict our attention to the first
quadrant only. Following Cox and Morland (1959) we introduce a new variable

( )yx
L

z +=
2
1

. (5)

Evidently, in the first quadrant 10 ≤≤ z . The method of mode form motions
will be used in the present paper. This method was suggested by Martin and
Symonds (1966). It was established that the approximate theoretical predictions
are in good correlation with exact solutions and experimental results.

Perhaps the simplest kinematically admissible transverse velocity distribu-
tion is

( )
α−
−

=
∂
∂

1
1 ztV

t
W

(6)

for a plate with cutout. If there is no cutout one can take 0=α . Here ( )tV
stands for an unknown function of time.

0 M1

M2



97

5.3. DETERMINATION OF THE ACCELERATION

Substituting (1) and (6) in (3) leads to the equation

( )z
Vh

y
M

yx
M

x
M jyxyx −

−
=

∂

∂
+

∂∂

∂
+

∂
∂ 1

1
2 2

22

2

2

α
µ &

(7)

which holds good in the region jD  ( nj ,...,0= ). Let us interpret jD  as the

region in the first quadrant where ( )1, +∈ jjz αα .

In (7) V& stands for the acceleration of the free edge of the plate ( α=z ) or
of the central point of the plate ( 0=z ) in the case of the plate without cutout. It
is assumed herein that the outer edge of the plate is simply supported or
clamped whereas the inner edge is free (in the case of the plate with cutout).

Boundary conditions at the edge can be obtained from the relation for the
moment with respect to an inclined edge Cox and Morland (1959)

βββ 2sincossin 22
xyyxn MMMM ++=  (8)

where β  stands for the angle of inclination with respect to the x-axis. Similar
relation can be derived for the shear force as well

ββ cossin yxn QQQ += (9)
We are looking for the solution of (7) in the form

( )
( )

( )zxyFM

zFyMM

zFxMM

jxy

jjy

jjx

=

+=

+=
2

2

(10)

for ( ) jDyx ∈,  ( nj ,...,0= ).

Here jM  stands for the limit moment for the part jD  of the plate. Thus

4/2
0 jj hM σ= , 0σ  being the yield stress of the material. Functions jF

( nj ,...,0= ) in (10) are unknown functions of z which have to be defined so
that the equation (7) is satisfied in each region jD  ( nj ,...,0= ).

Substituting (10) in (7) gives after appropriate transformations

( ) ( )z
tVh

F
z
F

z
z
F

z j
j

jj −
−

=+
∂

∂
+

∂

∂
1

1
66

2

2

2
2

α
µ &

(11)
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for jDz∈  ( nj ,...,0= ). The equation (13) has a solution

( ) ( ) 322
112 z

C
z
B

z
Vh

F jjj
j ++−

−
=

α
µ &

(12)

jB  and jC  being arbitrary constants.
Consider the plate with clamped outer edge and free inner edge in a greater

detail. At the outer edge one has nn MM −=1  whereas at the free edge

0=αnM , 0=αnQ . Thus according to (8) - (10) boundary conditions can be
presented as

( )

( ) .3

,

23
0

0

22
0

0

L
MF

L
MF

α
α

α
α

=′

−=
(13)

At the outer edge one has

( ) 2

21
L
MF n

n −= (14)

Due to the continuity of nM  and nQ  at jz α=  ( nj ,...,0= ) following

requirements must be met by the set functions jF

( ) ( )

( ) ( ) .300

,00

23
1

111
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FF
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FF

j

jj
jjjj

j
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jjjj

α
αα
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αα

−
−+′=−′

−
++=−

+
+++

+
+++

(15)

For determination of 2n+3 unknown constants jB , jC  ( nj ,...,1= ) and V&

one has 2n+3 requirements which are given by (13) – (15). The solution of the
non- linear system (13)–(15) in general case is quite complicated.

However, in the particular case when n=1 the system takes the form
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In (16) the notation 1αθ =  is used. From (16) one readily obtains that
( ) ( ) ( )[ ]

( )( ) ( )[ ]1
234

0
234

10
2

10

683683
2112

hhhhL
MMV

++−−+−−

−+−−
=

αααθθθµ
θθαα& (17)

5.4. RESIDUAL DEFLECTIONS

As it might be expected the acceleration of the free edge is a constant (see (17)).
Thus one can easily integrate the acceleration which gives

( ) ( ) 0VtVtVW +== && α . (18)
Integrating once more one obtains

( ) tVtVtW 0
2

2
, +=

&
α (19)

when deriving (18) and (19) initial conditions ( ) 00, VW =α& , ( ) 00, =αW  have
been taken into account.

It follows from (18) that the motion ceases at the moment

V
Vt
&
0

1 −= (20)

and the maximal residual deflection is

( )
V

VtWW
&2

,
2

0
11 −== α . (21)

Note that we are employing the method of mode form motions. Thus the
velocity distribution (6) holds good at each moment of time during the motion
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of the plate. Therefore, the initial kinetic energy of a plate with a single step can
be calculated as
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If the number of steps in the thickness exceeds unity the relation (22) must
be accommodated appropriately. It easily follows from (22) that the initial
velocity can be presented as
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Substituting (17) and (23) in (21) leads to the maximal residual displacement

( )
( ) ( )[ ]θαθ

α
−+−

−
=

28
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10

0
1 MM

KW . (24)

It follows from (24) that in the case of a plate of constant thickness ∗h  the
maximal deflection is

( )
( )α

α
−
−

=
∗ 28
10

1 M
KW .

Here ∗M  stands for the limit moment of the plate of constant thickness ∗h , e.g.
4/2

0 ∗∗ = hM σ .

5.5. NUMERICAL RESULTS

Maximal residual deflections for plates with a single step are depicted in
Fig. 5.3- 5.5. The results presented in Fig. 5.3 correspond to plates simply
supported at the edge whereas Fig. 5.4 is associated with the clamped plates.
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Fig. 5.3. Maximal deflections of a simply supported plate
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Fig. 5.4. Deflections of a clamped plate

The results of Fig. 5.5 are obtained for clamped plates with cutout. In the latter
case the transverse deflection attains its maximal value at the internal edge of
the plate.
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It can be seen from Fig. 5.3- 5.5 that the maximal residual deflection tends to
that of the reference plate of constant thickness when the step tends to the outer
edge (Fig. 5.3) or to the center of the plate (Fig. 5.4) or to the inner edge of the
plate (Fig. 5.5)
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Fig. 5.5. Deflections of a plate with cutout

5.6. CONCLUDING REMARKS

A method for prediction of the behaviour of rigid- plastic square plates under
initial impulsive loading has been developed. The plates under consideration
have piece wise constant thickness and obey Johansen’s yield condition.

Numerical analysis showed that the method of mode form motions leads to
results which are close to the exact solution in case of plates of constant
thickness. The statical admissibility of solutions for stepped plates was
established numerically.

γ=0.1
γ=0.2

γ=0.3
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6. OPTIMIZATION OF INELASTIC
SQUARE PLATES WITH CRACKS
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Abstract

Problems of optimization of inelastic square plates are studied in the case of the
material obeying Johansen’s yield condition. The plates under consideration are
subjected to initial impulsive loading and have piece wise constant thickness.
Edges of the plate can be both, simply supported or clamped. It is assumed that
the plates have cracks at the re-entrant corners of steps. Maximal residual
transverse deflections are predicted by the approximate method of mode form
motions resorting to the energy balance. According to this concept the initial
kinetic energy which is absorbed during plastic deformations is assumed to be
given whereas the motion of the plate is due to inertia. An optimal design which
corresponds to the minimum of residual deflections is developed for given
material consumption.

Keywords: Rectangular plate. Impulsive loading. Inelastic material.
Optimization. Crack

.
6.1. Introduction

There is a quite rich literature on the dynamic plasticity of structural elements.
Various authors have studied the dynamic behaviour of beams and axisym-
metric plates (see Jones, 1989; Yu and Chen, 1992, 2000; Stronge, 1993).
However, the only exact theoretical solution on dynamic response of a non-
axisymmetric plastic plate is obtained by Cox and Morland (1959) who
investigated within the framework of thin plate theory the behaviour of square
plates subjected to rectangular pressure pulse.

Several authors (among these Cox and Morland) have studied square plates
of constant thickness made of a Johansen’s material. Blast loaded square plates
are investigated by Olson et. al (1993). Approximate techniques are presented
by Baker (1975). Zhu (1996) obtained both, theoretical numerical predictions
and experimental results for transient deformation modes of square plates
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subjected to explosive loadings. Numerical predictions showed a good agree-
ment with experimental results.

The phenomenon of saturated impulse in elastic- plastic square plates is
studied by Zhu and Yu (1997) in the case of a fully clamped plate.

Approximate procedures for investigation of rigid- plastic rectangular plates
subjected to dynamic loadings are developed by Jones et. al (1970, 1971), Yu
and Chen (1992). Theoretical predictions suggested by Jones (1970, 1971) and
Symonds (1980, 1982) give surprisingly good agreement with corresponding
experimental results.

Lellep and Mürk (2003, 2004) used this approach for determination of
residual deflections of stepped annular and square plates subjected to impulsive
loadings.

Inelastic behaviour and optimal design of beams, plates and shells was
investigated by Lepik (1982) in the case of dynamic loading. Various
approaches to the optimization of thin-walled structures are discussed in review
by Kruzelecki and Žyczkowski (1985), Lellep and Lepik (1984), Žyczkowski
(1992). In the work by Lepik (1982) also by Lellep and Hein (2002) methods on
non-linear programming have been used for optimal design of structures of
piece wise constant thickness in the case of initial impulsive loading.

An alternative approach which is based on variational methods of the theory
of optimal control was suggested for optimization of shells under quasistatic
loading by Lellep and Puman (2001), Lellep and Tungel (2005).

In the present paper an attempt is made to accommodate the programming
approach to inelastic stepped plates which have cracks emanating from the plate
at corners of steps.

6.2. Formulation of the problem

Let us consider a square plate with a side length 2L (Fig. 6.1). The plates under
consideration are subjected to the initial impact loading. We assume that the
initial kinetic energy 0K  is given whereas the initial transverse velocity field
may be unknown. The dynamic response of the plate will be studied within the
concept of a rigid- plastic body.

We are considering plates with thickness, e.g.
jhh = (1)

for ( ) jDyx ∈, ; nj ,...,0= . We restrict our attention to the concentric case

when the inner and outer boundaries of regions jD  are squares. Let the
boundaries of regions of constant thickness intersect x- and y- axis at points 0,

L21α ,…, Ln 2α , L2 . Here 00 =α , 11 =+nα .
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Figure 6.1. Square plate

The plate under consideration has cracks at re-entrant corners of steps. Let
jc  be the length (deepness) of the straight crack located at the inner boundary

of the region jD . We assume that the cracks are stable part trough surface
cracks. The development and propagation of cracks is not studied in the current
paper.

The material volume of the plate is

( )∑
=

+ −=
n

j
jjjhLV

0

22
1

24 αα (2)

We are looking for the design of the plate for which the maximal residual
deflection 1W  attains its minimal value for fixed weight or material volume (2)
of the plate.

6.3. Basic equations and hypotheses

It is assumed that elastic strains are small in comparison with plastic ones so
that elastic counterparts of strains can be neglected. The material of plates is an
isotropic homogeneous material which can be treated as an ideal plastic material
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obeying Johansen’s yield condition (Fig. 6.2). Here 21,MM  stand for the
principal moments which are coupled with moments yx MM ,  by relations

( )
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Figure 6.2. Johansen’s yield condition

The moments xyyx MMM ,,  with shear forces yx QQ ,  have to satisfy
equilibrium equations (2), (3)
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Here µ  stands for the material density, p  is the intensity of transverse loading
and W  is the transverse deflection. Since we consider the motion of the plate
due to inertia we can take 0=p . Eliminating shear forces yx QQ ,  from (4) one
obtains a single equation
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It is well known that the curvatures corresponding to (5) have the form

yx
W

y
W

x
W

xyyx ∂∂
∂

−=
∂
∂

−=
∂
∂

−=
2

2

2

2

2
,, κκκ (6)

We assume that the deformation process is symmetrical with respect to
coordinate axis. Thus we can restrict our attention to the first quadrant only.
Following Cox and Morland (1959) we introduce a new variable

( )yx
L

z +=
2
1

(7)

Evidently, in the first quadrant 10 ≤≤ z . The method of mode form motions
will be used in the present paper. This method was suggested by Martin and
Symonds (see Symonds, 1982). It was established that the approximate
theoretical predictions are in good correlation with exact solutions and
experimental results (see Baker, 1975; Jones, 1989).

Perhaps the simplest kinematically admissible transverse velocity
distribution is

( )( )ztW
t

W
−=

∂
∂ 10

&  (8)

where ( )tW0  stands for an unknown function of time. Evidently, ( )tW0
&  is the

transverse velocity of the central point of the plate.

6.4. Integration of governing equations

Substituting (1) and (8) in (5) leads to the equation

( )zWh
y

M
yx

M

x
M

j
yxyx −=

∂

∂
+

∂∂

∂
+

∂

∂
12 02

22

2

2
&&µ (9)

which holds good in the region jD  ( nj ,...,0= ). Let us interpret jD  as the

region in the first quadrant where ( )1, +∈ jjz αα .

In (9) 0W&& stands for the acceleration of the central point of the plate at
0=z . It is assumed herein that the outer edge of the plate is simply supported

or clamped.
Boundary conditions at the edge can be obtained from the relation for the

moment with respect to an inclined edge (see Ventsel and Krauthammer, 2001)
( ) βββ 2sincossin 22

xyyxn MMMM ++=
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where β  stands for the angle of inclination with respect to the x-axis. In the
case of a square plate 4πβ = . Therefore the last relation takes the form

( ) ( ) xyyxn MMMM ++= 2

2
1

. (10)

Similarly, for the shear force one has (Ventsel and Kraufthammer, 2001)
( ) ββ cossin yxn QQQ +=

or

( ) ( )yxn QQQ +=
2

1
. (11)

We are looking for the solution of (9) in the form
( )
( )

( ),
,

,
2

2

zxyFM

zFyMM

zFxMM

jxy

jjy

jjx

=

+=

+=

(12)

for ( ) jDyx ∈,  ( nj ,...,0= ).

Here jM  stands for the limit moment for the part jD  of the plate. Thus

4/2
0 jj hM σ= , 0σ  being the yield stress of the material. Functions jF

( nj ,...,0= ) in (12) are unknown functions of z which have to be defined so
that the equation (9) is satisfied in each region jD  ( nj ,...,0= ).

Consider now sections of the plate parallel to the edge 1=z  in the region
jDz∈ . The shear forces acting on these planes can be presented by (11) or

making use of (4) as

( ) ⎟⎟
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Q xyyxyx

n 2
1

. (13)

Substituting bending moments xyyx MMM ,,  from (12) into (13) one has

( ) ( )jjn FzFLzQ ′+= 3 (14)

for ( ) jDyx ∈, , or ( )1, +∈ jjz αα ; nj ,...,0= . Here and henceforth prims
denote the differentiation with respect to the variable z .

Similarly, substituting (12) into (10) yields for ( ) jDyx ∈,  ( nj ,...,0= )

( ) ( )zFzLMM jjn
22+= . (15)

Consider now the edge 1=z . In the case of the simply supported edge
( ) 01 ==znM . Bearing in mind that the edge 1=z  belongs to the region nD
one immediately obtains from (15) that
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( ) 21
L
M

F n
n −= . (16)

In the case of the clamped edge ( ) nzn MM −=
=1  and thus

( ) 2
2

1
L
M

F n
n −= . (17)

From mechanical considerations it is evident that ( )nM  and ( )nQ  are conti-
nuous when crossing the lines jz α=  ( nj ,...,1= ). Continuity of ( )nM  yields

( ) ( )++=−+ −− jjjjjjjj FLMFLM αααα 22
1

22
1

and

( ) ( ) 22
1

1 00
j

jj
jjjj L

MM
FF

α
αα

−
=−−+ −

− (18)

for each nj ,...,1= .
The continuity of the shear force ( )nQ  at jz α= yields

( ) ( ) ( )1321
300 −− −=−′−+′ jj

j
jjjj MM

L
FF

α
αα (19)

for each nj ,...,1= .
When looking for the optimal design of the simply supported plate it is

reasonable to assume that

1+> jj hh
for each 1,...,0 −= nj .

We have to check if the stress is statically admissible at each point of the
plate. Since at jz α=  a crack with maximal deepness jc  is located the

maximal bending moment sustained by the plate is jj Mν  where
2

1 ⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
−=

j

j
j h

c
ν .

Thus at jz α=  we have to check if the inequality

( ) jzn MM
j
≤=α (20)

is satisfied for each nj ,...,1= .
Substituting (12) in (9) gives after appropriate transformations

( )( )ztWhF
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2
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for jDz∈  ( nj ,...,0= ).

The equation (21) can be solved with the aid of transform sez = . In this
case
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and equation (21) takes the form
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which has solution
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since zs ln=  one has

( ) 320 2
z

C

z

B
zWhF jj

jj ++−= &&µ (22)

where jB  and jC  being arbitrary constants.

6.5. Residual deflections

It turns out that the acceleration 0W&&  of the free edge is a constant. Thus one can
easily integrate the acceleration which gives

( )0000 WtWW &&&& += . (23)
Integrating once more one obtains

( ) ( )tWtWtW 0
2 0

2

00
&&& += (24)

where initial conditions 0W&  and ( ) 000 =W  have been taken into account.
It follows from (23) that the motion ceases at the moment

( )
0

0
1

0
W

W
t
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&
−= (25)

and the maximal residual deflection is
( )
0

2
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1 2
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W
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&
−= . (26)
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Note that we are employing the method of mode form motions. Thus the
velocity distribution (8) holds good at each moment of time during the motion
of the plate. Therefore, the initial kinetic energy of the stepped plate with a
single step can be calculated as
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It immediately follows from (27) that
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For determination of residual deflections according to (26) we need the initial
velocity (28) and the acceleration 0W&& , as well. The acceleration can be defined
from boundary conditions (16) or (17) for simply supported and clamped plates,
respectively, provided functions ( )zFj  ( nj ,...,0= ) are known. Evidently, in

the central region 0F  must be finite. This yields 000 == CB  and

( )zWhF −= 2000
&&µ . (29)

Making use of (22) and (29) with (18), (19) one can determine step by step
the arbitrary constants jB , jC  for nj ,...,1= .For instance, jump conditions

(18), (19) give at jz α=  for a simply supported plate
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If we have a plate with single step, then (22), (30) and (16) give the acceleration
( )
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for the simply supported plate.
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In the case of a clamped plate with unique step one has
( )
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Substituting (28), (31), (32) in (26) it leads to the residual deflections for
simply supported and clamped plates.

The problem of optimization consists in the minimization of the final
deflection under the condition that the material volume (2) is given and the
stress state of the plate is statically admissible. This condition leads to
inequality constraints (20) which can be taken into account with (15) and (22).
Thus the problem is transformed into a problem of non-linear programming.

6.6. Numerical results

The programming problem is solved with the aid of Lagrange multipliers. The
obtained system of algebraic equations is solved numerically.

Results of calculations are presented for the case of plates with single step in
Fig. 6.3–6.16 and Tables 6.1–6.2.

Maximal residual deflections 1w  versus dimensionless volume v  are pre-
sented in Fig. 6.3 and 6.4. Figure 6.3 corresponds to a simply supported plate
and Figure 6.4 to a clamped plate. Here and in the rest illustrations
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Different curves in Fig. 6.3 and 6.4 are calculated for different values of the
crack parameter ν . Note that 1=ν in the case of a plate without cracks.
Alternatively, if 0=ν , then the crack has penetrated through the plate. It is
somewhat surprising that the maximal residual deflection only slightly depends
on the crack length (Fig. 6.3, 6.4). However, the existence of the solution for
different values v  as it can be seen from Fig. 6.3, 6.4.

Bending moment ( ) 0/ MMm n=  distributions for optimized plates are
presented in Fig. 6.5–6.8. Figures 6.5, 6.6 correspond to simply supported plates
and Fig. 6.7, 6.8 to clamped plates. Different curves in Fig. 6.5–6.8 are obtained
for different values of the volume parameter v . Curves presented in Fig. 6.5
and Fig. 6.7 are calculated for the plates without crack (here 1=ν ) and Fig. 6.6
and Fig. 6.8 for 7.0=ν . It can be seen from Fig. 6.5, 6.6 that the bending
moment ( )nM  only slightly depends on the parameter v  in the case of simply
supported plates.
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Figure 6.3. Maximal residual deflection for simply supported plate

Figure 6.4. Maximal residual deflection for clamped plate
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Figure 6.5. Bending moment m  distribution for simply supported plates with 1=ν

Figure 6.6. Bending moment m  distribution for simply supported plates with 7.0=ν
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Figure 6.7. Bending moment m  distribution for clamped plates with 1=ν

Figure 6.8. Bending moment m  distribution for clamped plates with 7.0=ν
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Figure 6.9. Optimal step location for simply supported plates

Figure 6.10. Optimal thickness for simply supported plates
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Figure 6.11. Optimal step location for clamped plates

Figure 6.12. Optimal thickness for clamped plates
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Figure 6.13. Maximal residual deflection for simply supported plates

Figure 6.14. Maximal residual deflection for clamped plates
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Figure 6.15. Bending moment m  distribution for simply supported plates

Figure 6.16. Bending moment m  distribution for clamped plates
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Table 6.1. Coefficient of efficiency for simply supported plates

Table 6.2. Coefficient of efficiency for clamped plates
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Optimal values of parameters 1α  and 1γ  as functions of v  are depicted in Fig.
6.9–6.12. Fig. 6.9, 6.10 are obtained for simply supported plates and Fig. 6.11,
6.12 for clamped plates. Different curves in Fig. 6.9–6.12 are obtained for
different values of the crack parameter ν . It reveals from Fig. 6.9, 6.12 that 1α
for simply supported plates and 1γ  for clamped plates increase when v
increases. In other cases they behave vice versa.

Maximal deflections as functions of 1γ  and 1α  are plotted in Fig. 6.13 for
simply supported and in Fig. 6.14 for clamped plates. In this case no
optimization procedure is applied. Bending moments for the case when

5.01 =α  are presented in Fig. 6.15 for simply supported and in Fig. 6.16 for
clamped plates. Different curves in Fig. 6.15, 6.16 are calculated for different
values of 1γ .

The efficiency of designs established can be assessed by the ratio

∗

=
w
w

e 1

where ∗w  stands for the maximal deflection of the reference plate of constant
thickness. The latter has common weight with the optimized plate.

Values of the coefficient of efficiency e  are accommodated in Tables 6.1
and 6.2. Table 6.1 corresponds to the simply supported plate and Table 6.2 to
the clamped plate. It can be seen from Tables 6.1, 6.2 that the optimal designs
are more efficient in the case of plates without any cracks.

6.7. Concluding remarks

A method for optimal design was developed for rigid- plastic square plates with
cracks at re-entrant corners of steps which are subjected to initial impulsive
loading. The plates under consideration have piece wise constant thickness and
are made of a rigid-plastic material which obeys Johansen’s yield condition.

For determination of residual deflections approximate method of mode form
motions was used. Numerical analysis showed that the method of mode form
motions leads to results which are close to exact solutions in the case of plates
of constant thickness. The statical admissibility of solutions for stepped plates
was established numerically.

For determination of optimality conditions variational methods of the theory
of optimal control are employed. Numerical results are presented for clamped
and simply supported plates with single step of the thickness. Calculations
carried out showed that cracks of moderate size have relatively weak influence
on the design parameters. However, the existence of a statically admissible
solution does depend on the length of the crack.
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SUMMARY

Optimization of inelastic plates with cracks

In the present study problems of optimization of stepped plates with cracks are
investigated. The plates are subjected to the initial impulsive loading.

Current thesis consists of five original research papers of the author. In
Chapter I the introduction to contributing publications is presented.

In Chapter II “Inelastic stepped plates under impulsive loading” the dynamic
response of fiber reinforced inelastic annular plates is investigated. The plates of
sandwich cross-section are subjected to the initial impulsive loading and clamped at
the outer or at the inner edge. An approximate theoretical method resorting to the
method of mode form motions is developed for predicting residual deflections. The
bounds of the applicability of the approximate technique are established.

In Chapter III “Optimization of inelastic annular plates with cracks” annular
plates clamped at the outer edge with free inner edge are studied. They are made
of a fiber reinforced composite material and have piece wise constant thickness.
At the re-entrant corners of the steps stable circular cracks with variable deep-
ness are located. The plates under consideration are imparted initial velocity and
the subsequent motion is due to inertia. An optimal design method is developed
for minimization of residual deflections under the condition that the volume of
the plate is fixed. Variational methods of the theory of optimal control are used
in order to derive necessary optimality conditions for stepped plates. Numerical
results are presented for the case of plates with single step.

Chapter IV “Optimization of axisymmetric plates with cracks” is devoted to
the optimization of cracked annular plates clamped at the inner edge and free at
the outer edge. Stable cracks are located at the re-entrant corners of steps.
Optimal designs which correspond to the minimum of residual deflections for
fixed material consumption are established. The efficiency of designs is
evaluated numerically.

In Chapter V “Inelastic behaviour of stepped square plates” square plates
subjected to impulsive loading are studied. The plates with and without cutout
are considered. A method for determination of residual deflections of stepped
plates is developed. The approach is based on the approximate method of mode
form motions. Numerical results are presented for full plates and plates with
cutouts whereas outer edges can be simply supported or clamped.

In Chapter VI “Optimization of inelastic square plates with cracks” an
optimization procedure is developed for stepped square plates with cracks. The
plates are subjected to the initial impulsive loading and the material of plates
obeys Johansen’s yield condition. Edges of plates can be both, simply supported
or clamped. Maximal residual deflections are predicted by an approximate
method of mode form motions resorting to the energy balance. An optimal
design which corresponds to the minimum of residual deflections is developed
under the given weight of the plate.
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KOKKUVÕTE (Summary in Estonian)

Pragudega plastsete plaatide optimiseerimine

Käesolevas töös uuritakse dünaamiliselt koormatud rõngasplaate ja ruudukuju-
lisi plaate arvestades pragusid. Vaadeldakse tükiti konstantse paksusega plaate.
Optimiseerimisülesannetes leitakse niisuguste plaatide projektid, mille korral
maksimaalne jääkläbipaine saavutab minimaalse väärtuse antud ruumala korral.
Materjali käitumise iseloomustamiseks kasutatakse ideaalselt jäik-plastse keha
mudelit. Eeldatakse, et materjal allub assotsieeritud voolavusseadusele, Johan-
seni ning Lance’i ja Robinsoni poolt välja töötatud voolavustingimustele. Püsti-
tatud ülesanded lahendatakse voolavustingimuste mitmesuguste aproksimat-
sioonide korral. Erinevate ülesannete lahendamisel vaadeldakse mitmeid plaadi
kinnitusviise.

Töö koosneb kuuest peatükist, millest igaüks kujutab endast üht autori ori-
ginaalpublikatsiooni. Esimeses peatükis esitatakse autori publikatsioonides
lahendatud ülesannete püstitused ning nende ülevaatlik analüüs.

Teises peatükis “Mitte-elastsete astmetega plaatide impulsiivne koorma-
mine” uuritakse komposiitmaterjalist rõngasplaatide dünaamilist käitumist.
Vaadeldakse ideaalselt kahekihilise ristlõikega ehk niinimetatud sandwich-tüüpi
ristlõikega plaate, millele on rakendatud impulsskoormus. Uuritakse rõngas-
plaate, mille üks serv on vabalt toetatud ja teine jäigalt kinnitatud. Plaadid on
armeeritud ühesuunaliste kiududega. Kasutatakse Lance’i ja Robinsoni voola-
vustingimust, mida võib kujutleda Tresca voolavutingimuse modifikatsioonina.
Jääkläbipainete määramisel kasutatakse modaalsete lahendite meetodit. Numb-
rilised tulemused leitakse ühe astmega plaadi korral. Saadud tulemusi illustree-
rivad momentide ja läbipainete graafikud. Leitakse ka paksuste alumised piirid,
mis esitatakse kahes tabelis.

Kolmandas peatükis “Pragudega mitte-elastsete rõngasplaatide optimiseeri-
mine” uuritakse väljast jäigalt kinnitatud ja seest vabalt toetatud komposiit-
materjalist rõngasplaate. Eraldi vaadeldakse juhtusid, kui armeerivad kiud aset-
sevad tangentsiaalsuunas või radiaalsuunas. Plaadid on tükiti konstantse paksu-
sega. Eeldatakse, et plaadi hüppekohtades on erineva sügavusega stabiilsed praod.
Plaadile mõjub impulsiivne koormus. Eeldatakse, et materjal allub Lance’i ja
Robinsoni voolavustingimusele. Leitakse plaadi optimaalne projekt, mille korral
maksimaalne jääkläbipaine saavutab miinimumi fikseeritud ruumala korral.
Optimaalsuse tarvilike tingimuste tuletamisel astmeliste plaatide jaoks kasu-
tatakse optimaalse juhtimise teoorial põhinevat variatsioonmeetodit. Numbri-
lised tulemused on saadud ühe astmega plaadi korral.

Neljandas peatükis “Pragudega telgsümmeetriliste plaatide optimiseerimine”
leitakse väljast vabalt toetatud ja seest jäigalt kinnitatud komposiitmaterjalist
rõngasplaatide optimaalsed projektid. Minimiseeritakse plaadi maksimaalset
jääkläbipainet etteantud ruumala korral. Plaat on impulsiivselt koormatud. Vaa-
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deldakse plaate, mis on armeeritud kas tangentsiaalse või radiaalse orientatsioo-
niga kiududega. Kasutatakse Lance’i ja Robinsoni voolavustingimust ristküliku
kujul. Optimaalsuse tarvilike tingimuste tuletamisel kasutatakse optimaalse
juhtimise teoorial põhinevat variatsioonmeetodit. Numbrilised tulemused on
saadud ühe astmelise plaadi korral.

Viiendas peatükis “Astmetega ruudukujuliste plaatide käitumine plastsete
deformatsioonide korral” uuritakse dünaamiliselt koormatud ruudukujulisi plaa-
te. Plaadi paksus on astmeline. Vaadeldakse nii avausega kui ilma avauseta
plaate. Plaadid on külgedelt kas jäigalt kinnitatud või vabalt toetatud (ilma
avauseta plaadi korral) ning seest vabalt toetatud ja väljast jäigalt kinnitatud
(avausega plaadi puhul). Leitakse meetod jääkläbipainete määramiseks kasu-
tades modaalsete lahendite meetodit. Kasutatakse Johanseni voolavustingimust
ruudu kujul. Numbrilised tulemused on saadud ühe astmega plaadi korral.

Kuuendas peatükis “Pragudega mitte-elastsete ruudukujuliste plaatide opti-
miseerimine” on esitatud optimiseerimismeetod astmelise paksusega ruudu-
kujulise plaadi jaoks. Plaadile mõjub impulsskoormus. Eeldatakse, et materjal
allub Johanseni voolavustingimusele. Plaadi küljed on kas vabalt toetatud või
jäigalt kinnitatud. Maksimaalsete jääkläbipainete määramisel kasutatakse mo-
daalsete lahendite meetodit. Määratakse plaadi optimaalne projekt juhul, kui
plaadi astmete kohtades on lokaalsed praod. Leitakse plaadi maksimaalsed jääk-
läbipainded fikseeritud ruumala korral. Numbrilised tulemused on saadud ühe
astmega plaadi jaoks.
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