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GENERALIZED SYMMETRIES AND HIGH ORDER DEFOMiATIONS

OF THE DIRECT SUM P Ф А

V. D.Lyakhovsky

1. Introduction

Difficulties of the group-theoretic approach to

the elementary partides theory are often connected

with non-relativistic character of usually used inter-

nal syimnetrygroups. This caused numerous attempts of

the joint description of the space-time and intemal

properties. It was supposed that breaking of the inter-

nal symmetry is totally described by the inclusion of

the intemal symmetry algebra into a larger one contain-

ing the Poincare subalgebra. This scheme was intended

to describe coupling of the space-time and intemal

properties of the system of hadrons. But the so called

no-go theorems were proved within quite general supposi-

tions /1/,which leaves only one possible scheme of

generalized symmetry, i.e. the direct surnof the

Poincarõ and intemal symmetry algebras. The space-time

and intemal symmetries thus appear tobe totally

Independent and all the partides of the same multiplet

have the same mass and qpin. On \the other händ the

mass-splitting hs well as connections between the exter-

nal and intemal characteristics of the system are

experimentally evident.

Several attempts to revive the oid scheme being

fruitless the construction of the new model of the sym-

metry- breaking mechanism appeared tobe the most hope-

full way /2/.

It seemed very likely that the new description

might accumulate the infomation from both algebraic

objects: the precise symmetry algebra UJ and broken
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symmetry algebra . Difficulties of the previous

scheme constrain one to think the inclusion into а

wider symmetry tobe not the main reason of breaking

of the precise symmetry. It was supposed that the

precise intemal symmetry algebra A may not be a sub-

algebra of the generalized algebra Uc * Breaking

results not only in connections between the space-time

P and intemal A algebras but also in transforma-

tions of the intemal and probably space-time symmet-

ries. When the intemal symmetry is precise the system

is described by the direct surnof algebras PsA.Taking
into account of the nonsymmetric part of the interac-

tion should correspond to the transition from the

direct sum P Ф A to an algebra of a generalised sym-

metry. So to find the generalized symmetry is to con-

stmct the algebra which can be transformed into the

direct sum P $A by some limiting procedure. In addi-

tion the commutation relations of these two algebras

must be "close" in the terminology /3/ accord-

ing to the correspondence principle.
The above model was carefully investigated on the

basis of the contractions theory /4,5/. However the

existence of the generalized symmetry with such proper-

ties was not established. It must be taken into account

that there is no theory of general contractions. Only

some special types of contractions (IW-contractions /6/

contractions /7/, p-contractions /8/, singu-

lar contractions /9/ and some other) are thoroughly

treated. So the results of the investigations /4, 5/
refer to few types of contractions. The method gives

no possibility to reconstruct all the Lie algebras

which form the neighbourhood of the given algebra.

The theory of deformations of Lie algebras proposed

by M.Gerstenhaber /10/ is free from these disadvantages

This theory was first used by M.Levy-Nahas /9/ to find
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The deformations of Lie algebras is the theory of

inverse contractions and therefore gives the most

auitable method to construct the generalized symmetry

algebra. Deformations do not depend on the specific
form of the limiting transition between two algebras.

Over and above the obtained resuits do not depend upon

the algebrale basis chosen. By means of deformations

one can obtain all the algebras that are"close" to the

given one /11/. The investigation of the generalized
symmetry "elose" to the direct sum P Ф A makes it

necessary to study the deformations of the Lie algebra

PФ А .

The results of course differ for various algebras
A of intemal symmetry. First there were considered

the semi-simple S and inhomogeneous 1 S algebras

of intemal symmetry which were of great physical
importance. In the article /12/ it was demonstrated

that in these cases all the deformations conserve the

strueture of the direct sum. Thus in the Lie algebras

elose to PФ 5 or PФJ Sno relativization can

be achieved. In faee of this result the problem is

formulated somewhat differently. It should be stated

what properties are necessary for the relativization

of the finite dimentional Lie algebra. In the previous

paper /13/ it was supposed that the intemal algebra
A has quite general form ( finite dimensional Lie

algebra with solvable ideal ). It was proved that the

possible form of the infinitesimal deformations of

P ф A changing the strueture of the direct sumis

unique. The restrictions on the possible strueture of

A are explicitly formulated ( they are given in

Section 2 ). But the properties of the generalized

symmetry algebra thusobtained cause serious difficul-

ties in its physical applications. It is impossible to
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solve the problem of mass spectrum by means of the

infinitesimal deformation of the direct sum Ф Д
,

whatever the intemal algebra A is. But the possibi-

lity remains to construct the generalized algebra using

the high order deformations of P Ф А
. They are atu-

died in this articie.

In Section 2 the main properties of deformations

and the theory of uniqueness are briefly discussed.

In Section 3 the connections between the high order

and repeated deformations are studied. It appears im-

possible to restrict the investigation to the first

order deformations of the structure given in /13/. In

Section 4 the theorem of quasistability of this struc-

ture is proved for the high order deformations. The

second part of the theorem of quasistability ( Section

5 ) refers to the repeated deformations. These theo-

rems State the unique form of possible coupling of the

space-time and intemal symmetries. Some properties

of the generalized symmetry thus obtained are discussed

in Section 6. The conclusions are illustrated by simple

examoles of the first order and high order deformations

2. General Properties of Deformations and

the First Order Deformations of P з А .

Let X. = =f])be the finite dimentional

Lie algebra over the field of real numbers R
t where

\/ is the algebrale linear veetor spaee and is

its composition law. The extension of the veetor spaee

\/ by the power series ring of C over R is the

linear veetor spaee = \/ <3 R((c)). Lie algebra

Xc is called the deformation of X if

=
c c' t...

(1)
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SZ =

Р(<*Л,<*) < = )

where а ,J V
7 ?

si.-VAV —*"*V ,and

is the cyclic permutation of variables.

It is more comfortable to use a different notation

[$J'J = j *J' + 5 *5 (3)

Then Eq.(2) assumes the form

= 0 (4 )

In the vector space (E(V) V ) elemente ju
satisfying (4) form an algebrale set .

=oj (5)

Let L be the neighborhood of € on

Hom,, (E(V), V) *

M L = 0} (.)

is the algebrale set called the set of deformations of

the Lie algebra X = (V,ju).
Recalling now the expansion ( 1 ), one obtains from

Eq.(4)
_

=0
(7,

яЬете = [ $c
,

šc - t]

Eq.(7) is called the defonnation equation. In particular
for onehas relations:

J" =n] =0
(.)



= <9 )

Eq.(B) implies that must be the element of the

2-cocycles group -
If it is so the left händ

side of Eq.(9) is the element of which

must belong to indicated by the rlght

händ side of this equation.

The function satisfying the deformation equa-

tion is called the deforming function. But the deform-

ing function does not necessarily change the initial

algebra X
,

for it may occur that and X are

isomorphic. Such deformations are called trivial. The

condition

6 B\X,X)
'

is necessary and sufficient for triviality of the,
deformation. Two deforming functions and

referringto the same 2-cohomology class lead to isomor-

phic Lie algebras Xc and. Xc * Such deformations are

called equivalent. It was first stated by Gerstenhaber

/10/ that only those members of 21 (X,X)can give

nontrivial deformations which are not cohomologous to

zero. Algebras with zero second cohomology group have

only trivial deformations and are called rigid. It is

often important to know whether any subalgebra of the

algebra under consideration is rigid ( it is then

called stable ). The stability may be strong ( all the

commutators containing elements of this subalgebra are

unchanged ) or weak ( when only commutators in the

considered subalgebra are rigid ). We shall use only

the fact that semi-simple algebras are strongly

stable /11/.

Let the parameter C in the deformed composition
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law (1) be infinitesimally small. Only the relation (8)
will be essential in this case. This means that such

deformations form the neighbourhood of the initial

algebra X = on the tangent manifold to the

set of all Lie composition laws at the point

These deformations are called infinitesimal. All non-

trivial infinitesimal deformations are thus described

by the second cohomology group H (X X)
. Any inves-

tigation of the deformation properties of an algebra
impose the detailed study of this group. The calcula-

tions are considerably simplified by means of the

Serre and Hochschild's formula /14/.

H"(X,M)=X Н'М*
L+k=n г

where isa free X -mõdul, У /

is an ideal of \-algebra such that /j
is semi-simple,

p is a ring over which X is defined,

(T N) is a group of X -invariant elements

Suppose that all the maps with c 1 are

zero in Eq.(l). Then it is necessary to fulfill not

only the relation (8) but also the relation (9) in the

form

(12)

Such deformations are called the deformations of the

first order. If Eq.(11) is not fulfilled Eq.(9) may be

stiil true and some high order deformations may exist

with the first nonzero component . But when the

composition appears tobe the 3-cocycle not

cohomologous to zero no deformations other than infi-

nitesimal can exist with such
.

The deforming
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component is then called nonintegräble. The cor-

responding 3*-cocycleis called the obstruction to the

deformation with . In this case there may be more

than one irreducible component in Pi ( Eq.(6)) and

the point is not simple on /11/.

Our task formulated in Section 1 is to find all the

deformations breaking the structure of the direct surn

in P Ф A and to study their properties connected

with the mass-spectrum problem.

All the proposed models of the intemal symmetry

were based on the semi-simple or the inhomogeneous

I Lie algebras. Letus introduce the following
decomposition of the Poincar6 algebra P = TФ L

,

where L is the Lorentz subalgebra and T - the

translational ideal. The algebrale veetor spaee splits

accordingly Vp = In the direct surn

(p& L)s S the subalgebras L and are strongly
stable. So the deforming funetion has V-p as the

domain of definition. In /12/ it is shown that its

domain of valuesis . This funetion deseribes

the autonomous deformation of the Poincarž subalgebra.

As a result all the deformations of P & E) are of

the form D Ф
,

where E) is one of the

De-Sitter algebras.

In case of inhomogeneous algebras there are some

speeifie difficulties. But we arrive at the similar

conclusion. It is demonstrated in /12/ that all the

deformations of the direct sum P Ф I S auto-

nomous deformations of its direct summands.

Nevertheless the possibility of existence of more

complioated finite dimentional Lie algebras with

proper relativization remained. In /13/ it was

required merely that the intemal symmetry algebra

is a finite dimentional Lie algebra. Its Levy decom-

position is the only Information used.
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A Ge-S

where G? is the radical and 3 is semi-simple.

The following theorem proved in /13/ was called

the theorem of uniqueness:

"Among the nontrivial infinitesimal deformations

of LJ * P Ф A there is only one that changes the

structure of the direct surn.The corresponding
deforming function allows the first order deformation

and has the form

= g (13)

0 for all other argumente

where 6LJ ,
tG T - the translational ideal

of P
, g 6G?

.
is a constant depending on

, к = 0 if € - the first commutator

subalgebra of А
Thus an algebra is relativizable if and only if in

its radical not all elemente belong to А * This

requirement being fulfilled the structure of the

deformed generalized algebra LJ,- is unique

LJc = (и<эs)-в(& -вТ)=ра-д,

[L,G]; 0; = Т<")
G-

<3
As it was stressed in /13/ the main property of

LJ c. is that P and A subalgebras survive the

deformation. They remain not only subalgebras of the

generalized algebra but there conserve also intemal

composition laws of P and А .So the no-go



12

theorems are stiil valid for such constructions.

It remains tobe selved whether there is any non-

trivial deformation of higher order which сап change

the strueture of P and A subalgebras and thus

give physically interesting results.

з.

There are standard mathematical methods of con-

strueting first order deformations

of an arbitrary Lie algebra X = . The direct

computation of high order deformations in general case

is much more difficult. On the other händ one can

always consider X<7 tobe the initial algebra and

obtain its first order deformations if there are any.

The question isin what way the result of repeated

deformations is connected with high order deformations

of the initial algebra X .( The most interesting is

the case when all infinitesimal deformation funetiens

allow the first order deformation.)

_

Letus consider the n-th order deforming funetion

where the first component allow the first

order deformation. Then for we have follcwing

equations

0

Suppose tobe the deforming funetion of the algeb-

ra = (V + first component of

the corresponding relations differ from that of

Eq.(ls).

[/— = 0

(16)
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The class of Solutions { jof the Eq.(l6) may be

wider than the corresponding class in case of

Eq.(ls). So repeated deformations in general can give

algebras unobtainable by high order deformations.

The inverse situation is also possible. Suppose for

example that C Z Then it follows from

Eq.(l6) that J = 0 * Comparing this restric-

tion with Eq.(ls) one can see that the class of "in-

tegrable " deforming functions becomes wider than

that of . Hence there may also exist high o]?der

deformations unequivalent to repeated first order tran-

sitions.

The above arguments touch upon second order defor-

mations only. The full investigation of an arbitrary
order equivalence between the "pure" and repeated

deformations is too complicated. But in some cases the

problem can be easily solved.These situations are des-

cribed in the following Lemma I.

Lemma I

Let X = be the Lie algebra with the first

order deformation ( performed by the deforming
function such that )*
1) If there is a 2-cocycle such that

then X has no deformations of order n>2 with

first two components t. and т„ . The point is

singular on the set of all Lie composition laws

2) If there is a two-cocycle such that

В'(х,х)э
there exist the high order deformations of X un-

equivalent to the repeated first order deformations

( whatever is the character of the point ).

3) If there is a subset Q (X,X )such that
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Lit, 4=o
if all the components of the deforming function

are the elemente of $j and the following
relations are true

then all such deformations of X can be conaidered

aa deformations of ( whatever is the character

4) If there is a subgroup { € Z that

for every € } and all the components of

the deforming function belong to this subgroup

then all such deformations can be considered as

repeated first order deformations of X ( whatever

is the character of jn ).

5) If all the elements (X X) meet the

requirement J= 0 ,
then all deformations of

X of the higtier order are equivalent to repeated

first order deformations of X and the point is

simple.

Proof.

1) It follows from Eq.(7) that

[(V )

The conditions of the first part of the Lemma are in-

compatible with this requirement. The Jacoby identity

will be fulfilled only if one neglects the powers of

the deformation parameter The corresponding

finite defoimation do not exist.

If and
,

the composition

is an element of 3-cocycles group. Being
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not a coboundary it must be a nonzero member of the

3-cohomology group. So dim H (X ,X ) 0 and is

a singular point on JL(
.

2) Due to the conditions of this part it is always
possible to find the third component of the defor-

ming function for which Eq.(l7) is true. This gives
the third order deformation ( though not necessarily
finite ) of X

. But with respect to the function

cannot be considered as - the first component

of the deforming function . In fact it is not

the element of Z for

[ s^,' si*7*] о

3) Let be the n-th component of the deforming
function

t
then it follows immediately from the

deformation equation (7) that

= -[si, -[5i,L-2.]

<iore?en 4 )
'

rt f 1
<l°>

i (forodd n )

In fасе of conditions of the third part of Lemma one

obtains for an arbitrary the relation

* [к,
and in addition for every odd n the following one

H-.L] = о

Each odd component of performs the first order de-

formation of ( as well as X ). Letus change the

indices of the even components of by m =%.
The corresponding function will then obey the usual

deformation equation (7),where the initial
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law is substituted by + c . As a result every

high order deformation of \ can be conaidered as а

deformation of the algebra =

4) From the symmetry properties of the condition (3)
it follows that in a group of selfcommuting
2-cocycles all the elemente commute with each other

Thia providea the decompoaition of the deformation

equation (7) into a aystem of aeparate conditiona equal

for all the components of the deforming function. Each

component describea the first order deformation and

each Ji.+i ia the element of Z. where

thia сазе the defor-

mation of any order splita into a aequence of first

order deformations.

5) Remember the relation (18) for the n-th component

Jn of an arbitrary deforming function. If all ele-

mente of Z(X are selfcommuting then it followa

immediately from (18) that every deforming function

may have only those components which belong toZ

Conaequently thia caae is reduced to the previous one.

All the 2-cocycles are selfcommuting here and thus

all the infinitesimal deformations are integrable. So

the simplicity of the point is guaranteed.

This concludes the proof of the Lemma.

Aa we shall see later ( Section 4 ) the direct surn

Pф A has physically interesting high order defor-

mations unequivalent to any of repeated deformations

of LJc - But the new Lie algebras thus obtained will

not differ considerably from the
*

4. Theorem of ab I

If certain above mentioned properties of components

of the high order deforming function are known one can
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use the results of the previous Lemma I. So every possi

bility to narrow the domain of oandidates for the com-

ponents of is valuable.

Lemma II

Let be the deforming function of the Lie

algebra

+

Then is equivalent to the deforming function

where no component or any of its part can be

identified with the 2-coboundary (X,X).
Proof

The first nonzero term of can be considered

as an element of Z not cohomologous to zero

/10/. Moreover it cannot be presented as a linear com-

bination of cocycles and coboundaries. Let be the

first component in Eq.(l9) häving the form

itn "

(20)

Suppose*4\. = 1 be the element of (ЗФ (\/)
group. Algebras X and (Фс equivalent. Let

us find what changes do occur in the deformation

function under such transformation.

- (y. +

- C<" + ---

Thus in every component of the type presented in

Eq.(2o) the term can be considered as an addi-

tional isomorphic transformation of the initial algeb-

ra X
. Such functions have no reference to the non-
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trivial deformations of X and can be compensate

the appropriate isomorphic tranaition from X to X
*

The regular operator transform those components of

that come after the . But whatever theee

changes are one can always atep by atep eliminate 2-co-

boundaries from all the elemente of .

The above Lemma will help na in constructing high

order deformationa.

Theoreml ( of quasistability )

The only difference between the nontrivial firat

order coupling ( Eq.(l3)) of the apace-time P =

=T 6-L and internal А= G 0-5 symmetry algebras

and the correaponding coupling obtained in high order

deformations ia that in the latter caae all the ele-

mente of the radical G can commute with t, non-

trivially.
Proof

Letus firat conaider the problem of correspon-

dence between the high order and repeated deforma-

tions of P Ф А
.

Propoaition 1. There are physically important high

order deformations of PФ A unequivalent to any of

repeated deformations.

Suppose :G Л G Ais the elementof

Z.2(Ü,U)with thefollowingrestrictions

rAz \
f S€ G for commuting

,
and ct

( 22 )
+3 for noncommuting

and ( seeEq. (13)).

The function thus defined do not commute with

and what is more one can find such a function that

Using the definitions (2) and (3) it is possible to
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reformulateEq.(23).

(24)

Consequently

=k(iA(3.,3z)=3'+3*)t (25)

where к is a constant depending on

Thus the functions € and can be

constructed so that Eq.(23) with - the first order

deforming component is valid. This immediately reduces

the whole problem ( of high order deformations ofРфД )

to the second part of Lemma I. So it is necessary to

study the high order and repeated deformations of LJ
separately.

Two facts in the proposition 1 are worth noticing.

The first is connected with the physical meaning of

this or that deforming component. Eq.(23) is important

not only duejto the nonzero functions

and but because couples P and A and

differs from the known function .

The second significant fact is that one can add to

$ determined by (25) any element of LX LJ)
( excluding the coboundaries, see Lemma II ) not violat-

ing Eq.(23). Sois deteimined with an accttracyof

a 2-cocycle not cohomologous to zero.
д

Proposition 2. Only three types of functions
n

and can exist in any physically nontrivial high

order deforming function of P ф .

Suppose presented in Eq.(l9) is a deforming

function of p ф Д with only those nonzero components

which are essential for the P-A-coupling. The first

nonzero function j- may be of the type :P ДP—*- p t

—*- А
, or ( Eq.(l3)). According to
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Lemma II all coboundaries are excluded. The function

rP
of the first type jy, will lead to the

De-Sitter algebras /9/ which are strongly stable. This

puts the end to any attempt of violating the direct aum

structure. Such functions as are incompatible with

any P-Д -coupling on any step of high order deforma-

tion. So the nontrivial deformations of the

subalgebra are excluded from the very beginning. The

reason will be carefully investigated in Section

Letus put and rewrite the relation (9)

in the detailed form

where 6.LJ * It is easy now to check that only those

meet the requirement (26) nontrivially ( with non-

zero right händ side of Eq. (26)) which are the intemal

maps And on the left händ side of Eq. (26)

one can put a composition of any dif-

ferentAAA —homomorphisms. The result will be

just the same. It was mentioned above ( proposition 1 )

that any 2-cocycle may be included in .
Thus the

following decomposition is true.

t
= (27)

Jan, Jan, Jan,

where the possible joint with

determined by (26). If (19) is zero the first

order deformation of A must exist and the next non-

zero component is againan element of Z
If the left händ side of (26) equals zero

2,-cocycle.ln both cases the corresponding function

has the form analogous to (27) with the cocyclic first

term.
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In all cases the next deforming component tobe in-

veetigated is determined by compositi-

ons of the two following types

The first commutator,if not zero,may be equal to .

As it was shown in the proposition 1 the second compo-
Г

sition may give rise to the function j- defined by

(25). Again the 2-cocycles J and must be taken

into consideration and as the result we have

(-A
r= ) + J + J

c ( 29 )

On the next step besides the compositions (28) one must

consider also the following

[j',!'] <.,

Using the explicit foim of compositions (30) and defi-

nitions (13) and (25) it is easy to check that first

two types of compositions equal zero. One can prove

that the last one is a 3-coboundary.

(31)

гА
The composition is nontrivial only if the function j-
of noncommuting argumente from gives an element

€ А
. In this case the corresponding coboundary

exists with the function which is of the same

type as

()
Thus the deforming components on this level have the

same decomposition as defined for the previous level
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in Eq.(29). No new types functions can appear in any

subsequent component of .

If one suppose the result will be just
the same: first functions (27) will appear and then

that of the decomposition (29). One can obtain the full

number of different types of functions on the second

stage supposing the first nonzero component tobe

linear combination of j- - and -types.

The proposition 2 proved above has the following

important consequence. In any nontrivial high order

deformation of P Ф A there may be only two types of

coupling between P and A subalgebras.

t°T3=3'eA'
L for Д' (33 )

3 -З'е A'

Functions and L together can make all the

elements of the radical noncommutative with the

translations t € T
. The only difference between

and is that they couple tС T with the diverse

subspaces of . The numerical coefficients are

intimataly connected through the relation (25). But

plays in our problem more significant roie because

it is necessarily the first function to break the

direct sum structure of LJ . may appear only in

the presence of . Thus it is essential that the

initial intemal symmetry algebra A has the elements

of radical which do not belong to А
. The nonzero

гА г
C*

component of the j -type is also necessary for -

coupling. The functions are connected with both

and by relations (32) and (25)

=3'+3*)=
= (34)
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c А
The function j of commuting argumente cannot be equal

to other than S€ S elemente. On noncommuting 3, and

ga this function can have arbitrary valuee. But there

are no_components of if

and functions will appear only once in T if

Thus we have determined general form of the high

order phyaically nontrivial deformations of U=P ФА
.

+ +X (35)
t,=i t=2.

'

This function gives all the characteristics of high

order deformations of PФ A which are important for

the construction of the generalized symmetry.

The theorem I is thus proved.

5- of stabili

It was mentioned in Section 3 that the high order

deformations do not necessarily cover all the algebras

"close" to the given one. In the neighbourhood of the

initial algebra X there may be some eCLgebrasthat

can be presented only as repeated deformations of X
The existence of such deformations depends mainly upon

the properties of the 2-cocycles groupZ.
is the first order deformation of X

. In this

section we shall investigate the subgroup

whose elements can couple P and A in nontri-

vially. Some relations obtained in the article /13/

will be used.

Theorem II ( of quasistäbility )

If the independent deformations of the intemal

symmetry algebra A are nottaken into account all

the repeated deformations of (14) are trivial.

Proof

The 2-cohomology group H (Uc the
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nontrivial infinitesimal deformations of can be

simplified due to Serre and Hochschilda formula (11).

( 36

where isthegroupof
elementein

Aeusualwe reformulatethe for

theelementeof2-cocycleegroup LJc)
["c.KjcJe)]

( 37

-]\ic)J3(Jc)]
where -ic,jc 63c , P denotee the map

— и,-
Propoeition I.The condition of -invariance for the

elemente of be presented in the follow-

ing form

These relations ae well as the correeponding equaticns

in /13/ ( /13/-5,6,7 ) are the direct consequence of

the condition (37) and the linearity of all the opera-

tore used.

We shall uee the following decompoeition of the

deforming function *

Propoeition 2.

are noninvariant. The function Uc -invari-

ant and as a consequence of Q* -invariance it is а
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2-coboundary.
Letus putu,.=gG&in Eq.(36)thenusingtheex-

plicitformof thecommutator

Ete,3ll tc
(41)

we have

(42)

As distinct from the algebra U-P$A it is impossible

to deform the subalgebra P of nontrivially.

Let U(. = Eq-(38), then it is easy to see that

The corresponding relation

coincides with those obtained for the P(B A infinitesi-

mal deformations ( Eq./13/-8 ).

have for the function

following relation

In /13/ it was demonstrated that such equations can be

solved only for zero homomorphisms . They are thus

notL-tnvariant.

Eq.(3B) gives coboundary condition

for

h (зУ ( 44 )

where is a homomorphism contrast with

deformed structure of has not changed

the properties of

Proposition 3. Functions co-

boundaries.

If = in Eq.(39) one obtains for the homomor-

phisms the following equation

=

(45)

As it was proved in /13/ for LJ this relation could be

fulfilled only if
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=

(46)

Eq.(46) is the coboundary condition for the left händ

side. The same argumente are true aleo for Dc .

Proposition 4. Functions and

coboundaries.

Letus put in Eq.(4o) m =
E cL

,
then for the homo-

morphisms come to the following restriction

(47)

For left händ eide of Eq.(47) equale zero.

Such relation wae investigated in /13/ and it was de-

monstrated using the intemal structure of P subal-

gebra that all the L -invariant functions are zero.

The Poincare subalgebra remaina unchanged in Dc * So

the same is true in our case, when the

is studied.

Consider now Eq. (40) for u<. =

then for have

It was demonstrated above that the second term in

Eq.(4B) must be zero. Using the explicit form of the

commutator in the first teim we obtain the coboundary

condition for

к * (49)

Let again Uc.= in Eq.(4o) and consider maps

and * One comes to the following

relation
\

,3 )= 0
(50 )

The properties of the Poincar6 subalgebra allow only

zero maps to fulfill Eq.(so). For

with an arbitrary the restrictions obtain-
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ed from Eq.(4o) are similar to those investigated in

/13/ for . It is possible to repeat all the argu

ments used in /13/ to find

coboundaries.

Proposition 5- The L -invariant maps can be

devided into two parts. The diagonal part for

g = and the nondiagonal part for arbitra-

ry arguments are coboundaries.

The L-invariance condition for (t has the

following explicit form

( 51 )

Using the commutation relations (41) one can easily

verify that the last two terms in (51) mutually compen-

sate. Неге the Poincar6 algebra conventional commuta-

tion relations are necessary

tv +

[tjs,tsb] = 0

In this basis the following matrix forms of the func-

tions and will be used

(. 53 J

E ) c( ( 54 )

As a consequence of Eq.(sl) for matrix elements (53)

and (54) onehas conditions

+
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where - the basic elemente of G and summation is

performed over all the repeated indices including L

The essential property of Eq.(55) is that for the

diagonal matrix elements the last term of this

equation is zero. So the restrictions obtained in /13/

for are aiao true here

If only the nondiagonal part of considered

the inEq.(ss) vanish. Thus

the L -invariance condition coincides

with that defined in /13/

3
,(57)

This condition was used in /13/ to prove that

is a coboundary. Here the situation is just the same.

The diagonal Q
defined by condition (56) coinsides with the deforming

function of the first order deformation of LJ Eq.

(13)). The deformation of the algebra with

may change only the constants the commutation

relations (41) of with respect to newly defined

in Eq.(56). This procedure is equivalent to the

redefinition of the basis of
.

For example it is

easy to find the necessary for the coboundary

co.diti.n
=

*c.h(gt) 3

The proposition 5 is thus proved.

The following reasoning concludes the proof of the

Theorem.

The conditions of G- and G-invariance do not

provide for ( where A') any simple

restrictions. But the explicit form of the cocyclic
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condition (8) makes it possible to verify the following

So the functions under consideration can not be deform-

ing.

Thus we have proved that the structure of the

algebra is stable with an accuracy of Independent

defonnations of А
The important consequence of Theorem II is the

stability of the Poincare subalgebra. As subalgebra of

tJ=PSA it is definitely deformable. The correspond-

ing deforming function has the.following form /9/

к*"
(59)

This function allows the first order defonnation and

transforms P into the semi-simple De-Sitter algebras

3)
. Its strong stability makes any further nontrivi-

al coupling between and A impossible. But

the subalgebra is strongly stable. This may

occur only if there is an obstruction to such deforma-

tions. The composition J cannot lead to any

obstruction. So it is the composition which

must be equal to the element of cohomo-

logous to zero.

It is impossible to construct the whole group

because the properties of the direct summand A are

not fixed. None the less in /13/ the following 3-co-

cycle was determined
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The right händ side of Eq.(6o) is a linear combination

of such functions and therefore is the element of

Ц (U, U). So in the deforming function the components

and cannot appear together. Over and above

Eq.(6o) indicates that the infinitesimal deforming
function not integrable. The point

corresponding to the algebra U on is singular

( Section 2 ) and one can formulate the conclusion:

"If in the direct sum PФ A the radical of A is

solvable and indudes elements not belonging to А
then the corresponding point of the set of all Lie

compositions is not simple and the set of all nontri-

vial nonequivalent deformations splits into at least

two irreducible components: the deformation of P and

that of the direct sum structure in LJ

6. Discussion

The high order deformations investigated in Section

4 and the repeated deformations studied in Section 5

show that functions (33) totally define the admissable

form of coupling between space-time and intemal al-

gebraic synmetries. The repeated deformations of LJc
can provide only the additional transformation of the

intemal symmetry. The high order deformation can

change the subspace of intemal symmetry generators

directly coupled with translations.

As it was indicated in /13/ the first order defor-

mations of P Ф A give no possibility to construct the

mass-spectrum. The principal objection is the stabi-

lity of both P and A subalgebras. Or, more gene-

rally ,
the fact that both P and A remain subal-

gebras of LJc * The investigation carried out in

Sections 4 and 5 shows that this main difficulty

stiil remains. If any P*A-coupling appears during

the defoimation of arbitrary order or type the Poincare
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algebra as well as A or any of its deformations

remain subalgebras of .

But it is posaible to consider only A tobe the

precise intemal symmetry algebra. Then the no-go theo

rems cannot be used for the deformed intemal symmet-

ries А
c

.
If one consider the redefinition of invari-

ant operators /15/ physically admissible the mass-

splitting appears tobe possible.

To illustrate the situation we present a very

simple example. Let A be the algebra of 2-dimensional

pseudoeuclidian transformations with 1-dimensional

centre, А = G
.

Е9-,Ззl=Э2;

This algebra has the second order Cazimir operator

._lt is possible to deformPoG* with the

function = " ( $1 * 51 )
where =

We shall write down only those cõmmutators that change

[3.,3<П =

Consider now the operator tl the

Cazimir of the Uc. algebra. In the limit c-*0

the operators H and () are both invariant in

. If one considers the system I?hat might be cha-

racterized by the invariant the correspond-

ing mass-splitting will appear.

Besides the problem of mass-splitting the obtained

informatioh about the relativizability of various in-

temal symmetries and the unique character of possible

coupling betweem space-time and intemal symmetries is

of considerable physical importance. The investigation

shows that our knowledge about the principles of sym-
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metry breaking is not yet adequate. The discontinuity
of the process of switching off the uninvariant parts

of interactions seems tobe the most probable feature

which must be taken into consideration in the detailed

model of symmetry breaking. The author is grateful to

Dr H. õiglane of the Institute of Physics and Astronomy

for indicating this possibility.

It is a pleasure for the author to thank Dr.

J. Lõhmus and Dr.M. Kõiv for valuable discussions and

all the members of the theoretical department of the

Institute of Physics and Astronomy for their hospitali-

ty and interest in this work.
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Рез ю м

В работе рассматриваются деформации высших поряд-

ков прямой суммы алгебр Пуанкаре и внутренней симмет-

рии. Установлено, что существуют деформации высших

порядков, неэквивалентные последовательности деформа-

ций первого порядка (повторным деформациям). Теоремы

квазистабильности нетривиальной связи пространственно-

-временных и внутренних свойств системы (установленные
для бесконечно малых деформаций) доказаны как для пов-

торных деформаций, так и для деформаций высших порядков

Применение полученных обобщенных алгебр симметрии в

проблеме спектра масс встречает серьезные трудности.
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