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GENERALIZED SYMMETRIES AND HIGH ORDER DEFORMATIONS
OF THE DIRECT SUM P @ A

V.D.Lyakhovsky
1. Introduction

Difficulties of the group-theoretic approach to
the elementary particles theory are often connected
with non-relativistic character of usually used inter-
nal symmetry groups. This caused numerous attempts of
the joint description of the space-time and intermal
properties. It was supposed that breaking of the inter-
nal symmetry is totally described by the inclusion of
the internal symmetry algebra into a larger one centain-
ing the Poincaré subalgebra. This scheme was intended
to describe coupling of the space-time and internal
properties of the system of hadrons. But the so called
no-go theorems were proved within quite general supposi-
tions /1/,which leaves only one possible scheme of
generalized symmetry, i.e. the direct sum of the
Poincaré and internal symmetry algebras. The space-time
and internal symmetries thus appear to be totally
independent and all the particles of the same multiplet
have the same mass and spin. On\thez other hand the
mass-splitting ps well as connections between the exter-
nal and internal characteristics of the system are
experimentally evident.

Several attempts to revive the old scheme being
fruitless the construction of the new model of the sym-
metry- breaking mechanism appeared to be the most hope-
full way /2/.

It seemed very likely that the new description
might accumulate the information from both algebraic
objects: the precise symmetry algebra U and broken
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symmetry algebra (J. . Difficulties of the previous
scheme constrain one to think the inclusion into a
wider symmetry to be not the main reason of breaking
of the precise symmetry. It was supposed that the
precise internal symmetry algebra A may not be a sub-
algebra of the generalized algebra UC . Breaking
results not only in connections between the space-time
P and internal A algebras but also in transforma-
tions of the internal and probably space-time symmet-
ries. When the internal symmetry is precise the system
is described by the direct sum of algebras > ®A .Taking
into account of the nonsymmetric part of the interac-
tion should correspond to the transition from the
direct sun P ® A to an algebra of a generalised sym-
metry. So to find the generalized symmetry is to con-
struct the algebra which can be tramnsformed into the
direct sum P $A by some limiting procedure. In addi-
tion the commutation relations of these two algebras
must be "close" in the Segal’s terminology /3/ accord-
ing to the correspondence principle.

The above model was carefully investigated on the
basis of the contractions theory /4,5/. However the
existence of the generalized symmetry with such proper-
ties was not established. It must be taken into account
that there is no theory of general contractions. Only
some special types of contractions (IW-contractions /6/
Saletan’s contractions /7/, p-contractions /8/, singu-
lar contractions /9/ and some other) are thoroughly
treated. So the results of the investigations /4, 5/
refer to few types of contractions. The method gives
no possibility to reconstruct all the Lie algebras
which form the neighbourhood of the given algebra.

The theory of deformations of Lie algebras proposed
by M.Gerstenhaber /10/ is free from these disadvantages.
This theory was first used by M.Levy-Nahas /9/ to find
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The deformations of Lie algebras is the theory of
inverse contractions and therefore gives the most
suitable method to construct the generalized symmetry
algebra. Deformations do not depend on the specific
form of the limiting transition between two algebras.
Over and above the obtained results do not depend upon
the algebraic basis chosen. By means of deformations
one can obtain all the algebras that are'close™ to the
given one /11/. The investigation of the generalized
symmetry "close" to the direct sum Pe A makes it
necessary to study the deformations of the Lie algebra
PeA.

The results of course differ for various algebras

of internal symmetry. First there were considered
the semi-simple O and inhomogeneous | S  algebras
of internal symmetry which were of great physical
importance. In the article /12/ it was demonstrated
that in these cases all the deformations conserve the
structure of the direct sum. Thus in the Lie algebras
close to D ® S or P ® IS no relativization can
be achieved. In face of this result the problem is
formulated somewhat differently. It should be stated
what properties are necessary for the relativization
of the finite dimentional Lie algebra. In the previous
paper /13/ it was supposed that the internal algebra

has quite general form ( finite dimensional Lie
algebra with solvable ideal ). It was proved that the
possible form of the infinitesimal deformations of
D @ A changing the structure of the direct sum is
unique. The restrictions on the possible structure of
A are explicitly formulated ( they are given in
Section 2 ). But the properties of the generalized
symmetry algebra thusobtained cause serious difficul-
ties in its physical applications. It is impossible to
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solve the problem of mass spectrum by means of the
infinitesimal deformation of the direct sum | ® A
whatever the internal algebra A is. But the possibi-
lity remains to construct the generalized algebra using
the high order deformations of Pe A. They are stu-
died in this articie.

In Section 2 the main properties of deformations
and the theory of uniqueness are briefly discussed.
In Section 3 the connections between the high order
and repeated deformations are studied. It appears im-
possible to restrict the investigation to the first
order deformations of the structure given in /13/. In
Section 4 the theorem of quasistability of this struc-
ture is proved for the high order deformations. The
second part of the theorem of quasistability ( Section
5 ) refers to the repeated deformations. These theo-
rems state the unique form of possible coupling of the
space-time and internmal symmetries. Some properties
of the gemeralized symmetry thus obtained are discussed
in Section 6. The conclusions are illustrated by simple
examoles of the first order and high order deformations.

2. General Properties of Deformations and
the First Order Deformations of P S A .

tet X = (V, m=[1)ve the inite dimentional
Lie algebra over the field of real numbers R s+ Where
V is the algebraic linear vector space and M is
its composition law. The extension of the vector space
\/ by the power series ring of C over R is the
linear vector space V \/ [ R((C)) Lie algebra
X = (Vg,5c ) is callea S kot i ok AL

f (o8) =81 +cf@b) + e f,(@b)+
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amd > 5 (5.(a,8)d)=(5%5)@8d)=0
P,8,d) = X
where a)@)o‘ < V
S;. . V/\V e V , and

P(d,@:,d) is the cyclic permutation of variables.
It is more comfortable to use a different notation

[5.5]= 825 + 5% '
Then Eq.(2) assumes the form

ey ()

In the vector space Hom2 (E (V) 5 V) elements _]“
satisfying (4) form an algebraic set AL .

M = {§ € Hom, EV), V)| L5, §1-0} (5)

Let L. ve the neighborhood oz () m € M on
Hom, (E(V),V) « Then

M= {qel |[[q,n] =0} 6)

is the algebraic set called the set of deformations of
the Lie algebra X = (V, )

Recalling now the expansion ( 1 ), one obtains from
Eq.(4)

g§c+ '/Z[EC,;c]:'O
were 55 =[5, m=[1] ,
5'<:E Sc~[] 1

Eq.(7) is called the deformation equation. In particular
for SL one has relations:

SS;‘[&L,)‘“[]}:O (8)

&
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Eq.(8) implies that & must be the element of the
2-cocycles group 7 2> (X X). 1f it 1s so the left hand
side of Eq.(9) is the element of Z >(X, X) which
must belong to B2(X X)) es indicated by the right
hand side of this gqua%ion.

The function Sc satisfying the deformation egqua-
tion ig called the deforming function. But the deform~
ing function does not necessarily change the initial
algebra X , for it may occur that c and X are
isomorphic. Such deformations are called trivial. The

co on §C 3 BZ(X,X) =

is necessary and sufficient for triviality of the
deformation. Two deforming functions fc and .
referring to the same 2-cohomolo@ class lead to isomor-
phic Lie algebras xc and \(c . Such deformations are
called equivalent. It was first stated by Gerstenhaber
/10/ that only those members of Z (X X)can give
nontrivial deformations which are not cohomologous to
zero. Algebras with zero second cohomology group have
only trivial deformations and are called rigid. It is
often important to know whether any subalgebra of the
algebra under consideration is rigid ( it is then
called stable ). The stability may be strong ( all the
commutators containinrg elements of this subalgebra are
unchanged ) or weak ( when only commutators in the
considered subalgebra are rigid ). We shall use only
the fact that semi-simple algebras are strongly
stable /11/.

Let the parameter C in the deformed composition
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law (1) be infinitesimally small. Only the relation (8)
will be essential in this case. This means that such
deformations form the neighbourhood of the initial
algebra X & (V) J“) on the tangent manifold to the
set of all Lie composition laws at the point W
These deformations are called infinitesimal. All non-
trivial infinitesimal deformations are thus described
by the second cohomology group HZ(X,X) . Any inves-
tigation of the deformation properties of an algebra
impose the detailed study of this group. The calcula-
tions are considerably simplified by means of the
Serre and Hochschild’s formula /14/.

> X
H'XM=5 HCARNeHOM ()

where M is a free X-modnl, X
J  is en ideal of X -algebra such that / P
is semi-simple,
F is )% ring over which X is defined,
k(‘j M) is a group of X -invariant elements
K
j-n H ( 3 ) M ) < 3
Suppose that all the maps SL with L > 1 are
zero in Eq.(1). Then it is necessary to fulfill not
only the relation (8) but also the relation (9) in the

[51)S1]=0 (12x)

Such deformations are celled the deformations of the
first order. If Eq.(11) is not fulfilled Eq.(9) may be
still true and some high order deformations may exist
with the first nonzero component f - But when the
composition [ § y, §1] eppears to be the 3-cocycle not
cohomologous to zero no deformations other than infi-
nitesimel can exist with such §, . The deforming

Y
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component Si is then called nonintegrable. The cor-
responding 3-cocycle is called the obstruction to the
deformation with S . + In this case there may be more
than one irreducible component in M ( Eq.(6)) and
the point M is not simple on M 7.

Our task formulated in Section 1 is to find all the
deformations breaking the structure of the direct sum
in P® A and to study their properties connected
with the mass-spectrum problem.

All the proposed models of the internal symmetry
were based on the semi-simple S or the inhomogeneous
[ S 1ie algebras. Let us introduce the following
decomposition of the Poincaré algebra P=TelL 3
where L. is the Lorentz subalgebra and | - the
translational ideal. The algebraic vector space splits
accordingly V V OV In the direct sum
@ & L)O 8 the subalgebras L ana S are strongly
stable. So the deforming function has VT as the
domain of definition. In /12/ it is shown that its
domain of values is VL. + This function describes
the autonomous deformation of the Poincaré subalgebra.
As & result all the deformations of P @® S are of
the form [) @ S , where D  is one of the
De-Sitter algebras.

In case of inhomogeneous algebras there are some
specific difficulties. But we arrive at the similar
conclusion. It is demonstrated in /12/ that all the
deformations of the direct sum P @ [S are auto-
nomous deformations of its direct summands.

Nevertheless the possibility of existence of more
complicated finite dimentional Lie algebras with
proper relativization remained. In /13/ it was
required merely that the internal symmetry algebra
is a finite dimentionsl Lie algebra. Its Levy decom-
position is the only information used.



< 99 =

A=GeS

where G is the radical and S is semi-simple.

The following theorem proved in /13/ was called
the theorem of uniqueness: -

"Among the nontrivial infinitesimal deformatio:

of U=P®A there is only one that changes the
structure of the direct sum. The corresponding
deforming function allows the first order deformation
and has the form

A h@ttor ot u,- g
&i(u-,uz) === Ll(g)-tfor u,-t , U= 9 €139
0 for all other arguments

where u, € J , t € T - the tremslational ideal
oz P, g € G . h(g) is a constant depending on
» h(g)=0 ir KW A* - the first commutator

subalgebra of ¥

Thus an algebra is relativizable if and only if in
its radical not all elements belong to Ai . This
requirement being fulfilled the structure of the
deformed generalized algebra UC is unique

Ue-(LeS)»(@»T)-PeA,

(1)
[L,G]-0, [T,S]-0; [T,g'1-T
+ G
where § € G—‘_T .

As it was stressed in /13/ the main property of
Ue isthat P ana A subalgebras survive the
deformation. They remain not only subalgebras of the
generalized algebra but there conserve also internal
composition laws of P and A . So the no-go
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theorems are still valid for such constructions.

It remains to be solved whether there is any non-
trivial deformation of higher order which can change
the structure of P and A subalgebras and thus
give physically interesting results.

3. High Order Deformations.

There are standard mathematical methods of con-
structing first order deformations X. = (V, m+<§,
of an arbitrary Lie algebra X = (V, J“) . The direct
computation of high order deformations in general case
is much more difficult. On the other hand one can
always consider = to be the initial algebra and
obtain its first order deformations if there are any.
The question is in what way the result of repeated
deformations is connected with high order deformations
of the initial algebra X .( The most interesting is
the case when all infinitesimal deformation functions
e Z%(X X) allow the first order deformation.)

Let us consider the n-th order deforming function
2 where the first component 3 1 allow the first
order deformation. Then for S we have following
equations

[ 5. ]=8p 3220

15:)
[ 34_}§;] 5 -%:l“ gg,
Suppose Sé to be the deforming function of the algeb-
ra XT (\/ fucf\ For the first component j

the correspond:.ng relations differ from that of
Bq.CTo ).

[}“*Cfa)sil]=g+c515‘1, =0
(5, 5 T=-80esls, o
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The class of solutions { § 1,} of the Eq.(16) may be
wider than the corresponding class ia} in case of
Eq.(15). So repeated deformations in general can give
algebras unobtainable by high order deformations.

The inverse situation is also possible. Suppose for
example that § € Z (X X). Then it follows from
EqQ.(16) that [ g ]= 0. Comparing this restric-
tion with Eq.(15) one ‘can see that the class of "in-
tegrable " deforming functions {52} becomes wider than
that of {}i} . Hence there may also exist high order
deformations unequivalent to repeated first order tran-
sitions.

The above arguments touch upon second order defor-
mations only. The full investigation of an arbitrary
order equivalence between the "pure" and repeated
deformations is too complicated. But in some cases the
problem can be easily solved.These situations are des-
cribed in the following Lemma I.

Lemma I
et X=(V Jl)be the Lie algebra with the first
order deformation ( performed by the defoming

function fLEZa(X X) such that [5’1 §a }

1) If there is a 2-cocycle 82 such that

B*(X,X) # [ §,,5.] #0
then has no deformations of order n>2 with
first two components S L and 5 o The point /“ is
singular on the set of all Lie composition laws JA o
2) If there is a two-cocycle §, such that

B*(XX)a[§, 5]+

there exist the high order dofomt:.ona of X un-
equivalent to the repeated first order deformations
( whatever is the character of the point A\

3) If there is a subset {5} C Z%(X X)such that
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L[5, §]-0

if all the components S." of the deforming function
{. are the elements of {§} and the following
>»elations are true

[57—“+1,52n+1]:0) [S?.rui, fzm] =0

then all such defomﬁions of X can be considered
as deformations of X : ( whatever is the character

of M 9. 5
4) If there is a subgroup {§} € Z°(X X)such that

for every & € {5} and all the components 5&. of

the deforming function Sc belong to this subgroup

then all such deformations can be considered as

repeated first order deformations of X ( whatever

is the character of ).

5) If all the elements §. € Z (X ,X) meet the

requirement [ S_“ f ]_ OJ , then all deformations of
of the higner ordar are equivalent to repeated

first order deformations of X and the point j\' is

simple.

Proof.

1) It follows from Eq.(7) that

[Sl)fz]:g§3 &%)

The conditions of the first part of the Lemma are in-
compatible with this requirement. The Jacoby identity
will be fulfilled only if one neglects the powers of
the deformation parameter n=3. The corresponding
finite deformation do not exist.

i 4 51 and fz €Z2<X X) , the composition
[51 a] is an element of 3-cocycles group. Being
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not a coboundary it must be a nonzero member of the
3-cohomology group. So dim H®(X,X)#0 ana m 1s
a singular point on uu .

2) Due to the conditions of this part it is always
possible to find the third component {, of the defor-
ming function for which Eq.(17) is true. This gives
the third order deformation ( though not necessarily
finite ) of X . But with respect to X. the function
fz cannot be considered as 5; - the first component
of the deforming function { . In fact it is not
the element of ZZ(X'C) XD for

[§,,cf +r]#0

3) Let f,‘ _be the n-th component of the deforming
function § e ? then it follows immediately from the
deformation equation (7) that

[, 2] = -8, Sud =06 $uad -

1/2[5n/z) S“/z] ( for even n )
(18)

[S"T-‘ ,f!&iﬂ] (forodd n )
In face of conditions of the third part of Lemma one
obtains for an arbitrary n the relation

[Sn,J«] =[§n, °£1+JM]

and in addition for every odd n the following one

[$: 5. 1+=0

Bach odd component of Sc performs the first order de-
formation of ch ( as well as X ). Let us change the
indices N of the even components of S s W m="%.
The corresponding function will then obey the usual
deformation equation (7),where the initial composition
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law is substituted by M +c§, . As a result every
high order deformation of X can be considered as a
deformation of the algebra c=(V)-f“'c'51) A
4) From the symmetry properties of the condition (3)
it follows that in a group { 5} of selfcommuting
2-cocycles all the elements commute with each other
[5;,53]=0; &;,Sj 6{5}
This provides the decomposition of the deformation
equation (7) into a system of separate conditions equal
for all the components of the deforming function. Each
component describes the first order deformation and
each 5;01 is the element of Z (X X ) where
) $+ (\/ Mecro ] ). So in this case the defor-
nation of any order splits into a sequence of first
order deformations.
5) Remember the relation (18) for the n-th component
of an arbitra.t-y deforming function. If all ele-

ments of Z (X X\ are selfcommuting then it follows
immediately from (18) that every deforming function 5-
may have only those components which belong toZ (XX)
Consequently this case is reduced to the previous one.

All the 2-cocycles are selfcommuting here and thus
all the infinitesimal deformations are integrable. So
the simplicity of the point M is guarsnteed.

This concludes the proof of the Lemma.

As we shall see later ( Section 4 ) the direct sum
P ® A nas physically interesting high order defor-
mations unequivalent to any of repeated deformations
of U . But the new Lie algebras thus obtained will
not differ considerably from the Uc .

4. Theorem of Quasistability I

If certain above mentioned properties of components
of the high order deforming function are known one can
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use the results of the previous Lemma I. So every possi-
bility to narrow the domain of candidates for the com-
ponents of §_  is valuable.
lemma II

Iet §, be the deforming function of the Lie
algebra

‘*C :)( + Cn'Sn_ + C“ZS“Z* ol B CK§K+... C19)

Then §. is equivalent to the deforming function §
where no component j,. or any of its part can be
identified with the 2-coboundary b € B (X X).
Proof “

The first nonzero term of §_ can be considered
as an element of ZZ(X )X) not cohomologous to zero
/10/. Moreover it cannot be presented as a linear com-
bination o_f cocycles and coboundaries. ILet Sm be the
first component in Eq.(19) having the form

fmz 5m*g\fm (20)

Su.ppose<t>C = 1 -cm jm to be the element of G‘L (V)
group. Algebras X and (CPCX)are equivalent. Let
us find what changes do occur in the deformation
function &c under such transformation.

¢)<—:l S (@u Du,) = S u uy)-emg, (B (W), u2) -
— O S'C (lh ,\gm(“z)) Fem ‘fm (j-c (u')u,_)) > s 2
= p(u,uy) + ™, (Ugu ) Lt c"‘sm(u.,uz)_( oY

- e (8 %) () *

Thus in every component sm of the type presented in
Eq.(20) the S‘fm term can be considered as an addi-
tional isomorphic transformation of the initial algeb-
ra X . Such functions have no reference to the non-
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trivial deformations of X and can be compensated by
the appropriate isomorphic transition from X to X .
The regular operator CPC transform those components of

§. that come after the §, . But whatever these
changes are one can always step by step eliminate 2-co-
boundaries from all the elements of fc_ .

The above Lemma will help us in constructing high
order deformations. ;
Theorem I ( of quasistability )

The only difference between the nontrivial first
order coupling ﬂ ( Bq.(13)) of the space-time P -
=Tal end internal A = G& S symmetry algebras
and the corresponding coupling obtained in high order
deformations is that in the latter case all the ele-
ments of the radical G can commute with T eT non-
trivially.

Proof

Let us first consider the problem of correspon-
dence between the high order and repeated deforma-
tions of P @ A 4
Proposition 1. There are physically important high
order deformations of P ®A unequivalent to any of
repeated deformations.

Suppose 5 : H 6‘/\6 Lt A is the element of
z* (U,U) with the following restrictions

A S€ 5 for commuting and
§2(3|,32>: { 34 32 €22 )

/

e 31' for noncommuting 9 204 9,

where g'e G A’ ana f;‘ (t,g")#0 ( see Bq.(13)).

The function 52 thus defined do not commute with § g

and what is more one can find such a function j-;‘ that

=l o e ( 23

Using the definitions (2) and (3) it is possible to
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reformulate Eq.(23).

Sh(t, 52(3¢,323)= 'Sg(t;/“(ﬁ'»ﬁa)) (28)
COnsequently

§3(x; s) h(g'-pm(an3)t =
:l\(& (3.,Sa)=3 +5*)-t C29°)

where h is a constant depending on

Thus the functions A € Z*(U, U)and 5“ can be
constructed so that Eq.(23) with 5“ - the first order
deforming component is valid. This immediately reduces
the whole problem ( of high order deformations ofP®A )
to the second part of Lemma I. So it is necessary to
study the high order and repeated deformations of U
separately.

Two facts in the proposition 1 are worth noticing.
The first is connected with the physical meaning of
this or that deforming component. Eq.(23) is important
not only due _to the existence of nonzero functions

, &and f but because 5: couples P ena A eana

differs from the known function f

. The second significant fact is that one can add to
§%  determined by (25) say element oz = 2 (U, U)
( excluding the coboundaries, see Lemma II ) not violat-
ing Eq.(23). S0 {" is determined with en sccurscy of
a 2-cocycle not cohomologous to zero. A h

Proposition 2. Only three types of functions Sn ’ S
and 5“' can exist in any ph:ysicallv nontrivial high
order deforming function S P (3] A

Suppose fc presented in Eq (19) is a deforming
function of P@ A with only those nonzero components
which are essential for the P- A -coupling. The first
nonzero function fn may be of the type§ :PAP—P »
5A :AAA — A | or -S: (Eq (13)). According to

n




- D0

Lemma II all coboundaries are excluded. The function
of the first type §. will lesd to the semi-simple
De-Sitter algebras /9/ which are strongly stable. This
puts the end to any attempt of violating the direct sum
structure. Such functions as S-P are incompatible with
any p- A -coupling on any step of high order deforma-
tion. So the nontrivial deformations of the Poincaré
subalgebra are excluded from the very beginning. The
reason will be carefully investigated in Section 5.

Let us put 5-“‘ = an. and rewrite the relation (9)
in the detailed form

- fa(u,fn )=

PO ™ ‘

= —Z [ﬂ(u|)s-2_“l(“2.,u5))“'SZ“‘Cut)jA (“:.,“3))
P0,2,»

where u; EU . It is easy now to check that only those
Srammeet the requirement (26) nontrivially ( with non-
zero right hand side of Eq.(26)) which are the intermal
maps AAA —>A. And on the left hand side of Eg.(26)
one can put a composition [fA 3 S-'A] of any two dif-
ferentA/\A—-rA homomorphisms. The result will be
just the same. It was mentioned above ( proposition 1 )
that any 2-cocycle may be included in 5—2“‘ . Thus the
following decomposition is true.

5' = S’A + Sh £ 29 )

2n, 2n, 2n,

where the possible SAezz(A,A)is joint with the 5:.1
determined by (26). If §,, in (19) is zero the first
order deformation of must exist and the ngxt non-
zero component ne is again an element of Z (U,U)
If the left hand side of (26) equals zero §,, is the
2~cocycle. In both cases the corresponding function
has the form analogous to (27) with the cocyclic first
term.

(26)
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In all cases the next deforming component to be in-
vestigated S an, ©°F 5“. +n, is determined by compositi-
ons of the two following types

PR e st ] s

The first commutator,if not zero,may be equal to SSA .
As it was shown in the proposition 1 the second compo-
sition may give rise to the function &W defined by
(25). Again the 2-cocycles f" and 5‘ must be taken
into consideration and as the result we have

53n. - §A i Sh +§f{
L Yrely

On the next step besides the compositions (28) one must
consider also the following

T it . i [ A K]
Tl om0 AR
Using the explicit form of compositions (30) and defi-
nitions (13) and (25) it is easy to check that first

two types of compositions equal zero. One can prove
that the last one is a 3-coboundary.

(84,5 ] (£330 = 57 (¢, §*(s.,3.)-
:Sflw(t,g.,gz)=5'h(t,}(3,)32)) (31)

The composition is nontrivial only if the function SA
of noncommuting arguments from O gives an element
3' &= Al . In this case the, corresponding coboundary
exists with the function § " which is of the seme

w3 -
R (p(s,90) =k (543,92)=9+9) |

Thus the deforming components on this level have the
same decomposition as defined for the previous level

{ 29°)
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in Eq.(29). No new types of functions can appear in any
subsequent component of f .

If one suppose } =§h, the result will be just
the same: first functione (27) will appear and then
that of the decomposition (29). One can obtain the full
number of different types of functions on the second
stage supposing the first nonzero conponsnt 5’ to be
linear combination of f and 5» ~types.

The proposition 2 proved above has the following
important consequence. In any nontrivial high order
deformation of P ® A there may be only two types of
coupling between P and A subalgebras.

5“(»(_,5) 0 for g=9'¢€ A
L\(S)'t for g =3"¢ A' (.33 )

£ = { h@tror g - g'e A’
A0 . forg-gt¢ A

Punctions §" and §" together cen make a1l the
elements of the radical G‘ noncommutative with tho
trenslations L € T . The only difference between 5—
and §% is that they couple t €T with the diverse
subspaces of V . The numerical coefficients are
intimately v through the relation (25). But §
plays in our problem more significant role because
it is necessarily the flrst function to break the
direct sum structure of 5- may appear only in
the presence of &h . Thus it is essential that the
initial internal symmetry algebra A has the elements
of radical which do not belong to A . The nonzero
component of the S ~-type is also necessary for §W-
coupling. The :S:A functions are connected with both
§" ana §% by relations (32) and (25)

h (54 (a. )32)- g'+gt) = W ($A (3,,3)- a'+g")
k(S*) = "\(3') (34)
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The function SA of commuting arguments cannot be equal
to other than S € S elements. On noncommuting g, and
9, this function can have arbltrary values. But there
are no components of 5"‘ -type if § (9.,‘3:)'}‘(3 52#0400 A
an% S functions will appear only once

§°(31,32) ‘J“‘(Sn,gz)#o € GNA

Thus we have determined general form of the high

order physically nontrivial deformations of U=PeA.

Soop +Z oS4 Y ()

This function gives all the characteristics of high
order deformations of P D A which are important for
the construction of the generalized symmetry.

The theorem I is thus proved.

5. Theorem of Quasistability II

It was mentioned in Section 3 that the high order
deformations do not necessarily cover all the algebras
"close" to the given one. In the neighbourhood of the
initial algebra X there may be some algebras that
can be presented only as repeated deformations of X .
The existence of such deformations dependa mainly upon
the properties of the 2-cocycles groupZ (Xc )X )where
X. 1is the first order deformation of . In this
section we shall investigate the subgroup on (UC,U)
whose elements can couple and in U nontri-
vially. Some relations obtained in the article /13/
will be used.
Theorem II ( of quasistability )

If the independent deformations of the intermal
symmetry algebra A are not taken into account all
the repeated deformations of Uc (14) are trivial.
Proof >
The 2-cohomology group H (Uc ,Uc)describ:'mg the



s<28 ~

nontrivial infinitesimal deformations of Uc can be
simplified due to Serre and Hochschilds formula (11).

HZ(UC,UC) E Ha (TG— G»UC)UC= Ha(jc,Uc,)Uc ( 36 )
where HZ(JC)UC)Ucis the group of |J -invariant

elements in H2 (3. U,
As usual we reformulate the Uc-invariance for

the elements of 2-cocycles group gy DL S

(uc s)(AC)JC) = [uc)f(jc )JC,)] —5¢UC):\C],:‘é)-

- §Ce, ue,jel) = [ie, P (GO)] - (37)
-[3E, 2 G] - pLse, 3E1)

where Jc,jc € Je¢ » Ue €U, and P denotes the map
3(:, ——?Uc,'

Proposition 1.The condition of U, -invariance for the
elements of Z.° (BC,U,)can be presented in the follow-

ing form
(ue-S)(t.)tz)= [tu,P(tz)J'[tZ,f(tl)] ( 38 )
(Ue-$)(91,9) = [3), P -[ 32,2 (3))]

- pAL30Se]) 2%
(ue-§) (t,9) = [t, pe] -[3, p(] - o)
-p(Lt,91)

These relations as well as the corresponding equaticns
in /13/ ( /13/-5,6,7 ) are the direct consequence of
the condition (37) and the linearity of all the opera-
tors used.

We shall use the following decomposition of the
deforming function § = 5, + §g+ 51+ §g. -
Proposition 2. hmctionajb(t.)tz).S-s(t.)tz)e.nd 56 (t.)tz)
are noninvariant. The function ST(t' t,)is U, -invari-
ant and as a consequence of G -mvgriance it is a
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2-coboundary.
Let us put u¢_=3€Oin Eq.(38) then using the ex-
plicit form of the commutator
l = s e
[ L)S] S¢G(\A’ k(ﬁ) L (41)
we have
Ch(g)-c-§ (t,t,)=0 (42)
As distinct from the algebra U- PeA it is impossible
to deform the subalgebra P oo UC nontrivially.
Let u.=s€S in Eq.(38), then it is easy to see that
S—S(t.,tz)is not S-invariant. The corresponding relation
coincides with those obtained for the P® A infinitesi-
mal deformations ( Eq./13/-8 ).
When u.={ €L.we have for the function SG‘ (t\)tir\)t;h.e
following relation

§e (et ta) + S, (¢, [ t,1)=0 A

In /13/ it was demonstrated that such eguations can be
solved only for zero homomorphisms f@ . They are thus
not L-invariant.

Eq.(38) gives for u. =3€Gthe coboundary condition
for ST (t.)tz)

h(é) C- 5'1' (tl,ta) = [tn,ﬁ(t2)]'[t2 ,)“(t"] ( 44 )
where [ is a homomorphism Je —+U.. In contrast with
S»L(t,,tz)the deformed structure of [J. has not changed
the properties of 5'T (t. )tz).

Proposition 3. Functions S—L(S,,S,)andS-T(g,)Sl are co-
boundaries.
Ifuc:a el in Eq.(39) one obtains for the homomor-

phisms SL(s,)gz)and ‘L)T(S"S") the following equation

[P—, 5L,T (5-,3a)] = K ([8‘,3a]) (45)
As it was proved in /13/ for U this relation could be
fulfilled only if



-6 55

§L. )T (3')32) - —j‘)\a’T ([g‘) %z]) ( 46 )
Eq.(46) is the coboundary condition for the left hand
side. The same arguments are true also for Uc .
Proposition 4. Functions fh(t,s) . Ss(t,g) and fe(t,g\are
coboundaries.
Let us put in Eq.(40) u = el , then for the homo-
morphisms fb(t,g) we come to the following restriction

[L,5.(¢,9)] °§L([E’t]’3) = -P.(Ct,3]) ¢ 47)
For o= §'cA'the left hand side of Eq.(47) equals zero.
Such relation was investigated in /13/ and it was de-
monstrated using the internal structure of |° subal-
gebra that all the L -invariant functions are zero.
The Poincaré subalgebra remains unchanged in Uc . 8o
the same is true in our case, when the function SL(t’SI)
is studied. ’

Consider now Eq.(40) for u.=9,€ (5 and 1et 51:3*5
¢ @NA/A then for 5 (t g")we have

-§.(C3: 41,90 -§,(t,[82,3 1) = - p_([t,9'1) (us)

It was demonstrated above that the second term in
Eq.(48) must be zero. Using the explicit form of the
commutator in the first term we obtain the coboundary
condition for S‘L(t,s*)

h(gp) e §,(t,3Y) =-5 (Lt,8')) (.9,

Iet again uc = el. in Eq.(40) and consider maps
§S(t,‘3) and SG t,s). One comes to the following

relation
Jg(te.tl,g7) =0 (50 )
The properties of the Poincaré subalgebra allow only

Zero maps 53 to fulfill Eq.(50). For Ss(t,st)and
§&®,3) with an arbitrary & the restrictions obtain-
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ed from Eq.(40) are similar to those investigated in
/13/ for &G(t,s) . It is possible to repeat all the argu-
ments used in /13/ to find that S'S(t,s‘)end fe(t,s\are
coboundaries.
Proposition 5. The |, -invariant maps j‘T (t,g) can ve
devided into two parts. The diagomal part §3 (t,q) for
g =g' and the nondiagonal part S'} (t,3) for arbitra-
ry arguments are coboundaries.

The L. -invarisnce condition for 5‘_ (t,g) has the
following explicit form

e, §. (t,9)] - §.(1e,t1,9)=[t, 2] -
“[9,pr®] -7 ([t,8]) €51

Using the commutation relations (41) one can easily
verify that the last two terms in (51) mutually compen-
sate. Here the Poincaré algebra conventional commuta-
tion relations are necessary

[Erv,tel=-Fup by + Bup ta
(B0 ys] =~ g tos -Bysbup +3vplas +3psbiy (52
[t},ts] =0

In this basis the following matrix forms of the func-
tions §; and f will be used

Sr(tpg) =dy (@ te -

As a consequence of Eq.(51) for matrix elements (53)
and (54) one has conditions

a d?(«g)g.‘@&, +d;(g¥§p€-g¢9‘ + dﬁ(g)-gq. >
- (D Bpp =231 ter)Fy g~ U3 lep) Fog +

+p (Sa)e-gs)-k(gy)- ngvju (559
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where (; - the basic elements of G‘ and summation is
performed over all the repeated indices including o

The essential property of Eq.(55) is that for the
diagonal matrix elements o‘j: the last term of this
equation is zero. So the restrictibns obtained in /13/
for df. are also true here

A\
o(;(g) =dy(g) = ho(g);, m)=091,23 o8 )

If only the nondiagonal part of ST (t)s) is considered
the coefficients P (qi;lup) in Eq.(55) vanish. Thus
the L -invariance condition for 5'1‘:‘ (t,g) coincides
with that defined in /13/
s fi »
Fussp dn(x) =-d% (3
Spp (57)
This condition was used in /13/ to prove that 8:_ (t'g)
is a coboundary. Here the situation is just the same.
The diagonal function S-i(t,s?)for g*e G N A/A'
defined by condition (56) coinsides with the deforming
function of the first order deformation of U j Eq.
(13)). The deformation of the algebra Uc with ST (t, 3’)
may change only the constants \\(g')in the commutation
relations (41) of [Jc with respect to newly defined
h,_(g) in Eq.(56). This procedure is equivalent to the
redefinition of the basis of UQ . For example it is
easy to find t;‘he map )'3 necessary for the coboundary
condition S_T (1’_, 1) g ['(, ,)’o (%f)]
P(St): hz(@ ,%T
c it 5")
The proposition 5 is thus proved.
The following reasoning concludes the proof of the
Theorem.
The conditions of G- and S-invariance do not
provide for ST (t,g’) ( where g'€ A') any simple
restrictions. But the explicit form of the cocyclic
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condition (8) makes it possible to verify the following

§5(t,ge6) ¢ Z*(3,U0)
§y (t,9els,6l) ¢ Z° (U, u.) ¢

So the functions under consideration can not be deform-
ing.

Thus we have proved that the structure of the Uc
algebra is stable with an accuracy of independent
deformations of .

The important consequence of Theorem II is the
stability of the Poincaré subalgebra. As subalgebra of
U= PGA it is definitely deformable. The correspond-
ing deforming function has the.following form /9/

§L(t°’t“)=g"‘g"‘[ (59)

This function allows the first order deformation and
transforms p into the semi-simple De-Sitter algebras

. Its strong stability makes any further nontrivi-
al coupling between and A impossible. But in Uc
the Poincaré subalgebra is strongly stable. This may
occur only if there is an obstruction to such deforma-
tions. The composition [S’L ,fb] cannot lead to any
obstruction. So it is the [SL,S'T] %onposition which
must be equal to the element of 7 (U)U)not cohomo-
logous to zero.

%[5, §4 ) (ter 3, tp +3p b 230 = h@)F prTppt”

- — ’9“ y° Puc
- a 60
It is impossible to construct the whole group Hs(U)U)
because the properties of the direct summand are
not fixed. None the less in /13/ the following 3-co-

cycle was determined b

s £ oe, $
SL(t*,tﬁ, %}*) :l‘(%)“) %««Sﬁﬁe (61)
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The right hand side of Eq.(60) is a linear combination
of such functions and therefore is the element of
Ha(U,U). So in the deforming function the components
5[.. and fT cannot appear together. Over and above
Eq.(60) indicates that the infinitesimal deforming
function 51.: §L+ 5‘1*. is not integrable. The point M
corresponding to the algebra U on M is singular
( Section 2 ) and one can formulate the conclusion:
"If in the direct sum P ® A the radical (3 oz A is
solvable and includes elements not belonging to A’
then the corresponding point of the set of all Lie
compositions is not simple and the set of all nontri-
vial nonequivalent deformations splits into at least
two irreducible components: the deformation of p and
that of the direct sum structure in U ¥

6. Discussion and Examples.
The high order deformations investigated in Section

4 and the repeated deformations studied in Section 5
show that functions (33) totally define the admissable
form of coupling between space-time and intermal al-
gebraic symmetries. The repeated deformations of Ue
can provide only the additional transformation of the
internal symmetry. The high order deformation can
change the subspace of internal symmetry generators
directly coupled with translations.

As it was indicated in /13/ the first order defor-
mations of P ® A give no possibility to construct the
mass-spectrum. The principal objection is the stabi-
lity of both D and subalgebras. Or, more gene-
rally , the fact that both D and remain subal-
gebras of Uc . The investigation carried out in
Sections 4 and 5 shows that this main difficulty
still remains. If any P-A-coupling appears during
the deformation of arbitrary order or type the Poincaré
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algebra as well as A or any of its deformations Ao
remain subalgebras of Uc .

But it is possible to consider only A to be the
precise internal symmetry algebra. Then the no-go theo-
rems cannot be used for the deformed internal symmet-
ries A. . If one consider the redefinition of inveri-
ant operators /15/ physically admissible the mass-
splitting appears to be possible.

To illustrate the situation we present a very
simple example. Let A be the algebra of 2-dimensional
pseudoeuclidian transformations with 1-dimensional

centre, A = G.

[3:,951= 82 [8.,,8:1=0;
[9:,9:]=9:; [9:,9]1=0 i=423
This algebra has the second order Cazimir operator
(g -g2) - 1t is possible toAdeform P® G with the
function j»c:c(sia-fi)
where Agi (td,31)=°‘»‘(3‘1)‘t°‘
54 (8t ,SJ') e O 'h(%t):L;%x (S'»KS‘;&‘SL&S}&)
We shall write down only those commutators that change
[8x, 341 =-h(gu) - gui [te,3u]=h(g) < 1«
k=412 2
Consider now the operator M (g." -gi) . It is the
Cazimir operator of the ¢ algebra. In the limitc-»0
the operators M~ end (g% - 37 )are both invariant in
U . If one considers the system {hat might be cha-
racterized by the invariant (gz. e gzz)the correspond-
ing mass-splitting will appear.

Besides the problem of mass-splitting the obtained
information about the relativizability of various in-
ternal symmetries and the unique character of possible
coupling betweem space-time and internal symmetries is
of considerable physical importance. The investigation
shows that our knowledge about the principles of sym-
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metry breaking is not yet adequate. The discontinuity
of the process of switching off the uninvariant parts
of interactions seems to be the most probable feature
which must be taken into consideration in the detailed
model of symmetry bresking. The author is grateful to
Dr H. Oiglane of the Institute of Physics and Astronomy
for indicating this possibility.

It is a pleasure for the author to thank Dr.
J. Lohmus and Dr.M. Koiv for valuable discussions and
all the members of the theoretical department of the
Institute of Physics and Astronomy for their hospitali-
ty and interest in this work.
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Peswoue

B padoTe paccMaTpuBanTCA AeQOpMANMM BHCUMX IOPAA-
KOB mpsaMolf cymmu anreCp [l[yankape u BHYTpeHHel cuMmer-
puM. YCTAHOBNEHO, YTO CYLECTBYOT ZieQOpManiM BHCIIUX
NMOPAZKOB, HEOSKBUBANEHTHHE MOCIEN0BATENBHOCTH Z€Hopua-—
uunit mepsoro mopsAxa (MOBTODHHM ZedopManusM). TeopeMH
KBa3UCTAOWABHOCTY HETPMBUANBHO! CBA3M NPOCTPAHCTBEHHO-
-BDEMEHHHX ¥ BHYTDEHHUX CBOHCTB cuCTeMH (yCTaHOBIGHHHE
2N GEeCKOHEeUYHO MaluX AedopManuil) ZOKA3aHHW KAk ZAJNA MOB-
TOPHHEX Zedopmanuii, Tax ¥ AuA AedopManuii BHCHMX MOPAAKOB.
[IlpuMeHeHne MONYYEHHHX OCOCLEHHHX anre0p CHMMETDUM B
TpoGieMe CIEeKTpPa MacC BCTPEuYaeT CEPBE3HHE TPYZAHOCTH.
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