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Chapter 1

Introduction

1.1 Background and summary of thesis

In 1955, A. Grothendieck |[Gro55| described relatively compact subsets of
a Banach space as sets contained in the closed convex hull of a norm null
sequence. Nowadays this result is called the Grothendieck compactness prin-
ciple.

Let 1 < p < oo. In 1980s, O. Reinov |Rei84] and J. Bourgain and O.
Reinov [BR85| considered a stronger form of relative compactness: subsets
of the closed convex hull of a norm p-summable sequence. In the current
thesis these sets are called relatively p-compact in the sense of Bourgain—
Reinov. In 2002, D. P. Sinha and A. K. Karn defined and studied a form
of relative compactness, that lays “between” aforementioned types of relative
compactness. They required the set to belong to the so called p-convex hull
of a norm p-summable sequence. This type of sets are called in the present
thesis relatively p-compact sets in the sense of Sinha—Karn.

A linear operator is said to be compact if it maps bounded sets to relatively
compact ones. By using relatively p-compact subsets instead of relatively
compact ones, the concepts of p-compact operators are obtained. In the re-
cent years, the p-compact operators in the sense of Sinha—Karn have received
great attention, whereas the p-compact operators in the sense of Bourgain—
Reinov have had hardly any recognition. One aim of the thesis is to eliminate
this shortcoming. For this we define a new kind of compactness that encom-
passes the above-mentioned compactnesses.

Let 1 <p<ooand 1l <r <p* where p* is the conjugate index of p. We say
that a subset of a Banach space is relatively (p,r)-compact if it is a subset

9



10 1. INTRODUCTION

of the (p, r)-convex hull of a norm p-summable sequence (norm null sequence
when p = o0). The (p,r)-compact operator is defined in a natural way as a
linear operator that maps bounded sets to relatively (p, r)-compact sets.

Our study includes new results for p-compactness in the sense of Bourgain—
Reinov as it is exactly the (p, 1)-compactness. The results in the thesis also
include and clarify many results known from the literature for the opera-
tor ideal of p-compact operators in the sense of Sinha—Karn, as the (p, p*)-
compact operators coincide with the p-compact operators in the sense of
Sinha—Karn.

In 2011, C. Pifieiro and J. M. Delgado [PDI1] looked at relatively p-compact
sets (in the sense of Sinha-Karn) in a Grothendieck-like manner. Lead by
the relationship between norm null sequences and relatively compact sets in a
Banach space, they defined p-null sequences in a Banach space and described
the relatively p-compact sets as laying inside of the closed convex hull of a
p-null sequence.

We extend the notion of p-null sequences to (p,r)-null sequences. In con-
junction with [PDII], we also obtain a Grothendieck-like characterization of
relatively (p,r)-compact sets as sets contained in the closed convex hull of a
(p, r)-null sequence. This includes the Delgado—Pineiro result because p-null
sequences are exactly (p,p*)-null sequences. Our proof is straightforward,
which was not the case in [PD11].

The p-null sequences can be described as being exactly the norm null se-
quences that are relatively p-compact as subsets. This was discovered and
proved by Pifieiro and Delgado [PD11] in the case of Banach spaces having
a certain approximation property. For arbitrary Banach spaces, the charac-
terization was proved by E. Oja [Ojal2a], relying on the description of the
space of p-null sequences as a Chevet—Saphar tensor product and using the
Hahn-Banach theorem. Recently, the result was also proved by S. Lassalle
and P. Turco using a theory due to B. Carl and 1. Stephani [CS8&4].

One of the key points of this thesis is the observation, that the Carl-Stephani
theory can be used in a more efficient way than in [LT13| to prove the afore-
mentioned description of p-null sequences. The method to do this does not
rely on the Hahn—Banach theorem and therefore can and is used in a more
general setting of quasi-Banach operator ideals. In this way, the (p,r)-null
sequences as well as recent concepts of unconditionally (p, r)-null and weakly
(p, r)-null sequences are characterized.

The objective of the thesis is to study the operator ideal of (p,r)-compact
operators and (p,r)-null sequences in a Banach space in a direct and clear
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way. Among others, as particular cases, we give new straightforward proofs
to previously known results concerning p-compactness and p-null sequences.

The thesis has been organized as follows.

Chapter [I| introduces the background of (p,r)-compactness and (p,r)-null
sequences, provides a summary of the thesis, and describes basic notation
used in the thesis.

Chapter [2| is an overview of notions and results needed in the following
chapters. These include vector-valued sequence spaces, based on the book
by Diestel, Jarchow, and Tonge; also operator ideals with some ways
to construct new operator ideals as well as products of operator ideals. We
refer to Pietsch’s monographs for the theory of operator ideals.
Some preliminaries are also due to [ALO12).

In Chapter [3, we extend the notion of some well-known forms of relatively
compact sets to relatively (p,r)-compact subsets of a Banach space. We go
on to define the operator ideal of (p,r)-compact operators and describe its
structure as an operator ideal. This chapter is mainly based on [ALO12].

In Chapter , we prove one of the main results. It is a description of (p,r)-
compact operators as operators belonging to the operator ideal (S;rl’r*). This
allows us to equip the operator ideal K, ,) of (p,r)-compact operators with
an s-norm from N, 1 ,+). We also show how to explicitly calculate the s-norm

of an (p,r)-compact operator. This chapter is based on [ALO12).

In Chapter [}, results from the Chapter [ are used to describe the surjective
and injective hulls of N, ,+). A description of K¢, as product of operator
ideals is given as well. This chapter is based on [ALO12].

In Chapter @, we introduce a new term: the (p,r)-null sequence. The main
aim of this chapter is to establish an omnibus theorem giving six equivalent
properties for a sequence in a Banach space to be a (p, r)-null sequence. The
method used to do this is self-contained and does not use the Hahn—-Banach
theorem as was mentioned above. This chapter relies on [AO12, [AO15].

The notions from Chapters [3| and @ involving the (p,r)-compactness are ex-
tended in Chapterto the unconditional and weak (p, r)-compactnesses. Us-
ing the techniques developed previously, the unconditionally (p,r)-null and
weakly (p,r)-null sequences are described. This chapter is mainly based on

[AO13].
Main results of the thesis are contained in [ALO12, [AO12, [AOT5].
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1.2 Notation

Our notation is standard.

We consider Banach spaces over the same field K = R or C. If X and Y
are Banach spaces, then £(X,Y’) denotes the Banach space of all bounded
linear operators from X to Y. An operator T' € L(X,Y) is called (weakly)
compact, if T maps bounded subsets of X to (weakly) relatively compact sets
in Y. The space of all compact operators acting between X and Y is denoted
by K(X,Y) and the space of weakly compact operators between X and Y is
denoted by W(X,Y). An operator T' € L(X,Y) is of finite rank if its range
is finite-dimensional. The space of all finite-rank operators acting between
X and Y is denoted by F(X,Y). An operator T' € L(X,Y) is said to belong
to F(X,Y), the space of approzimable operators, if it is a uniform limit of
finite-rank operators.

The unit sphere of a Banach space X is denoted by Sy, the closed unit ball
by By, the identity operator with Ix. By X* we denote the dual space of
X. The natural surjection Qx : {1(Bx) — X is defined as

QX()\m)xeBX = Z A2, (>\x>x€Bx S 51(3)()7

r€Bx

and the natural embedding Jx : X — lo(Bx~) is defined as
Jxx = (2"(2))erecBy., ¢ € X,

where (1(Bx) and (. (Bx+) denote the Banach spaces of all absolutely
summable scalar families (\,) where z € By, and all bounded scalar families
(Ayz+) where 2* € By, respectively.

For 1 < p < o0, let p* denote the conjugate index of p (i.e., 1/p+ 1/p* =1
with the convention 1/00 = 0). We also use conventions loo = 0ol = 1400 =
00+ 1 =00 and oco/oo = 1.

We assume that the reader is familiar with well-known basic notions and the-
orems from the theory of Banach spaces and topological vector spaces (such
as conjugate operator, reflexivity, the Hahn—-Banach theorem, the Banach—
Alaoglu theorem, ultrafilter, etc.).



Chapter 2

Preliminaries

This chapter is an overview of notions and results needed in the follow-
ing chapters. These include vector-valued sequence spaces, based on
the book [D.JT95] by Diestel, Jarchow, and Tonge; also operator ideals
with some ways to construct new operator ideals as well as products
of operator ideals. We refer to Pietsch’s monographs [Pie80, [Pie07]
for the theory of operator ideals. Some preliminaries are also due to
[ALO12].

2.1 p-Summable sequences

Let 1 <p < oo and let X be a Banach space.

A sequence (z,) C X belongs to ¢,(X), the space of absolutely p-summable
sequences of X, if (||z,||) € ¢,. The space ¢,(X) is a Banach space with the

norm
[(zn)llp = <Z Hanp)

The space of bounded sequences in X, denoted by /.(X), and the space of
norm null sequences in X, denoted by co(X), are Banach spaces with the
norm

1(zn)lloo = sup [|znl]

For a Banach space X, we denote by ﬁ;f(X) the Banach space of weakly

13



14 2. PRELIMINARIES

p-summable X-valued sequences with the norm given by

[e’e] 1/P
el = sup (z mw) ¢ B
n=1

The space of weakly bounded X-valued sequences (% (X) coincides with
loo(X).

For a Banach space X, we denote by ¢{/(X) the Banach space of weakly null
sequences in X with the norm given by

[(@n)ll5e = sup 27 (2n)lloe = [I(zn)]l -
T*EBx*

It is well known that
co(X) C ) (X) Clo(X)

as closed subspaces, where equality co(X) = ¢f/(X) holds only for Banach
spaces X with Schur’s property.

In [DJT93] the following description of spaces £,(X) is given.

Proposition 2.1 (see [DJT95, Proposition 2.2]). The space L({y, X) is
isometrically isomorphic to )(X) for 1 < p < oo, and L(cy, X) is isomet-
rically isomorphic to (Y (X) for p =1 with the isometric isomorphism given
by A — (Ae,), where (e,) is the standard unit vector basis of lp« (co when

p=1).

Example 2.2. Let 1 < p < oco. The unit vector basis (e,) of {,» C &
(co when p = 1) is weakly p-summable in £,« (¢ when p = 1) with weakly
p-summable norm one, i.e., (€,) € Spw(,.) ((en) € Sey(e) When p=1).

Proof. Since (e,) € (¥ (l1) = lx(f1) and ||(e,)]|cc = 1, we may assume
that 1 < p < oo. According to Proposition the isometric isomorphism
from L({+, () onto £;({,-) gives us the correspondence I, . — (e,) when
1 < p < oco. Therefore ||(e,)[|; = |, = 1 and (e,) € Spw(es). For p =1,
the isometric isomorphism from L(cy, ¢y) onto £{(co) and the correspondence
I., — (e,) similarly yield ||(e,)||? = 1. O

2.2 Operator ideals

Let X and Y be Banach spaces.
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It is well known that 7" € F(X,Y) if and only if there exist functionals
xy, ...,z € X* and vectors yy, ..., y, € Y such that

Tx = in(z)yk, r e X.
k=1

Following the standard tensor-product notation, for z* € X* and y € Y the
operator x — x*(z)y, x € X, is denoted by z* ® y. It is clear that 2* ®y is a
rank one operator if and only if 2* # 0 and y # 0. Therefore, T' € F(X,Y)
if and only if T" can be represented as a finite sum of rank one operators

T= Z Ty @ Yk
k=1
If for T e L(X,Y) we write

T = Iz®yk7

[ee]
k=1
with 27 € X* and y, € Y, then this means that

o

Tz = Zmi(m)yk, r e X.
k=1

The following definitions and results on operator ideals are mainly due to
[Pie80]. Let £ be the class of all bounded linear operators between arbitrary
Banach spaces.

Definition 2.3 (see, e.g., [Pie07, 2.6.6.1]). An operator ideal A is a subclass
of £ such that the following holds:

1° the components A(X,Y) = AN L(X,Y) are linear subspaces of
L(X,Y) for all Banach spaces X and Y,

2° A contains all rank one operators,

3°if XY, Z, W are Banach spaces and A € L(X,Y), T € A(Y,Z), B €
L(Z, W), then BTA € A(X,W).

Example 2.4. The classes of all bounded linear operators £, compact op-
erators KC, weakly compact operators W, approximable operators F, and
finite-rank operators J are operator ideals.
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Recall (see, e.g., 3.2.5.1]) that a map ||| from a linear space X to
non-negative numbers is a quasi-norm if the following conditions are satisfied:

(Q1) ||z|| = 0 implies z = 0,
(Q2) there exists x > 0 such that ||z + y|| < &(||z|| + [Jy]|) for z,y € X,

(Q3) |IAz|| = |A|||=|| for z € X, X € K.

A quasi-norm is called an s-norm, 0 < s < 1, if (Q2) is replaced with the
s-triangle inequality

lz+ylI” < llzI” + lyll”, =,y € X
(see, e.g., [Pie07, 3.2.5.2]). For x = 21571 (QQ2) follows from the s-triangle
inequality.
A 1-norm is just a norm, and an s-norm is also a t-norm if 0 <t < s < 1.

An s-norm induces a metric topology on X that can be defined by d(z,y) =
|z —y||°>. The space X is said to be s-Banach if it is complete for this
metric (see, e.g., [Kal03])). In case of a quasi-norm, X is endowed with a
metrizable topology where the sets {z € X : ||z|| < £}, € > 0, form a base of
neighbourhoods of 0.

Note that every quasi-norm is equivalent to an s-norm, where x = 251
(see, e.g., [Pie07, 3.2.5.4]). It is well known that every s-norm is continuous
in its topology whereas a quasi-norm might not be (see, e.g., [Pie80, 6.1.9]).

Definition 2.5 (see, e.g., [Pie07, 6.3.2.4]). Let 0 < s < 1. An operator ideal
A is called an s-Banach operator ideal and denoted by (A, ||| ,) if there
exists a non-negative function ||| , : A — R, called an s-norm, such that

1° all components A(X,Y) = (A(X,Y), ||| ) are s-Banach spaces,
2° ||z* @ y||.a = [|z*|||ly]] for all rank one operators z* ® y,

3° if XY, Z W are Banach spaces and A € L(X,Y), T € A(Y,Z),B €
L(Z,W), then || BT A|4 < | B[[|T||.allAll-

A 1-Banach operator ideal is called a Banach operator ideal.

An s-Banach operator ideal is a special case of quasi-Banach operator ideals
(for quasi-Banach operator ideals, see [Pie80, 6.1.3 and 6.2.1]).
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Example 2.6. The operator ideals £, I, F, and W are Banach operator
ideals with respect to the operator norm. The operator ideal F can not be
made even a quasi-Banach operator ideal (see, e.g., [Pie07, 6.3.2.4]).

Example 2.7 (see [Pie80, 18.1.2]). Let 0 < ¢t < o0, 1 < u,v < oo, and
1/u+1/v <1+ 1/t. An operator T' € L(X,Y) is called (¢, u,v)-nuclear if

T =Y 6,7} @yn (2.1)

n=1

with (d,) € ¢ ((6,) € co when t = o0), (2%) € €% (X*), and (y,) € €% (Y).

Denote
Tl Ay = T0E (10 ) e () [ ()

where the infimum is taken over all (¢,u,v)-nuclear representations (2.1)) of
T. Set

w
u*)

1 1 1 1
st ur vt
Then 0 < s < 1 and (Nzu0), H'HN(tM)) is an s-Banach operator ideal.

Let A and B be operator ideals. Recall that the inclusion A C B means that
A(X,Y) C B(X,Y) for all Banach spaces X and Y. The equality of A and
B is denoted as A = B and means that A C B and B C A.

Similar terminology is used for an s-Banach operator ideal (A, [|-]| ;) and a
t-Banach operator ideal (B, ||||5). The inclusion is denoted by (A, ||| ) C
(B, ||-l5) or, shortly, A C B if in addition | T||.4 > ||T||s for all Banach spaces
X and Y, and for all T € A(X,Y’). Two u-Banach operator ideals (A, ||| ;)
and (B, ||-||5) are equal if A = B as operator ideals and also ||T||4 = ||T||5
for all Banach spaces X and Y, and for all T € A(X,Y).

Proposition 2.8 (see [Pie80, 18.1.5]). Let t1 < ta, u3 < ug, and vy < vy. If
1 1 1 1 1 1
<

wp vy by T ux vy ty
then (-/\[(t1,u1,v1)7 H‘H/\/(tl,ul,vl)) - (Mtz,uz,vz)a H'HN(Q’W’UQ))'
2.3 Constructing new operator ideals

For an operator ideal A there are several ways to produce new operator
ideals.
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The components of A the dual operator ideal of A, are defined by
AM(X Y)Y ={T € L(X,Y): T* € A(Y*, X")}.

If (A, |-l ;) is an s-Banach operator ideal, then A% is also an s-Banach
operator ideal with || T'|| gauar = ||T*|| 4 for T € A®(XY) (see, e.g., [Pie07,
6.3.2.6)).

The components of A™, the injective hull of A, are defined by
ANXY)={T € L(X,Y): JyT € A(X,ls(By-))}.
If (A,]]]|4) is an s-Banach operator ideal, then A™ is also an s-Banach

operator ideal with ||T|| 4m = ||JyT||4 for T € AM(X,Y) (see, e.g., [Pie07,
6.3.2.7]).

The components of A%, the surjective hull of A are defined by
A(X,)Y)={T € L(X,Y) : TQx € A({1(Bx),Y)}.

If (A ]|l 4) is an s-Banach operator ideal, then A®" is also an s-Banach
operator ideal with ||T|| gsur = || TQx || 4 for T € A (X,Y) (see, e.g., [Pie07]
6.3.2.7)).

Clearly A C A™ and A C A%™ hold, and in the case of an s-Banach operator
ideal A, these inclusions are in the sense of s-Banach operator ideals (see,
e.g., [Pie80} 8.4.3] and [Pie80), 8.5.3|, respectively).

If A= A" (respectively, A = A™) as (s-Banach) operator ideals, then A is
said to be a surjective (respectively, an injective) (s-Banach) operator ideal.

Example 2.9. The operator ideal F is injective, surjective, and F& = F
(see, e.g., [Pie80) 4.6.12|, [Pie80, 4.7.12], and [Pie80) 4.4.7], respectively).

Also Kduwl = [, Fiel 2 F, and Wl — W as Banach operator ideals
(see [DF93, 9.9]). The Banach operator ideals K and W are injective and

surjective, but Fiog=F" (see [DF93l 9.7] and [DEF93] 9.8]).

The following properties of A3l AM  and A are from [PieS0, 8.2.3],
[Pie80L 8.4.3|, and [Pie80), 8.5.3], respectively.

Proposition 2.10. Let A be an (s-Banach) operator ideal. Then A™M =
A™ gnd ASSUT = ASY gs (s-Banach) operator ideals.

Proposition 2.11. Let A and B be (s-Banach) operator ideals. If A C B,
then A%al c pdual - Aini c B® - gnd A C B™ as (s-Banach) operator
ideals.
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It is well known, that every 7" € £(X,Y’) admits the canonical factorization
T =Tgq,

where ¢ : X — X/kerT is the quotient map and T € L(X/kerT,Y) is an
injective operator that we shall call the injective associate of T

Proposition 2.12. Let X and Y be Banach spaces, and let A be an s-Banach
operator ideal. If T € A(X,Y), then T € A"(X,Y) and

17

s < [T

Asur S ||T||A

Proof. Let ¢ > 0 be arbitrary. Denote Z = X/kerT. We can use the
metric lifting property of ¢;(Bz) for the surjection Q7 (see, e.g., [Pie80,
C.3.5 and C.3.6]). This property gives us an operator S € L({1(Bz), X) such
that Qz = ¢S and ||S|| < (1+¢)||Qz|| = 1+&. And we have the commutative
diagram

X a Y
=
T

q
06(By) —22 o7

Now we have - -
TQZ = TQS =TS e A(gl(Bz),Y)

This means that 7' € A" (X,Y). Moreover,
|7 oo = || T e = I TQzlla = TS]la < (1 +)|T4.

Asur S ||T|

s < T

Since this holds for every ¢ > 0, we have ||T|
desired.

Asur S HTHA7 as

2.4 Products of operator ideals

Let A and B be operator ideals.

The product AoB of A and B is an operator ideal that consists of all operators
T € L(X,Y) for which there are a Banach space Z and operators A €
A(X,Z) and B € B(Z,Y) such that T'= BA.

The product (Ao B, ||-|| 4o5) of an s-Banach operator ideal A and a t-Banach
operator ideal B is a u-Banach operator ideal, where

st
s+t
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whose components AoB(X,Y') consist of all operators " € L(X,Y") for which
there are a Banach space Z and operators A € A(X,Z) and B € B(Z,Y)
such that T = BA; the u-norm of T is given by

IT||Boa = inf || B[5]| All4;

where the infimum is taken over all possible factorizations of T" as above (see
[Pie80L 7.1.2, the proof of the theorem)]).

The product of two Banach operator ideals (i.e., the case when s = ¢ = 1),
in general, is not a Banach operator ideal but only a 1/2-Banach operator
ideal (see [Oer03]), so that, in general, u = st/(s +t) is the best “exponent”.
But it may happen that in some special cases |||z, 4 is actually a v-norm
for some v > u. Oerter [Oer03, Proposition 3.1] has proved that if one of
the operator ideals A or B is an s-Banach operator ideal and the other is
a closed (or classical) Banach operator ideal, i.e., a Banach operator ideal
with respect to the usual operator norm, then Ao B is an s-Banach operator
ideal. For instance, F o A, Ao F, Ko A, and Ao K are s-Banach operator
ideals whenever A is an s-Banach operator ideal.

To our best knowledge, the next result and the following Corollary are
of folklore and their proofs were unpublished.

Proposition 2.13 (cf. [ALOI12, proof of Proposition 4.7]). Let A be an
s-Banach operator ideal and let B be a t-Banach operator ideal. Then (B o
A C B o A as u-Banach operator ideals, where 1/u =1/s + 1/t.

Proof. Let 1/u = 1/s+ 1/t. Then Bo A is a u-Banach operator ideal, and
also (B o A)*™" is. Similarly we get that B™ o A" is a u-Banach operator
ideal.

Let an operator T belong to the component (Bo A)*(X,Y) where X and Y
are Banach spaces. This means that TQx € A(¢1(Bx),Y) and ||T'||Boa)sur =

ITQx||Boa- Then for every e > 0, there are a Banach space Z and operators
A€ A(l1(Bx),Z) and B € B(Z,Y) such that TQx = BA and

(1+e)TQx|[soa = || Bllsl Al 4-

Denote W := Z/ker B. Let B : W — Y be the injective associate of B,
then B = Bq, where ¢ : Z — W is the quotient mapping. Define an operator
A : X — W through the equation Ax = gA\, where x € X satisfies t = Q x A
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for some A € ¢1(Bx). The operators are represented in the following diagram:

\/

= Z/ker B

o

fl(BX) Z .

The definition of A is correct. Indeed, for z = Qx\ = Qx v we have
BgAXN = BAN=TQx\ =Tx =TQxp = BAu = BqAp, (2.2)

thus ¢AX = gAp due to the injectivity of B. From the definition of At is
clear that

AQx = qA. (2.3)

The linearity of A follows from the linearity of A, ¢ and Qx. For the bound-
edness of A observe that for every xy € Bx we can choose A\g € Sy, (y) as
follows:
1if x = xy,
Ao = )\a: T =
0= e)aeny {O otherwise.
Then QxAo = o, hence Azg = AQx Ao = gAX,. Therefore || Azl < [|A|.
Hence | A|| < ||A]| and A € L(X, V).

From ([2.2)) we also see that o
T = BA.
To show that T € B™ o A™(X,Y’) we have to prove that A€ Am(X, W)
and B € B™"(W,Y).
By Proposition B belongs to B (W,Y) and HB gour < 1Bl 5-

Secondly, from (2.3) we see that AQx € A({1(Bx),W). Therefore A €
A (X, W) and

[Aflasee = llgAlla < [|A]l.a.
Thus, T € B o A" (X,Y) as desired.
Finally, the above inequalities imply that

T || guronmne < || Bl goue| Al asur < || B]|5]|All 4
< (4 9)ITQxBoa = (1 + &) T || Bo.aysur

AN
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holds for every € > 0. Therefore we have

HTH(BOA)sur > ||T Bsurg fsur

as desired. OJ

Corollary 2.14. Let A be an s-Banach operator ideal and let B be a t-
Banach operator ideal. Then (B*" o A%™)5" = B o A" s u-Banach oper-
ator ideals, where 1/u =1/s + 1/t.

Proof. Every v-Banach operator ideal C is contained in its surjective hull C*"*
and C*"'" = C*" as v-Banach operator ideals (see Section [2.3). Therefore
B o A% C (B o A™™)™" and, by Proposition [2.13]

(BSUI’ o ASHI‘)SUI‘ C BSUI’ sur o AS'LII‘ sur — BSUI‘ o ASUI‘

as u-Banach operator ideals. O

2.5 The operator ¢, )

This section is based on [ALO12].
Let X be a Banach space. Let 1 <p <ooand 1 <r < p*.

It is well known and easy to see that every (x,) € £,(X) defines an operator
;) € L(¢,, X) through the equality

(I)(afn)(an) = Zanxny (an) € £T~
n=1

Let (ey) be the unit vector basis of £« C (£,.)* (¢o when r = 1), considered
as coordinate functionals for ¢,. Then we clearly have

CI)(I”) = Z n & Tp,.
n=1

Proposition 2.15. Let 1 < p < oo and 1 < r < p*. Let X be a Banach
space and let (v,) € £,(X) ((zn) € co(X) when p = 00). Then the operator
D,y by — X is approwimable, i.e., @,y € F({,, X).
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Proof. Denoting (z,)n<m = (21, ..., m, 0,0, ...), we have

(zn)n<m Z en & Tp.

Now, since 1 < r < p*,

12,y —

IN

IN

o
P)penll = sup Z AnZn sup Z || |||
(an)€Be, || pnema1 (an)EBgT ——
( oo

sup  sup |a,| Z |zn| if p=1,

(an)€Bg, n2m+1 P——r

(an)GBgT

n=m+1 n=m-+1

o0

sup  sup ||zl Z la,| if p = o0
(an)€Bg, n2m+1 n=m-+1

( 1
o0 P
( > Hanp) if 1 <p< oo,

n=m++1 —m O

sup ||z, if p= o0
\ n>m—+1

Thus ®,,),_,, converges to @, in L({,, X) as m — oo.

1 1
[ee] p* e o] P
sup ( Z p*> ( Z Hmn”p) if 1 <p< oo,

23

O

Since F C K, we immediately get that @) € K((,,X) for (z,) € £,(X)
((z,,) € co when p = 00). Even more is true.

Proposition 2.16 (see [ALO12, p. 149]). Let 1 < p < oo and 1 <r < p*.

Let X be a Banach space and let (x,) € £,(X) ((
Then the operator )

and |||y, | < HfEan

Proof. In Example ﬂ

r = 1). Therefore, from the representation

and from

qD(mn) = Z €n X T
n=1

en ® T = |[Zallen ® (||zall " zn),

)Eco( ) when p = 00).
2l — X is (p, 1,7%)-nuclear, i.e., Q) € Nipi,),

we showed that (e,) € Sp,.) ((en) € Sew() When
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it is clear that (||x,]|) € £, (respectively, (||z,||) € co when p = o0), (e,) €

0P (C) C 00(Lr) (respectively, (e,) € €(co) C ¢y ({s) when r = 1), and
(1]l ™" ) € loo(X) = £¥(X). Thus (cf. Example [2.7)

D(z,) € Nipiy (b, X)

and
1P @) [Ny < (@),
as desired. O

The key observation for our approach in Chapter [4|is that 5(%), the injec-
tive associate of ®(,,), belongs to N 5 The following is immediate from

(p,1,r
Propositions and

Proposition 2.17. Let 1 < p < oo and 1 < r < p*. Let X be a Banach
space and let (v,) € £,(X) ((zn) € co(X) when p = o). Then ®(,,) €
./\/'(S‘“ (Z,X), where Z = {,/ ker @), and || Py, ||asur . < l(xn)]|-

p,1,r%) (p,1,r



Chapter 3

Compact operators defined by ¢,
spaces: (p,r)-compact operators

In this chapter, we extend the notion of some well-known forms of
relatively compact sets to relatively (p,r)-compact subsets of a Ba-
nach space. We go on to define the operator ideal of (p,r)-compact
operators and describe its structure as an operator ideal. This chapter
is mainly based on [ALO12].

3.1 Relatively (p,r)-compact subsets

Let X be a Banach space. Similarly to [DEL"12| we call the next result the
Grothendieck compactness principle (see |[Gro59] or, e.g., [LT77, p. 30]).

Theorem 3.1 (Grothendieck). A subset K of X is relatively compact if and
only if there exists (x,) € co(X) such that K C conv(z,), the closed conver
hull of the sequence (xy,).

In the 1980s a stronger form of relative compactness was given. If one replaces
co(X) with the space (,(X), for some fixed real number p > 1, then one
obtains a stronger form of relative compactness. This form of compactness
was occasionally considered in the 1980s by Reinov [Rei84] and Bourgain and
Reinov [BR8Y) in the study of approximation properties of order s < 1. Let
us say, in this case, that K is relatively p-compact in the sense of Bourgain—
Reinov.

25
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Let p > 1 be a real number. The p-convez hull of a sequence (x,) € ,(X)

is defined as
p-conv(x,) = {Z anxy : (ayn) € By,. } .

n=1
In 2002, another strong form of compactness (but weaker than the Bourgain—
Reinov one) was introduced by Sinha and Karn [SK02] through the require-
ment that X' C p-conv(z,) for some (x,) € £,(X). In this case, let us say
that K is relatively p-compact in the sense of Sinha—Karn. Remark that
the special case p = 1 was considered already in 1973 by Stephani [Ste73|
Section 4] under the name of nuclearity (of sets) (see also Remark [6.8)).

Definition 3.2. Let 1 <p < oo and 1 <r < p*. We call

(p,r)-conv(x,) = {Z anxy : (a,) € BZT}

n=1

the (p,r)-conver hull of a sequence (z,) € £,(X).

It is a well-known folklore fact that, if (x,) € s (X), then (oo, 1)-conv(z,)
is exactly absconv(x,,), the closed absolutely convex hull of (z,). We include
a proof for completeness (in the case when (z,) € ¢o(X), a proof is sketched
in exercises in [FHHT01), pp. 22, 33]).

Proposition 3.3. Let (z,,) € loo(X). Then (00, 1)-conv(z,) = absconv(z,).

Proof. Since

absconv(z,) = {Z ApTy, Z la,| <1,m € N} ,

n=1 n=1

we clearly have

absconv(z,) C (oo, 1)-conv(z,) = {Z AnTy, Z la,| < 1} C absconv(zy,).
n=1 n=1

Therefore, it remains to show that (oo, 1)-conv(z,) is a closed subset. For this
end, we prefer to apply an idea which will be also used in the proof of Theorem
below. Namely, observe that (oo, 1)-conv(z,) = ®(,,)(By,) (the operator
P(y,) € L({1,X) was defined in Section 2.5). The subset ®(,,)(By, ) is obvi-
ously convex. It is also weakly compact. Indeed, By, = By: is weak* com-
pact due to the well-known Banach-Alaoglu theorem and ®(,,) € L({}, X)
is weak*-to-weakly continuous (because ¢, |(X*) C {1). Hence, as weakly
closed convex sets are closed in the norm topology, ®(,,)(By,) is closed. [
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We extend these previous forms of compactness as follows.

Definition 3.4. We say that a subset K of X is relatively (p,r)-compact if
K C (p,r)-conv(zx,) for some (x,) € £,(X) (where (z,,) € co(X) if p = 00).

As for the “extremal” cases, the (p, 1)-compactness is precisely the Bourgain—
Reinov p-compactness, and the (p, p*)-compactness is precisely the Sinha—
Karn p-compactness with the (1,00)-compactness being the Stephani nu-
clearity. According to Grothendieck compactness principle, the (oo, 1)-
compactness coincides with the compactness (because (oo, 1)-conv(z,,) is pre-
cisely the closed absolutely convex hull of (z,)).

It is convenient to look at (p,r)-convex hulls in the following way.

As every (z,) € £,(X) defines the operator ®,,) : £, — X (see Section [2.5),
it is clear that

(p,7)-conv(zy,) = P4,y (By,). (3.1)

Remark 3.5. Concerning 1-conv(x,) = (1,00)-conv(x,) with (z,) € ¢1(X),
we have @, ) : loo — X and l-conv(z,) = ®(,,)(By,. ). This is the definition
of the 1-convex hull of (z,,) as, e.g., in [AO12, [CKT10, DOPS09, PD11] [Pie14].
But, e.g., in [ALO12, [AOT5, DPS10b, SK02, SK08], the 1-convex hull of
() is defined as ®(,,\(B.,). Since ¢, \(Be)) C P(a,)(Bre.) € Panwn)(Be)
whenever 1 < )\, — oo is chosen such that (A\,x,) € ¢1(X), both definitions
of the 1-convex hulls yield the same notions of 1-compactness (see Definitions
and and 1-null sequences (see Definitions and . We prefer
the definition of the 1-convex hull of (x,) as ®(,,)(By..), because this set is
closed (even weakly compact) (see the proof of Theorem [6.5]), and also for
the notational purpose.

Definition 3.4 means by (3.1)) that a subset K of X is relatively (p, r)-compact
if and only if
K C &, (Be,)

for some (z,,) € £,(X) ((x,) € co(X) when p = c0); in particular, @) (By,)
itself is relatively (p,r)-compact.

Theorem 3.6. Let X be a Banach space. Let 1 <p < qg<oo,1<r <p"
and 1 < s <q*. Let
1 1 1 1
-+ -<-+-. (3.2)
qa S p T

If a subset of X 1is relatively (p, r)-compact, then it is relatively (g, s)-compact.
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Proof. First, let 1 < p < g = o0o. Then s = 1. As already mentioned, the
(00, 1)-compactness coincides with the usual compactness. Thus, we have
to show that relatively (p,r)-compact sets are relatively compact. For this
it is sufficient to show that ®(, (B, ) is relatively compact. But the latter
immediately follows from the compactness of ®(,,) (see Section .

If 1 <p<gqg<ooandr <s, then the assertion in clear as £,(X) C £,(X)
and B, C By, hence

@2,y (Br,) C P,y (Be,)

for any (z,,) € £,(X).
Finally, let 1 <p < ¢ < oo and s <r. If (x,) € {,(X), then

W) = (Cllanll 72 € ,().

a—p

where C := ||(x,)|l,"
For (a,) € By,, put
b o= C | an,

so that b,y, = a,x,, n € N. We shall show that (b,) € By,.

Assume first that r < oo. Then % > 1 and (g)* = —, and we can apply
Holder’s inequality to obtain

(Zuw) = (Zlcluxn||"q”an|s>
n=1 n=1
(Zw) (ZC“ 2|5 )

- (Zw) (ch |5 ) ST

9—p

< ¢ <xn>||q 2w ) "

r—s

IN

< Y@l =1,

because, due to (3.2)),

p<q D
q r—S
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1
-
q*)

1
q7

If r = 0o, then p = 1. Hence by (3.2), s = ¢* and
l‘
s ) — =1
(E'bn') ) (DO Nl e
n=1 n=1
¢ (Z ||xn||‘%1q*>
n=1

1

= ¢! (Zuan) —cl'c=1.
n=1

IN

Since - -
(I)(acn)(an) = Zanxn = anyna
n=1 n=1

and (b,) € By,, we have
C ) (Be) C ) (Be,);

showing that the (p,r)-compactness implies the (g, s)-compactness also in
this case. 0

3.2 The operator ideal
of (p,r)-compact operators

Let X and Y be Banach spaces. Let 1 <p < oo, 1 <r < p*.

Recall that a linear operator 7' : X — Y is compact if T(By) is a relatively
compact subset of Y. Using relatively p-compact subsets of Y (i.e., relatively
(p, p*)-compact subsets in our terminology) instead of relatively compact
ones, Sinha and Karn [SK02] obtained the concept of p-compact operators
(in the sense of Sinha-Karn). If one uses relatively p-compact subsets of ¥
in the sense of Bourgain—Reinov instead of relatively compact ones, then one
obtains the notion of p-compact operators in the sense of Bourgain Reinowv.

Following [SK02], denote the class of all p-compact operators in the sense of
Sinha—Karn by K. Properties of K, were studied in [SK02] and, e.g., in the

recent papers [AMRI0, [(CK10, DOPS09, [DPS10al, DPSI0b, [GLT12, LT12,
[Pie14) [SK08].

We define (p, r)-compact operators in an obvious way.
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Definition 3.7. Let 1 <p < oo, 1 <r < p*. A linear operator T : X — Y
is (p,r)-compact if T(Bx) is a relatively (p, r)-compact subset of Y.

Let us denote the class of all (p,r)-compact operators acting between ar-
bitrary Banach spaces by K(,,y. For the “extremal” cases, it is clear that
K = K1), Ky = K(pp), and the class of p-compact operators in the sense
of Bourgain—Reinov is precisely K, 1).

Let T : X — Y be a linear operator. From (3.1) it is clear that 7' €
Kpry(X,Y) if and only if T(Bx) C @, (B, ) for some (y,) € £,(Y) ((yn) €
¢o when p = 00).

The class of compact operators K is a well-known operator ideal. It is also

proved in [SK02, Theorem 4.2] that I, is an operator ideal. We extend these
results to the more general case of K, .

Proposition 3.8. Let 1 < p < oo and 1 < r < p*. The class of (p,r)-
compact operators K, is an operator ideal.

Proof. Let S, T € K4 (X,Y) be such that S(Bx) C ®,)(B,) and
T(Bx) C ®,)(By,) for some (x,), (yn) € €,(Y) ((#4), (yn) € co(X) when
p = 00), and let a € K. Put

2Y7ax i1y if 0 is odd,
Zn = . .
2Y"7 Y10 if n is even.

It is easy and straightforward to verify that (z,) € £,(Y) ((2,) € ¢o(Y) when
p = o0) and for (a,), (b,) € By, the sequence

2_1/Ta(n+1)/2 if n is odd,
Cn =
27D, o if n is even,

is in By,. Now (aS + T)(Bx) C ®,)(Bs,), meaning that aS + T €
Kpr)(X,Y). This shows that K, (X,Y) is a linear subspace of L(X,Y).

The space K(,,)(X,Y) contains all rank one operators. Indeed, z* ® y €
K (X,Y) because (2" ®@ y)(Bx) C ®(.,)(By,) for (z,) with z; = [|z*||y,
2222’3:...:0.

Finally, let A € £(Z,X) and B € L(Y,W). Then BTA € Ky, (Z,W)
because (BT A)(Bz) C P, (Be,) for w, = ||A||Byn, n € N. O

Proposition 3.9. Let 1 <p < oo and 1 <r < p*. The operator ideal K,

is surjective, i.e., Ky = K?;,rr)'
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Proof. Let T € IC?;;) (X,Y). Denote Z = {1(Bx). Then TQx € K, (Z,Y)
and there exists (y,) € ,(Y) ((yn) € co(Y) when p = oo) such that
(TQx)(Bz) C ®,)(Be,). But By C Qx(Bz) because for xy € Bx we
have zy = Qx(\;), where

\ = 1 if x =z,
“ 10 otherwise.

Hence T'(Bx) C ®(,,(Bq,)- O

Remark 3.10. Propositions and follow also from the theory of gener-
ating systems of sets introduced by Stephani in [Ste80]. Indeed, in [Lil13] it
was proved, that the class of all relatively (p,r)-compact subsets is a gener-
ating system (see [Ste80] for the definition of the generating system of sets)
and therefore it follows from [Ste73] and [Ste80] that K,,) is a surjective
operator ideal.

From Theorem we immediately get the following inclusion result.

Corollary 3.11. Let X be a Banach space. Let 1 <p <qg<oo,1<r <p*,

and 1 < s <q*. Let
1
-+
q

Then (p,r)-compact operators are also
operator ideals

1
+ =
r

<

W |
h=RN

—~

q, 8)-compact, i.e., Koy C Kqs) as






Chapter 4

K(pr) as an s-Banach operator
ideal and its s-norm

In this chapter, we prove one of the main results. It is a description of
(p,)-compact operators K,,) as operators belonging to the operator
ideal /\/f’“1 o) This allows us to equip the operator ideal K(,,) with
an s-norm from N, ;,-). We also show how to explicitly calculate
the s-norm of an (p,r)-compact operator. This chapter is based on
[ALO12].

4.1 K, as an s-Banach operator ideal

(p,r)
Let X and Y be Banach spaces, let 1 < p < 0o, 1 < r < p*, and let
T € Kpr(X,Y). Similarly to the case of K, = K, (see [SK02, pp.
20-21]), we have the natural factorization of T as follows.

Let (yn) € £,(Y) ((yn) € co when p = oo)isuch that T'(Bx) C @, (B, ).
Denote Z = (,/ker ®(,,). Then &, ) = &, )q, where ¢ : {, — Z is the
quotient mapping and ®(,,): Z — Y is the injective associate of @,

Let x € Bx and let o € By, satisfy Tx = &, a. If Tz = &3 for
some (other) 8 € ¢,, then clearly o — 8 € ker ®(,,). Therefore each v € X
determines an « € {,., which is unique up to the elements of ker &, ). We
also may assume that the « satisfies ||al|, < ||z||. (Indeed, for x € X\{O}
€ Sx determines a 3 € By, such that T( ”) = ¢f. Now Tx = qa where

= [lz18 € & and [lafl, = [l=[[||B]l. < |l]- )

HmH

33
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Hence one can define T(,,) : X — Z by T(,,yv = qa, * € X, where a € £,
satisfies ||a||, < ||lz|| and Tx = @y, . The operators are represented in the
following diagram:

q)(yn)

N

yn)
Since @) = P(,,.)¢, one immediately obtains the factorization
T = 6(yn),'z-‘(yn)7 (41)

with T,y € L(X,Z), |Tiy,yll < 1, and kerT{,,) = kerT. (Indeed, Tz =
Py = Pynqe = Py for every T 6 X. The linearity of T{,,
and the equality of the kernels follows from ) because 6@ is linear and
injective. Finally, if ||z|| < 1, then ||T(,z|| = an” where Ha|| <zl < 1;
hence ||T(,)z|| < llgll = 1.)

Theorem 4.1. Let 1 < p < oo, 1 < r < p*. Then K,y = (S;rl’r*) as
operator ideals.

Proof. Let T € K,,(X,Y). Since, by the natural factorization, 7" =
DTy ) and ®(,,) € NG (Z,Y), where Z = (,/ker @, (see Propo-
sition , we have T' € NS;E oy (X, Y).

On the other hand, to see that NgY ., C K, it suffices to prove that
Ny C Ky because K, ) is surjective (see Proposition and A" C
B*" whenever A C B (see Proposition 2.11)).

Consider T' € Np1,(X,Y). Then T' = Y7 0,25 ® y,,, where (0,) € £,
((on) € ¢y for p = o0), (x) € £¥(X*), HynH = O( ). We clearly may
assume that [|(z})]|¥ = 1. (Indeed, 0,2} ® y,, = O GSTE *)Hw ® |[(xX)||“y, and
(@) Fyn) € €os(Y).) Then (onyn) € 6,(Y) ((0nyn) € co(Y) for p = o0)
and for every x € By, we have

Tz = Zx )0 Yn € Ponyn)(Be,),

meaning that 7' € K, (X,Y). O

Recall that N, ,+) is an s-Banach operator ideal, where

1 1 1
1.1 (4.2)
s p T
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(see Example 2.7). The equality K, = (o1, Of operator ideals from
Theorem [.1] allows us to equip K, ,) with an s-norm in the following natural

way.

Definition 4.2. Let 1 < p < oo and 1 < r < p*. Define

My, ) = e

(p,1,7%)

Summing up we have the following.

Theorem 4.3. Let 1 < p < oo and 1 < r < p*. Then Ky, =
(K, H.HK:(p,r)) is an s-Banach operator ideal and Ky = NG .y as s-
Banach operator ideals, where s satisfies (4.2)).

Theorem together with the inclusion theorem for (¢, u,v)-nuclear oper-
ators [Pie80 18.1.5] and Proposition immediately yield the following

result.

Corollary 4.4. Let X be a Banach space. Let 1 <p < qg < o0, 1 <71 <p*,
and 1 < s < g*. Assume that s <1 and

1 1 1

S -+ =

q r

W | =
=

Then

(K ||‘||/c(p,,.)) C (Kgs); ||'||1c(q,s))-
In particular, if 1 < p < g < oo, then (Kp,[I|l,) C (K¢ |llg,) and
(Ko Il ) © K I, )

Condition (4.2)) defines s by the equality

__pr
p+r
Remark 4.5. The only case when
s = P 1
p+r

is precisely when r = p*. This means that from the all family of s-Banach
operator ideals Ky, ), only K, p+) is a Banach operator ideal. As was already
mentioned, K,y = K, the ideal of p-compact operators introduced in
[SK02] by Sinha and Karn. In [SK02] also K, was equipped with a Banach
operator ideal norm, but in a different manner than in Definition In the
next section we will see, among others, that these definitions coincide (see

Remark .
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4.2 The s-norm of £,

Let 1 <p<oo,1<r<p*and s=pr/(p+r). Itis important that we can
explicitly calculate the s-norm HH,C( , (see Theorem | as in the following

Theorem . Among others, this shows that the norm |-||,. coincides with
the Banach ideal norms introduced in [SK02] and [DPSI0b] (see Remarks
and [4.9 below).

Theorem 4.6. Let X and Y be Banach spaces. Assume that 1 < p < o0
and 1 <r <p*. Let T € K,y (X,Y). Then

1T licq,,,y = W ([T [l ()| = nf [ (y) [l

where the both infimums are taken over all sequences (yn) € £,(Y) ((yn) € o
when p = 00) such that

T(Bx) C {Z anyn : (a,) € Bgr} .

n=1

Proof. Let (y,) € £,(Y) ((yn) € co when p = oo) be such that T(Bx) C
©(y,) (Be,). We know that T' = &, Ty, [| Tty | < 1. and [, [l . <

(P17
|(yn)]| (see (4.1]) and Proposition [2.17). Hence,

HT”]C(I)’T) — HT”NSUF AN/sur

(p,1,m*) S Hg(yn)’ (p,1,r*) T(yn)H

1T 1 o)1 <l ()]

IN

Consequently,

1T licq,.y < | T [ (wn) Il < i [l ()l

On the other hand, from the factorization theorem of (¢, u,v)-nuclear oper-
ators (see [Pie80), 18.1.3]), we know that the (p, 1,7*)-nuclear operator 7'Q) x
factorizes as follows:

Z:=0,(By) -2 x Loy
lA B
l, 2 A

where A € L({,, ;) is a diagonal operator of the form A(a,) = (0,a,) with
(0n) €4, ((0,) € co when p=o00), A€ L(Z,¢,), B € L({,,Y), and

ITQx Ny 1,y = WE 1B (o) [1[Al
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where the infimum is taken over the all possible factorizations.

Let € > 0. Choose A, (0,,), and B as above so that

e+ Tl =&+ 1TQx g, 10y = Bl e HAI = (@)l

because we clearly may assume that ||A|| = || B|| = 1. Since Bx C Qx(Bz),
we have

T(Bx) C (BAA)(Bz) C (BA)(By,) = {i anonBen 1 (an) € Ber} ;

where (e,) is the unit vector basis of ¢, (co when r = o0). Put y,, = 0, Be,,.
Then (y,) € 6,(Y) ((yn) € co when p = o0), T(Bx) C ®,)(By,), and
[yl < ||(0n)|| Therefore,

1Tk, = 0 [} ()]
This concludes the proof. O

Let us spell out the immediate special case of Theorems [.3] and [4.6] which
characterizes the p-compact operators K, 1) in the Bourgain—Reinov sense.

Corollary 4.7. Let X and Y be Banach spaces. Let 1 < p < oo. The
operator ideal K, 1) (hl00) s @ I%—Banach operator ideal. The m
norm of T € K,1)(X,Y) is calculated as follows:

1Tl .y = W0 [T 1 Cwm) Il = 0t [[Cym) I

where the both infimums are taken over all sequences (y,) € £,(Y) such that

T(Bx) C {Z anYn : (an) € le} .

Remark 4.8. In [SK02, Theorem 4.2], the Banach operator ideal norm was
introduced in the operator ideal K, through the formula

T ||, = it [Ty Hlyall,

which is the special case with r = p* of the first equality in Theorem .6
Thus Corollary extends the inclusion result [SK02, Proposition 4.3] for
Banach operator ideals £C,.
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Remark 4.9. Recently, Delgado, Pifiero, and Serrano made a thor-
ough study of the operator ideal KC,, but they defined the Banach operator
ideal norm in K, through the formula

17|k, = inf [ynll,

which is the special case with » = p* of the second equality in Theorem
They proved (see [DPS10b, Proposition 3.15]) that the Banach operator ideal
norms from [SK02| and [DPSI0b] coincide: ||T||x, = ||T|,; this equality is
also contained in Theorem .6

Remark 4.10. One of the main results of [DPS10b] (see [DPS10b, Proposition
3.11)) is that (Kp, [|-[l,) = (NP, ||l )", the Banach operator ideal of right
p-nuclear operators. Since, by definition, (N, ||-||\) = (Np1p); ”'H/\/(p,l,m)

(cf. [Pie80, 18.1.1] and, e.g., [Rya02} p. 140]), this result is contained as the

special case with 7 = p* in Theorems [£.3] and In [DPSI0D], to prove this
result, the authors used a roundabout approach, first describing K", and

relied on Reinov’s recent study [Rei00] on operators with p-nuclear adjoints.



Chapter 5

Applications to some related
operator ideals

In this chapter, results from the previous chapter are used to describe
the surjective and injective hulls of N, ,+. A description of K,,) as
product of operator ideals is given as well. This chapter is based on
[ALO12].

5.1 Surjective and injective hulls of N, )

Let 1 <p <ooand 1l <r <p*. We start with an alternative description of
the -2=--Banach operator ideal (N3] ., | - HN@;{;N)) in the same vain as the
description of the surjective hull of the Banach operator ideal (N, ||-||,,) =
(Na1.1)s ||'HN(1 ) 1)) of nuclear operators in [Pie80, 8.5.5|. This is the following
immediate consequence of Theorems [4.3] and it contains the description

of N from [Pie&0), 8.5.5].

Theorem 5.1. Let X and Y be Banach spaces. Assume that 1 < p < o0
and 1 < r < p*. A linear operator T : X — Y belongs to /\/'(S;E’T*)(X, Y) if
and only if there exists (y,) € £,(Y) ((yn) € co(X) when p = c0) such that

T(Bx) C {i anYn : (an) € Bgr} .

n=1

In this case, the %—norm of T is given by

1T vz ..y = mf [ (yn)

(p,1,7%)

,

39
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where the infimum is taken over all admissible sequences (yp,).

The injective hull A™ of the Banach operator ideal N” = Ny 11 is described,
e.g., in [Pie80, 8.4.5]. In Theorem-below we have the followmg description
of the E=-Banach operator ideal V.., as the dual operator ideal of K, )

Lemma 5.2 (see 8.4.4]). Let X,Y and Z be Banach spaces, and let
A be an s-Banach operator ideal. If ||Sz|| < ||Tx|, z € X, for S € L(X,Y)
and T € A(X,Z), then S € AMN(X,Y) with ||S]| g < [T 4-

Theorem 5.3. Let X and Y be Banach spaces. Assume that 1 < p < oo
and 1 < r < p*. Let T : X = Y be a linear operator. Then the following
statements are equivalent:

(a) T € Ny (X, Y),

(p,r*1)

(b) T € Kdual (X, Y),

(psr)

(c) there exists () € £,(X*) ((x}) € co(X*) when p = c0) such that

[Tz]] < [|(z5 ()

- Vo e X. (5.1)

Moreover, in this case, the —-norm of T 1s given by

I

Ny = T gy = nE )1l

where the infimum is taken over all (x}) € £,(X*) ((z}) € co(X*) when

p = o0) satisfying (5.1]).

Proof. To simplify notation, we omit below the corresponding s-norms.

From [Pie80, 8.3. 3] we know that N1y C Ny%. ), the regular
hull of /\/'(pr 1), and Npr ‘1) .y (see [PieS0, 18.1.6]). Hence, reca.ll.ing
that injectivity and surjectivity are dual properties, in particular, A%

Aswrdual for any s-Banach operator ideal A (see [PieS80L 8.5.9]), we have

inj dual inj sur dual dual
N p,r*1) C Nplr*) (p,1,7%) K:(Pﬂ“)

(see Theorem [4.3]). The above inclusion also means that

Il < 117!

inj T iIlj * .
i T ENg ey
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Let T € ICd‘““1 (X,Y). Then T* € Kpn(Y™, X*). Hence (see
Theorem [4.6)), for every 5 > 0, there exists (x}) € £,(X*) ((x}) € co(X¥)
when p = 00) such that

By* {Zan : an EBgT}

and
||(x2)Hp S HT”]C?;"% + €.

For every z € X, we clearly have

[Tz = sup [(T"y")(x)| < sup {Z |an, ()] - (an) € Bzr} = (17, (2)) [+

ly*ll<1

It follows that
inf 123l < Tl

whenever the infimum is taken over all (z}) € £,(X*) ((z}) € co(X) when

p = o0) satistying (5.1]).
(c)={(a)l Following an idea from the proof of [Pie80, 8.4.5], we define an
operator A € L(X,(,+) by Az = (z(z)), € X. Clearly

Ar = Z zh(x)ey, v € X,

where (e,,) is the unit vector basis for ¢,« (co when r = 1). From the repre-

sentation .
A= Z z, e,
n=1
and from
@ e, = |z,
[z n”
we have that (||z}]]) € ¢, (respectively, (||z}]]) € ¢o when p = o0),

(lzz]7tas) € loo(X*) = €9 (X*), and (e,) € £¥(€+) C L¥(£F) (respectively,
(en) € €P(cy) C (¥ (ls) when 7 = 1) (cf. Proposition 2.16). Hence (see
Example. ) A € Nipr1) (X, €) and [|Aln, ey < I1@5) [l

Since ||Tz|| < ||Az|| for all € X, by Lemma [5.2] we immediately get that

T e (I;I,Urq)(X Y') and
1T

wii S AN ey < @) -

This proves the theorem. Ol
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Remark 5.4. Recall that the Banach operator ideal N, of p-nuclear opera-
tors is defined by (Np, [Illx,) = Nwp), [Illa;, ) (see 18.2.1]). In
this classical case, the description (a) of ./\/;if‘j as the Banach operator
ideal QN of quasi-nuclear operators is due to Persson and Pietsch [PPG9,
Theorem 39]. In [DPSI0B, Corollary 3.4], it is proved that K3 = QN as

operator ideals. The special case of |(b)i=|(c)| with r = p*, i.e., r* = p, tells
us that 3" = QN as Banach operator ideals.

We know that the mﬁﬁ—Banach operator ideals N, 2y and N2, (see
Example are, respectively, surjective and injective (see [Pie80, 18.1.8]).
Therefore, we have the following immediate consequence of Theorems

and 6.3

Corollary 5.5. Let 1 <p < 2. Then K2y = Nip12) and K5y = N1y as

2+p -Banach operator ideals.

Remark 5.6. The special case with p = 2 tells us that ICy = N? (for N2, see
Remark [4.10) and K3'e! = A, as Banach operator ideals. The latter equality
was established in [SK08, Corollary 3.8].

Let us recall the notion of an ultrastable s-Banach operator ideal. Let U be
an ultrafilter on an arbitrary index set I. If (X;);e; and (Y;);er are families
of Banach spaces and T; € £(X;,Y;), then the linear operator

u - (H Xiu — (H Yi)u

(where (J],c; Xi)u denotes the ultraproduct of the family (X;)ies (see, e.g.,

[Pie80L 8.8.3])), defined by

(T)u(zi)u = (Tizi)u, (23)u € (H Xilu

i€l

is called the ultraproduct of the operators T;. An s-Banach operator ideal A
is ultrastable, if

Tou € AT X0u (TTYo)) and [[(To)u ulla < lim [I75]]

el el

for every ultrafilter & on I and family of operators T; € A(X,;,Y;) with
sup;e; | Ti]| 4 < oo (see, e.g., [Pief0, 8.8.5]).

If0<t<ooand 141/t > 1/u+ 1/v, then the s-Banach operator ideal
Ntuw), Where s satisfies 1/s = 1/t + 1/u* 4+ 1/v*, is ultrastable (see [Pie80)
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18.1.9]), and this property is preserved under surjective and injective hulls
(see |Pie80, 8.8.9 and 8.8. 8]) Therefore we have the following immediate

consequence of Theorems 4.3 and [5.3, showing that K, ,) and ICd“al are
“almost always” ultrastable.

Corollary 5.7. Let 1 < p < oo and 1 < r < p*. Then the I%—Banach
operator ideals K,y and ICd“a) are ultrastable.

5.2 Description of K, ,) via products

Let X and Y be Banach spaces and 1 < p < oc.

Recall that an operator T' € L(X,Y’) belongs to the Banach operator ideal
P, of absolutely p-summing operators (p-summing operators in [DJT93]) if
it takes weakly p-summing sequences (z,) of X to absolutely p-summing
sequences (T'z,) of Y, and one defines ||T|, :=infc, where ¢ > 0 satisfies

I(Txn)niall, < ¢ ll(zn)niall,

for every finite family zi,...,x,, € X (see, e.g., [Pie07, 6.3.6.2]). If p = 00
then Py, = L (see [Pie80, 17.3.1]). The operators from Py**(X,Y’) are also
called Cohen strongly p*-summing operators (described in [Coh73]).

In [SK02, Proposition 5.3, it was shown that K, C Pg“al as Banach operator
ideals. On the other hand, in [DPS10b), Proposition 3.13], it was proved that
Pd“al o K C K, as Banach operator ideals. We shall improve these results
by showing that in fact, K, = Pdual o IC (see Corollary - 0 below). This
multiplication forrnula is a spec1al case of our multiplication formula for the
-Fr--Banach operator ideal K, (see Theorem [p.8| below).

Let 0 <t <oo, 1 <wuv<oo,and 1/u+1/v <1+ 1/t. Recall that the
s-Banach operator ideal Z(, ,, . of (t,u,v)-integral operators, where s satisfies
1/s = 1/t + 1/u* + 1/v*, is defined as the maximal hull of (¢, u,v)-nuclear
operators:

(Ztt,u,0)s ||‘||z(t,u’v)) = (?Zi(u)? H'HN(’?ZZ))
(see |Pie80) 19.1.1]).

In turn, recall that the mazimal hull (A™, ||-|| ymax) of an s-Banach operator
ideal (A, ||-|| ;) may be defined as follows (see [Pie80, 8.7.4]). An operator
T € L(X,Y) belongs to A™*(X,Y) if there exists ¢ > 0 such that

IBT Al 4 < clBl Al
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forall A e F(Z,X)and B € F(Y,W), where Z and W are arbitrary Banach
spaces; in this case, one defines ||T'|| jmax := infc.
Theorem 5.8. Let 1 <p<oo and 1 <r <p*. Then

Korn =i oK

_pr_

as -7 -Banach operator ideals.

Proof. Denote B = Z,1,+). We know (see [Pie80, 19.1.10]) that

N =B oF

as p’ZT—Banach operator ideals. Passing to surjective hulls (see Theorem

and using Proposition we get that

K:(p,r) _ (B O?)sur C B o?sur —BYo
as u-Banach operator ideals (where u = £, due to F' = K (see
Example .

On the other hand, let 7" € (B°" o K)(X,Y’). Then for every € > 0, there are
a Banach space Z and operators A € (X, Z) and B € B*(Z,Y’) such that
T = BA and

(1+9)||T

BsurO’C Z HB

Since AQx € K(¢1(Bx),Z), we can use the almost norm-preserving lifting
property for compact operators with an L;(u)-space as the domain space
due to Grothendieck [Gro56, Corollary 5 on p. 24| (see, e.g., [Lin64]). This
property gives us an operator C' € K(¢,(Bx),{1(Bz)) such that QzC = AQx
and

IO < (1 +e)[|[AQx| < (1 + )| All-

The operators are represented in the following diagram:

t(Bx) L x- Loy

o

06(By) %~z

Since ¢1(Bz) has the approximation property (i.e., its identity operator can
be approximated, uniformly on relatively compact sets, by finite-rank oper-

ators), K(£1(3X>,£1(Bz)) = .F(Zl(Bx),fl(Bz))
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Now we have TQx = BQzC, where C € F({,(Bx),{1(Bz)) and BQy €
B(él(Bz),Y), and

(1+e)||T

(1+2)I1BQzIsllAll = 1BQzI5IC
ITQx 5.7 = 1T | gy

Bswrok 2
>
This means that B o K C (B o F)**" as u-Banach operator ideals.

Thus, we have established that K, ,) = B**" o K as u-Banach operator ideals.
Since K, is a T Banach operator ideal, also B o IC is, and the equality

holds in the sense of --Banach operator ideals. O
Remark 5.9. One has Z0", ., Ilzjﬂula)l as s-Banach operator ideals. Indeed,

by [Pie80, 19.1.4],
Isur Idual sur Ilnj dual

(p,1,r*) (p,r*,1) (p,r*1)
because Adualsur — Ainjdual for any quasi-Banach operator ideal A (see [Pie80,
8.5.9]).

Since P, = IE;’JPI for 1 < p < oo and P, = L as Banach operator ideals (see

[Pie80), 19.2.7, 17.3.1] respectively), recalling that IC, = K¢ ,+), Theorem
and Remark [5.9] immediately yield the promised result.

Corollary 5.10. Let 1 < p < oo. Then
K, = Pg“al oK

as Banach operator ideals.






Chapter 6

The (p, r)-null sequences

We introduce a new term: the (p,r)-null sequence. The main aim of
this chapter is to establish an omnibus theorem giving six equivalent
properties for a sequence in a Banach space to be a (p, r)-null sequence.
The method used to do this relies on the theory of Carl-Stephani
[CS84], which is also introduced. This chapter is based on [AO12,
AO15].

6.1 Elementary observations
on (p,r)-null sequences

Let X be a Banach space.

Let 1 < p < oo. In [PDII] Delgado and Pifieiro called a sequence (x,,) in X
p-null if for every £ > 0 there exist N € N and (z;) € £,(X) with [|(z;)[|, < e
such that z,, € p-conv(z;) for all n > N (see [PD11]).

We extend the notion of p-null sequences due to Delgado and Pifneiro [PD11]
as follows.

Definition 6.1. Let 1 < p < oo and 1 < r < p*. We call a sequence
() in X (p,r)-null if for every € > 0 there exist N € N and (z;) € £,(X)
((zx) € co(X) when p = oo) with [|(z)]|, < € such that z,, € (p,r)-conv(z)
for all n > N.

As p-conv(zy) coincides with the (p, p*)-convex hull of (z;) € £,(X), p-null
sequences in X are precisely the (p, p*)-null sequences.

47
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Let us make a couple of elementary observations (see Propositions and
6.3).

Proposition 6.2. A sequence (x,) in a Banach space X is (00, 1)-null if
and only if x, — 0.

Proof. Suppose that (z,) C X is (co,1)-null. Then for every £ > 0 there
exist N € N and (z) € ¢o(X), ||(21)]|c < €, such that z,, = Y ;- ajz,
where (a})p2, € By,, for alln > N.

We have, for all n > N,

o0 oo
lzall <D ezl e lagl <e,
k=1 k=1

and therefore z,, — 0.

Let now x, — 0. This means that for every € > 0 there exists N € N such
that [|z,|| < e for all n > N. Now the sequence

0 ifk<N,
2 =

is in ¢o(X) with ||(2x)]|ec < € and z,, € (00, 1)-conv(zy) for all n > N. O

Proposition 6.3. Let 1 < p < 0o and 1 < r < p*. If a sequence (z,) in
a Banach space X is (p,r)-null, then x, — 0 and (x,) is relatively (p,r)-
compact.

Proof. Assume 1 < p < 0o as for p = oo the assertion is clear from Propo-
sition [6.2] Since (z,,) is (p,r)-null, for every e > 0 there are N € N and
(zx) € L,(X), [[(z0)]lp < e, such that xz, = Y 72, afzx, where (a})2, € By,,

for all n > N. Hence, for alln > N,

o0
lzall < > llagzll < Nag)ello 1zl < N (@)ll- N2l < e,
k=1

and therefore z,, — 0.
Since {xn, TNt1,...} C (p,7)-conv(z;) and (z;) € £,(X), the sequence
Tk if k<N,
Ye = .
Zh-n41 i k>N,

is in £,(X) and z, € (p,r)-conv(y) for all n € N. This means that (z,) is
relatively (p, r)-compact. O
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We shall see in Section [6.5] below that the converse of Proposition [6.3] holds
as well.

6.2 Relatively (p,r)-compact sets are generated
by (p,r)-null sequences

Let X be a Banach space. According to the Grothendieck compactness prin-
ciple (see Theorem , a subset K of X is relatively compact if and only if
it is contained in the closed convex hull of a null sequence.

Delgado and Pineiro obtained the following Grothendieck-like result (see
[PD11], Theorem 2.5]).

Theorem 6.4 (Delgado-Pineiro). Let 1 < p < co. A subset K of a Banach
space X s relatively p-compact if and only if K is contained in the closed
convez hull of a p-null sequence.

The proof of Theorem in [PD11] is not self-contained. It relies on some
theory of p-compact operators developed by Delgado, Pineiro, and Serrano
in [DPS10b] (see [DPSI10b, Corrollary 3.4, Propositions 3.5 and 3.8, and
Theorem 3.13|) and uses a characterization of operators having absolutely
p-summing adjoints (see [PD11, Proposition 2.4]).

In the case when r = p*, the following theorem reduces to Theorem [6.4] also
giving it an easy and elementary direct proof.

Theorem 6.5. Let 1 < p < oo and 1 < r < p*. A subset K of a Banach
space X is relatively (p,r)-compact if and only if K is contained in the closed
convez hull of a (p,r)-null sequence.

Remark that the special case p = oo of Theorem coincides with the
Grothendieck compactness principle, because relatively (oo, 1)-sets are pre-
cisely relatively compact sets and (oo, 1)-null sequences are precisely null
sequences.

Proof of Theorem [6.9, For the “if 7 part, let (z,) C X be a (p,r)-null
sequence. By Proposition 6.3] (x,) is relatively (p,r)-compact. Thus
(25,) C P2y (Be,) for some (2;) € £,(X). The set ®.,\(By,) is clearly abso-
lutely convex. It is also weakly compact. Indeed, if 1 < r < oo, then £, is
reflexive and therefore By, is weakly compact. If 7 = 1 (or r = 00), then the
proof is similar to the proof of Proposition Indeed, then By, = B.: (or
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By, = By:) is weak® compact due to the well-known Banach-Alaoglu theo-
rem and @,y € L(cj, X) (or @(.,y € L({], X)) is weak*-to-weakly continuous
(because @, (X™) C co (or @, (X*) C £1)). Hence, as weakly closed convex
sets are closed in the norm topology, ®.,)(By,) is a closed absolutely convex
subset of X containing (z,). Therefore conv(z,) C ®(.,)(5,) meaning that
conv(z,) is relatively (p,r)-compact.

For the “only if” part, let us assume that K C X is relatively (p,r)-compact.
We clearly may assume that K = ®.,)(By,) for some (z;) € £,(X). We are
going to construct a (p, r)-null sequence (z,) such that K C conv(z,).

Similarly to the very beginning of the proof of [DOPS(09, Theorem 2.1,

(c)=(a)] (or of [PD1I}, Theorem 2.5]), we choose ay \, 0 such that (o, 'z;) €

(,(X), and we consider the compact diagonal operator D : ¢, — (,, defined

by D(ﬁ,zl))D: (ofBr), (Br) € L., and & := CD(aglzk) : £, — X. Then, clearly,
D2y

Since D(B;y,) is a relatively compact subset of £,., by the Grothendieck com-
pactness principle, there exists a sequence (I',) C ¢, such that I',, — 0 and
D(By,) C conv(I',,). Denote x,, = ®I',,. Then K C conv(zx,), and it remains
to show that (x,) is a (p, r)-null sequence.

Let Ty = (37)i2s- Then 307 [y l" = Tl — 0/if 7 < o0 or supy, [ — 0
n n
if r = oo. Let us only consider the former case, the latter case being similar.

Let € > 0 be fixed. Choose 0 > 0 satisfying 0" < 1—27" and 67 (2P1vP+1) < &P,
where v := ||(a; 'z;.)|,- Then there exists N € N such that

D ohEl <o
k=1
if n > N, and also

S llag e < o

E>N
Now
oo
T, = E kak zk E ’ykozk zk+g vkozk zk
k=1 E>N
N 4
_ k -1 n,_—1 _ n
= E 2% 200y, 2, + E Vo, 2k = E 01 Yk,
k=1 E>N k=1
where

nyoo "N
(5k)k:1 = (%7 2§77N+177N+27 ) S g,,‘
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and
( )oo - (25 -1 25 -1 -1 -1 ) X
Yk )p=1 = QA 21y .y Qpr ZN,aN+1ZN+1,OéN+QZN+2, ..) C .

Observe that

N
Il = 2767 "l zell” + D llegg 2l
k=1 k>N
< 2POPYP 4 0P = §P(2PP + 1) < &P,

ie., (yx) € €,(X) and ||(yx)||, < e. Observe also that, for every n > N,

el § : 0 1
n|r o= — <1
orsr = h/k | orsr or -

168)xlly =

v TM=

i.e., (0f)r € By, if n > N. Hence, for every n > N, we have

T = Zd}zyk € (pa T)—COHV(yk),
k=1

as desired. n

6.3 Some classes of bounded sets

Let us introduce some useful notation which is inspired by [Ste80], but seems
to be more suggestive than the notation in [Ste80)].

Let b denote the class of all bounded subsets of all Banach spaces, and let g be
a subclass of b. Let X be a Banach space. Following [Ste80, Definition 1.1],
we denote by g(X) the family of subsets of X which are of type g. For
instance, b(X) is the family of all bounded subsets of X.

We denote by w and k, respectively, the classes of all relatively weakly
compact and relatively compact subsets of all Banach spaces. It is convenient
to denote by k() the class of all relatively (p, r)-compact sets in all Banach
spaces. In particular, as stated in Section , k = ko) and k, := kg, ),
the class of all relatively p-compact sets.

Let A be an operator ideal. Denote by .A(g) the subclass of b, which is given
as

Ag)(X)={FEC X :ECT(F) for some Fe g(Y)and T € A(Y, X)}
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where X is an arbitrary Banach space (in [Ste80], the notation Aog is used).

In this notation, the Grothendieck compactness principle (see Theorem [3.1)
reads as follows.

Proposition 6.6 (Grothendieck). One has k = F(b) = K(b).

Proof. Let X be a Banach space and let K € k(X). Grothendieck’s criterion
gives us a sequence (x,) € co(X) such that K C @, \(By,). Since @, ) €
F(l1,X), it is clear that K is of type F(b). But F(b) C K(b) because
F C K. Finally, if K is of type K(b), then it is relatively compact. O

Proposition says, in particular, that k(. 1) = K(oc,1)(b). Using the defini-
tions of k(,,y and K,y together with the observation (see Proposition
that ®(,,) belongs to the operator ideal N, 1 .+, the above proof yields also
the general case.

Proposition 6.7. Let 1 < p < oo and 1 < r < p*. Then kg, =
Mp,l,r*)(b) = K(p’r)(b)-

Remark 6.8. Using the notion of ideal system of sets (see [Ste73|), the equal-
ities k = IC(b) and w = W(b) were observed in [Ste80]. In the special case
p =1, r = 0o, the left-hand equality ki = k@ o) = N (b) of Proposition
was proved in [Ste73].

Recall (see [ES81, Theorem 2.5] or, e.g., [Pie80, 18.3.2) that N 1,0) coin-
cides with the operator ideal K; of classical 1-compact operators. Following
Fourie and Swart [FST9] or Pietsch [Pie80, 18.3.1 and 18.3.2|, a linear op-
erator T' : Y — X is called 1-compact, i.e., T € Ky(Y, X), if there exist
A € K(Y,l;) and B € K({1,X) such that T = BA. This means that T’
admits a compact factorization through ¢;. By an important theorem due
to Johnson (see [Joh71]) F(X,Y) = K (X,Y) for all Banach spaces X if
and only if Y is an Ly-space. Recall that a Banach space X is an £,-space,
1 < p < o0, if there exists A > 1 such that for each finite-dimensional sub-
space I/ of X there are a finite-dimensional subspace I’ of X with £ C F
and an isomorphism T : F — (3™F satisfying ||T|| |77 < A (see, e.g.,
[JLOT, pp. 57-60] for the definition and properties of £,-spaces). Since there
are Banach spaces that are not £;-spaces (for instance, infinite-dimensional
Hilbert spaces (see, e.g., [DF93| 23.3])), K; is strictly contained in 7. Hence,
the following special case of Proposition [6.7] slightly improves Proposition
0.0l

Corollary 6.9. One has k = K;(b).
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6.4 A-null sequences and A-compact sets

Let us now describe some relevant notions from the Carl Stephani theory
[CS84], which is based on earlier work by Stephani [Ste72, [Ste73) [Ste80].

Let A be an operator ideal.

Following [CS84) Lemma 1.2], a sequence (z,,) in a Banach space X is called
A-null if there exist a Banach space Y, a null sequence (y,) in Y, and
T € A(Y, X) such that z,, = Ty, for all n € N.

Using the notation of Section [6.3] and following [CS84, Theorem 1.2], we say
(as in [LT13]) that a subset K of a Banach space X is A-compact if K is of
type A(k), i.e. K € A(k)(X).

Using Propositions and we shall see now that the relatively (p,r)-
compact sets, N, 1,+)-compact sets, and K, ,)-compact sets are all the same.

Proposition 6.10. Let 1 < p < oo and 1 < r < p*. Then kg,,) =
'N’(p,lvr*)(k) = K(p,r)(k)'

Proof. We know that N, ,+) is a minimal operator ideal (see [PieS80, 18.1.4]).
This means that N, 1, = F o N1+ o F (see [Pie80), 4.8.6]). Hence, using
Propositions [6.7] and [6.6, we have

Ko (k) C Ky (0) = k) = Np.r)(B) = (F 0 N (F (D))
= FoNprm(k) C Ny (k) CKpa (k).
This shows that ki(p,r) = Mp,l,r*)(k> = K(p,T)UC). O

Remark 6.11. The second equality in Proposition [6.10] also follows from the
general Carl-Stephani theory. Indeed, for any operator ideal A, it is known
(see [CS84, p. 79]) that a subset is .A-compact if and only if it is A®"-compact.
And (see Theorem NGy = K-

p,1,r*)

The following special case of Proposition (when p = oo) improves Corol-
lary [6.9] and complements Proposition

Corollary 6.12. One has k = K, (k) = F(k) = K(k).

6.5 Characterizations of (p,r)-null sequences

The p-null sequences can be characterized via p-compactness as follows.
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Theorem 6.13 (Delgado—Pineiro-Oja). Let 1 < p < co. A sequence (x,,) in
a Banach space X is p-null if and only if (x,,) is null and relatively p-compact.

Theorem was discovered in [PD11l, Proposition 2.6] and proved in the
case of Banach spaces enjoying a version of the approximation property de-

pending on p (by [Ojal2b], this version of the approximation property co-
incides with the classical one for closed subspaces of L,(u)-spaces). For

arbitrary Banach spaces, Theorem was proved in [Ojal2a]. The proof
of Theorem [6.13] in [Ojal2a] relies on the description of the space of p-null
sequences as a Chevet—Saphar tensor product co®de , also established in
[Ojal2a].

Remark 6.14. Theorem [6.13] is the “limit” case r = p* of the equivalence
(a)<(b) in Theorem below. This is, in fact, the only special case when
Theorem could be proved by the method in [Ojal2a]. The reason is
simple: the method in [|Ojal2a] uses the Hahn Banach theorem. But the
(p,r)-context provides a suitable norm only if » = p*, and in all other cases
merely quasi-norms are available (cf. Remark . But, as is well known,
quasi-normed spaces do not enjoy the Hahn—Banach theorem.

Very recently, an alternative natural proof of Theorem [6.13] was found by
Lassalle and Turco [LT13] who rediscovered and applied a powerful theory
due to Carl and Stephani [CS84] from 1984. Lassalle-Turco’s proof in [LT13]
relies on the following operator ideal version of Theorem [6.13 deduced from
the Carl-Stephani theory in Proposition 1.4].

Theorem 6.15 (Lassalle Turco). Let A be an operator ideal. A sequence
() in a Banach space X is A-null if and only if (x,,) is null and A-compact.

A starting point for the present section was the observation that, in the proof
of Theorem [6.13] Theorem [6.15] could be used in a more efficient way than in
ILT13]. In particular, the technical result Proposition 1.5] would not
be needed in the proof. Even more, it is obtained for “free” as a by-product

(see Remark [6.18)).

Theorem below is an omnibus theorem, which provides six equivalent
properties for a sequence in a Banach space to be a (p, r)-null sequence. One
of these properties is to be a uniformly (p, 7)-null sequence, which is a natural
(formal) strengthening of a (p, r)-null sequence.

Definition 6.16. Let 1 < p < oo and 1 < r < p*. We call a sequence
(z,) in a Banach space X uniformly (p,r)-null if there exists (zx) € By, (x)
((zr) € co(X) when p = oo) with the following property: for every e > 0
there exists N € N such that z,, € € (p,7)-conv(z;) for all n > N.
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We say that (z,,) is uniformly p-null if it is uniformly (p, p*)-null. The latter
property was implicitly used in a result by Lassalle and Turco asserting (in
the above terminology) that the p-null sequences are always uniformly p-null
(concerning the proof, see Remark .

Theorem 6.17. Let 1 < p < oo and 1 < r < p*. For a sequence (z,) in a
Banach space X the following statements are equivalent:

(a) (z,) is (p,r)-null,

(b) (z,) is null and relatively (p,r)-compact,
(¢) (zn) is null and N, ) -compact,

(d

)
(e)
(f)
(8)

Proof. The implication (a)=-(b) is exactly Proposition
Implications (b)<(c)<>(d) are immediate from Proposition [6.10]
Implications (c)<(e) and (d)<(f) are immediate from Theorem

T) i85 N1, -null,

Ty) 18 Ky -null,

(n)
(n)
(n)
() is null and Ky, -compact,
(n)
(n)
€2

xy,) is uniformly (p,r)-null.

To prove that (f)=(g), let (z,,) be a K¢, ,y-null sequence. Then there are a
null sequence (y,) in a Banach space Y and an operator T € K, (Y, X)
such that z, = Ty, for all n € N. The (p,r)-compactness of T' gives us
a sequence (wy) € £,(X) such that T'(By) C (p,r)-conv(wy). Now (z;) :=

Hd}”ﬁ) € By, (x), and let € > 0. As (y,) is null in Y, for & : there
exists N € N such that Ty, € £¢T(By) for all n > N. Hence,

II(w Il

T € go(p,1)-conv(wy) = g |[(wy) |, (p, 7)-conv(z;) = e(p, r)-conv(zy)

for all n > N, as desired.
The implication (g)=-(a) is clear from the definitions, because if (z;) € By, (x)

((zr) € Beyx) when p = 00), then (e2;,) € eBy (x) ((e2x) € €Bey(x) When
p=00) and (p,r)-conv(ezy) = (p,r)-conv(zy). O

Remark 6.18. The technical Lassalle-Turco result [LT13, Proposition 1.5]

(inspired by [AMRI0, Theorem 1]) to prove Theorem is not needed.
Even more, this technical result appears as a simple by-product of our proof:
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it is precisely the special case of the implication (a)=(g) when r = p*
p # 0o. For p = oo, the implication (a)=-(g) of Theorem together with
Proposition [6.2] gives us that null sequences in a Banach space are uniformly
(00, 1)-null. This coinciding is not immediate from the definitions.

Remark 6.19. For completeness, let us show how Theorem [6.17, (b)=>(a),
could be used in the proof of the “only if” part of Theorem [6.5] Indeed,
by the beginning of this proof, we have z,, = ®I',, where (I',) C ¢, is
a null sequence, and we need to show that (z,) is a (p,r)-null sequence.
Observe that (z,) is a null sequence, and since (z,) C M®(By,) for some
M > 0, where ® = ®(,,) with (wy) € (,(X), the sequence (z,) is also
relatively (p,r)-compact. Hence, by Theorem (b)=(a), (z,) is a (p,7)-
null sequence. The idea of the above proof essentially belongs to Kim
proof of Corollary 1.3|, where it was applied in the context of unconditionally

p-null sequences (see Remark [7.10)).

Let A be an operator ideal. Let K be an A-compact set and let (z,) be an
A-null sequence. If B is a larger operator ideal than A, i.e. A C B, then, by
definitions, clearly, K is also B-compact and (x,) is B-null. The equality

Kery =Liphm oK,

from Theorem [5.8 enables us to extend characterizations (d) and (f) of (p,r)-
null sequences of Theorem to even more larger operator ideal than K, ),

namely to I(S;ir*).

Proposition 6.20. Let 1 < p < oo and 1 < r < p*. For a sequence (x,) in
a Banach space X the following statements are equivalent:

(a) (z,) is (p,r)-null,
(b) (zn) is null and I¢, . -compact,

(c) (zn) is I oy-null.

(p, 1,

Proof. As was mentioned, K,y = I3"; ., oK. Hence, using Propositions
and [6.6], we have

kpr = Kpn(b) =I5, (K(b)) = I3 (k).

This shows that relatively (p,r)-compact sets are exactly I(S]‘jir*)—compact
sets. The claim now follows from Theorems [6.17 and [6.15l Ol
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Since P, = Ié;‘fm) as Banach operator ideals (see 19.2.7]), Remark

gives Pgual = I(S;“l ) when 1 < p < co. Therefore we can spell out, from
eorem [6.17] and Proposition [6.20] the following omnibus characterization
of p-null sequences.

Corollary 6.21. Let 1 < p < co. For a sequence (x,) in a Banach space X
the following statements are equivalent:

(a) (x,) is p-null,

(b) (x,) is null and relatively p-compact,
)

(

xy) is null and NP-compact,

(c
(d

xp) 15 null and KCp-compact,

)
)
)
)

(e
(f
g
(h) (z,) s ”Pg“al—null,
(i

Remark 6.22. The equivalence (a)<(b) is precisely Theorem we started
Section [6.5] with.

x,) 18 NP-null,

Tp) 18 Kp-null,

()

(z4)

(z5)

(zn)

() is null and P -compact,
(z5)

(zn)

()

(

xp) 1s uniformly p-null.






Chapter 7

Unconditionally and weakly
(p, )-null sequences

The notions form Chapters[3|and [6]involving the (p, r)-compactness are
extended to the unconditional and weak (p,r)-compactnesses. Using
the techniques developed previously, the unconditionally (p, r)-null and
weakly (p, r)-null sequences are described. This chapter is mainly based
on [AO135].

7.1 Unconditional and weak
(p, r)-compactnesses

Let X be a Banach space, and let 1 <p < oo, 1 <7 <p*.

The (uniformly) (p, r)-null sequences and (p, r)-compactness in X are defined
in terms of (p, r)-convex hulls using the space £,(X) of absolutely p-summable
sequences in X. In general, (p, r)-convex hulls can be defined using the space
by (X) of weakly p-summable sequences in X. This is a pretty old idea, going
back at least to the paper [CS93, p. 51| by Castillo and Sanchez in 1993. In
[CS93], the (p,p*)-convex hull of (z,) € £;(X) was considered under the
name of p*-convex hull of (z,). In 2002, Sinha and Karn [SK02| developed
some of their theory of p-compactness in a more general context of weak
p-compactness. In [SK02|, also the (p,p*)-convex hull of (z,,) € £;/(X) was
used but under the name of p-convex hull of (z,) € £(X).

“Between” absolutely p-summable sequences ¢,(X) and weakly p-summable

29
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sequences £)(X), there is the Banach space (,(X) of unconditionally p-
summable sequences (see, e.g., [DF93, 8.2, 8.3]; we follow [BCEP12| in
our terminology). The space £;(X) was introduced and thoroughly stud-
ied by Fourie and Swart [ES79] in 1979. The space £;(X) is defined as
the (closed) subspace of ((X), formed by the (z,) € £;(X) satisfying
(zn) = Imy o071, .., 28, 0,0, ...) in £(X). Remark that (% (X) = co(X)
as Banach spaces (see [EST79, p. 351] or, e.g., [DF93] 8.2]) and recall that
0% (X) = loo(X).

The unconditionally p-summable sequences of X are characterized in [F'ST9,

Lemma 1.2] as follows.

Lemma 7.1 (Fourie-Swart). A sequence (x,) in a Banach space X is an
element of £3(X) if and only if there ewist (0,) € co and (yn) € £;(X) such
that x, = 0.y, for all n € N.

Corollary 7.2. If (z,) € (;(X), then there exists 1 < A\, — oo such that
Ay € L(X).

Proof. For (z,) € £,(X) there exist (J,) € co and (y,) € £;/(X) such that
Tn = OnlYn, n € N. Without loss of generality we may assume that 6, < 1 for
all n. Now by Lemma (Anzn) € £;(X), where \, := 5»%. We also have
that 1 < \,, — oo. ]

In the present Chapter [7, we shall assume that the definition of the (p,r)-
convex hull (p,r)-conv(x,) (see Definition 3.2)) is extended to (z,) € £} (X)
as follows (cf. Remark [3.5)).

Definition 7.3. Let 1 < p < ocoand 1 <r < p*. Let (z,) € £)(X). If
r # 00, then call

(p,r)-conv(x,) = {Z any : (a,) € Bgr}

n=1

the (p,r)-convex hull of (z,). If r = co and (x,,) € ¢¥(X), then we define

1-conv(x,) := (1, 00)-conv(z,) = {Z anty : (an) € Bgoo} .

n=1

If r = 0o and (z,,) € £{(X), then we define

1-co(z,) = (1, 00)-co(x,) = {Z anty : (a,) € BCO} .

n=1
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Now, for (z,,) € £;(X), the operator &, : £, = X (P(,) : co = X when
r = 00) is also well defined and

(p,7)-conv(zy,) = P, (Be,)

if r # oo, and
1-co(x,) = (1,00)-co(x,) = P4,y (Be,).

But ®(,,) need not be a compact operator any more (see, e.g., Section [7.3)).
It follows from [FS79, Theorem 1.4] that ®(,  is compact whenever (z,) €
£y(X). In fact, @, : by — X (P, 1 co = X when p = 1) is compact if
and only if (v,) € £;(X) (see [FST9, Theorem 1.4] or, e.g., [DF93, 8.2]).

We define relatively unconditionally (respectively, weakly) (p, r)-compact sets
in X by replacing £,(X) with £};(X) (respectively, with £7(X)) in the defini-
tion of relatively (p, r)-compact sets. Recall that ¢ (X) is the closed subspace
of 1% (X) = ly(X) consisting of all weakly null sequences in X (see, e.g.,

[D.JT95, p. 33]).

Definition 7.4. Let 1 < p < oo and 1 < r < p*. We say that a subset
K of X is relatively unconditionally (p,r)-compact if K C (p,r)-conv(z,)
for some (z,,) € £;(X). We say that K is relatively weakly (p,r)-compact if
K C (p,r)-conv(z,) (K C 1-co(x,) when r = oo) for some (z,) € £;(X)
((z) € c(X) when p = 00).

The classes of relatively unconditionally (p,r)-compact sets and relatively
weakly (p,r)-compact sets in all Banach spaces are denoted, respectively, by
u(p,r) and 'w(w).

According to Remark B.5] if (z,) € £1(X), then
(1, 00)-co(xy,) C (1, 00)-conv(z,) C (1,00)-co(A,zy) (7.1)

whenever 1 < )\, — oo is chosen such that (\,z,) € (1(X). If (x,) € (¥ (X),
then there also exists (\,), 1 < A, — oo, such that (\,z,) € £;(X) (see
Corollary and therefore ([7.1) holds. Hence

k) Cupr C W)
We clearly also have that
Upr) C Ufoo1) = Kooy = k.

Definition 7.5. Let 1 < p < oo and 1 <r < p*. A linear operator 1" from a
Banach space Y to X is unconditionally (respectively, weakly) (p,r)-compact
if T(By) is a relatively unconditionally (respectively, weakly) (p, r)-compact
subset of X.
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Let U,y and W,y denote the classes of all unconditionally and weakly
(p, r)-compact operators acting between arbitrary Banach spaces, so that

’C(p,r) C Z/[(p’r) C W(p,r) and u(pw) c K.
It is clear from the definitions that
U(p,r) = Up,r) (b) and wpy = W (b).

An easy straightforward verification, as in the case of K, ,) in Propositions
B-8 and 3.9 shows that U,y and Wy, are surjective operator ideals.

Note that Wy, ,+) = W), the class of weakly p-compact operators, studied in
[SK02]. Similarly, in all cases, we shall write “p-" instead of “(p, p*)-", and
speak, for instance, about the operator ideal U, of unconditionally p-compact
operators.

7.2  Unconditionally (p,r)-null sequences

Let X be a Banach space, and let 1 < p < oo, 1 < r < p*. It is rather easy
to see that our approach in Chapter |§| goes through if ¢,(X) is replaced with
the larger space (;;(X). Let us start by fixing the relevant terminology.

We define unconditionally (p,r)-null sequences in a Banach space X by re-
placing £,(X) with £;(X) in the corresponding definition of (p,r)-null se-
quences (see Definition .

Definition 7.6. Let 1 < p < oo and 1 < r < p*. We call a sequence (z,,)
in X wunconditionally (p,r)-null if for every ¢ > 0 there exist N € N and
(z1) € £2(X) with [|(z,)| < e such that z,, € (p,r)-conv(z;) for all n > N.

The p-conv(z;) coincides with the (p, p*)-convex hull of (z;) € £;(X) and
therefore we call the unconditionally (p,p*)-null sequences unconditionally
p-null. These sequences have been studied also in [Kim14].

Similarly to Section[6.1] let us make some elementary observations. Recalling
that ¢ (X) = ¢o(X), we immediately have by Proposition [6.2] the following.

Proposition 7.7. For a sequence (x,) in a Banach space X the following
statements are equivalent:

(a) (z,) is unconditionally (oo, 1)-null,
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(b) (xy) is (00, 1)-null,
(¢) =, = 0.

Proposition 7.8. Let 1 < p < o0 and 1 < r < p*. If a sequence (z,) in
a Banach space X is unconditionally (p,r)-null, then x, — 0 and (x,) is
relatively unconditionally (p,r)-compact.

Proof. Let (x,) be unconditionally (p, r)-null. Then, as in the proof of Propo-
sition for every e > 0 there are N € N and (z;) € £5(X), [|(z)], < ¢,
such that z, = Y 7, afzk, where (a})32, € By,, for all n > N. Hence,

o
[zl = sup [z%(zn)| < sup )y laga®(z)] < [l(ai)ell, 1)l <e,
p
*EBx* T*EBx* k=1

for all n > N, and therefore x,, — 0.

Since {7y, Tn11,...} C (p,7)-conv(zy) and (z;) € £;(X), the sequence

R if k<N,
I Zk-n+1 if k>N,

is in £;(X) and z,, € (p,r)-conv(ys) for all n € N. This means that (z,) is
relatively unconditionally (p, r)-compact. ]

Recall that the Grothendieck compactness principle (Theorem [3.1) was ex-
tended to relatively p-compact sets by Delgado and Pineiro (Theorem [6.4]).
The Delgado—Pineiro theorem in turn was very recently extended to relatively
unconditionally p-compact sets by [Kim14, Corollary 1.3] as follows.

Theorem 7.9 (Kim). Let 1 < p < co. A subset K of a Banach space X
is relatively unconditionally p-compact if and only if K is contained in the
closed conver hull of an unconditionally p-null sequence.

Remark 7.10. The proof of Theorem in [Kim14] is not self-contained. It
relies on [Kim14, Theorem 1.2] which is the special case r = p* of Theorem
7.13 (b)<(a), below (see also the remark after Corollary concerning the

proof of [Kim14, Theorem 1.2]).

The proof of Theorem [6.5] can be easily adopted to give an easy and direct
proof of the following theorem, which contains Theorem [7.9] as the special
case r = p*.
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Theorem 7.11. Let 1 < p < oo and 1 < r < p*. A subset K of a Ba-
nach space X is relatively unconditionally (p,r)-compact if and only if K is
contained in the closed convex hull of an unconditionally (p, r)-null sequence.

As in the case of relatively (p,r)-compactness, let us remark that the special
case p = oo of Theorem [7.T1] coincides with the Grothendieck compactness
principle, because relatively unconditionally (oo, 1)-compact sets are exactly
relatively compact sets and unconditionally (oo, 1)-null sequences are exactly
null sequences.

Proof of Theorem [7.11,. It is very similar to the proof of Theorem [6.5]

For the “if ” part, let (z,) C X be an unconditionally (p,r)-null sequence.
By Proposition (x,) is relatively unconditionally (p,r)-compact. Thus
(zn) C @2, (B, ) for some (z;) € £;(X). According to the proof of Theorem
the set @, )(By,) is a closed absolutely convex subset of X containing
(#,,). Therefore conv(z,) C P.,)(B;,) meaning that conv(x,) is relatively
unconditionally (p, r)-compact.

For the “only if” part, let us assume that K C X is relatively unconditionally
(p,r)-compact. We clearly may assume that K = ®,,\(B,,) for some (2;) €
£3(X). We are going to construct an unconditionally (p,r)-null sequence ()
such that K C conv(x,,).

We can choose A, — oo such that (Az2i) € £,(X) (see Corollary , and
we consider the compact diagonal operator D : ¢, — {,, defined by D(f)) =
(A 'B), (Br) € 6y, and @ := @y, ,,) : £, — X. Then, clearly, ®(,,) = ®D.

Since D(B;y,) is a relatively compact subset of £,., by the Grothendieck com-

pactness principle, there exists a sequence (I',) C ¢, such that I',, — 0 and

D(By,) C conv(I',,). Denote x,, = ®I',,. Then K C conv(zx,), and it remains

to show that (x,,) is an unconditionally (p,r)-null sequence.

Let Ty = ()=, Then 352, il = ITullz = 0/if 7 < o0 or supy [47] = 0
n n

if = 0o. Let us only consider the former case, the latter case being similar.

Let € > 0 be fixed. Choose 0 > 0 satisfying 0" < 1—27" and 67 (2P1vP+1) < eP,
where

ve=[|(kz)lly = sup O o (ez)[P)7.

T*EBx* 1

Then there exists N € N such that

Dbkl <
k=1
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if n > N. Moreover, (Ar2;) being an element of £;;(X) means that

1

. o0 w o . * p —
Jim [[(Aeze)iZn —AE“?WSGUBIL (;‘f (Aezr)] ) =0.

Therefore one can also assume that

D " (Az) P < 67, 2" € Bxe.

k>N
Now
o N
In = Z Ve A2k = Z’Y};/\kzk + Z Yo Ak 2k
k=1 k=1 k>N
N ,.}/n o0
= D o520zt Y ek =D 0,
k=1 k>N k=1
where .
(5k)k:1 = (?3? 2]gany+1a’YN+2,...) € gr
and

()1 = (20121, .y 20 AN 2N, ANF12N 41, AN422N 42, ) C X

Observe that

([(ye)ll,)? = sup Z\x )P < Z|x (20 \p2k) |”+Z|x Aezi)|P

e €Bx k>N
< e = 57(2P0P N 1) <er

ie., (yr) € £)(X) and |(yr)|l; < e. The sequence (y;) is chosen such that
(Y ) k>N = (Akzk)r>n, thus for n > N, we have

1Cy)iZnlly = IAk2k)iZnlly —=n 0,

meaning that (yx) € £, (X).
Observe also that, for every n > N,
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i.e., (60)r € By, if n > N. Hence, for every n > N, we have

T =Y Opyk € (p,1)-conv(y),
k=1
as desired. OJ

We define uniformly unconditionally (p,r)-null sequences in a Banach space
X by replacing £,(X) with £;(X) in the corresponding definition of uniformly
(p, r)-null sequences (see Definition [6.16]).

Definition 7.12. Let 1 < p < ocoand 1 < r < p*. We call a sequence
(x,) in a Banach space X uniformly unconditionally (p,r)-null if there exists
(zx) € Byu(x) with the following property: for every ¢ > 0 there exists N € N
such that z,, € € (p,r)-conv(z) for all n > N.

Let (v,) € £;(X). Then, by Lemma , Tn, = OpYy, for some (0,) € ¢o and
(yn) € £;(X). Since, clearly,

D) = Zen R Ty, = Z(Snen ® Yn
n=1 n=1

we have analogously to Proposition [2.16
Da) € Moo ) (b, X).

Similarly, as in Section [L.I], we get that
Z/{(p’r) — sur

(oo7p* 7T*) :
This implies that
Upry = K o U,y o K.

Indeed, as in the proof of Proposition , Nisopr ) = Fo Nsoprr#) © F,
and therefore

Upr) = (FoNioprany 0 F) CF o NG oy o F ' =Kol oK,
because F ' = K (see Example .
Further, similarly to Proposition [6.7} we have
Upr) = Nicopr ) () = U (b),
which implies (cf. Proposition and its proof) that
UG,y = Niooprr) (k) = U, (k). (7.2)

Using the above facts, we come to the omnibus characterization of uncondi-
tionally (p,r)-null sequences.
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Theorem 7.13. Let 1 < p < oo and 1 < r < p*. For a sequence (z,) in a
Banach space X the following statements are equivalent:

(a)
(b)
(c)
()
(e)
(f)

)

(g

x,,) is unconditionally (p,r)-null,
x,) 1s null and relatively unconditionally (p,r)-compact,

Ty) s null and N pr o) -compact,

T) 15 Noopr rey-null,

()

(1)

(z5)

() is null and Ugy,-compact,
(1)

(€n) is U,y -noull,

()

xp,) 1s uniformly unconditionally (p,r)-null.

Proof. The implication (a)=-(b) is exactly Proposition

Implications (b)<(c)<(d) are clear from ([7.2)).

Implications (c)<(e) and (d)<(f) are immediate from Theorem

To prove that (f)=(g), let (x,,) be a U, )-null sequence. Then there are a null
sequence (y,) in a Banach space Y and an operator 7" € U, (Y, X) such that

x, = Ty, for all n € N. As T is an unconditionally (p,r)-compact operator,
we have a sequence (wy) € £;(X) such that T'(By) C (p,r)-conv(wy,).

Now (zx) = (WW) € Bu(x), and let € > 0. As (y,) is null in Y, for
gp 1= m there exists N € N such that Ty, € ¢T(By) for all n > N.

Hence,
T € go(p,7)-conv(wy) = & ||(wy)|, (p,7)-conv(zi) = (p,7)-conv(z)

for all n > N, as desired.

The implication (g)=-(a) is clear from the definitions, because if (z;) €
Byu(x), then (ezi) € €Bpu(x) and (p,r)-conv(ezy) = (p, r)-conv(zg). O

Remark 7.14. Theorem [7.13] together with Proposition [7.7] tells us that the
uniformly unconditionally (oo, 1)-null sequences coincide with null sequences.

Recall (see [ES81, Theorem 2.5] or, e.g., [Pie80), 18.3.2]) that N p,+) coin-
cides with the operator ideal K, of classical p-compact operators. Following
Fourie and Swart [F'S79] or Pietsch [Pie80, 18.3.1 and 18.3.2], a linear op-
erator T' : Y — X is called p-compact, i.e., T € K, (Y, X), if there exist
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A e K(Y,¢,) and B € K({,, X) such that T = BA. Remark (see [Ojal2b]
and |Piel4]) that K, and K, are notably different as operator ideals.

Since Uy = U p) = /\/'(So‘g,p’p*), one has K" = U« as a description of the
surjective hull of K,,.

Let us spell out, from Theorem [7.13] an omnibus characterization of uncon-
ditionally p-null (i.e., (p, p*)-null) sequences.

Corollary 7.15. Let 1 < p < co. For a sequence (x,) in a Banach space X
the following statements are equivalent:

()
(b)
(c)
(d

Tp) 1s unconditionally p-null,
Ty) s null and relatively unconditionally p-compact,

Ty) ts null and K,--compact,

)
(e)
(f

)
(8)

Let us remark, that the equivalence (a)<(b) for p < oo in Corollary
is also proved by Kim (see |Kim14, Theorem 1.2]). Kim’s proof in [Kim14|
is modelled after the proof of Theorem 1.1 in [Ojal2a), relying on the de-
scription of the space of unconditionally p-null sequences as a Fourie-Swart
tensor product, also established in [KimI4, Theorem 1.1]. Therefore, since
Kim’s method is the same as in [Ojal2a] and, in particular, uses the Hahn—
Banach theorem, it would not work for obtaining the more general equiv-
alence (a)<(b) in Theorem (cf. Remark concerning the p-null
sequences).

Ty) 45 Kp«-null,
Ty) 45 Up-null,

€
()
(z5)
(2,) is null and U,-compact,
)
€
€

) 18 uniformly unconditionally p-null.

7.3 Weakly (p,r)-null sequences and
weakly A-null sequences

Let 1 <p<oo,1<r<p* and let X be a Banach space.

What about the weakly (p,r)-null sequences? It would be natural to expect
that they would form a subclass of weakly null sequences, but not a subclass
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of null sequences as in the case of (p, r)-null sequences (which might be called
also absolutely (p, r)-null sequences) or unconditionally (p, r)-null sequences.
This means that we cannot employ the “verbatim” definition: replacing ¢,(X)
with £(X).

Indeed (see the proof of Proposition [7.8)), such a “weakly” (p,r)-null sequence
would always be a null sequence. And, for instance, looking at X = -
(X = ¢o when p = 1), every null sequence (z,) in X would be uniformly
“weakly” (p, p*)-null, because the unit vector basis (ey,) of X belongs to Byu x)
and, since @) = Ix, we have z,, = O, x, € ||, p-conv(ey).

To motivate a definition for weakly (p,r)-null sequences, let us make the
following observation from Theorem [6.17] yielding two more characterizations
of (p,r)-null sequences.

Proposition 7.16. Let 1 < p < oo and 1 < r < p*. For a sequence (z,) in
a Banach space X the following statements are equivalent:

(i) (zn) is (p,r)-null,

(i) for every e > 0 there exist (z1) € €,(X) ((2x) € co(X) when p = o0)
and N € N such that ||x,| < e and x,, € (p,r)-conv(zy) for alln > N,

(iii) there exists (z) € £,(X) ((21) € co(X) when p = 00) with the following
property: for every € > 0 there exists N € N such that ||z,|| < ¢ and
T, € (p,7)-conv(zg) for alln > N.

Proof. The implication (i)=-(ii) is clear from the proof of Theorem the
first part of (a)=(b).

From (ii), it is clear that z,, — 0, and also (fixing, e.g., ¢ = 1 and looking at
the proof of Theorem [6.17} the second part of (a)=>(b)) that (x,) is relatively
(p, r)-compact. By Theorem (b)=(a), (x,) is (p,r)-null, meaning that
(ii)=-(i). By Theorem|[6.17} (b)=(g), (z,) is uniformly (p, r)-null. Hence, as-
suming that € < 1, condition (iii) holds (similarly to the implication (i)=>(ii)
above).

Finally, (iii)=-(ii) is more than obvious, and we saw above that (ii)<(i). O

Looking at Proposition [7.16] and accordingly with Definition [7.4] it seems to
be natural to make the following definitions.

Definition 7.17. Let 1 < p < 00, 1 < r < p*. Let (z,,) be a sequence
in a Banach space X. We call (z,,) weakly (p,r)-null if for every z* € X*
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and every € > 0 there exist (2;) € £(X) ((2) € ¢§(X) when p = oo) and
N € N such that |z*(z,)| < ¢ and z,, € (p, r)-conv(z;) ((x,) € 1-co(z;) when
r =o0) for all n > N.

Definition 7.18. Let 1 < p < o0, 1 < r < p*. Let (z,) be a sequence in
a Banach space X. We call (z,,) uniformly weakly (p,r)-null if there exists
(z1) € £)(X) ((2) € cf'(X) when p = oo) with the following property: for
every x* € X* and every £ > 0 there exists N € N such that |2*(x,)| < ¢
and x,, € (p,r)-conv(zx) ((z,) € 1-co(zx) when r = oo) for all n > N.

Recall that the (uniformly) (unconditionally) (oo, 1)-null sequences and the
null sequences coincide (see Propositions and Remark [7.14)).

For weakly (0o, 1)-null sequences we get a similar result very easily.

Proposition 7.19. For a sequence (x,,) in a Banach space X the following
statements are equivalent:

(a) (xn,) is uniformly weakly (oo, 1)-null,
(b) (x,) is weakly (00, 1)-null,

(c) (x,) is weakly null.

Proof. The implications (a)=-(b)=-(c) are clear from the definitions.

To prove (c)=-(a), let (z,) be a weakly null sequence, i.e., (z,) € cf(X).
This means that for every z* € X* and every € > 0 there exists N € N such
that |2*(z,)| < ¢ for all n > N. Since z,, € (00, 1)-conv(z,) for all n € N,
we may take (z) = (xy). O

Let A be an operator ideal. In the present context, it would be natural to
complement the Carl-Stephani theory with the concepts of weakly .A-null
sequences and weakly A-compact sets as follows.

Definition 7.20. We call a sequence (z,) in a Banach space X weakly A-
null if there exist a Banach space Y, a weakly null sequence (y,,) in Y, and
T € A(Y, X) such that x,, = Ty, for all n € N.

Recall that w denotes the class of all relatively weakly compact sets.

Definition 7.21. We say that a subset K of a Banach space X is weakly
A-compact if K is of type A(w), ie., K € A(w)(X).
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Two basic facts in the Carl-Stephani theory [CS84] are that the classes of
A-null and A%"-null sequences coincide, and so also do A-compact and AS"-
compact sets. The “weak” versions of these results do not hold.

Indeed, let V denote the operator ideal of completely continuous operators,
i.e., of operators that take weakly null sequences to null sequences. Then
VU = L (see, e.g., [Pie80, 4.7.13]). Consequently, the weakly V-null se-
quences are (precisely, because null sequences are K-null, hence V-null) the
null sequences, but the weakly 1*""-null sequences are precisely the weakly
null sequences. Similarly, the weakly V-compact sets are precisely relatively
compact:

V(w) = VW(b)) = (Vo W)(b) = K(b) = k

(see Remark for the equality w = W(b) and, e.g., [Pie80), 3.1.3| for the
equality V o W = K). But V*"'(w) = w.

However, for our purposes, the following analogue of the Lassalle-Turco The-
orem [6.15] characterizing weakly A-null sequences, will be sufficient.

Proposition 7.22. Let A be an operator ideal and let (x,) be a sequence in
a Banach space X.

(a) If (z,,) is weakly A-null, then (x,,) is weakly null and weakly A-compact.

(b) If (xy,) is weakly null and weakly A-compact, then (x,) is weakly A% -
null.

In particular, if A is surjective, then (x,) is weakly A-null if and only if (x,,)
is weakly null and weakly A-compact.

Proof. (a) We have x,, = T'y,, for some T € A(Y, X) and weakly null sequence
(yn) in Y. Hence (z,,) is weakly null. Since (y,,) is relatively weakly compact
inY, (z,) is weakly A-compact.

(b) We know that (z,,) C T(K) for some T' € A(Y, X) and weakly compact
subset K of Y. We may and shall assume that 0 € K. Denote by T the
injective associate of 7. Then T = T'q, where q : Y — Z := Y/ker T is the
quotient mapping, and T € A% (Z, X) (see Proposition .

If ¢(K) and T(q(K)) = T(K) are endowed with their weak topologies from
Z and X, respectively, then T : ¢(K) — T(K) is a continuous bijection,
hence a homeomorphism. Let z, = Tk, = Tqk, for some k, € K and let
Zp = qkn. Then 2z, = T 'z, — T (0) = 0 weakly (recall that 0 € K and
(z,,) is weakly null by the assumption). Since z,, = Tz, for all n € N, (z,,)
is weakly A%"-null. O]
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We saw (in Sections that kg = Kpn(b) = Kpn(k)

and, similarly, Upr) = U(p’r)(b) = U(W«)(k). Also Wepr) = W(pﬁr)(b) (see
Section [7.1). Tn general, W,y (b) # Wy (k). Indeed, as was mentioned
in the beginning of Section , for X = {,» (X = ¢o when p = 1), one
has ®,) = Ix. Hence, W,(X,X) = L(X, X) and therefore W,(b)(X) =
b(X), but W,(k)(X) = k(X). We shall need the fact that in many cases
Wi () = Wi (w).

Proposition 7.23. Let 1 <p<ocoand 1 <r < p* withr < oo if p=1.
Then

W) =Wy oW and w, ) = W (w).

Proof. Let X and Y be Banach spaces and T € W, (Y, X). As in the
case of W, in [SK02, pp. 20-21] and of ¢,y (see Section we get a
natural factorization 7' = ®(, S with (v,) € £(X), where &, is the
injective associate of ®(,,) and S € L(Y,7), with Z := {,/ker ®(, . Since
D) € Wipy(6r, X), we have O,y € Wi (Z, X) = W) (Z, X), because
W) is surjective. Since /, is reflexive, also Z is, and therefore S € W(Y, Z).

This proves that W, ;) = Wy © W. Now, using this, we have
W) = Wipn)(b) = Wi 0 W)(B) = Wi (WV(b)) = Wy (w). O

Remark 7.24. We do not know whether Proposition holds in the “limit”
case r = 1, i.e., for W,1) (W(sc,1) included). It does not hold in the other
“limit” case p = 1, r = oo, i.e., for Wi = W1 ). Indeed, as we saw above,
Wi (co, co) = L(co, o), and hence

wi(co) = Wi(b)(co) = b(co) # w(co) = Wi(w).

In particular, W1 oy ¢ W. In all other cases W,y C W. For r # 1, this is
clear from Proposition . But W1y C Wy, (by the definition of W, .,
because By, C By,). Also W1y C W. Indeed, if (z,) € i (X), ie., (zn)
is weakly null, then ®(, (B, ) = absconv(z,) (recall that cf(X) C (s (X)
and see Proposition is a weakly compact subset of X (thanks to Krein’s
theorem (see, e.g., [FHHT 01, Theorem 3.58]) asserting that the closed convex
hull of a weakly compact subset of a Banach space is also weakly compact).

Remark 7.25. In the case p = 1, 1 < r < p*, including also the case p = 1,
r = oo (cf. Remark [7.24)), Proposition holds in a strong form for a
large class of Banach spaces X. Namely, for X that does not contain ¢
isomorphically. In this case (and only in this case), ¢¥'(X) = ¢4(X), by the
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classical Bessaga—Pelczytiski theorem [BP58, Theorem 5] (see, e.g., [DF93|
8.3]). Therefore (see Section [7.2)),

Wan(Y, X) =Unn(Y,X) = (Kol o K)(Y,X)
for all Banach spaces Y, and

w1, (X) = w)(X) = U (k) (X) = Neo o) (B)(X).

Keeping in mind that the operator ideal W, is surjective (see Section
we come to an omnibus characterization of weakly (p,r)-null sequences.

Theorem 7.26. Let 1 <p<ooand 1l <r <p* withr <ocoifp=1. Fora
sequence (z,,) in a Banach space X the following statements are equivalent:

(a) () is weakly (p,r)-null,

a
(b) (xy) is weakly null and relatively weakly (p,r)-compact,

(
(
(c) (@) is weakly null and weakly W, )-compact,
(d) (@) is weakly Wy -null,

(

(e) (z,) is uniformly weakly (p,r)-null.

Proof. (a)=-(b) It is clear from the definition that z,, — 0 weakly. Also, by
the definition, we have (fixing, e.g., ¢ = 1) N € N and () € £;(X) such
that {zn,zn11,...} C (p,r)-conv(zx). Continuing verbatim to the proof of
Proposition we see that (x,,) is relatively weakly (p, r)-compact.

Implications (b)<(c) and (c)<>(d) are immediate from Propositions and
[7.22] respectively.

To prove that (d)=-(e), let (x,) be a weakly W, ,y-null sequence. Then
there are a weakly null sequence (y,) in a Banach space Y and an operator
T € Wy (Y,X) such that z, = Ty, for all n € N. The weak (p,r)-
compactness of T" gives us a sequence (wy) € £,/(X) such that T'(By) C (p,7)-
conv(wy). We also have an M > 0 such that ||y,| < M for all n € N. Now
(z) == (Mwy) € £)(X) and x, € (p,7)-conv(z) for all n € N. As (z,) is
weakly null in X, for every z* € X* and € > 0 there exists N € N such that
|z*(x,)| < e for all n > N. Hence, (x,) is uniformly weakly (p,r)-null.

The implication (e)=-(a) is clear from the definitions. O
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Remark 7.27. As we saw, all implications of Theorem [7.26], except (b)=(c),
also hold in the “limit” cases r =1 and p = 1, r = co. In the proof, we used
that the implication (b)=-(c) is immediate from Proposition (see also
Remark. We do not know whether Theoremholds in these cases. If
p=1land 1 <r < p* Theorem[7.26]holds in a stronger form for those Banach
spaces X that do not contain ¢y isomorphically. Indeed, by Remark in
condition (b), “weakly (1, r)-compact” is the same as “unconditionally (1, r)-
compact” and in condition (c) “weakly Wi1,-compact” is the same as “Uy ;-
compact” and also the same as “N(og o0,+)-compact”. In condition (d), “weakly
W ,r-null” is the same as “weakly U(; ;o KC-null”, which is the same as “U(; ,)-
null”, since compact operators take weakly null sequences to null sequences,
ie., L CV (see, e.g., [Pie80, 1.11.4]). This shows that in the special case
when p = 1, 1 < r < p*, and X does not contain ¢y isomorphically, all
conditions of Theorem [7.13]are equivalent to the conditions of Theorem [7.26]
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Ruumide ¢, poolt defineeritud
kompaktsus ja nulljadad

Kokkuvote

Funktsionaalanaliiiisi rakendustes mangib olulist rolli hulkade ja operaatorite
kompaktsus. Aastast 1955 périneva Grothendiecki kompaktsuse kriteeriumi
kohaselt on Banachi ruumi alamhulk suhteliselt kompaktne parajasti siis,
kui ta sisaldub mingi nulliks koonduva jada kinnises kumeras kattes. Sellest
kriteeriumist 1dhtudes on jiargnevatel aastatel toodud sisse mitmeid uusi tu-
gevamaid kompaktsuse versioone, mis omakorda defineerivad erinevaid kom-
paktsete operaatorite klasse.

Kaiesoleva viitekirja pohieesmérk on vilja tootada kompaktsuse vormide ning
vastavate operaatorite klasside iihtne teooria. Selleks on sisse toodud (p,r)-
kompaktsuse moiste nii hulkade kui ka operaatorite jaoks, mis erijuhul p = oo
iihtib klassikalise kompaktsusega ning juhul 7 = 1 osutub Bourgain—Reinovi
p-kompaktsuseks. Erijuhul » = p*, kus p* = p/(p — 1), on tegemist viima-
sel ajal intensiivselt uuritud Sinha—Karni p-kompaktsusega. Viitekirjas on
loodud tunduvalt lihtsam alternatiivne teooria muuhulgas ka Sinha-Karni p-
kompaktsuse kiisitlemiseks ning saadud tulemused parendavad mitmeid vara-
semaid.

Viitekirja esimene peatiikk sisaldab iilevaadet varasematest kompaktsuse
vormidest ning nende seosest (p,r)-kompaktsusega, viitekirja kokkuvotet
ning vaitekirjas kasutatavate tdhistuste kirjeldust.

Viitekirja teises peatiikis tutvustatakse jadaruume, mille elementideks on
jadad Banachi ruumis, (kvaasi-Banachi) operaatorideaali, selle siirjektiivset
ning injektiivset katet, tehteid (kvaasi-Banachi) operaatorideaalidega, ope-
raatori injektiivset kaaslast ning defineeritakse operaator ®(,,). Vilja on
toodud moisted ja tulemused, mis on jargnevate osade moistmiseks olulised.
Votmetdhtsusega on téhelepanek (vt.[ALO12]), et operaatori @, injektiiv-
ne kaaslane kuulub teatavat tiiiipi tuumaoperaatorite ideaali siirjektiivsesse
kattesse.

Lause 217, Olgu 1 < p < o0 ja 1 < r < p*. Kui X on Banach

1
ruum ja (xn) € 0,(X) (vastavalt (x,) € co(X), kui p = 00), siis D(s,) €
. (Z.X), bus Z = b ke @), g [Bionllas ) < )]
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Viitekirja kolmandas peatiikis iildistatakse varasemaid kompaktsuse vorme,
tuues sisse (p, r)-kompaktsuse jargmisel viisil.

Definitsioon. Olgu X ja Y Banachi ruumid. Kehtign 1 < p < oo jal <
r < p*. Oeldakse, et ruumi Y osahulk K on suhteliselt (p,r)-kompaktne,
kui leidub jada (y,) € ¢,(Y) (vastavalt (y,) € co(Y), kui p = o00) nii, et
K C {3 ;2 anyn : (an) € Be}. Pidevat lineaarset operaatorit 7' : X —
Y nimetatakse (p,r)-kompaktseks, kui T(Bx) on ruumi Y suhteliselt (p,r)-
kompaktne alamhulk.

Osutub, et (p, 7)-kompaktsete operaatorite klass k() moodustab operaator-
ideaali. Veelgi enam, (p, r)-kompaktsete operaatorite ideaal on siirjektiivne.

Lause 3.9} Olgu 1 < p < oo ja 1 < r < p*. Operaatorideaal K,y on
stirjektitune ehk K,y = IC?;;).

Selle peatiiki tulemused tuginevad peamiselt artiklile [ALOT2].

Viitekirja neljandas peatiikis toestatakse viitekirja iihe pohitulemusena, et
(p, r)-kompaktsete operaatorite klass IC¢, ) on samastatav tuumaoperaatorite
ideaali N, 1+ siirjektiivse kattega.

Teqreem .NOlgu 1 S p < o0 jq 1 S. r SN p*. Siis Ky = N’(S;)J,Ii,r*):
kusjuures see vordus kehtib operaatorideaalide vordusena.

Teoreem voimaldab (p, r)-kompaktsete operaatorite ideaali varusta-
da (p,1,r*)-tuumaoperaatorite kvaasinormiga. Selliselt defineeritud kvaa-

sinorm on erijuhul r = p* kooskolas kirjanduses avaldatud Sinha—Karni
p-kompaktsete operaatorite normidega. Neljas peatiikk pohineb artiklil

[ALO12].

Viiendas peatiikis rakendatakse neljanda peatiiki pohitulemusi (p, 1,7*)-
tuumaoperaatorite ideaali siirjektiivse ning injektiivse katte kirjeldamiseks.
Tuletatakse ka (p, r)-kompaktsete operaatorite esitus teatavate operaatorite
korrutisena.

Teoreem [5.8 Olgu 1 < p < oo ja 1l <r <p*. Sis

Kn =Tpapm o K,

p,1,r
kusjuures see vordus kehtib kvaasi-Banachi operaatorideaalide vordusena.

Erijuhul r = p* parendatakse teoreemiga [5.8] varasemaid Sinha—Karni p-
kompaktsete operaatorite kohta kiivaid tulemusi. See peatiikk pohineb ar-

tiklil [ALO12).
Kuuendas peatiikis tuuakse kirjanduses uuritud p-nulljada iildistusena sisse
(p, r)-nulljada moiste.
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Definitsioon . Olgu 1 < p < oojal <r <p*. Oeldakse, et jada (z,)

ruumis X on (p,7)-nulljada kui iga arvu € > 0 jaoks leiduvad N € N ja

(zr) € £,(X) (vastavalt (z) € co(X), kui p = o0) nii, et ||(2x)]l, < € ja
€ (p,r)-conv(zg) iga n > N korral.

Kasutades Carl-Stephani teooriat, mis késitleb operaatorideaalide poolt teki-
tatud kompaktsust, toestatakse véitekirja iihe pohitulemusena jargmine teo-
reem.

Teoreem [6.17. Kehtigu 1 < p < oo ja 1 <r <p*. Olgu (z,) jada Banachi
ruumis X. Sis jadrgmised vdited on samavddrsed:

()
(b)
(c)
()
(e)

x,) on (p,r)-nulljada,
x,) on suhteliselt (p,r)-kompaktne nulljada,

T,) on Mp 1,0+)-kompaktne nulljada,

Tp) 0n N+ -nulljada,
()
(8)

Tn) on Kry-nulljada,

(z5)
(1)
()
(€0) on K -kompaktne nulljada,
(1)
()
(zn)

xp) on tGhtlaselt (p,r)-nulljada.

Teoreem iseloomustab asjaolu, et (z,) on (p,r)-nulljada, kuuel erineval
moel. Erijuhul » = p* sisaldab teoreem [6.17] varasemat p-nulljada Grothen-
diecki tiiiipi kirjeldust. Kuues peatiikk pohineb artiklitel [AOT2] ja [AOT5].

Seitsmendas peatiikis tuuakse (p,r)-nulljada iildistustena sisse tingimatu
(p,r)-nulljada ning norga (p,r)-nulljada moisted. Kuuendas peatiikis vil-
ja tootatud meetodi universaalsus voimaldab seitsmendas peatiikis toesta-
da teoreemiga sarnaseid tulemusi ka tingimatu (p, r)-nulljada ja norga
(p,r)-nulljada jaoks. See peatiikk pohineb artiklil [AOT5].

Viitekirja olulisemad tulemused on ilmunud/ilmumas artiklites [ALOT2,

AO12, [AO15].
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