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Abstract. Reliable probability estimates from binary classifiers are crucial for decision-
making. While standard evaluation metrics provide an overall assessment of calibration
quality, a deeper examination of miscalibration patterns can offer further insights into
how calibration methods perform. This thesis presents an in-depth analysis of miscali-
bration patterns for five post-hoc calibration methods: Isotonic Calibration, Logistic
Calibration, Beta Calibration, Histogram Binning, and Simplified Venn-Abers. Using a
synthetic data framework with five diverse, known true calibration maps, we performed
100 simulation runs for each method-map combination. A suite of five specialized
characterization plots was employed to visualize and understand nuanced error profiles,
including accuracy, bias, variance, and directional tendencies in misestimation.

The results reveal distinct behavioral characteristics and trade-offs. Parametric
methods (Logistic, Beta) exhibited high stability but incurred significant systematic
bias when their functional assumptions did not match the true probability landscape.
Non-parametric methods (Isotonic, SVA) demonstrated superior adaptability and lower
average error but with step-like outputs and slightly higher variance in complex regions.
Histogram Binning showed considerable artifacts tied to its fixed-bin structure. The
characterization plots successfully highlighted consistent directional biases and other
nuanced error patterns not evident from aggregate metrics. This granular understanding
reveals the precise behavior of different calibration methods, offering a more nuanced
basis for selecting approaches tailored to specific application needs and risk sensitivities,
particularly in complex or risk-sensitive contexts, moving beyond single performance
scores.

Keywords: Machine learning, calibration, binary classification.
CERCS: P170 Computer science, numerical analysis, systems, control, P176 Artificial

intelligence.






Kalibreerimisvigade slvaanallts binaarses
klassi tseerimises

Magistritoo

Heili Aavola

Luhikokkuvdte.  Usaldusvaarsed tdenaosushinnangud binaarsetelt klassi kaatoritelt on
otsustusprotsessides kriitilise téahtsusega, kuid standardsed hindamismdddikud varjavad
sageli kalibreerimisvigade keerukat olemust. K&esolev magistrito6 esitab stvaanallisi
kalibreerimisvigade mustritest viie laialt levinud jarelkalibreerimismeetodi puhul: iso-
tooniline kalibreerimine, logistiline kalibreerimine, beeta kalibreerimine, histogram-
mipohine kalibreerimine ja lihtsustatud Venn-Abers. Kasutades sinteetiliste andmete
raamistikku, mis tugines viiele erinevale teadaolevale tbesele kalibratsioonikaardile ja
seelabi teadaolevatele tegelikele tdendosustele, viidi l&bi 100 simulatsioonikaiku iga
meetodi ja kaardi kombinatsiooni kohta. Kasutati viit spetsialiseeritud karakteriseer-
imisgraa kut, et visualiseerida ja mdista niansirikkaid veapro ile, sealhulgas tapsust,
nihet, dispersiooni ja suunatud tendentse valehinnangutes.

Tulemused naitavad selgelt eristuvaid kaitumuslikke omadusi ja kompromisse.
Parameetrilised meetodid (Logistiline, Beeta) naitasid suurt stabiilsust, kuid tekitasid
markimisvaarset sistemaatilist nihet, kui nende funktsionaalsed eeldused ei vastanud
tegelikule tdendosusmaastikule. Mitteparameetrilised meetodid (Isotooniline, SVA)
demonstreerisid paremat kohanemisvdimet ja vaiksemat keskmist viga, kuid tulemuseks
olid astmelised valjundid ja veidi suurem dispersioon keerukates piirkondades. His-
togrammidel pdhinev klassidesse jaotamine tekitas markimisvaarseid artefakte, mis
olid seotud selle kseeritud klassijaotuse struktuuriga. Karakteriseerimisgraa kud tdid
edukalt esile jarjepidevad suunatud nihked ja muud ntansirikkad veamustrid, mis koond-
moddikutest ei ilmne. Selline detailne arusaam aitab praktikutel teha teadlikumaid
valikuid kalibreerimismeetodite osas, mis on kohandatud konkreetsetele rakendusva-
jadustele ja riskitundlikkusele, minnes kaugemale Uksikutest tulemusnaitajatest.
Vétmesdnad: MasinBpe, kalibreerimine, binaarne klassi tseerimine.

CERCS: P170 Arvutiteadus, arvutusmeetodid, ststeemid, juhtimine; P176 Tehisin-
tellekt.
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Introduction

Supervised machine learning models, particularly classi ers, are increasingly pivotal
in decision-making processes across diverse domains. A crucial aspect of their utility
lies in the con dence scores they produce, which ideally indicate the model's certainty
regarding its predictions. For these scores to be truly reliable and guide e ective action,
especially in high-stakes environments such as medical diagnosis, nancial forecasting,
or autonomous systems, they must be well-calibrated (Guo et al., 2017; Kull et al.,
2017). Calibration, as detailed in Section 1.1, ensures that a predicted probability
accurately re ects the actual propensity for the corresponding event to occur, meaning
that if a large group of instances are assigned a particular probabilify by the model,
the event should indeed be observed in approximately a proportignof those instances.

A variety of methods exist to improve the probabilistic outputs of classi ers, broadly
categorized into train-time adjustments and post-hoc calibration techniques applied to
pre-trained models. This thesis focuses on several prominent post-hoc methods, including
Isotonic Calibration (Section 1.2), Logistic Calibration (Section 1.3), Beta Calibration
(Section 1.4), Simpli ed Venn-Abers Predictors (SVA) (Section 1.5), and Histogram
Binning (Section 1.6). While these methods aim to align predicted probabilities with
observed frequencies, achieving perfect calibration is practically unattainable with nite
real-world data (Allikivi et al., 2024). Consequently, even after applying state-of-the-art
calibration techniques, some degree of misestimation deviations between the calibrated
probabilities and the true underlying probabilities persists. The primary goal of
this thesis is to provide a detailed characterization of these residual misestimation
patterns, thereby laying foundational work for future investigations into their impact
on decision-making.

A signi cant challenge in evaluating calibration methods in real-world settings is
the absence of a known ground truth for the true calibrated probabilities. This makes
it di cult to precisely quantify the nuances of misestimation from the single sample of
data typically available. To overcome this limitation and enable a rigorous, in-depth
analysis, we employ a synthetic data generation process, detailed in Section 2.1.1.
Crucially, this involves the creation ofknown true calibration maps(Section 2.1.1),
against which the outputs of various calibration methods can be directly compared. This
experimental design allows for an exact measurement of misestimation at every point
along the score range, facilitating a detailed study of how di erent calibration methods
behave. While current practice often relies on aggregate metrics such as Expected
Calibration Error (ECE) or proper scoring rules (e.g., Brier score, log loss) to evaluate
the overall quality of calibration, these measures inherently obscure the precise patterns
and characteristics of misestimation. This work is motivated by the intuition that a



more granular understanding of these misestimation patterns is essential, particularly
for understanding the reliability and potential biases of di erent methods. Knowing
precisely where a calibration method tends to err, and whether these errors manifest
as systematic underestimation or overestimation, could inform a preference for one
calibrated model over another. Furthermore, understanding the tendency for over- or
underestimation can be crucial when the costs associated with di erent types of errors
are asymmetric, a key consideration in frameworks like cautious calibration (Allikivi
et al., 2024).

This thesis, therefore, undertakes a comprehensive analysis of the miscalibration
pro les exhibited by selected post-hoc calibration methods when applied to simulated
data derived from these known true calibration maps. Moving beyond aggregate
performance, we aim to show the distinct ways in which these methods deviate from
perfect calibration. The primary contribution of this work is to foster a deeper,
more intuitive understanding of these misestimation patterns, as presented in the
visual "Visualization Methods" (Section 2.3). By systematically applying calibration
techniques (Section 2.3) across diverse, controlled true probability landscapes and
analyzing the results through a series of diagnostic plots (Sections 2.3.1 through
2.3.5), we seek to highlight the nuances that aggregate metrics often conceal. This
improved understanding can better equip practitioners and researchers to select and
interpret calibration methods, particularly in contexts where the ne-grained behavior
of probability estimates is crucial.

Al-powered tools assisted with language editing and formatting during the prepara-
tion of this thesis.

The subsequent chapters will further detail the experimental setup, present a
comprehensive visual and qualitative analysis of the results (Chapter 3), and discuss the
implications of these ndings for the practical application and evaluation of calibration
techniques in binary classi cation.



1 Background

1.1 Binary Classi cation and Probabilistic Calibration

Binary classi cation is a fundamental problem in machine learning, where each data
instanceX 2 X (where X is the feature space) is associated with a binary outcome
Y 2 f0;1g (Murphy, 2012). Many modern classi ers do not directly output a class
decision (0 or 1) but rather a continuous con dence score. This score forms the basis for
making the nal decision and often carries a probabilistic interpretation; for example,
neural networks frequently use a sigmoid function to output a value between 0 and 1.
We de ne such a scoring model as: X ! R, where a higher scors(X) for an instance
X indicates greater model con dence thaX belongs to the positive classY = 1).
Ideally, these scores can be transformed into reliable probability estimates. For a
given instanceX, the classi er (or a subsequent calibration step) aims to predict the
probability of X belonging to the positive class. This prediction is formalized as a
probability estimate function p: X ! [0;1]. This function maps the features ofX
(or the scores(X) derived from them) to a value in the unit interval, which should
approximate the true conditional probability:

p(X) P(Y =1jX):

Here, P(Y = 1 j X) is the true (but typically unknown in real-world scenarios)
probability that instance X belongs to class 1, given its features. This is often referred
to as the true posterior probability.

A primary goal for these predicted probabilitiegd(X ) is for them to be well-calibrated.
Perfect calibration means that the predicted probabilities accurately re ect the actual
observed frequencies of the positive class across all prediction levels (Guo et al., 2017;
Kull et al., 2017). Formally, a probabilistic classi er (represented by its outputp) is
perfectly calibrated if, for any probability value py 2 [0; 1] that the model predicts:

P(Y =1jp(X)= po)= po: (1)

In simpler terms, this condition means that if we collect all instanceX for which
our model predicts a speci ¢ probability, sayp(X ) = 0:8, then approximately 80% of
those instances should actually belong to the positive clasg € 1). The probability
P(Y =1jp(X)= po) in Equation (1) refers to this observable, empirical frequency of
positive instances among those that received the predictiqi. In practice, however,
classi ers often exhibit systematic deviations from this ideal, leading to miscalibration
(Allikivi et al., 2024).



Miscalibration means that the predicted probabilities do not match the true like-
lihoods. For a given predicted probability valuep® output by the model, this can
manifest in two main ways. First,overestimation occurs when the model's predicted
probability p®is systematically higher than the actual observed frequency of positives
for instances given that prediction. This means that if the model predictg(X) = p°
the true proportion of positives is lower:

P(Y =1jp(X)=p)<p®

Conversely, underestimation  occurs when the model's predicted probabilityp? is
systematically lower than the actual observed frequency for that prediction level. In
this case, if the model predict9(X ) = p° the true proportion of positives is higher:

P(Y =1jp(X)=p)>p°

It is important to note that a model might overestimate for some predicted valuep®
(e.g., high con dence predictions) and underestimate for others (e.g., low con dence
predictions). Both types of miscalibration can lead to suboptimal decisions in high-
stakes contexts such as medical diagnostics, autonomous vehicle control, or nancial
risk assessment (Zadrozny and Elkan, 2002).

The quality of probabilistic predictions is typically evaluated using strictly proper
scoring rules (Gneiting and Raftery, 2007). These mathematical rules are designed such
that they are uniquely minimized (lower is better) only when the predicted probabilities
P(X) perfectly match the true posterior probabilitiesP(Y = 1 j X). Consider a
datasetD = f(x;;yi)gll,; consisting ofN instances, where eack; 2 X is an instance
(represented by its feature vector) andy; 2 f 0; 1g is its corresponding true label. Two
common strictly proper scoring rules are the log loss (or cross-entropy) and the Brier
score (Brier, 1950):

The log loss is de ned as:

. 1 X
N [yilnp(xi) + (1 yi)In(X  p(xi))];

i=1

and the Brier score is given by:
N X 2
Brier — N (i p(xi))":

Because these metrics are minimized whe(x;) = P(Y =1 j X = x;) for each instance
Xj, they also incentivize models to produce probabilities that satisfy the calibration
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condition in Equation (1) (Gneiting and Raftery, 2007). In practice, another common

metric for evaluating calibration, especially for visualization through reliability diagrams,

is the Expected Calibration Error (ECE). ECE directly measures average deviations
from perfect calibration (Equation (1)) by grouping predictions into bins.

Many machine learning models particularly complex ones like deep neural networks
(Guo et al., 2017) or those based on margin optimization such as Support Vector
Machines (Platt, 1999) produce systematically miscalibrated probabilities. Post-hoc
calibration methods address this issue. These methods learn a calibration mapping
function, g : [0; 1]! [O; 1], which takes the raw model outputs (or initial probability
estimatesp(X )) and transforms them into new, hopefully better-calibrated, probabilities:

Bealibrated (X ) = g(B(X)):

For binary classi cation, to ensure that the calibration process doesn't degrade the
model's ability to distinguish between classes (i.e., its ranking of instances), the cali-
bration function g is typically constrained to be monotonically non-decreasing. This
preserves the relative con dence ordering between instances while adjusting the absolute
probability values to be more accurate (Kull et al., 2017; Zadrozny and Elkan, 2002).

1.2 Isotonic Calibration

Isotonic calibration, a non-parametric method introduced by Zadrozny and Elkan
(2002), constructs a piecewise constant (step-like) mapping to transform uncalibrated
model outputs (scores or initial probabilities) into calibrated probabilities. The core
idea is to apply isotonic regression to a given calibration dataset. This process ts a
monotonically non-decreasing function that aims to minimize the mean squared error
(MSE) between the function's outputs (the calibrated probabilities) and the empirical
frequencies of the positive class observed in that calibration dataset. Given a calibration
set of n instances with scorez; z, ::: z, (thesez are the model's outputs
for the instances in the calibration set, sorted) and corresponding true binary labels
yi 2 f 0; 1g, isotonic calibration learns a mappingn : R! [0;1]. This mapping m is
chosen to be the functiorf that minimizes the sum of squared errors:

X 2
(i f(z) 2
i=1
subject to the constraint that f must be monotonically non-decreasing: &  z, then
f(z) f(z). The monotonicity constraint is crucial as it ensures that the calibration
function preserves the original ranking implied by the scores. The solution to this
optimization problem, the function m, is a piecewise constant function. It can be
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computed e ciently using the Pool Adjacent Violators Algorithm (PAVA) (Zadrozny
and Elkan, 2002).

The non-parametric nature of isotonic calibration means it makes minimal assump-
tions about the true form of the miscalibration. This exibility allows it to adapt
to complex miscalibration patterns, for example, where a model might overestimate
probabilities in some score regions and underestimate in others. However, precisely
because it directly optimizes its t on the calibration data with such high exibility (it
can learn a very complex step function), isotonic calibration can be particularly prone
to over tting. This is especially a concern when the calibration dataset is small, as the
learned stepped function might capture noise speci c to that calibration set rather than
re ecting the true underlying calibration trend. An important characteristic, though,
is that isotonic calibration does not alter the relative ranking of the original scores;
if the underlying model already has good discriminative power (i.e., it ranks positive
instances higher than negative ones e ectively), this ability is preserved after isotonic
calibration.

While powerful in its adaptability, this tendency to over t on limited data is a key
consideration (Allikivi et al., 2024; Kull et al., 2017). Even with su cient data, the
resulting calibration map is inherently step-like. Furthermore, as isotonic calibration
optimizes for average calibration performance (by minimizing MSE on the calibration
set), it does not inherently guarantee that all its probability estimates will avoid
overestimation.

Figure 1: Isotonic calibration: an example of a piecewise constant mapping transforming
scores to calibrated probabilities.
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1.3 Logistic Calibration (Platt scaling)

Logistic calibration, also widely known as Platt scaling (Platt, 1999), is a parametric
post-hoc calibration method. It applies a logistic (sigmoid) transformation to map
uncalibrated model scores (denoted ax;) for an instancex;) to calibrated proba-
bilities. While originally developed for calibrating Support Vector Machines (SVMs),
its e ectiveness has been demonstrated across many types of classi cation models
(Niculescu-Mizil and Caruana, 2005).

Unlike isotonic calibration, which can learn a calibration map of almost any mono-
tonic shape, logistic calibration assumes a speci ¢, simpler parametric form for the
relationship between the model's scores and the true probabilities. Speci cally, it posits
that this relationship can be well-approximated by a sigmoid function. For a given
scores(x;) corresponding to instance;, the calibrated probability p(s(X;)) is obtained

through: L

PEID= T exp( (ast) + B) ©
Here,a_ and b are the calibration parameters that respectively scale and shift the input
scoress(X;) before they are passed through the logistic function. These parameters
are learned from a calibration datasetDca = f(X;;Y;)g'-;, wherey; 2 f 0; 1g are the
true binary labels. The parametersa. and b_ are estimated by nding the values that
minimize the negative log-likelihood (NLL) of the observed labelg given the calibrated
probabilities P (s(x;); a_; ) on this dataset:

0 1
X
(a;h)=argmin @ [y Inp(s(xj);ach)+ (@ y)In(d  pus(x);acb))A (4)

a ;b j=1

The parametric simplicity of logistic calibration o ers several advantages. Because
it ts a function with only two parameters (a_ and b_), it generally requires fewer
calibration samples than non-parametric methods and is consequently less prone to
over tting on small datasets, especially if the true calibration map is indeed reasonably
sigmoid-shaped. The resulting calibration mapping is inherently smooth, avoiding the
step-like artifacts characteristic of isotonic calibration. Furthermore, the optimization
problem for nding a. and b (minimizing the NLL in Equation (4)) is convex, which
guarantees that a unique optimal solution can be found. Logistic calibration tends
to generalize well when the underlying relationship between the model's scores and
the log-odds of the true probabilities is approximately linear (as this implies a logistic
calibration curve).

However, logistic calibration has notable limitations. Its primary assumption of a
simple sigmoid relationship may not hold for all models or datasets. When the true
calibration function deviates signi cantly from this logistic form, the method can lead
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to systematic calibration errors across parts of the score range (Kull et al., 2017).
Kull et al. (2017) have shown that logistic calibration performs well for models that
produce approximately symmetrical score distributions for the positive and negative
classes. However, when these distributions are skewed or have di erent variances,
logistic calibration may not fully correct complex miscalibration patterns.

In the context of binary neural networks, the relationship between the model's
logits (the inputs to the nal activation function) and the true probabilities often
approximates a logistic function, making Platt scaling (applied to logits) a particularly
e ective and common choice (Guo et al., 2017). For other model types or more complex
neural architectures, this relationship can be more nuanced, potentially requiring more
exible calibration methods. Computationally, logistic calibration is e cient, and this
e ciency, combined with its reasonable performance in many scenarios, contributes to
its popularity as a baseline method in calibration research.

Figure 2: Logistic calibration: an example of a sigmoid t transforming raw model
scores to calibrated probabilities.

1.4 Beta Calibration

Beta calibration, introduced by Kull et al. (2017), extends logistic calibration by
o ering a more exible parametric form derived from the beta distribution's properties.
This method addresses key limitations of logistic calibration, particularly by better
accommodating the asymmetric score distributions that often arise in practice.

The beta calibration function transforms scoresy 2 (0; 1) (original model scores are
typically mapped to this open interval if they are not already, for example, by clipping
near 0 and 1 and adding a small epsilon to avoid issues with logarithms) using three
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parameters(a; b; 9. The calibrated probability Pyeta(Sk) fOr a scoresy is given by:

1

Poeta(Sk) = 1+exp( (c+ aln(sy) + bin(1  sy))) ©

This three-parameter form creates a highly exible calibration map capable of han-
dling various patterns of miscalibration, including asymmetric overestimation and
underestimation across di erent probability ranges. The parameteréa; b; 9 are es-
timated by minimizing the negative log-likelihood (NLL) on a calibration dataset
Dear = f(Xk; Yk)Ok=; (Wheresy is the score for instancey):

8
<

X
(a;b;c)=argmin, Yk IN Pheta(Sk; @; b5 9
abc - k=1
#9 (6)

F1 oy 1 Prea(scabg

Despite the increased parameter count compared to logistic calibration, this opti-
mization problem remains convex, ensuring a unique global minimum.

Beta calibration o ers several theoretical and practical advantages. It generalizes
both logistic calibration (which can be seen as a special case when b) and linear
transformations of log-odds, subsuming them. By more explicitly modeling the score
distributions of positive and negative classes (through its link to the beta distribution's
properties), it can provide better calibration when these distributions di er signi cantly
in shape. The resulting calibration map maintains smoothness while o ering greater
exibility than logistic calibration, yet it typically requires relatively few calibration
samples compared to non-parametric methods like isotonic regression.

Kull et al. (2017) demonstrated that beta calibration consistently outperforms
logistic calibration across various classi ers and datasets, especially when underlying
score distributions are skewed. The method addresses a fundamental limitation in Platt
scaling: its inability to e ectively handle asymmetric miscalibration patterns where, for
example, overestimation occurs in one probability range and underestimation in another.
The interpretability of beta calibration parameters can also provide insights: parameter
a primarily in uences calibration at high scores, whileb a ects low scores. Ifa= b, the
calibration curve tends to be symmetric; ifa 6 b, it accommodates asymmetry.

Despite its advantages, beta calibration may still underperform compared to non-
parametric methods if the true calibration function is highly complex and cannot be
well-approximated by the beta calibration family. However, its balance of exibility,
sample e ciency, and theoretical grounding makes it a strong and often preferred
parametric method for many practical applications.
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Figure 3: Beta calibration: an example of a exible three-parameter t transforming
scores to calibrated probabilities.

1.5 Simpli ed Venn-Abers Predictors (SVA)

The Venn-Abers prediction framework, rooted in conformal prediction theory, o ers
a way to produce probability predictions with certain theoretical validity guarantees
(Shafer and Vovk, 2008; Vovk, Gammerman, et al., 2005). A key property of full
Venn-Abers predictors is that one of the multiple probability values they output for a
test instance is guaranteed to be well-calibrated in a speci ¢ sense (related to average
performance over the randomness of data splits). However, obtaining these predictions
typically requires retraining or recalibrating the underlying model for each test instance
by hypothetically adding it to the calibration set with each possible label, which is
computationally very expensive.

Simpli ed Venn-Abers predictors (SVA), as described by Vovk and Petej (2012),

0 er a computationally more tractable approximation. While SVA sacri ces some of the
strong theoretical guarantees of the full framework, it aims to retain much of its adaptive
nature. Given a base scoring modei(X ) and a calibration datasetD¢y = f(Si;Vi)dL;
(wheres; are the scores ang; are binary labels), SVA operates as follows for a new
test instanceXest With score s(Xiest):

1. scenario 0 (hypothetical label 0): Temporarily add (S(Xiest); 0) t0 D¢gy. Fit
an isotonic regression modehy, on this augmented dataset. The SVA lower
probability is po(Xtest) = ho(S(Xtest));

2. scenario 1 (hypothetical label 1): Temporarily add (S(Xiest); 1) t0 Degy. Fit
another isotonic regression modeh,, on this second augmented dataset. The
SVA upper probability is pi(Xtest) = h1(S(Xtest)) -

16



This process yields two probability estimatespo(Xiest) and p1(Xest), for the test instance.
The interval [min(po; p1); max(po; p1)] can be seen as an implicit measure of uncertainty
for the prediction. For a single point prediction, SVA typically uses the midpoint:

pSVA (Xtest) — pO(Xtest) '; pl(xtest) . (7)

This midpoint is what we refer to as the SVA output in our experiments.

SVA can adapt to complex miscalibration patterns due to its use of isotonic regression.
The lower of the two probabilities,min(pg; p1), can sometimes serve as a conservative
estimate, though without the formal guarantees of methods designed speci cally for
cautious calibration (Allikivi et al., 2024). However, SVA is computationally more
intensive than parametric methods, as it requires tting two isotonic regressions for
each test prediction (though not retraining the original scoring moded). With larger
calibration sets, the SVA midpoint prediction often behaves similarly to standard
isotonic calibration, sometimes acting as a slightly regularized version. Extending SVA
to multiclass problems is also not straightforward. Vovk and Petej (2012) demonstrated
SVA's potential for good calibration, particularly in challenging scenarios.

Figure 4: Simpli ed Venn-Abers predictors: conceptual illustration of generating two
probability estimates, po and p;, based on hypothetical labels for a test instance.

1.6 Histogram Binning

Histogram binning (Zadrozny and Elkan, 2001) is one of the earliest and most intuitive
non-parametric approaches to post-hoc calibration. The core idea is to partition the
range of the original model's scores (typically assumed to be in or mapped[@1]) into

a prede ned number of discrete bins. A single calibrated probability is then assigned
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to all scores falling within the same bin, based on the observed empirical frequency of
positive instances in that bin from a calibration dataset.
The calibration procedure generally involves two main steps. First, the score range

their union covers the entire score range. For instance, in equal-width binning, each bin
I« would cover a range Iike[%; g). Second, for each biry, the calibrated probability
is computed as the fraction of positive instances among all calibration instances whose
original scores fall intol y.

Formally, given a calibration datasetDca = f(sj;Yj)gj; (wheres; are the original
model scores ang; 2 f 0; 1g are the true labels), the calibrated probabilitypyg (s) for
any new scores that falls into a particular bin Iy is:

P
jists2h Y.

Pug (S) = N, ;s 21y (8)
whereNy = jfj j s, 2 I¢gj is the total number of calibration instances whose scores
fall into bin I¢. If Ny = 0 (an empty bin), a strategy is needed, such as assigning
a default probability (e.g., the global mean of labels) or merging with adjacent bins.
This bin-wise estimate,pug (S), represents the empirical frequency of positive instances
within bin 1.

Two common strategies for de ning these bins arequal-width binning , which
divides the score range intd intervals of identical width, and equal-frequency
(or equal-mass) binning , which aims to createB bins such that each contains
approximately the same number of calibration instances.

The conceptual simplicity and ease of implementation are key advantages of his-
togram binning. Like other post-hoc methods, it can be applied to the outputs of any
classi cation model. It provides a direct empirical estimation of probabilities within each
bin without making strong parametric assumptions about the shape of the calibration
curve, leading to an intuitive interpretation of the calibration process.

However, histogram binning also has signi cant limitations. The resulting calibration
function is inherently piecewise constant, introducing arti cial discontinuities at the
bin edges. The choice of the number of bing,, and the binning strategy itself (e.g.,
equal-width vs. equal-frequency) are critical hyperparameters that signi cantly impact
calibration quality; too few bins can smooth out important details (under tting), while
too many bins can lead to unreliable probability estimates in sparse bins (over tting).
This creates a trade-0 between the granularity of the calibration map and the statistical
reliability of the estimates within each bin. An important variant is Bayesian binning
(Naeini et al., 2015), which addresses some of these limitations by averaging over
multiple binning schemes, weighted by their posterior probabilities, thereby improving
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robustness at the cost of increased computational complexity.

Compared to other methods, histogram binning shares similarities with isotonic
calibration, as isotonic regression can be viewed as an adaptive form of binning where bin
boundaries are optimally placed to minimize squared error while ensuring monotonicity.
However, standard histogram binning, unlike isotonic calibration, does not inherently
guarantee that the resulting calibration functiong will be monotonic. This lack of a
monotonicity guarantee can be a drawback if preserving the rank-order of the original
scores is crucial, but it could also potentially allow it to t certain non-monotonic true
calibration patterns if they were to exist (though this is generally not desired for score
calibration).

Figure 5: Histogram binning: an example of an empirical frequency-based calibration
with discrete bins.
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2 Methodology

This chapter details the experimental framework underpinning our in-depth analysis of
miscalibration in binary classi cation. A central tenet of our approach is the utilization

of synthetically generated data. This grants us complete control over and precise knowl-
edge of thetrue calibration mapsthe actual conditional probabilites P(Y =1 j z),
wherez; is an uncalibrated model score. Such control is paramount for a granular assess-
ment of how various post-hoc calibration methods perform, particularly in identifying
systematic deviations between theiestimated calibrationoutputs, Peaiibrated (zi), and the
known ground truth. This synthetic paradigm circumvents a fundamental limitation of
real-world datasets, where true conditional probabilities are typically unknown, thus
precluding a similarly detailed error analysis.

Our methodology unfolds in three stages. First, we describe the process of con-
structing these diverse true calibration maps and the subsequent simulation of observed
binary labels from these maps, which form the basis for training and evaluating the
calibration methods (Section 2.1). Second, we outline the speci cs of our experimental
setup (Section 2.2). This includes the selection of ve prominent post-hoc calibration
techniques Isotonic Calibration, Logistic Calibration, Beta Calibration, Histogram
Binning, and Simpli ed Venn-Abers Predictors along with details of their software
implementations and parameter choices. To ensure robust ndings, each calibration
method is applied to data derived from each true calibration map acro$é. s = 100
independent simulation runs, allowing for an assessment of both average performance
and variability. Finally, although detailed in a subsequent section (Section 2.3), we
will employ a suite of ve specialized visualization techniques designed to dissect the
performance of these methods, moving beyond aggregate metrics to reveal nuanced
patterns of misestimation, such as consistent over- or underestimation, across the entire
score spectrum and under varied true probability landscapes.

2.1 Synthetic Data Generation

The cornerstone of our empirical investigation is a carefully designed synthetic data
generation process. This process allows us to establish an unambiguous ground truth
against which the outputs of calibration methods can be compared. It consists of two
primary steps: the de nition of various true calibration maps representing di erent
underlying probability landscapes, and the simulation of binary labels based on these
maps, which serve as the data for applying calibration techniques.
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2.1.1 True Calibration Map Generation

A true calibration map, denoted asc = (¢;;C;:: ;G ), de nes the true conditional
probability P(Y =1jz) of an instance belonging to the positive class/(= 1) given a
speci ¢ uncalibrated model output scorez;. In our experiments, each true calibration
map consists ofN = 10; 000discrete probability values. These values correspond to an
ordered sequence dfl instances, sorted by their model scores, e ectively providing a
dense sampling of the probability landscape across the model's score range. We assume,
in line with Allikivi et al. (2024) and standard expectations for useful classi ers, that
this true calibration map c is monotonically non-decreasing with respect to the scores
That is, higher initial scores should, on average, correspond to higher true probabilities
of positive class membership.

To comprehensively evaluate the calibration methods, we designed ve distinct true
calibration map shapes, intended to represent a variety of challenging and realistic
miscalibration scenarios. These are depicted in Figure 6. Three of these maps are
based on deterministic functional forms: the "Smooth" map uses a power function
(g = low+ (high low) (xP=(xP+(1 x)P)), with p=3) to create a gentle S-shaped
curve; the "Plateau” map is a piecewise function featuring three distinct probability
plateaus (near 0.02, 0.5, and 0.98) connected by smooth cosine transitions, designed to
test adaptability to non-uniform miscalibration; and the "Steep" map employs a sigmoid
function (¢ = low+ (high low) (1=(1+ exp( x9)) with a steepness parameter of
50) to model scenarios with abrupt changes in probability. For all these deterministic
shapesjow is set to 0.001 anchigh to 0.999, andx (or x9 represents the normalized
score index. The speci c parameters for the "Plateau” map, such p%_level = 0:02,
pl_start = 0:05 and p1_end=0:35, are carefully chosen to create signi cant regions
where simple calibration models might struggle.

In addition to these deterministic shapes, we include two true calibration maps
generated using recursive algorithm proposed by (Allikivi et al., 2024). This method
produces a sequence ? random probabilities that are inherently monotonically
non-decreasing, bounded between speci ed minimum (0.001) and maximum (0.999)
values. These maps, named "Random42" and "Random63" after their generation seeds,
introduce less structured and more irregular probability landscapes. This diverse set of
ve true calibration maps serves as the ground truth for all subsequent experiments.

21



Figure 6: Overview of the ve generated true calibration map shapes used in the
experiments. The x-axis represents the instance index (sorted by score, e ectively the
scorez;) from 0 to 9999, and the y-axis shows the true probabilitP (Y =1 j z).

2.1.2 Simulated Label Generation

With a true calibration map c=(c;;:::;cy) established, the next step is to simulate
the binary labelsy; 2 f 0;1g that a calibration method would observe. For each
point i on the true calibration map (corresponding to an uncalibrated scorg and its

true probability ¢), we perform a Bernoulli trial: y;  Bernoulli(g)). This generates

observed "calibration set,'D¢y = f(z;;Yi)dY, . The uncalibrated scoreg; themselves
are represented by a xed, linearly increasing sequence from approximately O to 1,
corresponding to the instance indice6;:::;N 1.

To rigorously evaluate the stability and average behavior of the calibration meth-
ods, this label simulation is repeated\,,,s = 100 times for each of the ve true
calibration maps. Each of these 100 runs employs a unique random seed, ensuring
that the calibration methods are trained and evaluated on 100 independent sets of
observed labels for each underlying true probability landscape. The seed for each run
is determined systematically using the formula:seed= (LABEL_SEED_BASE +
run_index + hashimap_name)) (mod 2%2), where LABEL_SEED_BASE = 2024,
run_index ranges from 0 to 99, andmap_name identi es the speci c true calibra-
tion map. This procedure yields a total of5 maps 100runs = 500 unique label
sequences, each comprisiig = 10; 000labels. These simulated label sequences, paired
with the corresponding xed sequence of uncalibrated scores, form the input for the
calibration algorithms.

2.2 Experimental Setup

The experimental setup is designed for a systematic comparison of selected post-hoc
calibration methods. We aim to understand how theirestimated calibrationoutputs,
Peaiibrated (Zi), deviate from the knowntrue calibration ¢ across di erent scenarios. The
setup encompasses the choice of calibration techniques, their speci c implementations,
and the software environment.
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2.2.1 Calibration Methods and Implementations

We evaluate ve widely recognized post-hoc calibration methods, chosen to represent a
range of parametric and non-parametric approaches. These methods learn a calibration
mapping functiong: [0;1]! [O0; 1] (or from scoresz; to [0; 1]), which transforms the
initial uncalibrated scoresz; (or initial probability estimates p(z) if the scores are
already in [0; 1]) into estimated calibrationprobabilities Peaiibrated (Zi) = 9(z) or g(P(z)).

Isotonic Regression (Isocalls a non-parametric method that ts a monotonically
non-decreasing piecewise constant function to the scomsnd observed labely; (Barlow
et al., 1972; Zadrozny and Elkan, 2002). To enhance stability, particularly with noisy
labels, we apply Platt smoothing (Platt, 1999) to the binary labelsy; before tting the
isotonic regressor. The implementation frorsklearn.isotonic.IsotonicRegression
is used, with theout_of bounds='clip" option to ensure predicted probabilities remain
within the [0; 1] interval.

Logistic Calibration (Logcal), commonly known as Platt Scaling (Platt, 1999),
is a parametric method that ts a logistic (sigmoid) function to map scores; to
probabilities. The form isp.(z) = (1 + exp( (a.z + b)) !, wherea,_ and b are
learned parameters. We employ theklearn.linear_model.LogisticRegression
implementation. A large value for the regularization parameteiC (1) and the
'liblinear’ solver are used, consistent with common practice for Platt scaling to minimize
regularization and enhance numerical stability.

Beta Calibration (Betacal), introduced by Kull et al. (2017), is another para-
metric method that o ers greater exibility than logistic calibration by tting a
transformation related to the Beta distribution. The functional form is Pyeta(zi) =
(L+ exp( (°+ aIn(z)+ KPIn(1  z)))) ', wherez; are assumed to be initial probabili-
ties in (0; 1), and & P ® are learned. This method is particularly adept at handling
asymmetric miscalibration. We utilize thebetacal Python library, speci cally with the
parameters="abm" setting, which incorporates a ne transformations (bias and scaling)
of the logit-transformed scores alongside the core Beta parameters. Our input scazes
are already scaled td0; 1] for this method.

Histogram Binning (Histbin) is a non-parametric technique that divides the score
range [0; 1] into a predetermined number of binsB. It assigns anestimated calibration
probability to all scoresz falling within a bin based on the empirical frequency of
positive labelsy; in that bin from the calibration data D, (Zadrozny and Elkan, 2001).
We implemented this method ourselves. For empty bins, the global mean of labels in
the calibration set is assigned. After experimenting with various bin counts, we selected
B = 15 (num_bins=1Y for the experiments presented, as this provided a reasonable
balance between granularity and estimate stability foN = 10;000data points.

Simpli ed Venn-Abers (SVA) predictors, derived from conformal prediction theory
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(Vovk and Petej, 2012), o er a way to generate interval prediction$po(z); p.(z)]. For a
point prediction, SVA typically uses the midpoint of these lower and upper probability
bounds. These bounds are derived by tting two isotonic regression models per test point
z;, under hypothetical assignments of labd and label 1 to that point when temporarily
added toD¢gy. In our experiments, we use this midpoint(Psva (zi) = (po(z) + p(z))=2),
as theestimated calibrationprobability from SVA.

2.2.2 Implementation Details

The implementations of Isotonic Regression and Logistic Calibration are sourced from
the scikit-learn library (Pedregosa et al.,, 2011). Beta Calibration relies on the
betacal library. The Histogram Binning and Simpli ed Venn-Abers methods were
implemented by us usingNumPYHarris et al.,, 2020) for numerical operations. All
experiments are conducted in Python 3.9. Visualization of results, including the
diagnostic plots described in Section 2.3, is performed usiMgatplotlib . To ensure
transparency and enable replication of our ndings, the complete source code for data
generation, calibration method application, and analysis is made available @itHub.

2.3 Visualization Methods

To characterize the performance of the selected calibration methods, we generate ve
distinct types of characterization plots  for each combination of calibration method
and true calibration map. Each plot o ers a unique perspective on the accuracy, bias,
variance, and consistency of thestimated calibrationoutputs relative to the knowntrue
calibration. The x-axis in all these plots represents the instance index, which ranges
fromOtoN 1 (whereN =10;000. Since our true calibration maps and input scores
z; are ordered, this index e ectively represents the scomg increasing from its lowest to
highest value. For each instance index (and thus, for each sca& our experiments
generateN,ns = 100 independentestimated calibrationprobabilities, one from each
simulation run. Thesecharacterization plots are designed to provide a much more
granular understanding of miscalibration than what aggregate metrics typically o er.

2.3.1 True Calibration and Estimated Calibration Curves

The rst characterization plot , exempli ed in Figure 7, provides a direct visual com-
parison between the knowrtrue calibration map and the multiple estimated calibration
curves produced by a given method across thid,,s = 100 simulation runs. For any
speci ¢ instance index (e.g., index 5000, corresponding to a sca@gggo notionally in the
mid-range of the score distribution), the calibration method yields one hundred di erent
estimated probability values,Peaiibrated (Zs000), ONE from each label set simulation. This

24



plot visualizes all one hundred of thesestimated calibrationcurves. Each individual

curve, plotting the estimated probability (y-axis) for every instance index (x-axis), is
rendered as a semi-transparent grey line. Theue calibration map ¢, which de nes the

correct probability ¢ for each instance index (scorez), is overlaid as a prominent
solid black line.

This visualization facilitates an initial qualitative assessment of the calibration
method's general behavior. It allows for observation of how well, on average, the
estimated calibrationcurves follow the trend of thetrue calibration. Any systematic
tendency for the bundle of grey lines to lie above or below the black line indicates a
propensity for overestimation or underestimation, respectively. The vertical spread (or
"tightness") of these grey lines at any given instance index reveals the method's stability
or variance; a tight bundle signi es robustness to the stochasticity in the observed
labels across di erent runs, whereas a wide spread indicates higher sensitivity and thus
greater variability in the estimated calibration Furthermore, this plot can highlight
unusual patterns or artifacts introduced by the calibration method, such as excessive
smoothness that fails to capture nuances in the true map, or overly complex step-like
behavior that might indicate over tting to a particular label set. The y-axis represents
probability, typically ranging from O to 1.

Figure 7: Example: Overlay of True and Estimated Calibration Curves. Grey lines
represent individual estimated calibrationcurves fromN,,s = 100 di erent simulated
label sets; the black line is the knowrtrue calibration map.

2.3.2 Misestimation Distribution Visualization

The secondcharacterization plot , illustrated by the example in Figure 8, directly
visualizes the misestimation the error of each estimated calibrationcurve relative to
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the true calibration map. Using the same one hundredstimated calibrationcurves from
the rst plot, we calculate the pointwise di erence: misestimation = Peaiibrated (Zi) G,
for every instance indexi and for each of the 100 runs. For instance, if for index
5000, one run estimated a probability of 0.7 while the true probabilitycsgog Was
0.6, the misestimation for that run at that point is 0:7 0:6 = +0 :1, signifying an
overestimation of 0.1. Conversely, an estimate of 0.55 would result in a misestimation
of 055 0:6 = 0:05 an underestimation of 0.05.

These di erence values are plotted for all instance indices across all runs, forming
one hundred "misestimation curves." A horizontal dashed line gt= 0 represents perfect
calibration (zero misestimation). The y-axis limits for this plot are dynamically set to
encompass the typical range of these errors observed for the speci ¢ method and true
map combination. This plot enables a more focused examination of the errors. It clearly
highlights score regions (ranges on the x-axis) where the method tends to produce
positive di erences (overestimation) or negative di erences (underestimation). The
vertical distance from they = 0 line quanti es the magnitude of the misestimation for
each run. Observing the bundle of these misestimation lines also reveals the consistency
of the error pro le; if the bundle is tightly packed and consistently above or below zero
in a region, it indicates a systematic error pattern, whereas a widely spread bundle
crossing zero frequently suggests more random error behavior.

Figure 8: Example: Misestimation Curves. Grey lines show the pointwise di erence
(misestimation) between eaclestimated calibrationcurve and thetrue calibration map.
The dashed black line aty = O indicates zero misestimation (perfect calibration).

2.3.3 Visualization of Percentile Envelopes

The third characterization plot , exempli ed in Figure 9, summarizes the distribution

of all one hundredestimated calibration curves using percentiles. This provides a
robust view of the method's typical performance and its variability, indicating the range
wherein 90% of theestimated calibrationprobabilities fall. For any single instance index
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I (scorez), the one hundred estimated probabilitiePcaiivrated (Zi) from the simulation
runs are collected and sorted. From this sorted list, the 5th percentile (the value below
which 5% of estimates lie), the 50th percentile (the median estimate), and the 95th
percentile (the value below which 95% of estimates lie) are determined. This process is
repeated for every instance index across the score range.

The plot then displays the area between the 5th and 95th percentile curves as a
shaded band, often referred to as a percentile envelope. The median (50th percentile)
curve is shown as a solid line (e.g., blue), and the 5th and 95th percentile curves are
typically rendered as dashed lines bounding the shaded region. Ttnee calibration
map (black line) is also included for direct comparison. This statistical summary o ers
insights into the method's reliability. The median line represents the typical output; its
proximity to the true calibration map indicates the method's average bias. The width
of the shaded 5th-95th percentile band is a key indicator of the method's stability and
variance: a narrow band suggests consistent outputs across di erent noisy label sets,
while a wide band implies greater sensitivity to the speci ¢ calibration data and thus
higher uncertainty in the estimated calibration This envelope e ectively de nes a range
within which 90% of the estimated probabilities are expected to lie for any given score
zZ.

Figure 9: Example: Percentile Envelopes of Estimated Calibration. The shaded area
shows the 5th-95th percentile range of altstimated calibrationcurves. The solid blue
line is the median estimate, and the black line is th&ue calibration map.

2.3.4 Visualizing Mean Misestimation Size

The fourth characterization plot , depicted in the example Figure 10, visualizes
the averagemisestimation across all one hundred simulation runs. This information
is condensed into a single color-coded horizontal strip. For each instance index
(scorez), the one hundred misestimation values (calculated 8%aiibrated (z1) G for
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each run) are averaged. For instance, if individual misestimations at a point were
[+0:1; 0:05;+0:02 :::], their average might be+0:015 This average misestimation is
computed for every instance index along the x-axis.

The resulting series of average misestimations is then displayed as a thin horizontal
colored strip. A diverging colormap is employed, where, for example, red shades signify
a positive average misestimation (indicating an average tendency to overestimate at that
score), blue shades denote a negative average misestimation (average underestimation),
and white or a neutral color represents an average misestimation close to zero. The
intensity of the color re ects the magnitude of this average misestimation. Theue
calibration map (black line) is overlaid on this strip for context, showing the true
probability level at which these average errors occur. This plot e ectively reveals the
systematic average error of the calibration method. By averaging over many runs,
random uctuations due to label noise are smoothed out, exposing persistent biases. If a
region of the strip is distinctly colored (e.g., red), it signi es that the method, on average,
tends to produceestimated calibrationprobabilities that are higher than the true ones
for those scores. The depth of the color indicates the magnitude of this systematic
bias. This visualization is crucial for identifying problematic score regions where the
calibration method's average output deviates from therue calibration. A colorbar
provides the scale, mapping color to the numerical value of the average misestimation.

Figure 10: Example: Mean Misestimation Heatmap Strip. Color indicates the average
di erence betweenestimated calibrationprobabilities and true calibration probabilities
(average error). Red typically indicates average overestimation, blue average underesti-
mation. The black line is thetrue calibration map, shown for context.

2.3.5 Visualizing Overestimation Percentage

The fth characterization plot , illustrated by the example in Figure 11, visualizes the
dominant tendency of the calibration method to either overestimate or underestimate
at each score point, focusing on théequency of such directional errors. This is
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achieved by showing the "percentage of times the method overestimates" across all one
hundred runs, presented as a color-coded horizontal strip, similar in layout to the mean
misestimation plot. For each instance index (scorez), the one hundredestimated
calibration probabilities Peaibrated (Zi) are examined relative to the true probabilityc.
The number of times these estimates are greater than the true probabilitiyover, IS
counted. Similarly, the number of times they are less than the true probabilityN ynger,

is counted. Due to the use of continuous probabilities, instances wWh@¥Qiiprated (Zi) = G

are extremely rare and typically do not a ect this counting process as they would not
contribute to Ngver Or Nynder-

The plot then visualizes a metric derived from these counts, typicalligver=(Nover +
Nunger) (if the denominator is non-zero, otherwise unde ned or neutral), which is inter-
preted as an "overestimation percentage." The colorbar legend for this plot ranges from
0% to 100% overestimation. A strong red color (near 100% overestimation) indicates
that for that score point, in all or nearly all runs, the estimated calibrationprobability
was higher than thetrue calibration probability, showing consistent overestimation. Con-
versely, a strong blue color (near 0% overestimation) means that in all or nearly all runs,
the estimated probability was lower, signifying consistent underestimation (equivalent
to nearly 100% underestimation). A white or neutral color (around 50% overestimation)
implies a balance, where overestimations and underestimations occurred with roughly
equal frequency, suggesting no consistent directional bias for that score point. The color
intensity grades between these extremes; for example, 70% overestimation (a reddish
hue) implies overestimation in approximately 70 runs and underestimation in 30. The
true calibration map (black line) is overlaid for context.

This plot is crucial for understanding the consistency of the error's direction. It
highlights if a method is systematically skewed towards overestimation or underesti-
mation in certain score regions. This is distinct from the mean misestimation (Plot
4). For instance, a method might have a near-zero mean misestimation if it frequently
overestimates by a large amount and equally frequently underestimates by a similar
large amount. In such a case, Plot 4 would appear neutral, and Plot 5 would also likely
appear neutral (around 50%). However, if the mean misestimation is small (faint color
in Plot 4) but Plot 5 shows a strong red, it means the method consistently overestimates,
albeit by a small average amount. Such consistent, even if small, overestimation can be
particularly problematic in risk-sensitive applications where any tendency to overstate
con dence is undesirable, as explored in cautious calibration frameworks (Allikivi et al.,
2024). This plot thus provides a valuable tool for analyzing this aspect of calibration
behavior. A neutral color in Plot 5 for a given score region suggests that there is no
apparent systematic directional preference in the errors for that method and score, which
indicates an absence of a consistent skew rather than necessarily poor performance.
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Figure 11: Example: Net Overestimation Frequency Heatmap Strip. Color indicates
the percentage of runs where the method overestimated. Strong Red: approaches
100% overestimation. Strong Blue: approaches 0% overestimation (i.e., nearly 100%
underestimation). White: around 50% overestimation (balanced directional error). The
black line is thetrue calibration map, shown for context.
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3 Results and Discussion

This chapter presents the empirical ndings derived from the systematic application of
ve distinct post-hoc calibration methods to datasets generated from ve uniquérue
calibration map shapes. As detailed in Chapter 2, our experimental design leverages
synthetic data to enable a precise and granular analysis of miscalibration patterns,
which is often unachievable with real-world data due to the unknown nature of the true
conditional probabilities. The calibration methods under investigation are Isotonic Cal-
ibration (Isocal), Logistic Calibration (Logcal), Beta Calibration (Betacal), Histogram
Binning (Histbin), and the midpoint of Simpli ed Venn-Abers (SVA) predictors. Each
method was applied toN,,,s = 100 independent sets of simulated binary labels for each
of the true map shapes: "Steep,” "Smooth,"” "Plateau,” "Random42," and "Random63."

The core of our analysis relies on a suite of veharacterization plots previously
introduced in Section 2.3. These plots are designed to move beyond aggregate perfor-
mance metrics and o er a multifaceted view of how thestimated calibrationproduced
by each method aligns with, or deviates from, the knowtrue calibration. For clarity,
these characterization plots are:

1. true calibration and estimated calibration curves: an overlay of the true

calibration map with 100 estimated calibration curves from the simulation runs;

2. misestimation distribution: visualization of the pointwise di erence (error)

between each estimated curve and the true calibration;

3. percentile envelopes: depiction of the 5th, 50th (median), and 95th percentiles

of the estimated calibration probabilities across all runs;

4. mean misestimation size: a heatmap showing the average misestimation at

each point along the score range;

5. overestimation percentage: a heatmap indicating the frequency with which a

method overestimates the true probability at each point.

In the subsequent sections, we will dissect the performance and characteristic
behaviors of each calibration method individually. For each method, a comprehensive
5x5 grid visualization will be presented and discussed. Each such grid displays all ve
characterization plots (rows) for that speci c calibration method applied to each of the
ve true calibration map shapes (columns). This systematic presentation allows for a
detailed understanding of how each method responds to di erent underlying probability
landscapes. Following the individual analyses, we will conduct a comparative discussion,
highlighting general trends, the relative strengths and weaknesses of the methods, the
impact of true map complexity, and overarching patterns of misestimation. Finally,
we will re ect on the broader implications of these detailed ndings for the practical
selection and interpretation of calibration methods in binary classi cation tasks.
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3.1 Performance of Isotonic Calibration

Isotonic Calibration (Isocal), being a non-parametric method, generally demonstrates
strong adaptability across the diverse true calibration map shapes, as illustrated in the
comprehensive 5x5 grid of characterization plots presented in Figure 12. Tastimated
calibration curves produced by Isocal are inherently piecewise constant (step-like), a
characteristic evident in all visualizations. One of the most notable features is the
consistently small magnitude of misestimation, with the mean misestimation strip (row
4 of Figure 12) operating on a scale of approximately 0:029 among the smallest
observed across all tested methods.

On the "Steep” map (column 1 of Figure 12), Isocal's estimated curves (row 1)
closely follow the abrupt transition, with the adaptive steps capturing the sharpness
well. The individual runs show some variability, and the misestimation (row 2) is
concentrated into a tight "spindle” shape directly at the in ection point, indicating
errors primarily occur during this rapid change. The 5th-95th percentile envelope
(row 3) remains remarkably narrow throughout, even at the transition, signifying high
stability across the 100 runs. The mean misestimation strip (row 4) is largely neutral
(white), with only very faint, symmetric, alternating regions of pale red (slight average
overestimation) and pale blue (slight average underestimation) immediately around
the transition. The overestimation percentage strip (row 5) similarly shows a balanced
pattern overall, with localized tendencies for slight overestimation just before the true
curve's steepest ascent and slight underestimation immediately after.

For the "Smooth" map (column 2 of Figure 12), Isocal again provides a faithful
approximation (row 1), with its adaptive steps closely tracking the gentle S-shape of
the true calibration. The misestimation (row 2) consists of low-amplitude, somewhat
oscillatory errors, primarily in the mid-range of scores. The percentile envelope (row
3) is very thin, indicating excellent consistency. The mean misestimation strip (row
4) displays very pale, alternating bands of red and blue, with average errors generally
less than 0.01. Correspondingly, the overestimation percentage strip (row 5) is mostly
neutral, indicating no large regions of consistent directional bias, though a subtle trend
from slight underestimation at lower scores to slight overestimation at higher scores
can be discerned.

Isocal's performance on théPlateau™ map (column 3 of Figure 12) highlights
its adaptive nature. The step-like estimated calibration curves (row 1) align well with
the at plateau regions of the true map. However, misestimations (row 2) are more
pronounced at the transitions between plateaus, where Isocal tends to overshoot slightly
upon entering a plateau and lag upon exiting. This is re ected in the percentile envelope
(row 3), which, while narrow within the plateaus, widens at these transition points. The
mean misestimation strip (row 4) clearly shows this pattern: thin red stripes (average
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overestimation) at the beginning of plateaus and blue stripes (average underestimation)
at the ends. The overestimation percentage strip (row 5) mirrors this, with localized
but strong directional biases at these entry/exit points red as the estimated curve
jumps up to meet the plateau and blue as it drops down.

When applied to the"Random42" and "Random63" maps (columns 4 and 5 of
Figure 12), Isocal e ectively captures the irregular, staircase-like structures (row 1).
The variability between runs, as seen in the misestimation plots (row 2) and the width
of the percentile envelope (row 3), is generally low but tends to increase at the sharpest
jumps in the true random maps. The mean misestimation strip (row 4) often resembles
a barcode, with thin alternating red and blue stripes corresponding to the local steps of
the true map, indicating very localized average errors. Similarly, the overestimation
percentage strip (row 5) shows narrow vertical bars of alternating directional bias,
without large, contiguous regions of systematic over- or underestimation.

A characteristic quirk of Isotonic Calibration, visible especially on atter regions of
the "Plateau” or random maps, can be the appearance of very small "teeth" or minor
steps in the estimated calibration curves (row 1). This may suggest a slight tendency
to over t to minor uctuations in the observed labels, though the overall magnitude of
misestimation remains very low (within 0:029. The adaptive placement of its steps
allows Isocal to conform closely to varied true calibration shapes, making it a highly
exible method.
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