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Chapter 1

Introduction

The present thesis is devoted to the analysis of some classes of singular differen-
tial equations involving fractional (non-integer) order derivatives of an unknown
function. Also finding the Hadamard finite part of a class of divergent integrals is
under consideration.

The concept of fractional derivatives has interested mathematicians since at
least the famous correspondence between L’Hospital and Leibniz in 1695. The
question, raised by L’Hospital, sought the meaning of Leibniz’s notation gZ—;l{ for
n = 1/2. Over the years several prominent mathematicians have contributed to
this field, for example Euler, Laplace, Riemann, Liouville, Griinwald, Letnikov,
Hadamard and Caputo.

Recently, fractional derivatives have seen a remarkable growth in popularity
mainly because of interesting new applications in physics, chemistry, mechanics,
biology, economics, signal and image processing, aerodynamics, etc. Especially,
fractional calculus has turned out to be one of the best tools to describe long-
memory processes that are of great interest to engineers and physicist but also to
pure mathematicians. For the main results regarding fractional derivatives and
their applications see, for example, [3, 8, 17, 25, 30, 31] and the references cited
in these monographs. Additionally, various existence and uniqueness results for
fractional differential equations are given in [1, 2, 7, 33] and some recent results
regarding the numerical solution of such equations can be found in 11, 12, 13, 27,
28, 29].

In this thesis we shall examine the unique solvability of singular fractional differ-
ential equations of the form (1.1.2) and (1.1.3) in C™[0,T] (m € No ={0,1,...}),
the space of m times continuously differentiable functions on [0,7] (naturally,
C[0,T] = C[0,T)). Our study has been motivated by the paper [38], where the
singular system of ordinary differential equations

tu'(t) = At)u(t) + f(t) (0<t<T < ) (1.1.1)



was considered. Here A = (apq)y ,—; i3 a matrix function, where a, 4 € C™[0,T]]
forp,q=1,2,...,n,n e N={1,2,...}, m € Ng, and f = (f1,..., fu)" is a vector
function, where f, € C™[0,T], p = 1,2,...,n. It was shown how the unique
solvability of this problem depends on the set of eigenvalues of the matrix A(0).
The central idea of article [38] was the reduction of (1.1.1) to a system of cordial
Volterra integral equations. The cordial Volterra integral operator V., with an
integrable core ¢ € L'(0,1) is defined by

(Vou) (t) = /Ot %QO (;) u(s)ds = /01 p(r)u(tz)de, 0<t<T, wueC[0,T].

The theory of cordial Volterra integral operators was introduced by Vainikko in
articles [34, 35]. For more results in this field see also [36, 37].
Singular systems (1.1.1) can also be presented in the equivalent form

(tu(t)) = B(t)u(t) + f(t), B@lt)=A@#)+1, 0<t<T,

where [ is the identity matrix. On the other hand, singular fractional differential
equations of the form

l
(MPDgu)(t) =" ar(t) (M DgFu)(t) + f(1), 0<t<T, (1.1.2)
k=1
and
l
(DgMu)(t) =Y () (DY M u)(t) + f(t), 0<t<T, (1.1.3)
k=1

are not equivalent and thus need independent treatments. Here MY, is the multi-
plication operator:

(MYu)(t) =t"u(t), 0<t<T, veR=(-o00,0), ueC[0,T].

One of the main goals of the present thesis is to study the unique solvabilty of
(1.1.2) and (1.1.3) in the space C™[0,T] for m > 0. The basis of our discussions
is the theory of cordial Volterra integral operators recalled in Section 2.3.

In equations (1.1.2) and (1.1.3) the fractional differentiation operators D of
order u € [0,00) are defined as the inverses of the Riemann-Liouville integral
operator J* on J*C[0,T], i.e.

D == (J")~Y, u>o.

The Riemann-Liouville fractional integral operator J# is given by

(JFu)(t) = 1)/t(t—s)”1u(s)d8, ueCl0,T), t>0, u>0; J'=1I.
0

(1)



Here T is the Euler Gamma function and [ is the identity mapping. As we explain
in Section 2.2, the fractional differentiation operators D} have some useful prop-
erties lost for Riemann-Liouville and Caputo fractional differentiation operators,
which are more popular in applications. Fortunately, as we detail in Section 2.2,
D} and Riemann-Liouville and Caputo fractional differentiation operators have a
natural connection.

This thesis is organized as follows.

Chapters 1 and 2 have an introductory character. In these chapters, we intro-
duce definitions and present some results which we use in the present work.

In Chapter 3 we consider the equation (1.1.3) which in some aspects is simpler
than (1.1.2). To be more precise, we analyze the unique solvability in C™[0, T,
m € Ny, of a singular fractional differential equation of the form (1.1.3) where
f€C™0,T], a,ar € R and

m<a<m+l, a>a,>0, b,eC™0,T], k=1,2,...,1, meN,.
(1.1.4)
We first consider a simplified version of equation (1.1.3) with constant coefficients
and prove Theorem 3.1.1 about the unique solvability in C™[0,T] of this type of
equation. The main result of Chapter 3 is Theorem 3.1.2, in which we give the
unique solvability conditions for equations (1.1.3) under assumptions (1.1.4).

Note that for a unique solution u € C™[0,T] of (1.1.3), no initial or boundary
conditions are permitted: imposing them one determines, as a rule, a solution of
lesser regularity. Linear fractional differential equations without singularities, but
with initial conditions, have been intensively discussed e.g. in [9, 22], monographs
[8, 17, 30] and references therein. Also as we explain in Section 3.1, under condi-
tions (1.1.4), w € C™[0,T] remains to be a solution of (1.1.3) if we replace D,
Dg‘ ¥ by either Riemann-Liouville or Caputo fractional differentiation operators.

In Chapter 4, we consider a singular fractional differential equation of the form
(1.1.2), where f € C™[0,T), 8,8 € R and

m<p<m+1, B> >0, a,<cC"0,T], k=12,...,1, mé&Np.

(1.1.5)
We first consider a simplified version of equation (1.1.2) with constant coefficients
and treat the cases 0 < § < 1 and § > 1 separately. For the case 0 < 8 < 1
we prove Theorem 4.1.1. The case § > 1 is more complicated, we first have to
extend the differentiation operators Dg and Dg’“ and our cordial Volterra integral
operators to C™[0, 7] and then prove Theorem 4.1.2 for the extended operators.
To consider equations (1.1.2) we formulate and prove an auxiliary result, Lemma
4.1.2. In Theorem 4.1.4 we give the unique solvability conditions for equation
(1.1.2) under conditions (1.1.5). At the end of Chapter 4 we analyze equations
which we obtain from (1.1.2) replacing Dg , Dg’“ either by Riemann-Liouville or
Caputo fractional differentiation operators.



As with (1.1.3) for a unique solution v € C™[0,T] of (1.1.2), no initial or boundary
conditions are permitted: imposing them one determines, as a rule, a solution
of lesser regularity. Note that in conditions (1.1.5) we require that 8 ¢ N but
in conditions (1.1.4) no such restrictions apply to «, we will explain why this
is so in Subsection 4.1.1 (p. 51). In our discussions regarding equation (1.1.2)
with conditions (1.1.5) for 8 > 1, we have to extend our fractional differentiation
and cordial Volterra integral operators. As it turns out, our extensions of cordial
Volterra integral operators correspond to the Hadamard finite part interpretation
of some specific divergent integrals.

Divergent integrals and equations containing them have been studied for a long
time, including the principal work done by Hadamard in [15]. Equations containing
divergent integrals have been useful in applications in mathematics [4, 19, 20, 32]
and physics [21, 26].

One of the concepts under discussion has been the summability, i.e. finding the
finite part (f.p.), of divergent integrals. Over the years numerous approaches to
defining the finite part of divergent integrals have been examined (see [15, 20]).
For methods on numerically finding the finite part of divergent integrals see [5],
[6] and [14]. In [41], a unified approach to summability of divergent integrals was
presented that covers the approaches considered before. Later, in [42], divergent

integrals
R
/ a(r)yr~—>"tdr
0

depending on complex number A € C, were examined under assumptions ReA > 0,
a€ H™0,R], meNy, 0<a<l,

where H™“[0, R] is the class of functions satisfying the conditions

a € C™[0, R, )a(m)(r) — a(m)(O)’ <er®, 0<r<R, c>0, ¢c=const.
In Chapter 5, we consider integrals

/OT a(t)t= " (Int)"dt, (1.1.6)

where A € C, n € Ny,
a€ H™0,T], meNy, 0<a<l. (1.1.7)
For Re\ < 0 integral (1.1.6) converges; for Re\ > 0 it generally diverges. The first

goal of Chapter 5 is to define, for ReA > 0, the finite part of divergent integral
(1.1.6) with n € Ny so that the f.p.-integrals have the same two crucial properties

10



f.p.-integrals had in [42]. We will also prove a formula for change of variables in
the f.p.-integrals of (1.1.6).

The main contributions of the present thesis are as follows.

1) It is elaborated a methodology for the study of the existence of a special
solution of maximal possible smoothness for singular fractional order differential
equations. The approach is based on the concept of cordial Volterra integral oper-
ators and especially on the description of their spectra. The obtained theoretical
results are useful when constructing and justifying high order numerical methods
for singular fractional differential equations of the form (1.1.2) and (1.1.3). The
numerics is not touched upon in the present thesis.

2) The concept of the finite part (f.p.) for a class of divergent integrals with a
logarithmic factor is developed. Also the formula for change of variables for these
f.p.-integrals is proved.

Most of the results given in Chapters 3-5 are published in [23, 24], the thesis
also contains new results which have not been published yet.

11



Chapter 2

Notations and Basic Results

In this chapter we introduce notations and formulate results that we require later.

2.1 Notations

Throughout this thesis, ¢, ¢/, c1, ... denote positive constants which may have
different values in different occurrences. By N = {1,2,...} we denote the set of
all positive integers, by Ng = {0,1,...} the set of all non-negative integers, by
7 ={...,—1,0,1,...} the set of integers, by R = (—o00,00) the set of all real
numbers and by C = R+iR the set of all complex numbers, where A\ = ReA +ilmA
for A € C and i = v/—1 is the imaginary unit. Additionally, by I we denote the

identity mapping and by DF = (%)k, k€N, D° = I, the differentiation operator.

By C™ = C™[0,T)], T € (0,00), m € Ny, C° = C, we denote the Banach space
of m times continuously differentiable functions » on [0, 7] with the norm

m = (k)
lullom = max - max |u™(t)].

By ¢™" = C™"(0,T] (see [37]), m € No, r € R, we denote the set of
m times continuously differentiable functions w on (0,7] such that finite limits
limg 0 t*"u®) (¢) (k = 0,1,...,m) exist. The set C""" is a Banach space with the
norm

m,r = a. S tk_r (k) t)].
[ulle oI, Sup [ut™ (2)]

In particular, C' = €% and C™ c C™0. Also, the space C™™ has the form
Cm ={ueC™ |u0) =...=u™V(0)=0} cC™, meN. (2.1.1)

Indeed, let u € C™™, m € N, then v is an m times continuously differentiable
function on (0, 7] and the finite limits lim;_,o t*~"u®)(t) (k = 0,1,...,m) exist.

12



2.1. Notations

Hence, u(™ € C, ie. u € C™. Moreover, [u®(t)] < ct™ % ie. u®)(0) = 0 for
k=0,1,...,m—1. Thus

C™m c {ue O™ |u(0) = ... = u™D(0) =0}
Conversely, let v € C™ and u(0) = ... = u™~1D(0) = 0. Then (see e.g. [25])
L/ 1y (m)
_ o ym—1_(m <t<T.
u(t) =) /0 (t—s)mu\™(s)ds, 0<t<T
This yields
) (4 _ 1 ! m—k=1,,(m) ()4
(m) (6t) t
U m—k—1
_ _ 2.1.2
(m—k—l)!/o(t s) ds ( )
(m) (6t) t gm—k
= W g gymek| Y )
= T
for0<t<T,0<0<1,k=0,1,...,m— 1. Consequently,
(m)(0)
c o k—m, (B) (1) — ) gy — (0) - —
%g%t u'™(t) (m_k)!%g%u (6t) =) E=0,1,...,m—1,
thus finite limits lim;_,o t*u®)(¢) for k = 0,1,...,m — 1 exist and we have that
{fueC™|u0)=...=u™D0) =0} cC™™.

Hence, (2.1.1) holds.
For m > 1, it holds that C™ is representable as a direct sum
C"=C"™" & Pp_1, (2.1.3)

where C™™ is defined by (2.1.1) and P,,—1 is the space of all polynomials with
degree less than or equal to m — 1.

Indeed, let

= uh(0) m
(Mpqu)(t) = Y — ' 0<t<T, weC (2.1.4)

k=0

be the Taylor projector in C"™. For v € C™, we have that u — II,,_;u satisfies
(u—p_1w)®0)=0, k=0,1,...,m—1,
hence u — IL,_qu € C™™ and

C" = (I — Hm,l)(]m eI, C"=C"™" & Pp_1, m>1.

13



2.1. Notations

Moreover, for u € C"™™, we have (see (2.1.2))

fulcmn = max swp 4 uP()] < max ™ e < flulen

on the other hand,

lullem = max - max " FE " ()] < max{1, 7 ulemn.

Thus on the subspace C™™ the norms of C""™ and C™ are equivalent and actually
concur if T' < 1.

By H™* = H™“[0,T], m € No, a € [0,00), we denote the class of functions
a € C™ satisfying

a™(t) — a(m)(O)‘ < 0<t<T. (2.1.5)

By L'(0,1), we denote the Banach space consisting of functions ¢ : (0,1) — R
such that

1
'“’“1_/0 ()] < co.

By L'7(0,1), » € R, we denote the weighted Banach space consisting of functions
¢ :(0,1) — R such that

1
ol = / 2 p(x)|d < oo.

Note that, L10(0,1) = L1(0,1).

Let X and Y be Banach spaces. The notation £(X,Y") stands for the space of
linear bounded operators from X to Y, and £(X) = L(X, X). By pgx)(V) we
denote the resolvent set of operator V' € L(X), and by a,(x)(V) = C\ pgx)(V)
its spectrum. In the cases X = C™ and X = C™" we use abbreviated notations

om(V) = ariemy(V), pm(V) = priemy (V) for Ve L(C™), m € No;
Omr (V) = 0riemny(V), pmar(V) = promry(V) for Ve LIC™"), m € Ng, r € R.

By M“, a € R, we denote the multiplication operator:

(M°u)(t) = t*u(t), 0<t<T, weC (orueC™). (2.1.6)

The notations I" and B stand for the gamma function and beta function re-
spectively. The Euler Gamma function I' is defined by the integral

I'(z) :/ e '*7ldt, zeC, Rez > 0.
0

14



2.1. Notations

The Euler beta function B is defined by the integral
1
B(x,y) = / t* 11 —t)»"dt, z,y € C, Rex >0, Rey > 0. (2.1.7)
0

It holds (see e.g. [30])

I'()l'(y)

Blz.y) = Lz +y)

(2.1.8)

We end this section with the proof of the following result which we require later
in our discussions.

Proposition 2.1.1. Let f be two times continuously differentiable and absolutely
integrable on (0,00), i.e. f € C?(0,00)NLY(0,00). If f"(u) >0, 0 < u < 0o, then

/f(u) cos(yu)du >0 Vy e R\ {0}. (2.1.9)

Proof. Tt is sufficient to prove (2.1.9) for y = 1; for an arbitrary y > 0 statement
(2.1.9) follows by a suitable change of variables and for y < 0 due to the evenness
of function cos(yu). So let y = 1. We have

00 o 2(k+1)w
/f cos(u)du = Z /f(u) cos(u)du. (2.1.10)
0 k=0 okx
Now,
2(k+1)m (2k+1)m 2(k+1)m
f(u)cos(u)du = | f(u)cos(u)du+ [ f(u)cos(u
24 24 (2k—l/1)7r
(2k+1)7
= [(7w) = flut ) cosu)du
2km
2k7r+% (2k+1)m
= Jtrw) = s+ mlcostulldu — [ (#6u) =+ m)]costuld
2k 24T
2k7r+%
:/[(f(u) — flu+m)) — (f (u+ g) —f (u+77—|— g))}|cosu|du.
2km

Under our assumptions, we get that

) = f (w4 Z) = =S )G, w € @k, 2k+ 1))

15



2.2.  Fractional differentiation operators

and
Flutm)—f (u+7r n g) - —f/(UQ)g, us € ((2k + 1), 2(k + 1)),
Hence,

[ = f+m) = (1 (wr3) —f (ur7+5))]
= (f/(u2) = f'(w)) 5 = f'@uz —w) 3, TE (wrua).

Since f"(u) > 0,0 < u < 0o and u; < ug we have

2km+5

/[(f(u)—f(u—l-ﬂ))— (f (u—%—%) —f(u—l—ﬁ—i—g))] | cos u|du > 0.
2km

In conclusion, we have shown that every term in the sum on the right side of
(2.1.10) is greater than or equal to 0, hence (2.1.9) holds for y = 1. O

2.2 Fractional differentiation operators

In this section we present definitions and some results from the theory of fractional
differentiation operators. Our treatment is based on articles [39, 40]. A reader
interested in additional works on fractional differentiation operators may consult
for example [8, 17, 30].

In the present thesis the fractional differentiation operator Df, of the order

a € ]0,00), is defined as the inverse of the Riemann-Liouville 1ntegral operator J¢
on JYC, i.e.

Dg = (JY a>o. (2.2.1)

The Riemann-Liouville fractional integral operator J* is given by

(J%u)(t) = r(la) /Ot(t —8)* tu(s)ds, ueC, t>0,a>0; J'=1I. (222)

For o« = m € N, the operator D{* is the restriction of D™ to the subspace C™™.
It is known (see e.g. [8]): if & > 0, 8 > 0, then

(J“Jﬁu) (t) = (JO‘JFﬁu) (t) = I‘(al+,8) /Ot(t — 5)*P Ly (s)ds

where 0 < t < T, u € C. Consequently, also

D§DY = DYt for a >0, f>0 (2.2.3)

16



2.2.  Fractional differentiation operators

and
D§JP =JPFfora < B, a>0, 5>0. (2.2.4)

Property (2.2.3) is important in theoretical considerations and it does not hold for
Riemann-Liouville and Caputo fractional differentiation operators.

The Riemann-Liouville fractional differentiation operator D§ ; of order a > 0,
m<a<m-+1, me Ny, is determined by the formula (see e.g. [8, 30])

D& ;u = D™ gmt=ey brovided that J™ % € €™ we 0™ (2.2.5)
For a >0, m < a <m+ 1, m € Ny, it holds (see [39, 40])
D§u = D™ g™ =%, for u € C such that J™H1~% ¢ cmTLm+l (2.26)

This can be considered as a definition equivalent to (2.2.1).

Note, that the difference between (2.2.6) and (2.2.5) is that in (2.2.5) it is as-
sumed that J" 1=y € C™ ! instead of J™ 1~y € C™H1m+lin (2.2.6). Hence a
Dg-differentiable function w is also Dg ; -differentiable and Dgu = Dg ; u. Propo-
sition 2.2.1 below shows that the inverse is also true for functions v € C™. For
u € CF, k < m, the situation is more complicated [40].

Proposition 2.2.1 (See [39, 40]). Form < a < m+1, m € Ny, a functionu € C™
s Dy | -differentiable if and only if u is D -differentiable. Besides D | v = Dfu.

Proof. We represent the proof given in [40]. Let v € C™ be Dg | -differentiable, i.e.
Jmtl=ay € C™FL (see (2.2.5)). We have to establish that Jm =% ¢ omtLmtl
e (JrHl=o)®)(0) =0, k = 0,1,...,m; then J™H1—% e C™+1 ™+ and accord-
ing to (2.2.6) the function u is D§-differentiable. It holds

m — ) (JmHay, = t — 5)"%y(s)ds = tsm_au — s)ds
P(m +1— a)(J™1=2u) (1) /Ooe Y™ =au(s)d /0 (t - 5)ds,

where 0 < t < T. Clearly, (J!=%)(0) = 0. For m > 1, u € C! the last integral
admits to differentiation, and we obtain

t
D(m 41— a)(J™ %) (1) = u(0)t™ —I—/ s (t—s)ds, 0<t<T.
0

The function "~ has a singularity at ¢ = 0, whereas the integral term belongs to
C. Since (J™H1=2%)" € C by definition, we conclude that 1(0) = 0 and

t
D(m+1—a)(JJ™ ) (t) = / s (t—s)ds, 0<t<T.
0

17



2.83. Cordial Volterra integral operators

If m > 2, we can repeat the argument with differentiation. We obtain recursively
that u*~1(0) =0, k =1,2,...,m, and

t ¢

L(m 41— a)(J™ )R (1) = / s R (t — s)ds = / (t — )™ u®) (5)ds
0 0

for0 <t <T,k=0,1,...,m We conclude that (J™1~24)(0) = 0 holds for

k=0,1,...,m. 0

The Caputo fractional differentiation operator Dgap of order o > 0, where
m < a<m+1, mée Ny, is defined by (see e.g. [8])

D pu = DL (4 — T u). (2.2.7)

Here u € C™ is such that J™H=%(y — I,,u) € C™*! with II,, determined by

(2.1.4). For u € O™, this is equivalent to D, u = J™ 1= D™y (c.f. 22, 30]).

Proposition 2.2.2 (See [39, 40]). A function u € C™ has the Caputo fractional
derivative D, u € C,m<a<m+1l, mée Ny, if and only if u — Il,,u has the
fractional derivative D§(u — Ilu) € C. Besides D@, u = D (u — pu).

Proof. We represent the proof given in [40]. For m < o < m + 1, conditions
uwe ™, u®)(0)=0,k=0,1,...,m, imply that,
(JmH=ey)(0) =0, k=0,1,...,m.

Therefore the presumption J™ 1= (y — IT,,u) € C™*! (see (2.2.7)) is equivalent
to JHI=(y — TLu) € C™ L™ Thus DY (u — I,u) is well defined by (2.2.6),
and (2.2.7) can be continued as follows:

D¢, u= D™= (y — Tu) = D (u — Hppu).

2.3 Cordial Volterra integral operators

In this section we introduce definitions and some required results from the theory
of cordial Volterra integral operators (see [34, 35, 37]).

The cordial Volterra integral operator V,, with a core ¢ € L(0,1) is defined by

(Vou) (t) = /Ot %4,0 (;) u(s)ds = /01 o(x)u(te)de, 0<t<T, ueC. (2.3.1)

Denote

1
P = /O 2 p(x)dx (2.3.2)
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2.83. Cordial Volterra integral operators

for such A € C where the integral converges. From the second form of (2.3.1), it
follows that

Vowy = §(\)wy, where wy(t) =, 0 <t <T. (2.3.3)

By differentiating the second form of (2.3.1) we have

1
(Vou)™(t) = / ()2 u™ (tx)de, 0<t<T, ueC™ m=>0. (2.3.4)
0

In particular,

(Vou)™ (0) = 3(m)u™(0), we ™, m>0. (2.3.5)
We also get
m 1
mpy - N~ mei) / i) i<
(aVu) ™ (t) Zi!(m—i)!a (t) i o(x)a'u (tz)dz, 0 <t < T, (2.3.6)

i=
for a,u € C™, m > 0.

Denote
(Mau)(t) = a(t)u(t), 0<t<T, a,uecC™, m>0.

Theorem 2.3.1 (See [34, 35]). For ¢ € L'(0,1), a € C™, m > 0, it holds that
Vios VoMo, MV, € L(C™) and

o0(Vy,) ={0}U{®(\) |ReA >0}, (2.3.7)
om (V) ={0}U{@(\) [ReA>m}U{p(j)|j=0,1,...,m — 1} for m>1, (2.3.8)
om (VM) =a(0)0y, (V) = om(M,V,) for m>0. (2.3.9)

Moreover, [V, llciey = Il and [VoMallzey < llallolell with

1
el :/0 [p(@)ldz,  [lalleo = max |a(t)].

0<t<T

If a(0) = 0, then operators V,M,, M,V, € L(C™) are compact and it holds
om(VoM,) = om(M,V,) = {0}.

Theorem 2.3.2 (See [37]). Assume that ¢ € L'7(0,1), a € C™, m >0, r € R.
Then Vg, VoMy, MV, € L(C™T) and

Gmr (Vo) = {0} U{B(N) | Red = 1}, (2.3.10)
Um,T(V@Ma) = a(O)Um,r(Vw) = Um,r(MaV¢), (2.3.11)

also (2.3.4), (2.3.5) and (2.3.6) hold true for uw € C™". If a(0) = 0, then operators
VioMy, MV, € L(C™T) are compact and op,,»(VoMa) = omr(MaV,) = {0}.
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2.4. Fredholm type operators

Proposition 2.3.1 (See [34]). For ¢ € L'(0,1), u & 0o(V,,) it holds
(= Vo) = u T4V
where 1 € L'(0,1) is uniquely determined by p and .

Proposition 2.3.2 (See [34]). For ¢ € L'(0,1), p € 00(V,), u # $(0), the set
(ul = V,)C is dense in C. For p = §(0), the functions f € (ul — V,)C satisfy
f(0) =0, hence the set (p(0)I —V,)C is not dense in C'.

Proposition 2.3.3 (See [34]). For ¢ € L'(0,1), the operator
ul =V, :C—C
has the right hand inverse if and only if

p—(g) # 0 for any § € R;

further, I —V, : C — C has the (two side) inverse if and only if, in addition,
arg[u — p(i€)]g2 o = 0.
For a > 0 and u € C it holds that

(Jou)(t) = Fi;) /Oti (1- ;)(H w(s)ds, 0<t<T,

hence M~*J% with M~ given by (2.1.6) is for any o > 0 a cordial Volterra
integral operator with the core

p(z) = F(la)(l —z)* L e LY(0,1).

2.4 Fredholm type operators

In this section we recall the definition and some results from the theory of Fredholm
operators of index k € Z in a Banach space (see e.g. [32]).

Definition 2.4.1. For a Banach space X, an operator A € £(X) is called Fredholm
(or, Noether) if its null-space N(A) := {u € X | Au = 0} is finite dimensional,
and its range R(A) = AX is closed and of a finite codimension in X; the integer
dimN(A) — codim R(A) is called index of A. By ®,(X) we denote the class of
Fredholm operators of index k € Z.

Here, codimR(A4) = dim(X/R(A)) and X/R(A) is the factor space of X over
R(A).
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2.5.  Finite part of a divergent integral

Proposition 2.4.1 (See e.g. [32]). For A € L(X) the following conditions are
equivalent:

a) Ae q’o(X),

b) A admits a representation A = B+ K where B € L(X) possesses the inverse
Bl e L(X) and K € L(X) is compact.

Corollary 2.4.1. Let ul — A € &¢(X) for a p € C. If N(ul — A) = {0} then
1€ prx)(4).

Corollary 2.4.2. Suppose that ul — A ¢ ®o(X) for a p € C. Then p € op(x)(A).

Corollary 2.4.3. The set ®o(X) is open in L(X).

The following proposition is a simple consequence of Definition 2.4.1.

Proposition 2.4.2. Let X be representable as a direct sum X = Xo @ X1, where
Xo and X, are closed subspaces of X. Let A € L(X) be such that AXy C X,
AXy C Xq. Then U,C(X)(A) = ULZ(XO)(AO)UU,L‘(Xl)(Al)a where Ay = A|Xo S ﬁ(Xo)
is the restriction of A onto X and Ay = A|x, € L(X1) is the restriction of A onto
X1. Furthermore, A € ®.(X) if and only if Ay € ®,(Xy), provided that X is
finite dimensional.

2.5 Finite part of a divergent integral

In this section we present some definitions and results from the theory of divergent
integrals (see e.g. [41, 42])

Consider an integral
b
| stwretwas (25.1)

which may be divergent due to a singularity of g(y)v(y) at y = 0. Here g is
continuous on (0, b] and satisfies the inequality

g <cly[™, n=1, peR,
whereas v € C™71[0,b) N L1(0,b) (m € N) satisfies the conditions
WMD) — o™ D) <y, 0<y<b 0<a<l, m+a>pu

Let gj(y) be an anti-derivative of function y/g(y), j = 0,1,...,m — 1. The
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2.5.  Finite part of a divergent integral

Hadamard finite part of integral (2.5.1) can be defined as (see e.g. [41])

b
f-p-/o g(y)v(y)dy

b m—1 1 m—1 ] b
v/ (0 j vl j
:/O 9(y) [v(y)— 2 )y ]d + 2 .(, )fp-/o Y9y (959
m—1

where g,(0) = g;(0) if the finite limit g;(0) = lim,,0 g;(y) exists and otherwise
g;(0) = 0.

Consider an integral
T
/ at)t>"ldt (0 < T < o0) (2.5.3)
0

depending on A € C, under assumptions
a€e H" meNy, 0<a<l. (2.5.4)

For ReA < 0 integral (2.5.3) converges; for ReX > 0 it generally diverges.

For A € C with Re\ < m + « the finite part of (2.5.3) is defined in terms of
Taylor expansions (see [42]): if A € C\ Ny, then

(2.5.5)

These definitions have two crucial consequences (see [42]). Firstly, the finite part
integral defined by (2.5.5) is the analytic continuation of integral (2.5.3) from
ReX < 0 into

{Ae C\ Ny |ReA <m + a}.

22



2.5.  Finite part of a divergent integral

Secondly, for A =1 € Ny, it holds
T d T
f.p./ a(t)t7ldt = lim — [()\ =1 f.p./ a(t)t_)‘_ldt] .
0 A=l d) 0
XgNo
For the change of variables t = g(p) with
g€ H™0,T.), ¢(0)=0, g(T.)=T, ¢(p)>0, 0<p<T. (256)

the following result holds (see [42]).

Theorem 2.5.1. Assume that (2.5.4) and (2.5.6) hold. Then for ReA < m + a,

T Ty
f.p./ a(t)t_’\_ldt:f.p./ ax(p, N p N Ldp + L (N),
0 0

where
—A—1
ax(p, A) = a(g(p)) (“Q(pp)) g'(p)
and 0, reC \ Np,
IL(\) = 10 [0\
{ ~5ax (ap> a.(p, )‘ oy A=lEN.
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Chapter 3

Equation with main term DyM“

In this chapter, we study the unique solvability of a singular fractional differential
equation of the form

l
(DgM*u)(t) = > b (t)(Dy* M u)(t) + f(t), 0<t<T, (1.1.3)
k=1

where f € C™, a, o, € R and
m<a<m+l, a>ar>0, beC™ k=12,...,1, meNy (1.1.4)

Our approach is based on ideas and results of [24].

In Section 3.1 we first consider a simplified version of equation (1.1.3) with
constant coefficients and prove Theorem 3.1.1 about the unique solvability in C™
of this type of equation. To consider equations (1.1.3) we formulate an auxiliary
result, Lemma 3.1.1. In Theorem 3.1.2 we give the unique solvability conditions
for equations (1.1.3) under assumptions (1.1.4). We conclude Section 3.1 with
two simple examples (Examples 3.1.1 and 3.1.2) of equations that have the form
(1.1.3).

Section 3.2 is dedicated to the proof of Lemma 3.1.1.

3.1 The main results for equation with main term D§M*

Our aim is analyze the unique solvability of (1.1.3) in C" under conditions (1.1.4).
To this end we start off by considering the simplified version of equation (1.1.3)
with constant coefficients:

l
(DgMu)(t) =Y br(0)(DF* M u)(t) + f(t), 0<t<T. (3.1.1)
k=1
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3.1. The main results for equation with main term DFM<

Here a,ap € R, f € C™ and
m<a<m+1l, a>a,>0, k=1,2,...,1, méENy. (3.1.2)
We make in (3.1.1) the change of variables v = D M®u, i.e.
u= (D§M*) v = M~ J%,
obtaining with respect to v the equation

l
v="> b(0)[DY* M*][M~*Jv + f. (3.1.3)
k=1

Note that for any v € C and k = 1,2,...,[, function M~*J%v belongs to the
domain of operator Dy* M, or to the range of (Dg*M)~t = M~ J% je.,
there exists a w € C such that

M= J% = M™% J%q, (3.1.4)

Namely, we claim below that the last equality holds for w = Vwayakv, where V,,
is a cordial Volterra integral operator with the core

1
Paon (T) = m

o,

(1 —z)* g o, € LH0,1). (3.1.5)

In other words, we claim that there holds the equality of cordial Volterra integral
operators:

Mg = [M* ]V, (3.1.6)

The three cordial Volterra integral operators M~*J%, M™% J% and Vg, , in
(3.1.6) are well-defined and bounded in C, hence (3.1.6) holds if

M= J%w, = [M™*J**|Vy, . wn, Vn €Ny, (3.1.7)

where wy,(t) =", 0 <t <T. By (2.2.2), (2.1.7) and (2.1.8), we have

(M~ J%wy,)(t) = Ft(_:) /Ot(t —5)"ls"ds = Ft&) /Oti (1 - ;)a_l G)nd‘s

tn /1 . 1
= (1 —2)* " 2"de = ——B(a,n + Dwy(t)
() Jo I(a)
I'(n+1)
= ———wy(t), 0<t<T, No.
F(a+n+l)w() e o
(3.1.8)
Similarly,
- I'(n+1)
Mk Johgy, = —— T gy, 1
T = r Y (3.19)
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3.1. The main results for equation with main term DFM<

According to (2.3.3),
VWa,ak Wy, = ooy, (N)Wn,

where Qg q, is defined by (see (2.3.2)):

1
(’50670%()‘) :/0 ;L‘/\<pa7ak(1:)dx.

Due to (3.1.5), we get

1 1
~ = - 1_ a—ap—1 ak—f-)\d
e F(a_ak)/o o ' i (3.1.10)
1 T(ak+A+1) o
= ———B(a- A+1)=—FL—""_~
Tla—ap 2@~k + A+ = To757y
for Re\ > —ay — 1, consequently,
Mo +n+1
Vg o, Wn = I‘(@f—l—n—l—l))wn n € No. (3.1.11)

Putting together (3.1.8), (3.1.9) and (3.1.11), we arrive at

_ F'n+1) T(agp+n+1)
M~ JO% =
[ T Veaa Mlag+n+1) T(a+n+1)
_ I'(n+1)
- T(a+n+1)

n
wy, = M~*J%w,, Vn e Np.

Hence, we see that (3.1.7), (3.1.6) and (3.1.4) hold.

We can now rewrite equation (3.1.3) in the form of a cordial Volterra integral
equation

v=Y bp(0)Vp,, v+ f.

Under conditions (3.1.2), we have that ¢aq, € L'(0,1), thus the spectrum of
operator 2221 b (0)Vip.a, can be characterized by Theorem 2.3.1 and (3.1.10) as
follows:

l l
o0 (Z bk(ow@a,ak> ={0}u {Z b (0) oy (A) | ReA > o}
k=1 k=1

B : Mg +A+1)
={0}u {;bk(o)w | ReA > 0

(3.1.12)
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3.1. The main results for equation with main term DFM<

and

! !
om<2bk(0) %ak> {O}U{Zbk )Pavsars (¢ |q_o,1,...,m_1}
k=1 k=1
{Zbk )Pa,ay (A |Re/\>m}

!

Ik +q+1)

={0} U be(0 7|q:0,1,...,m—1
{0} {; Mla+qg+1)

Tlap+A+1)
_ > > 1.
{E b (0 +/\+1)Re)\_m}, m >

(3.1.13)

The following result is a consequence of (3.1.12) and (3.1.13).

Theorem 3.1.1. Let o, o € R, and conditions (3.1.2) hold. Equation (3.1.3) has
a unique solution v € C for any f € C, ie. 1 & oy <Z§€:1 bk(O)V%’ak), if and
only if

l

A
S i M#l,VAGCwithRe)\ZO.
P Fa+A+1)

1
Equation (3.1. 3) has a unique solution v € C™ for any f € C™, m > 1, i.e

1o, (Zk 1 bk (0) %ak)’ if and only if

r 1
SobO S Ly m

— Tla+qg+1)

and l
S bk M#LVAECwithReAzm.
= Fla+A+1)

Having found the solution v € C' (v € C™) of equation (3.1.3), the solution of
equation (3.1.1) has the form v = M ~“J%.

To study the unique solvability of the singular fractional differential equation
(1.1.3) with conditions (1.1.4), we prove (see Section 3.2) the following result.

Lemma 3.1.1. Under conditions b, € C™, m >0, k=1,2,...,1, it holds that

Om <Zka% ak) = Om (Zbk Soa ak) 5
where Yoo, s defined by (3.1.5).
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3.1. The main results for equation with main term DFM<

Similarly as for equation (3.1.1), equation (1.1.3) can be rewritten as

l

v=> WV, v+ ], (3.1.14)
k=1

where v = DgM®u is the unknown and Vi, , is the cordial integral operator with
core Qq.q, defined by (3.1.5). We can now formulate our main result for equation
(1.1.3).

Theorem 3.1.2. Let o, € R, and (1.1.4) hold. For any f € C, equation
(3.1.14) has a unique solution v € C (hence also equation (1.1.3) has a unique

solution u = M~*J € C) if and only if 1 &€ oy <Z§C:1 bk(O)V%,ak), i.e.

Flag +X+1) .
bi(0)——=——= £ 1, VA € C with ReX > 0.
kZ:lk()F(a+)\+1)#7 € C with Re\ >

For any f € C™, m > 1, equation (3.1.14) has a unique solution v € C™ (hence
also equation (1.1.3) has a unique solution u = M~*J% € C™) if and only if

1¢ o (zgzl bk(O)V@a’ak), ie.

F(ak+q+1)
bp(0)—k T s =01, m—1,
;k()l“(a+q+1) 7L

and

Flag +A+1) .
bp(0)—=————-> 41, VA € C with Re\ > m.
kZ:lk()F(a+)\+1)7é, e C wi ex>m

Proof. The claims of Theorem 3.1.2 regarding the solution v of (3.1.14) are direct
consequences of Lemma 3.1.1 and (3.1.12), (3.1.13). Furthermore, M~*J% is a
cordial Volterra integral operator and thus according to Theorem 2.3.1, v € C™,
m € Np, implies u = M~*J% € C™; recall that M ~“J%v belongs to the domain
of Dg* M and uw = M~*J%v really satisfies (1.1.3). Theorem 3.1.2 is proved. [I

Let us remember that according to Propositions 2.2.1 and 2.2.2 we have that,
form <a<m+1, mée Ny,

D yu= Dgu, Dg,,u=Dg(u—ILu), uel™.
Foru e C™ m<a<m+1, mée Ny, it holds M*u € C™, II,,, M*u = 0, hence

Dy 1. (M®u) = D§(M®u) = D&y, (M u).
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3.1. The main results for equation with main term DFM<

Also, for u € C™ my < ap < mp+ 1, mp € No, £ = 1,2,...,1, it holds that
My € C"* | I, M*u = 0, hence

Dty (M) = D3* (M*u) = Dk, (M),

Thus, for u € C™, equation (1.1.3) with (1.1.4) is equivalent to the equation which

we obtain from (1.1.3) replacing D, Dy* either by Dg | , DRk or by D Dgap,

where k£ = 1,2,...,1, consequently our results remain to be true also in the case
with Riemann-Liouville or Caputo fractional derivatives.

To illustrate the results of Theorem 3.1.2, we end this section by presenting
two simple examples of equations of the form (1.1.3).

Example 3.1.1. Consider the equation
DEfMYu=bu+f, m<a<m+1l, b feC™ meN,. (3.1.15)

By Theorem 3.1.2, equation (3.1.15) has a unique solution v € C for any f € C' if
and only if 1 & o (b(O)V%,O), ie.

T\ +a+1)

- o > .
b(0) # Tt VA € C with ReX > 0;

for real (0) and « belonging to (0, 1], i.e. m = 0, this condition, or the condition
1 & 00 (b(0)Vyp,,), takes the form

b(0) < T'(a + 1),

since

00 (Vo) NR = [0, 1“(al+1)] : (3.1.16)

To prove the last equality, we first note that the curve @n o(ip), p € R (see (3.1.10)),
encloses the spectrum oy (V%YO) and

oo (V¢a,0) NR = [07 @a,O(O)] .

We show
00 (Vo) C{X € C|Rex > 0}

by establishing that Re(@a,0(ip)) > 0, p € R, where (see (3.1.10))

1 CY
Re(%a,0(ip)) I‘(a/ "Re(2*)dx
L [ (plnz)d
F @ 2)* L cos(pln x)dz
F(a/ (1—e™ “7167” cos(pu)du, p € R.
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3.1. The main results for equation with main term DFM<

For p =0, we have

Denote
fluy=1-e e ™ 0<u<oo.

According to Proposition 2.1.1, for Re(@a,0(ip)) > 0, p € R\ {0} to hold, it is
sufficient that f”(u) >0, 0 < u < oo. For 0 < u < 0o, we have

fllu)=e (1 —e ) 2(ae™ ~ 1)
and
f'(u) =e (1 —e )31+ (1 — 3a)e™™ + a?e™ ).

Obviously, e (1 — e™%)*™3 > 0, 0 < u < oo, hence for f"(u) >0, 0 < u < oo to
hold, we have to check that

gla,u) =1+ (1-3a)e " +a%e>0,0<a<1, 0<u<oo.
It holds
9g(a, u)
Oa

Also g(0,u) = 1+e™* >0 and g(1,u) = (1 —e™)? > 0 for 0 < u < oo, hence
gla,u) >0, for0 <a<1,0<u< oco.

3
=3¢ "4+ 2ae <0 fora< 56“.

Consequently, we have shown that, for 0 < o < 1, we have Re(@q0(ip)) > 0,
p € R, and thus (3.1.16) holds.

By Theorem 3.1.2, equation (3.1.15) has a unique solution u € C™ for any
feC™ m>1,ifand only if 1 & oy, (b(O)Vime), ie.

T 1
and T(\ 1)
+ o+
b _— - A ith ReX > m.
(0) # TS VYA € C with ReA > m

Example 3.1.2. Equations
t'(t) = a(t)u(t) + f(t), 0<t<T
and

(tu(t)) = b(t)u(t) + f(t), 0<t<T (3.1.17)

30



3.2.  Proof of Lemma 3.1.1

where b(t) = a(t) + 1, 0 < ¢t < T, are equivalent. Thus, according to [38], if
Reb(0) < 1, (3.1.18)
then equation (3.1.17) has for any f € C a unique solution in C. Additionally, if
b € C is such that a finite limit
L b(E) — b(0)
t—0 th
exists for a 8 > 0, then condition (3.1.18) is also necessary for the unique solution
of (3.1.17) in C for all f € C.
According to Theorem 3.1.2, equation
D§(t%u(t)) =bt)u(t) + f(t), 0<t<T,0<a<l (3.1.19)

(equation (3.1.15) for 0 < v < 1) has for any f € C a unique solution in C if and

only if

'A+a+1)

b(0) # ————F—
0)# F'(A+1)

As o — 1, the last condition takes the form

b(0) #A+1 for any A € C with ReA > 0,

for any A € C with ReX > 0.

i.e.
Reb(0) < 1.

Note that, the necessary and sufficient conditions for the unique solvability in C,
of equation (3.1.17) and equation (3.1.19) as o — 1, are close to one another but
do not fully coincide.

3.2 Proof of Lemma 3.1.1

To prove Lemma 3.1.1, we show that for by € C™, k = 1,2,...,]l and m > 0 the
following relations hold:

l l
Pm (Z bk(o)vw%> C pm (Z bkv%y%> , (3.2.1)
k=1

k=1
l l

Om (Z bk(O)V%’ak> Com (Z bkv@a,ak> . (3.2.2)
k=1 k=1

The proof of (3.2.1) and (3.2.2) is presented in six parts. In part a) we show that
(3.2.1) holds for m = 0 under stricter conditions (44, € C1[0,1], and by € C! for
k=1,2,...,1. Part b) is dedicated to extending the results from part a) to m = 0,
Yaar € LY0,1) and by € C, k = 1,2,...,1. With part c) the inclusion (3.2.1)
is proved for m > 1. Part d) shows that (3.2.2) holds for m = 0 and prepares
the proof for m > 1, the last two parts e) and f) complete the proof of (3.2.2) for
m > 1.
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3.2.  Proof of Lemma 3.1.1

Part a)

Let m = 0, a0, € CY0,1], and by € C! for k = 1,2,...,l. We show that
e po <Z§C:1 bk(O)V%,ak), W€ oy (Zi:l kawa,ak) leads to a contradiction, i.e.
relation (3.2.1) holds for m = 0.

According to (3.1.12), we have that 0 € og (Zfﬁl bk(O)V%v%), hence we may
assume that p # 0. Now,

l

l l
pl = 0k o =1l =3 (0 o + > [0 — bi(0)]Vip, ., -
k=1 k=1 k=1

By Theorem 2.3.1, we have that operator
l
> ok = be(0)]Vy,,, 1 C = C
k=1

is compact. Since pu € pg (Zﬁczl bk(O)V%’ak), we get that ul — 22:1 b (0) Vo, a,,
is invertible in C'. Hence, by Proposition 2.4.1, we have

l

pI = bV, .. € Bo(C).
k=1

Now, based upon Corollary 2.4.1, u € oy (Zﬁczl bV, a’%) is the eigenvalue of

Let ug € C, ||uo|lec = 1, be the corresponding eigenfunc-

l
(,u[ -3 ka%,ak) up = 0

k=1

operator 22:1 bkVeu,a, -
tion:

or

-1 .
(u[ Z bk @a “k) (Z bk — bk @a ak> up-
k=1

Since, by Proposition 2.3.1,

-1
(ul Zbk %%> = p ' 4 Vy with a ¢ € L1(0,1),

it holds

l
ug = 1] + V¢ (Z by — bk <Pa ak) uQ. (3.2.3)
k=1
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We assumed that b, € C! for k = 1,2,...,1, consequently
|be(t) — br(0)] < cpt, k=1,2,....1, 0<t<T, (3.2.4)

with some constants ¢ > 0, k¥ = 1,2,...,1. Using (3.2.3) and (3.2.4), we now
evaluate |ug(t)| step-by-step. The first step is
<t ckllPasanllt < Ctz [oaall1;

I
‘ ((Z[bk - bk‘(O)]VS@a,ak> Uo) ()| <
k=1
=1 k=1

l
oo
k=1
l

[uo (1) < ct(lu™ "+ 19111) D lpaaels

k=1

b 0)| / 1 pmon (1)) [uo(s) s

k:l
l

=

l
< ctlplh Y llpaalh

k=1

with a constant ¢ > 0 independent of ¢ € [0,7]. Let us assume that after the n-th
step we have the estimate |ug(t)| < ¢,t", 0 <t < T, with a constant ¢,. Then
k=1

l
|<<Z[bk_bk(0)]v‘»oa,ak> )
k=1
<ccy tn+1 Z H‘zpa,ak H17

k=1
l
oo
k=1
l

|u0(t)‘<_ Ccntn 1(|N 1| ||¢||1)§ ”(p[otlla ”17
Ok
k_l

l

< Z bk |/iL 1|<Paak 18)|En8nd8

l
< et Mol el

0 <t <T, where
gogl]ak () = paa,(x)z", 0<z <L (3.2.5)

Therefore,
uo(t)] < Cnpat™™, 0<E T,

with a constant

l
Cne1 = el 1010 Y lohih, -
k=1

33



3.2.  Proof of Lemma 3.1.1

Since
(1]

1 1
L A B

we have

celn” D1l Zk 1 oot lloo =

Cn+1 n

4+ ol (Shes ol e)”

= n(n — 1) Cn—1

e (a7 1) (Shes lebanll)”

Cl.

n!

Hence, for n € Ny, 0 <t < T, we get

¢ (7 + )" (Shon lebhlloo) " 7741

C1.

luo(t)] <

n!

Next, we replace n! in the last inequality with the help of Stirling formula

n n
n! ~V2mn (7>
e

and consider the limit process n — oo. We get that ug(t) = 0 for 0 < ¢ < T. This
contradicts the fact that ug € C is an eigenfunction with ||upl|eo = 1.

Part b)

Let m =0, ¢q,q, € L'(0,1) and by € C, k = 1,2,...,1. We begin the discussion
as in part a) and then interpret relation (3.2.3) as follows: the eigenvalue problem

l
Mu= (uH + Vy) (Z[bk - bk(O)W%,ak> u

k=1

with compact operator

l
(:u_ll + Vw) (Z[bk - bk(o)}vlpa,ak>

k=1

has an eigensolution (Ao, ug), Ao = 1, up € C, |luo|leo = 1.
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3.2.  Proof of Lemma 3.1.1

We approximate functions ¢q q, and by by ¢ ,, € C'0,1] and b, € C! s0
that

.o = Paarllt <€ 03(0) = 0r(0), [[bk — billoo <&, B =1,2,....1,

where € > 0 is a given small number. The operator

l

pl = bp(0)Vez, :C —C
k=1

is still invertible and, by Proposition 2.3.1, can be expressed as

1 -1
(uz - Zbk(mwa,%) = T+ Vy, with a 4. € LY(0,1),
k=1

where || — |1 < de, ¢ > 0. We get

l

H(M%)( S IO Vi)~ 7172 i[bi—bﬂomz,%)

k=1 k=1

<de.
£(C)

For a sufficiently small € > 0, the perturbed eigenvalue problem

l
M= (u~ T+ V) (Z[bi - bi(o)]vsoé,ak> u

k=1

has a solution (A, ue), ||uel|oo = 1 such that, A. — 1 as ¢ — 0. Using a similar
discussion as in part a) we get that u. = 0. This is a contradiction since ||t |0 = 1.
Consequently, for m = 0, @a.a, € L1(0,1) and by € C, k = 1,2,...,1, relation
(3.2.1) holds.

Part c)

This part of the proof will show that inclusion (3.2.1) holds for m > 1. Let
" E pm (22:1 bk(O)Vq;a,ak)- We may assume that, pu # 0 since according to

(3.1.12) we have 0 € gg (Zzzl bk(O)V%,ak)- Proposition 2.4.1 yields

1
HL = biVipq o, € Po(C™).
k=1
To prove that u € pp, (Zizl bV, ka), by Corollary 2.4.1, it is sufficient to show

that the homogeneous equation

l

HU = Z bk Vi o), U
k=1
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3.2.  Proof of Lemma 3.1.1

has in C™ only the trivial solution. Let ug € C™ be a solution:

l
Hug = <Z ka%’%> uQ- (3.2.6)

k=1

We first show by induction that

ﬁ%@z& q=0,1,...,m—1. (3.2.7)
Note that, for uy(t) = t*, ReA > 0,
! !
(o +A+1)
br(0)V, = bi(0) =————— . 3.2.8
kz:; 1 (0) Vg, Un ; k( )F(a+>\+1) uy (3.2.8)

For t =0, (3.2.6) takes the form

l

1
p10(0) = w(0) 3 00) | ) (3:2.9)

k=1
If uo(0) # 0, then (3.2.9) can be interpreted as follows: p is an eigenvalue of
Z bk (O)V@(x,ak
k=1

corresponding to the eigenfunction 1 (see (3.2.8)). This contradicts the assumption
i E pm (Zi«:l bk(O)V%?ak). Hence uo(0) = 0. We show that the induction
hypothesis

W0)y=0, j=01,...,n—1,

where n < m — 1, leads to u(()n)(O) = 0. Indeed, from (2.3.6) it follows that

1 m
< (Z ka%?ak> UO> = Z kaSan]a ugn)
k=1 k=1 o
n—1 n! l ( ) )
. n—q (q
+ Z I(n —q)! Zbk V@ﬁ‘,}a Yo
q=0 q q k=1

(3.2.10)

where ap,[i]ak, q=0,1,...,n, is given by the formula (3.2.5). Since uéj)(O) =0 for
j=0,1,...,n—1, we get (see (3.2.6) and (2.3.5))

(n) (n) Zbk / T Qpa,ak(x)d%
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3.2.  Proof of Lemma 3.1.1

Now, u(()n)(O) = 0, since otherwise p would be an eigenvalue of Eﬁc:l b (0) Vo,

corresponding to the eigenfunction ¢™ (see (3.2.8)). This completes the proof of
(3.2.7).

Next, to obtain ug = 0, it is sufficient to show that u(m) =0 (see (3.2.7)). We

know that
1 (m)
puy™ = ((Z bkv%yak> uo> ,
k=1
thus (see (3.2.10))

l l
(ul - ; br(0)V, ) k) ug™ =3 lbe = bu(O)]V, oy uf™

k=1
= ml & meg) ()
. bm*q Vv q )
+ q—zo q'(m — q)! ,; k %ng}akuo

Since we have u € pp, <Z§€:1 bk(O)V%,ak) for m > 1, then, by (2.3.8), we get that

€ po (Zk 1 bk (0 )V (m] > Hence, operator

a()ck
l
pl — Zbkm)v@[m] C = C

a,a
k=1 k

is invertible, and according to Proposition 2.3.1 the inverse has the form

-1
(ul Zbk )V ] ) =p T+ Vy,,, with a iy, € L'(0,1).
Relations (3.2.7) imply that

1 t
u(()Q)(t) = ] / (t— s)qufluém)(s)ds, 0<t<T, ¢g=0,1,...,m—1.

(m—q—1"J,

In conclusion,

up™= (W I+ V)

l (m), K~ M () | (3:211)
X Zbk bk UO +Zm2bk qV[q] GQUO R
k=1 q=0 k=1
where
1 t
(o)) = gy | (=" s g =0k m 1



3.2.  Proof of Lemma 3.1.1

Note that,

()| < ctf, p >0={(Go)(t)| < ert?Pt™ <cotPtL

l
(Z[bk —br(0)]V, Zn(LkU)(t)

k=1

Also, operators 22:1 b,(gm_q) Vw[q] and Vy, . preserve the convergence order of v(t)
o,

for t — 0. Approximating u((]m) (t), with the help of (3.2.11), step-by-step as in
part a), we obtain that u(()m) = 0. Therefore (3.2.1) holds for m > 1.

Part d)

We now turn to the proof of (3.2.2). By (3.1.12) and (3.1.13), the inclusion (3.2.2)
is equivalent to the following inclusions: for m = 0,

l
A+1
{o}u {Zbk m | ReA > 0} C o (Z ka%,%> . (3.2.12)

k=1
form>1,
l
I‘(ak—l—q—l—l)
oty bp(0) =———= =0,1,....m—1
0) {; (O m
? . (3.2.13)
D(lag+A+1)
U bp(0) =——= | ReA > m bV, .
{k_l k( )F(a+)\+1) | € —m}co (; k Soa,ak>

o,

First off all, the fact 0 € oy, (Zk 106V ) for m > 0 follows directly from the

closedness of the spectrum o, <Zk:1 bV, ): in accordance with (3.2.1) the

Pa,ap,

spectrum oy, (2221 bV, a’ak) contains points 22:1 bk(O)% (see (3.1.12)
and (3.1.13)) for arbitrary large A € R and
l

P a+/\+1)

as A — o0, since ai < a.

Next, to establish the inclusions

l l
Dlag +A+1)
_ > >
{E Tlat A1) | ReX > m}Cam(E ka%ak> m >0,

k=1 k=1
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3.2.  Proof of Lemma 3.1.1

it is sufficient to show that
l

l
il = 0u(0)Vo, o, & ®0(C™), Vi =) bi(0)
k=1

k=1

M7 with Re\ > m.
Fla+A+1)

(3.2.14)

Indeed,
!

l
pl =3 Vi oy = 1l =3 0x(0)Vipy o + > [0k = bi(0)]Vip, .,
k=1

k=1
hence, by Proposition 2.4.1, relation (3.2.14) implies that also

l

pI = bV, & Po(C™)
k=1

and thus, by Corollary 2.4.2 we get that

l
WwE om (Z b V. mak) for ReA > m.

k=1

Let us establish (3.2.14) for m = 0. For

l
Dlag+A+1)
o= ;bk NCESwEI ReA > 0,

according to Propositions 2.3.2 and 2.3.3,

(,u Zbk %ak> c=cC

holds and p is an eigenvalue of operator Zk:l bk (0) Vi, o, With eigenfunction tA
in C (see (3.2.8)), so

I
pl = b(0)Vi o, & o(C™).
k=1

For
l

T(ay + Ao + 1)
Ho kzzl £(0) T(atr+1)’ Redo =0,

relation
pol — Z 0%(0) Vi, € P0(C)

cannot hold since otherwise it would also be true for a A with ReA > 0 that is
close to Ag (see Corollary 2.4.3), but this is not the case. Thus (3.2.14), and as a
consequence (3.2.12) and (3.2.2) hold for m = 0.
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3.2.  Proof of Lemma 3.1.1

Part e)
In this part we prove (3.2.14) for m > 1. It holds (see (2.1.3))
cm=cmn 2] ,mela

where C™™ is defined in (2.1.1) and Pp,_1 is the space of all polynomials with
degree equal to or less than m — 1. Our aim is to use Proposition 2.4.2: we show
that C™™ and P,,—1 fulfill the presumptions about X; and X respectively and

l l

pI = 0p(0) Vi, o, & Po(C™™) Vi = bi(0)

k=1 k=1

T(aj + A+ 1)

— 7 with .
NCESES) with ReA > m

In such case, by Proposition 2.4.2

pl = b(0)Vy, .,

belongs to

T(ag+A+1)

ith .
NCESES) with Re\ > m

l
0. (C™), k>0 for = by(0)
k=1

We start our discussion by noting that according to (2.3.4), for any p € C and
u € C™™ it holds that

! (n) 1
((uf - ; bk<0)V¢a,ak> u) = (MI - ;bmomm ) ul

forn=1,2,...,m. Thus

l
(ul -y bk(o)V%,%> cmm c Cmm,
k=1

In accordance with (3.2.8), the inclusion

l
(ul -3 bk<0)vwa,%> Pm-1 C Pm1
k=1
also holds. Furthermore, we claim that for Re\ > m we have

! !
Dlag+A+1)
T — mem. _ (om,m g _
(,u 321 bi(0) V%yak> C =C or every p = kE:1 bk(O)—F(a T 1)

40



3.2.  Proof of Lemma 3.1.1

i.e., that equation

(,u] Z br(0) Ve, %) =v

has for every v € C"™™ and every

F(ak-i-)\-i-l) .
= » by(0)=————— with ReA
u ;k()l“(a—i—)w—l) wi ex>m

a solution w € C"™™. Since operator D™ : C"™ — (' is an isomorphism, the last
statement is equivalent to the following: equation

(,LLI Z bk Qogla ) u=v
has for every v € C' and every

Ozk +)\ + 1)

a solution w € C' (u = u™ 7§ = v(m)). Now, according to Propositions 2.3.2 and

2.3.3, we get
l
(u[ - Zbk(O)VWgL&k) c=C
and

(ul Zbk Vou, k) o = o,

Also, due to (3.2.8), for uy(t) = t*, 0 < t < T, which belongs for ReA > m (also
for A =m) to C™™, we have

l
. . ap+A+1
(,u[ — Z bk(O)V%,ak) uy = 0 if and only if u = Zbk Of-‘r/\—‘rl))

pul — Z bk(0) Vi a, € @u(C™™) with £ > 0 for ReA > m.

For us it is important that

l
pl = bp(0)Vy, ., & Po(C™™) for ReX > m.
k=1
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In conclusion, by Proposition 2.4.2 we get that

belongs to &, (C™), k > 0 for

F(Ozk-l-)\-i-l) .
=Y bp(0)—=——————— with ReA .
,u ;k()f‘(a—i—)\—&—l) wi ex>m

Therefore, for ReA > m, relation (3.2.14) is established. If ReA = m, then a similar
approximation argument as at the end of d) can be applied.

Part f)

To conclude the proof of Lemma 3.1.1, it remains to show that for m > 1,
l
Tlag+qg+1)
b(0) =——— | ¢=0,1,....m—1, C bV, .
{Z’“ TlatqtD) ° " Tm ;k%,ak

Denote

Zbk Lﬁl) ¢g=0,1 m—1
Tlatqgtl) A .

We may assume, that

!
1
Z M\Re)\>m
P a+A+1)

since otherwise it follows from previous discussions that

l
tiq € Om (Z ka%,%> )

k=1

Let us fix a sufficiently small 6 > 0 such that: 1) the ball |x — pq| < 6 does not
contain p; different from p4, j =0,1,...,m — 1 and 2) the intersection of

Ozk-i-)\-f—l)
§ \TRTAT ) >
{ bi (0 CESYE) Re)\_m}

and the ball |p — p4| < ¢ is empty. Note that, under our assumptions, the sphere
|ft— 1q| = 0 is contained in py, (Zic:l bk(O)V%,QJ and as a consequence of (3.2.1)

also in pp, (Zk 106V, %) .
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Let Vj be an operator depending on parameter 6 € [0, 1] defined by

l l
V9 =0 0V, +(1=0)D be(0)V,, €LC™), 0<0<1.
k=1 k=1

Obviously,
1 l

VY =Y 0k(0)Vpy., and Vi =) bV, ., -
k=1 k=1

The inclusion (3.2.1) for operator Vg implies that the sphere |pu — p4| = 0 is in
pm (V) for 0 <60 < 1.

Furthermore, the Riesz projector defined for Vg by (see [10])

o

e (pI = V) tdpeLc™), 0<0<1,

2mi |p—piq|=6

projects the space C™ onto an invariant subspace of operator Vg corresponding to
its spectrum part in the ball | — p4] < 6. Since, by assumptions 1) and 2) above,
the only possible point from this spectrum part in ball [ — pg| < 6 is pg, we have
that pg € Jm(Vg) if and only if Pqe # 0.

The operator Vg , 0 <0 <1, is continuously dependent on parameter 6 on the
sphere | — pq| = 0, therefore there exists a constant cs, such that

0 = V2 leomy < cs. for ln—pgl =5, 0<6<1.
Since A™! — B™1 = A7}(B — A)B™1, there exists a constant ¢} such that
1PY — PY|| comy < 30|V — Vil |l g(omy < 510 — 0|

for0<9 <6 <1.

Consider the gap [18, 16] between subspaces X¢ = Ple and X9 = P(f'X of
X=0m

gap(X?, X?') := max sup inf |ju—ov|x, sup inf ||u—ov|x
ue X0 Jul x=1veX? ueX? [luf x=1€X’

< max sup ||P(fu—Pqe/u||X, sup ||qulu—Pq‘9u||X
we X, |lul|x=1 u€X,|Jullx=1
0 0’
< ||Pq - Pq ||£(X)
<&O—-01—0 as|0—-6]—-0,0<0<6 <1.

It is known [16] that for a Banach space X and its closed subspaces X1, X5 the in-
equality gap(X1, X3) < 1 implies that dim X; = dim X5. Thus dim X¢ = dim X’
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3.2.  Proof of Lemma 3.1.1

for 6,6 € [0,1] such that ¢§|6@ — ¢'| < 1, hence also for all 6,0" € [0,1]. As pq is
an eigenvalue of operator 22:1 bx(0)V, then dim(Pqu’m) > 1. Consequently,

Pa,ay?

qu # 0 for every 6 € [0, 1], in particular for 6 = 1, i.e.

l
fig € Om (Z ka%,ak> .

k=1

With parts d), e) and f) we have shown that (3.2.2) holds for m > 1. This
concludes the proof of Lemma 3.1.1.
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Chapter 4

Equation with main term M p Dg

In this chapter, our main goal is to analyze the unique solvability of a singular
fractional differential equation of the form

l
(MPDgu)(t) =" ar(t)(MPDgru)(t) + f(1), 0<t<T, (1.1.2)
k=1

where 5,8 € R, f € C™ and

m<B<m+1l, B>06,>0, a,eC™ k=12,...,1, meNy. (1.1.5)

In Subsection 4.1.1 we first consider a simplified version of equation (1.1.2)
with constant coefficients. As we explain in more detail later, we have to consider
the cases 0 < 8 < 1 and 8 > 1 separately. For case 0 < § < 1, we prove Theorem
4.1.1. The case § > 1 is more complicated, we first have to extend the fractional
differentiation operators Dg and Dg ¥ and our cordial Volterra integral operators to
the space C"™ and then prove Theorem 4.1.2 for the extended operators. Subsection
4.1.2 is devoted to equation (1.1.2) with possibly non-constant coefficients. We first
formulate and prove an auxiliary result, Lemma 4.1.2. In Theorem 4.1.4 we give the
unique solvability conditions for equation (1.1.2) in C™, m > 1, under conditions
(1.1.5).

Section 4.2 is dedicated to analyzing equations which we obtain from (1.1.2)
replacing Dy, D{* either by Dpy |, Dt or by D¢, , DZ: . where k= 1,2, 1.
Our treatment is based on Propositions 2.2.1 and 2.2.2. As it turns out, in the

case with Caputo fractional differentiation operators no extensions are necessary.

Note that in conditions (1.1.5) we require that 8 ¢ N but in conditions (1.1.4)
no such restrictions apply to a, we will explain this difference in Subsection 4.1.1
on page 51.
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4.1. The main results for equation with main term MﬁDg

4.1 The main results for equation with main term M 5D§

4.1.1 Equation with constant coefficients

We first study a simpler equation having constant coefficients:

l
(MPDgu)(t) =" ar(0)(MPDFu)(t) + f(t), 0<t<T, (4.1.1)
k=1

where 5,8, € R, f € C™ and
m<B<m+1l, B>B>0 k=12...,1 meN,. (4.1.2)
We make in (4.1.1) the change of variables v = MﬁDgu, ie.
uw=(MPDJ) v =J° M Py,

obtaining with respect to v the equation

l
v=">"ap(0)[M*Dg|[ TP M P + f. (4.1.3)
k=1

By (2.2.4) and (2.2.2), for 0 <t < T, u € C,
([MPD¥][TP M) (t) = (MPTPP M —Pu) (t)

L SRRV R
t F(ﬁ—ﬁk)/o(t s) s Pu(s)ds

i [ 1) s = a0

Thus operator [M?% DS*][J8M~P] is a cordial Volterra integral operator with the
core

Vg8, (%) = M(l —2) 1y o< < 1. (4.1.4)

For 0 < 8 < 1, it holds 15,4, € L'(0,1), hence it follows from Theorem 2.3.1 that
[MP DRI M) € £(O).
If 3> 1, then 155, & L'(0,1), but we obtain with the help of Theorem 2.3.2 that
[MP DI P M P e L(C™), m>1, r>f—1,

since ¥ 5, € LV7(0,1) for r > 8 — 1.
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We can rewrite equation (4.1.3) in the form of a cordial Volterra integral equa-
tion

U—Zak W 5.0 + 1 (4.1.5)

where 15,5, is defined by (4.1.4) and belongs to L'(0,1) for 0 < 8 < 1 and to
L'7(0,1) for r > B —1, 8 > 1. In our discussions below we also need the formula
(see (2.3.2), (2.1.7) and (2.1.8))

~ 1 1 1
djﬁﬁk ()\> = /0 mAwﬁ,ﬁk(I)de = r(ﬂ—ﬂk)‘/o x>‘75(1 — m)ﬁ*ﬁkfldx

o B D=8+
STy PN AL ) = e Ty

where ReA > 5 — 1.

(4.1.6)

Theorem 4.1.1. Let 8,6 € R,0< 8 <1, and >0 >0, k=1,2,...,1. For
any [ € C, equation (4.1.5) has a unique solution v € C (hence equation (4.1.1)
has a unique solution uw = JPM~Pv € C) if and only if

'A—=p5+1) ;

Proof. Under formulated conditions, it follows from (4.1.4) that ¢35, € L*(0,1),

k=1,2,...,1. Thus the spectrum of 22:1 ak(O)Vwﬁ’ﬁk as an operator from C' into
C' is given by the following formula (see Theorem 2.3.1 and (4.1.6)):

l l
00 (Z ak(O)quﬁﬁk) ={0}uU {Z ak(O)’IZJ\ﬁ,gk (A) | Rex > 0}
k=1

—{O}U{Za W|Re)\20}.

The claims of the theorem follow directly from the last equality. O

By Theorem 2.3.2 and (4.1.6), the spectrum of Zﬁc:l ak(0)Vy, 5, as an operator
from C™" into C™" (r > [ — 1) is given by the formula

l
(Z ak(0)Vyy, . ) ={0}u {Zak(ow@gk(x) | ReA > r}

= (4.1.7)
F'A—=p+1)
= - 7 > .
{O}U{E ax(0 T ﬂ—l—l)Re)\_r}
The following lemma is a consequence of (4.1.7).
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4.1. The main results for equation with main term MﬁDg

Lemma 4.1.1. Let 8,8x € R, B> 1, r > 8 — 1 and conditions (4.1.2) hold. For
any f € C™", equation (4.1.5) has a unique solution v € C™" (hence equation
(4.1.1) has a unique solution u = JPM By € C™") if and only if

Zak(o)m #1, YA € C with Re\ > - (4.1.8)
k=1 Pk

To consider equations (4.1.1) and (4.1.5) in the space C™, m > 1, under
conditions (4.1.2), we have to extend the operators Dg, Dg’“ and Vi, , to cm,
Indeed, for u > —1 we have (see (2.2.2), (2.1.7) and (2.1.8))

1 gt Bl
(JPw,)(t) = —/ (t —s)P Lstds = —/ (1 — )’ tatda
e B(B,pn+1) P+ l) (t), 0<t<T
= A\ ) =5 L5 W ) =4,
r@E " P+ p+1)
where
wyu(t) =t 0<t<T, pekR.
The definition of Df (see (2.2.1)) and (4.1.9) lead us to
P(p+1)
Wy, = ngﬁu)ﬂ = ngwu+ﬂ, o> —1,
i.e.
T(p+pB+1)
D’ —eTrT ) 1.
0 Wu+s F(M+1) Wyy M >
Hence
I'(p+1)
Diw, = —"" "y, 4.1.10
0%p T(p—B+1) w—p ( )
holds only for u > 5 — 1. Additionally,
1 i1 s\ B—Br—1 s\ —B
=—— Z(1-°= hd "
Vo, 0n)® = 5335 /0 t (1 t) (t) stds
) (4.1.11)
t* / (1 )/3*/%*1 n=>B84 0<t<T
= — X xT my — — )
(B~ B) Jo

is well-defined only for p > 5 — 1. To extend operators Dg, Dg’“ and Vd}ﬁ,gk to the
space C™, m > 1, we use the formula

Cm - Cm7m @ Pm—l,
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4.1. The main results for equation with main term MﬁDg

where P,,_1 is the space of all polynomials with degree less than or equal to m —1
and C™™ is defined by (2.1.1).

We start with fractional differentiation operators Dg and Dg’“. Under condi-
tions (4.1.2), m > 1, operators Dg and Dg’“ are well-defined in the space C™™.
In particular,

2o = M)

Wp—g, n>F—1(n>m).

Operators Dg and ng for B > 0 are not defined on the space of polynomials
Pm—1, therefore, we somehow have to define the extensions ﬁg and Egk of Dg and
Dg’“ on the whole P,,_1. We put

Eoﬁwnz)\nﬂwn_@ forn=0,1,....m—-1, m<fB8<m+1,
ﬁgkwn = A8, Wn—3,, forn=0,1,...,m — 1,

m < B <mp+1, n— B < —1,
Egkwn = Dﬁ"'wn, for B € N, B < m,

where A, g and A, g, are some fixed constants. For n — 8, > —1, i € Ny, it holds

I'(n+1)

=8
Dy wn = Do = fro—s =50

Define also

Egu = Dg(u — 1) + ﬁg(ﬂm,lu),
m<pB<m+1, ue C™ with u —II,,_ju € J?C,
DyFu = DP* (u— T, 1) + Dyt (M, _1u0),
my <P <mp+1, n—pFp<—1, ue Cm*,
Egku = ng(u - Hmk—lu) —|—5§’“(Hmk_1u) = ng (u - Hmk—lu) + D% (Hmk—1u>’

ﬁk €N, ﬁk <m.
(4.1.12)

There are several different ways to fix constants A, g and A, g, ; consequently we

also get different extensions Eg and Egk to C™, m > 1. One way to fix the
constants would be to take
IF(n+1)
Mpg= =t forn=0,1,....,m—1, m< B < 1,
.3 Tn—F+1) or n m m<p<m-+
I(n+1)

_ (4.1.13)
A = T B+ 1)

, forn=0,1,...,m; — 1,

my < B <mg+1, n— B < —1,
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4.1. The main results for equation with main term MﬁDg

where we interpret

'n+1) . I'(n+1)

= im =0forne —N
F(n — B + 1) y—n—Lr+1 F(y) Pr

IfA,g#0,n=0,1,...,m — 1, we can extend also the operator JB = (Dg)_1
into operator jﬁ by setting
T’ = (D)

For this we have to check that ﬁg is invertible on its range, i.e.
{Dou = Dg(u - Hm_lu)+ﬁ§(ﬂm_1u) =0
foranue C™, u—1II,,_1u € JBC} =u=0.

Indeed, u — II,,_qu € JPC implies that Dg(u —II,,—1u) € C, hence we also have
5€(Hm_1u) € C, which ensues that in

;-A

m—

U
mlu 5

n=0

’I’L

An,fWn—p

the coefficients u(™ (0) vanish if \,, g # 0:
u™(0)=0, n=0,1,...,m—1.

Thus u € C™™ and Dyu = Dfu = 0, hence u = J?DPu = 0 as claimed.
On the other hand if A\, 3 = 0 for some n, where 0 < n < m — 1, then

Do wp, = 0 and Do is not 1nvert1ble in C™. For instance, for the Caputo fractional
differentiation operator DCa we have that DY w, = Dﬁ(I II,,)w, = 0 for all

Cap
n=20,1,...,m — 1, and hence Dgap is not invertible. Therefore equations with

Caputo fractional differentiation operators need a special treatment presented in
Section 4.2.

By extending the fractional differentiation operators Dg and Dg’“ to operators
DY and DL* in C™, m > 1, equation (4.1.1) extends into the differential equation

l
MPDLu = Z ar(0)MP D u + f. (4.1.14)

Assuming that A\, g # 0, n = 0,1,...,m — 1, we make in (4.1.14) the change of
variables v = MPDju, i.e. u = JyM~Pv and get the equation

v = iak(()) [Mﬁkﬁgk} [ng*B] v+ f. (4.1.15)
k=1
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4.1. The main results for equation with main term MﬁDg

We now turn to extending the operators VWﬁk to C™, m > 1. Under conditions
(4.1.2), operator Vips 5, belongs to L(C™™) since g5, € L¥™(0,1) (m > B —1).
It follows from (4.1.11) and (2.1.8) that

_T(n—-B+1)

V -~ - 7
Ve T T = B+ 1)

holds only for n > f—1. By (4.1.2), m > 8—1, hence operator Vwﬁ’ﬁk is completely
undefined on the space P,,_1 since Vd,ﬁﬁk wp, n=0,1,...,m—1, do not exist. To
extend the operator Vi, , to operator Vi, , on Pp_1 one has somehow to define
V¢5,ﬂkw” also for n < g — 1. We take

Vwﬂﬁkwn = l/n,ﬁ,ﬂkwn’ n= 0717"'7m7 17 (4116)
where v, g g, are some fixed constants. Define also
Voo = Vi (u—Tpo1u) + Vy, o (n_qu), ue O™ (4.1.17)

There are several different ways how constants v, g g, can be fixed, hence we
also get different extensions Vwﬂ,ak of Vi, 5 to C™. As we demonstrate below,
the method we propose is connected with the Hadamard finite part of a divergent
integral. Since the gamma function I is defined and analytic on the whole complex
plane except the poles at 0,—1,—2,... (see e.g. [30]) and since n — 8 + 1 is for
B &N (see (4.1.2)) different from the poles, it is natural to put

'n—p+1)

= =0,1,... — 1. 4.1.18
Un,B,Bk F(n—ﬂk‘i'l)) s Ly ,m ( )

Note that in case n € 8 — N, it holds

'n—p+1)
I'(y)

thus actually v, g g, = 0 for n € 8 — N. If we were to allow 8 € N in conditions
(1.1.5) and (4.1.2), then the right hand side of (4.1.18) may be undefined. It is
the reason we restrict ourselves for equations (1.1.2) with conditions (1.1.5) to the

case B ¢ N.

If we fix constants v, g g, by (4.1.18), then the extension (4.1.17) corresponds,
for > m > 1, to the Hadamard finite part interpretation (see (2.5.2)) of the

—0asy—n—LF+1,
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4.1. The main results for equation with main term MﬁDg

diverging integral waku, u € C™. Indeed, for 0 <t < T, ueC™,

(£:p. Vi, ,, 0)(1) :prl /0 t% (1- i)ﬁ—ﬁk—l <§>—B o)

—F(Bl_ﬁk)f.p. /01 (1 —2)? Pt = Bu(ta)da
1 1 PEPR { m-l u(0) j]
- - g - d
03— Bo) /0 (1-2) x 7 |u(tx) 2 7 (tz) |dx
m—1 ;
B 5 i tjf.p. /1 (1 — )PPl gi=Byy,
k) = I 0

If the integral
1 .
/ (l—x)ﬁfﬁ’rlxﬁﬁdm’, ji=0,1,....m—1, 8>1,
0

converges, then it results to B(8 — Bk, j — 5 + 1); if the integral diverges, we take
it to equal zero (omitting the corresponding term). Consequently,

1 m—1 u(]) )
(f.p.Vwﬁyﬂku)(t) _M/o (1—g)PPetyB {u(taj) _ Z (0) (tm)]] dz

m—1

+
J=

u‘ I(j—B+1)
I'(j—Br+1)

', 0<t<T, ueC™

i.e.
f.p.Vwﬁ’ﬁku = Vwﬁ’ﬁk (u — Hm_1u) + Vwﬁ’ﬁk (Hm_lu) = Vwﬁ,ﬁku’ ueC™.

In this sense, choice (4.1.18) of constants v, g, is quite natural.

By extending operator Vy, , to operator Vwﬁﬁk in C™, m > 1, using (4.1.16)
and (4.1.17), we get an extended cordial Volterra integral equation

l
v = Zak(O)kav + f, (4.1.19)
k=1

where 13 g, is defined by (4.1.4).

Theorem 4.1.2. Let 5,8, € R, and conditions (4.1.2) hold. Also let the operators
Dg, Dy Bk and Vips 5 be extended to C™ with the help of {(4.1.12),(4.1.13)} and
{(4.1. 17) (4.1. 18)} respectwely For any f € C™, m > 1, equation (4.1.19) has
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4.1. The main results for equation with main term MﬁDg

a unique solution v € C™ (hence equation (4.1.14) also has a unique solution
— 3\ 1 —
u= (MﬁDg> v =T MPv in C™) if and only if

l

1
> ax(0) M #1, YA € C with ReX >m (4.1.20)

Pt /\ 5k+1)

and l
L(n—pB+1)

— - 41 =0,1,...,m—1. 4.1.21
Z n—ﬂk—’— 1) # ) n 0? K 7m ( )

Proof. Under the formulated condition, by Proposition 2.4.2, the spectrum of
22:1 ar(0)Vy, , as an operator from C™ into C™ (m = 1) is given by the
formula

l

INQ 1
Om Zak Was s | ={0}U Z ¢)|R)\>m
- B +1)
l
F'n—p+1)

U 0)0—F"F"——~ =0,1,... —15.

{kz_lak( )F(n—ﬁk+l)|n s Ly , M }

The claims concerning equation (4.1.19) follow directly from (4.1.22). For the
claims regarding equation (4.1.14) we note that 7= (Eg)_l. O

Note that, by using other extensions of Dg, Dg’“ and Vi, , to C™ we also ob-
tain different extended differential and integral equations. Theorem 4.1.2 remains
to be true but (4.1.21) takes the form which corresponds to the invertibility of the
extended operators on the space Py,—1.-

4.1.2 Equation with non-constant coefficients

Let us now turn to equation (1.1.2) with possibly non-constant coefficients. We
make the change of variables v = MﬂDgu in equation (1.1.2) and get the cordial
Volterra integral equation

v="Y arVy,, v+ f, (4.1.23)

where 13,5, is defined by (4.1.4) and belongs to L'(0,1) for 0 < 8 < 1 and to
LY (0,1) forr>f—1,8 > 1.

For 0 < 8 < 1 (by (1.1.5), m = 0), we have 135, € L'(0,1), hence by
Theorem 2.3.1 we get 22:1 axVyg g, € L(C). Similarly as with Lemma 3.1.1, it
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4.1. The main results for equation with main term MﬁDg

can be shown that for ap € C, k=1,2,...,1,

l l
ago <Z akvl/’ﬁ%%) =0y <Z ak(O)Vw575k> .

k=1 k=1
The last equality allows us to formulate the following result.

Theorem 4.1.3. Let 5,0, € R, 0 < 8 <1, 8 > Br > 0 and ar, € C with
k=1,2,...,1. For any f € C, equation (4.1.23) has a unique solution v € C
(hence equation (1.1.2) has a unique solution v = JPM~Pv € C) if and only if

l

1
Z Mﬂ,vxecmtthzo.
LA =B +1)

For 8 > 1 (by (1.1 5) m > 1), the situation is more complicated, we first
extend the operators DO, Dﬁ’“ and Vy, , to C™ with the help of (4.1.12) and
(4.1.17). Consequently, we get the extended differential equation

l
MDyu="" apM*Dju + , (4.1.24)
k=1

and the extended cordial Volterra integral equation

l

v="> aVy,, v+ 1, (4.1.25)
k=1

where 13 g, is defined by (4.1.4). We need the following auxiliary result.

Lemma 4.1.2. Let the operators ng,gk. be extended to Vw/a,ak with the help of
{(4.1.17), (4.1.18)}. Under conditions ar € C™, m > 1, k=1,2,...,1, it holds

! l
Tm (Z akvwﬁ,ﬁk> = Om (Z ak(O)Vw5,5k> ; (4.1.26)

k=1 k=1

where g g, is defined by formula (4.1.4).

Proof. We have to show that under the formulated conditions the following rela-
tions hold:

l l
Pm (Z ak(O)VwB’Bk> C pm <Z akv#’ﬂl&) R (4.1.27)

k=1 k=1
l l
Tm (Z ak(())vwﬁ,ﬁk> C om (Z akvwﬁﬁﬁk> : (4.1.28)
k=1 k=1
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Below, we present in detail only the proof of (4.1.27). For the the proof of (4.1.28)
note that, by (4.1.22), inclusion (4.1.28) is equivalent to the following:

l
{O}U{Zak(())mm_o,l,...,m1}

k=1

l
{Zak II:E 5+1;|Re/\>m}C0m (Zakvww>

k=1

The proof of the last inclusion can be carried out in a similar way as parts d)-f)
of the proof of Lemma 3.1.1.

To establish (4.1.27) we take a p € pp, (Zi:l ak(O)V%ﬁk) and show that then
K E Pm (22:1 akvi/,mk). We may assume that p # 0 since according to (4.1.22)
we have 0 € oy, (22:1 ak(O)VwB’Bk) Now,

l l l

,U,I — Zakvwwk = ,U,I — Zak(O)VwB’Bk — Z(ak — ak(O))VwB’Bk.

k=1 =1 k=1
Observe that the operator

l
Z ap — ak V?,L'g B E(Cm)

k=1

is compact. Indeed, for u € C™, we have

l
Z ar — ag(0))Vy, 5, U Z(ak - ak(O))V,ﬁz,ﬁﬁ)c (u—Tp—1u)
k=1

and by Theorem 2.3.2 operator 22:1(% — a(0))Vy, 5, 1s compact in L(C™™),

whereas 22:1 (ar, — ak(O))V@z,ﬁﬁ]€ I1,,—1 is finite-dimensional. Thus, by Proposition

2.4.1, we get
l

ul — Zakvwwk S (I)()(Cm).
k=1
To prove that u € pm, (22:1 akvwﬁ’ﬁk» it is sufficient to show that the homoge-

neous equation
l

pu = Zakvd,ﬁﬁku (4.1.29)
k=1
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has in C™ only the trivial solution (see Corollary 2.4.1). Let ug € C™ be a solution:

l
prug = (j{:cujfwﬁﬁk> uo, (4.1.30)

k=1

i.e.

l
py = (Z akaﬁ,5k> (uo — Tm—1uo) (Z akVW ﬁk) —1Up. (4.1.31)

k=1
We first show by induction that

u(0)=0, ¢=0,1,...,m—1. (4.1.32)
By {(4.1.17),(4.1.18)}, for w,(t) =t", 0<t<T,n=0,1,...,m — 1, we have

!
-B+1
g;( WV 5, W E:% ”k+$w (4.1.33)
For ¢ = 0, equation (4.1.31) takes the form
: (1 -
pn(0 (Z ax(0)Vy, ) (u0(0) = w(0) + 3w 0)ua(0) =
k=1
since I, —1up(0) = up(0) and
_ (1 —
Vwﬁ,ﬁkw()zF((I_Bﬂk))7 kZl,Z,...,l.
Thus .
ra-p
uUQﬁn4—1m(0)j£:akanfiii:2i5. (4.1.34)

k=1

,u:Za (O)FF((ll_ €Eom (Zak VW%)

k=1

(see (4.1.22)) that contradicts our choice of u. Hence up(0) = 0. Next, we show
that the induction hypothesis

u(()j)(O):0forj:0,1,...,p—1,wherep§m—1,

leads to uép) (0) = 0. Indeed, by (4.1.31), we get

(p) l (p)
uuo = ((Z akaw ) IL,,— 1U0)> + ((Z akVW%) Hm_1u0> .
k=1

(4.1.35)
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According to {(4.1.17),(4.1.18)}, we have

l ml(n

l
— U 'n—p+1
(Z akaB’ﬁk> 1L, _1ug = Z ag 0 B ) w.
k=1

ny
= o ™ TGt D)

hence by (4.1.35) and (2.3.6), we get

P
p! _
/w(()p) = Z oo Z al(cp Q)ng’}gk (ug — Mpp—_qup)@

k=1
p
(r-0) o~ 45" (0) T(n—B+1) @
N S
l l m— (n)
D(n—B+1)
= \% —1I,,_ (p)
;ak wg]ﬁk(uo 1)t kz ; I P )wn
SR
+3 — 2 NPTV W (g — Mo qug) @
q;)q!(p—Q)!kZ_l e Vol (o o)
p—1 l m—1 (n)
p! (p—q) uy '(0) '(n—B+1) wl@
+Y = Na :
= d(p—q) ,; g nZ:O nl T(n—fBe+1) "
(4.1.36)
where
Yl (x) = ¥ap (2)2, q=0,1,....p.
Since uéj)(O) =0for j =0,1,...,p— 1, it holds that
(T 10) ) (0) = u{”(0),  (ug — Mpp_10) @ (0) = 0 (4.1.37)
for0<g¢g<n—-1<m-1,p<m—1, also
) _ (4n\( _ 0, p<n,
wP)(0) = (t")P|,—p = { ol p—n (4.1.38)

y (2.3.5), (4.1.37) and (4.1.38), for ¢ = 0, equation (4.1.36) takes the form

l
® oy — ,,® Llp—B+1)

Tf ul”) (0) # 0, then
—B+1) Lo
kZ e (kZ ak<0>wﬁ,5k>
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4.1. The main results for equation with main term MﬁDg

(see (4.1.22)) that contradicts our choice of p. Hence uép)(O) = 0. This completes
the proof of (4.1.32).

Next, to obtain ug = 0, it is sufficient to show that u(()m) = 0 (see (4.1.32)).
Note that (4.1.32) actually means that ug € C™™, hence

! !
Z akvd,wk ug = Z ar Vs 5, Uo- (4.1.39)
k=1 k=1

Due to (4.1.30) and (4.1.39), we get

l (m)
,uuém) e ((Z aka’ﬁﬁk) Uo) s
k=1
ie. (see (2.3.6))

1 l
(u[ — Zak(O)Vw[m] ) uém) :Z[ak - ak(())]vw[m] uém)

_ BBy _ 8,8k
h=1 h=1 (4.1.40)
_m N~ g @
+ 5 Ny W)
; g¢'(m —q)! ; g i, ©

where

ap(O)V 1 € L£(C) with v € £1(0,1).
> a0V, € L0) with ol € L'0.1)

Since p € pm (22:1 ak(O)V%ﬁJ, m > 1, it holds p € ppm (Zi;:l ak(O)Vwﬁ’ﬁ])7

hence also p € pg (Zi_l ak(O)Vw . Consequently, operator

[m]
BBk
l
pl =>" ax(0)Vym :C = C
k=1 ok

is invertible, and according to Proposition 2.3.1 the inverse has the form

. ~1

pl =" ar(0)V, = '+ Vy,,, with a <y, € L}(0,1).
k=1 V5.5 "

Also, relations (4.1.32) imply that, for 0 <¢<T, ¢=0,1,...,m —1,

1

W0 = iy [,
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In conclusion, it follows from (4.1.40) that

l m—1 l
(m) m! (m—q) ( )}
X ar — ag(0)|V m vy ~ + a % Gu ,
{;[k KOV, | o ;q!(m_q),;k yla, Gattg
(4.1.41)
where
1 t
(qu)(t) = m \/0‘ (t — S)m_q_l'l](s)ds, q = O, 1, ceesm — 1.
Note that,

()| < ctf, p >0=|(Gyo) ()| < ertPT™ Y, < cotP Tl

!
(Z[ak = ak(0)]Vtm v)(t) <

=1 B:Bk

Also, operators 3. b1 @ q)V and Vj,,. preserve the convergence order of v(t)
B

for t — 0. Approximating u[() )( t), with the help of (4.1.41), step-by-step, similarly

as was done in Section 3.2 part a), we obtain that u(()m) = 0. Thus equation (4.1.29)
possesses in C™ only the trivial solution u = ug = 0 and therefore (4.1.27) holds
for m > 1. ]

We can now formulate the main result of Chapter 4.

Theorem 4.1.4. Let B, fr € R, and conditions (1.1.5) hold. Also let the operators
Dﬂ DO and Vy, . be extended to C™ with the help of {(4.1.12),(4.1.13)} and
{(4 1.17), (4.1. 18)} respectwely For any f € C™, m > 1, equation (4.1.25) has
a unique solution v € C™ (hence also equation (4.1.24) has a unique solution

3\ 1 _
u= (MﬁDg> v =T MPy in C™) if and only if

l
1
> ax(0) M;ﬂ, VA € C with ReX >m (4.1.42)
r (A =B +1)
and l
C(n—pB+1)
— T 41, n=0,1,....m—1 4.1.43
Z Ot L "=0Lm (4.1.43)

Proof. The claims for equation (4.1.25) follow directly from (4.1.22) and Lemma
4.1.2. For the claims of Theorem 4.1.4 regarding equation (4.1.24) we note that

77 =D O
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Note that, by using other extensions of Dg, Dg’“ and Vwﬁﬁk to C™ we also ob-
tain different extended differential and integral equations. Theorem 4.1.4 remains
to be true but (4.1.43) takes the form which corresponds to the invertibility of the
extended operators on the space Pp,_1.

4.2 Equations with main terms M BDPB{_L or M BDgap

In Section 3.1 we showed, with the help of Propositions 2.2.1 and 2.2.2, that for
u € C™, equation (1.1.3) is equivalent to the equation which we obtain from (1.1.3)
replacing our fractional differentiation operators D§, Dg* either by D |, Dp" or
by D¢,y Dg’;p, where k = 1,2,...,l. Consequently our results regarding equation
(1.1.3) with conditions (1.1.4) remained to be true also in the case with Riemann-
Liouville or Caputo fractional differentiation operators. For equation (1.1.2) with
conditions (1.1.5) the situation regarding Riemann-Liouville fractional differentia-
tion operators is similar but with Caputo fractional differentiation operators it is

more complicated.

Let us start with Riemann-Liouville fractional differentiation operators. Ac-
cording to Proposition 2.2.1, we get that for u € C™, m < <m+ 1, m € Ny, it
holds

MPD}  u=MPDJu.
Also, for u € C™k, my, < B, < myp + 1, my € Ng, k=1,2,...,1, it holds
MP DR} u = MP D*u.

Thus, for u € C™, equation (1.1.2) with (1.1.5) is equivalent to the equation which
we obtain from (1.1.2) replacing Dg, Dg’“ by D}’g{_L, Dﬁ’fL, where k = 1,2,...,1.
Consequently, our results regarding equation (1.1.2) with (1.1.5) remain to be true
also in the case with Riemann-Liouville fractional differentiation operators.

The switch from Dg , Dg’“ to Dgap, Dg’;p requires a more elaborate discussion.
The following subsections (Subsections 4.2.1 and 4.2.2) are dedicated to this. The
basis of our considerations is Proposition 2.2.2, which gives a way to move from
Dgap, Dg’;p to Dg, Dg". Fortunately, an important privilege of Caputo fractional
differentiation operators is that we do not need to extend our operators.

4.2.1 Equation with main term MPD?

cap and constant coefficients

We start our discussion by considering the equation

MDY u=" a(0)M%DZ% u+a(0)u+ f, (4.2.1)

l
Cap
k=1
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4.2. Equations with main terms M'@Dﬁ L or MP DCap

where f € C and
O<pi<...<B<pB<l, B,6eR, k=1,2,...,1 (4.2.2)

By Proposition 2.2.2 and formula (4.1.10), we get

5 u(0)
MﬁDgapU = MﬂDO (U - H()U) = MBD(/?U — mwo,
Br . _ 5 _ 5 u(0)
M'ngCI;pU, = MBkDOk(U — HOU) = M'BkDOkU — mwo
where
wy(t)=t" 0<t<T, pekR. (4.2.3)
Consequently, equation (4.2.1) takes the form
l
MBDgu = Z ak(O)Mﬁ’“ngu +a(0)u+ f
h=1 (4.2.4)
+ w — a
‘ Z #(0 1 —Bk)

We make in (4.2.4) the change of variables v = MﬁDgu, ie.
uw=(MPDJ)" o= JPM~Pu, u(0) = v(0)T(1 - B),

obtaining with respect to v the equation

l
v=">" ar(0)[M DG|[J* M~ Po + a(0)JP M Py
k=1

+f+ v(Or( wo - Za Mwo,

r(l- I'(1— By)
i.e.
: : (-8
v=>ak(0)Vy, 5 v+ a(0)Vy, o0+ f +0(0) = > ax( T (4.2.5)
k=1 k=1 k

where Vy, , is the cordial Volterra integral operator with the core ¢35, € LY0,1)
defined by (see Subsection 4.1.1 page 46)

1

NCETA) — (1 —z)f Py << (4.1.4)

V.6, () =
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4.2. Equations with main terms M'@Dﬁ L or MP

At t =0, equation (4.2.5) takes the form (see (2.3.5) and (4.1.6))

0(0) = 3 an(0)0(0) 5 + a(O)F(1 - )
k=1
: L(L-p)
+ £(0) +v(0) - ;akw) OFr =3
a(0)v(0)I'(1 = B) + f(0) =
Assuming that a(0) # 0, we have
___ f)
A N 0N
In conclusion, equation (4.2.5) with conditions (4.2.2) takes the form
_ : /(0)
v—Wv—i-f—F( —i—;ak a1 =By’

where
Wy = Z a0 Vwﬁ ) +a(0 )V'l/)ﬁ,()y? yeC.

Equation (4.2.7) is a cordial Volterra integral equation in C it was obtained
condition a(0) # 0. This equation (equation (4.2.7)) is uniquely solvable i
and only if

1¢ JO(W)7

where (see (2.3.7) and (4.1.6))
1
- {Zak(o)iﬁ,ﬁk (N + a(O)qZB,O()\) | ReA > 0}
k=1

l IA+1-0) T(A+1-B)
:{;ak(O)M—Fa( )W | ReA >0 p .

(=]

We have shown that the following result holds.

Theorem 4.2.1. Let conditions (4.2.2) hold. For any f € C, equation (4.2.

DCap

(4.2.6)

(4.2.7)

under

n Cif

(4.2.8)

5) has

a unique solution v € C if and only if a(0) # 0 and (4.2.8) holds. Moreover, the

solution v is uniquely determined by condition (4.2.6) and due to (4.2.8).
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4.2. Equations with main terms MﬂDgﬁL or MﬁDgap

Having found the solution v € C of (4.2.5) the solution of equation (4.2.1) has
the form v = J®M~Pv € C and

Note that, if a(0) = 0, then equation (4.2.5) (hence also equation (4.2.1)) with
conditions (4.2.2) is solvable in C only for f € C that satisfy f(0) = 0.

We now turn our attention to the case 8 > 1 considering the equation

MPDE,u = b(0)M” D¢yt + a(0)u + f, (4.2.9)
where f € C™ and
m<p<m+1l, n<v<n+l, n<m, neNy meN. (4.2.10)

We are interested in the unique solvability of equation (4.2.9) in C™, m > 1, under
the conditions (4.2.10).

We start our discussion by using Proposition 2.2.2 and formula (4.1.10) to
move from Caputo fractional differentiation operators Dgap and D¢, to fractional
differentiation operators Dg and Dy:

(m) (o
MﬁDgapu :MﬁDg(u —Ipu) = MBDg(U —Ilp—1u) — LE)MBDgwm
m:

u™)(0)
= 1 o\ Wm,
I'm+1-p)
MY D¢ypu =M" Dg(u — Hpu) = MY Dg(u — Tly—1u) + MY Dg (Tl —1u — [yu),

—MPDf (u =T yu) —

where wy,, m € N, is defined by (4.2.3). Consequently, equation (4.2.9) takes the
form

MﬁDg(u —p—qu) = b(0) MY Dg (u — Wypp—qu) + a(0)(u — pp—qu)

(m)(o)
U
S, )+ 4211
+(f 1f)+r(m+1_5)w ( )
+ 1 f + a(0)IL—1u + b(0) MY Dy (- 1w — I u).
We determine I, _ju in w = I, yu + (u — I, —ju) so that
1 f + a(0)I,,—1u + b(0) MY Dg (1L, —1u — ,u) = 0, (4.2.12)

then after finding also u(™(0), equation (4.2.11), reduces to an equation to deter-
mine u — Il,,_ju.

We consider the cases n = m —1 and n < m — 1 separately. If n = m — 1, then

Hm—lu — Hnu = Hm_lu — Hm_lu =0
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4.2. Equations with main terms MﬁDgﬁL or MﬁDgap

and (4.2.12) takes the form of equation

(m-1) (m—2)
T L1+ g OO
u(m—1) w(m—2)
+a(0) © +a(0) O Ly + a(0) (0)w; + a(0)u(0) = 0

(m — 1)! (m —2)!

leading us to conditions
F90) + a(0)u'?0)=0, ¢=0,1,...,m—1.

Assuming that a(0) # 0, we get

(@)
u'9(0) _ 70 ¢q=0,1,...,m—1. (4.2.13)

If n < m—1, then (4.2.12) takes the form of equation (see (4.1.10))

Fm9(0) Fm=2(0)
(m—1)! m=1 (m —2)!
u(mfl)(o) w(m—2) (0)
(m—1)! (m —2)!

u(m—l)(o)w . N u(n+1)<0)
I'(m—v) mel T

Wp—2 + ...+ f'(0)wr + f(0)

+ a(0) Wm—1 + a(0) Wm—2 + - ..+ a(0)u'(0)w; + a(0)u(0)

+ b(O) )wn+1 = O,

P(n+2-—v
leading to conditions

F9©0) + a(0)u'?(0) =0, ¢=0,1,...,n,

and
f(q)(()) u(‘l)(()) u(D(0) B B
J + a(0) d +b(0)F(q—|—1—1/) =0, g=n+1,n+2,...,m—1.
Assuming that a(0) # 0 and
q! _ _
a(O)—i—b(O)F(qulil/) #0, ¢g=n+1ln+2,....m—1, (4.2.14)
we get
ul?(0) = RAUC) =0,1...,n (4.2.15)
TR q=0,1...,n, 2.
and
()
ul?(0) = — ) ., g=n+1n+2,...,m—1 (4.2.16)

a(0) + b(0) 1=
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4.2. Equations with main terms M'@Dﬁ L or MP DCap

After determining II,,,_1u by (4.2.12), equation (4.2.11) takes the form

MP DS (u — T, yu) =b(0) MY DY (u — Ty, 1) + a(0)(u — I, 1)
u™(0)

+f_Hm71f+7F(m+l_ﬂ)wm

We make in the last equation the change of variables v = M*BDg (w—TIIpn—1u), ie.

L'(m+1—75)

u— 1, ju= (M*BDg)*lv = JPM P, u(m)(O) = v(m)(O) '
m!

)
obtaining with respect to v the equation

0 = BO M DM o+ a0 Mo+~ Ty f + oy,

i.e.

U(m)( )
v :b(O)Vwﬂ,yv—&—a( )V¢50U+f O, f + — Wi, (4.2.17)

where Vi, and Vy, ; are cordial Volterra integral operators with cores g, and
150 belonging to L1™(0,1) (see Subsection 4.1.1 page 46).

Assuming that (4.2.17) is solvable in C™™ we apply to both sides of (4.2.17)
the (invertible) operator D{*. Note that, the fact that (4.2.17) is solvable in C"™™
is equivalent to that (4.2.9) is solvable in C™ and for n = m — 1 condition a(0) # 0
holds and for n < m — 1 conditions a(0) # 0 and (4.2.14) hold. We get

2(0)

Do = b(0) DR Vi, 0] + a(0) DR Vi 4] + D (S = Tt ) + = Do,

ie. (see (2.3.4))

Dy — b(O)Vw m]D v+a(0)V, i D™ + D™ f + v(™(0),
B,0

where
1/’[m]( ) = a™g,(x), 1/1[50]( ) = a™pso(x), 0<z<l1.
In particular, at ¢ = 0, it holds (see (2.3.5) and (4.1.6))

o(0) =M OO F =+ o e =D
+ f7(0) +0(™(0),
v(m)(o)w a(0) + b(o)l“(m:l!ly) — _fm)(0).
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4.2. Equations with main terms MﬂDgﬁL or MﬁDgap

Assuming that

a0) +HO) 7 # O )
we have
2M () = — m! f(m)(())
o L(m + 1= 8) (a(0) + b(0) ;=) (4.2.19)

In conclusion, equation (4.2.17) takes the form
v =b(0)Vy, v+ a(0)Vy, v+ f—Tly1f
B FmMO)(m+1—v) " (4.2.20)
L(m+1—73)(a(0)l(m+1—v)+b0)m!) ™

Equation (4.2.20) is a cordial Volterra integral equation in C™™ to determine
v € C™™. It was obtained for n = m — 1 under conditions a(0) # 0, (4.2.18) and
for n < m — 1 under conditions a(0) # 0, (4.2.14), (4.2.18). Equation (4.2.20) is

uniquely solvable in C™™ if and only if
L 0mm(b(0)Vy,, +a(0)Vi,,), (4.2.21)

where (see (2.3.10) and (4.1.6))

O ((0) Vit a(0) Vi, o) ={b(0) 3, (N) + a(0)B5.0(A) | Red = m }
PA+1-8) T(A+1-5)
=<b(0 0
{()r@+1u>+“) T +1)
The presented argument shows that the following result holds.

Theorem 4.2.2. Let conditions (4.2.10) hold with n < m — 1. For any f € C™
equation (4.2.9) has a unique solution w € C™ if and only if conditions a(0) # 0,
(4.2.14) and (4.2.18) are fulfilled and (4.2.21) holds. Moreover, for the solution

u=(u—Tpn_1u) + ;,_1u,

| ReX > m}.

we have that I,_1u is uniquely determined by conditions (4.2.15) and (4.2.16),

FOO)T(m +1—v)
a(0)T(m+1—v) +b(0)m!’
and u — T, _qu = JPM—Pv € C™™ is uniquely determined due to (4.2.21).

u™(0) = —

If some of the conditions a(0) # 0, (4.2.14) or (4.2.18) are not fulfilled, then
equation (4.2.9) under conditions (4.2.10) is not solvable for some f € C™. For
example, if a(0) # 0 and (4.2.14) holds, but (4.2.18) is not fulfilled, then equation
(4.2.9) is solvable in C™ only for f € C™ with f(™)(0) = 0.

Note that, if n = m — 1, then the last theorem remains to be true but instead
of conditions a(0) # 0, (4.2.14) and (4.2.18) we have conditions a(0) # 0 and
(4.2.18), also in such case II,,,_ju is determined by conditions (4.2.13).
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4.2. Equations with main terms MﬂDgﬁL or MﬁDgap

4.2.2 Equation with main term MﬁD?Jap and a non-constant coef-
ficient

We conclude Chapter 4 by analyzing an equation with Caputo fractional differ-
entiation operators which may have a non-constant coefficient by considering the
equation

MPD?

Caplt = au + f, (4.2.22)

where a, f € C™ and m < 8 < m + 1. We are interested in the unique solvability
of equation (4.2.22) in the space C™, m € Ny.

Let m =0, i.e. 0 < 8 < 1. According to Proposition 2.2.2 and (4.1.10), we get

B 8 _ 5 u(0)
MPD(,u = MPDg(u—Tou) = MP Diju — TR
hence equation (4.2.22) for m = 0 takes the form
u(0)

To determine u(0) we apply the (invertible) operator J®M—# to both sides of the
last equation:
u(0)

JPMPMPDPy = JPMPlau) + JPMPf+ 7
0 (au) f (- 5)

JB M Py,

i.e.
u = Vi o (aw) + Vi o f + u(0), (4.2.23)

where Vi, is the cordial Volterra integral operator with the core 30 € LY(0,1)

s

(see (4.1.4)). At t =0, the last equation takes the form (see (2.3.5) and (4.1.6))
u(0) = T'(1 = B)a(0)u(0) + (1 - ) £(0) + u(0).
Assuming that a(0) # 0, we get

__f(o)
u(0) =~ (4.2.24)

In conclusion, equation (4.2.23) takes the form

u = Vwﬁ,o (a’u) + ng,of - @ (4225)

a(0)
The last equation is a cordial Volterra integral equation in C' to determine wu, it
was obtained under the condition a(0) # 0. Equation (4.2.25) is uniquely solvable
in C if and only if

1 ¢ Uo(Vwﬁ’Oa). (4.2.26)
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4.2. Equations with main terms M'@Dﬁ L or MP DCap

By Theorem 2.3.1, we get that

Uo(vwﬁ,oa) = a(O>UO(V¢[3,o)7
where (see (2.3.7) and (4.1.6))

0e0Ve,,) = {07500 | Rer > 0} = L@ T rer > o

We have shown that the following result holds.

Theorem 4.2.3. Let 0 < 8 < 1. For any f € C equation (4.2.22) has a unique
solution u € C, if and only if a(0) # 0 and (4.2.26) holds. Moreover, the solution
u is uniquely determined by condition (4.2.24) and due to (4.2.26).

Let now m > 1. By Proposition 2.2.2 and (4.1.10), we get

u™)(0)

MﬂDgapu = MﬁDg(u — Hmflu) — m

Wiy, -

We also have, for a, f € C™, m € N,

au = a(u — Mp_qu) + all,—qu
=a(u—p-1u) + (I — 1) (allp—1u) 4 pp—q (all,—qu).

Consequently, equation (4.2.22) for m > 1 takes the form

u(m)(o)
—— 7w,
F'im+1-7)

+ (I — Hmfl)(aﬂmfﬂb) + 11 f + Hmfl(aﬂm,lu).
(4.2.27)

MPDE(u =Ty u) =a(u — Ty yu) + (f — o1 f) +

We determine IT,,_ju in w = I, 1w + (u — I, —ju) so that
o1 f + My (ally_1u) = 0, (4.2.28)

then after finding also u(™)(0), equation (4.2.27) reduces to an equation to deter-
mine u — IT,,,—ju. Condition (4.2.28) leads to

ki .
+Z]_q a9 D0)uD0)=0, j=01,...,m—1.
9=

Assuming that a(0) # 0, we get

u(0) = — L0 (4.2.29)
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and

gt a(J Q) u(‘])
oy = IO+ e ooa(g;qu 0

Thus, equation (4.2.27) takes the form
MﬂDg(u —Ip1uw) =a(u — Mpqu) + f =1 f
(m)(())
u
_ I —11,,— 1L, _1u).
F(m_’_l_ﬁ)wm""( m 1)(@ m 1U)

Our next objective is to determine u(™(0). We start by applying the (invertible)
operator JAM =P to both sides of the last equation:
JPMPMPDE (=T, ) = TP M Pa(u — Ty yu) + JPM P (f =T 1 f)
(m)(0)
_ vy Bag—~8 Bam=B((I —1I I
F(m—l—l—ﬂ)J Wy, + J (( m—1)(ally,_1u)),
i.e.

u(™ (0
u—Hm1u :V¢B,o (a(u —Hm-1u)) + ng,o (f =M1 f) + m'( )wm

+ V¢ﬁ,0((1 — 1) (allpm—1u)),

where Vy, ; is the cordial Volterra integral operator with the core ¢35 € LY™(0,1)
(see Subsection 4.1.1).

(4.2.31)

Assuming that equation (4.2.31) is solvable in C™™ or equivalently that equa-
tion (4.2.22) is solvable in C™ and a(0) # 0, we apply the (invertible) operator
D{" to both sides of (4.2.31) and get

D (4~ Typyu) =Df (Ve o (s — )] + D§' Vi (f — Tyt )]

(m)(o
50

D w, + D('J"[Vwﬂ,o((f — 1) (allm—1u))].

The last equation enables us to determine u(™ (0), namely D™ u = DJ*(u—11,,_1u)
satisfies (see (2.3.4))

D™y = Vw m]D (au) — Vw[m]Dm(aHmflu) + Vw[m]Dmf
5.0 5.0

+ U(m)( ) + V m]D (a]._.[mfl’LL),

where 90 (z) = 2™p50(x), 0 < & < 1. At t = 0, it holds (see (2.3.5) and (4.1.6))

u™ (0 i P Tm+1-5) (0)u@) (0)

m!

q:()
F(m+1-p)

+ £™(0)
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4.2. Equations with main terms M'@Dﬁ L or MP DCap

l.e.

,_.

m—

W0+ 3 o e 000+ 10 =0

Assuming that a(0) # 0, we have

(m) L ml o (m=q) ()¢,
ooy = - ZO e ara T EOEQD) (4232

In conclusion, equation (4.2.31) takes the form
u—pqu=Vy, (a(u — I —1u)) + g, (4.2.33)

where

™) (0 )+ >0t ﬁa(m 9 (0)u(9(0)
a(0)m!
FVips o (I = Ty 1) (allyy— 1))

9=V o(f —Um-1f) =

W

Obviously, g € C™™ for f € C™. Equation (4.2.33) is a cordial Volterra integral
equation in C™™ to determine u — II,,_qu € C™™, it was obtained under the
condition a(0) # 0. Equation (4.2.33) is uniquely solvable in C™™ if and only if

1 ¢ G (Vipy 0 0)- (4.2.34)

By Theorem 2.3.2, we get that

O.m7m(vwﬁ,oa/> = a(0>am>m(V¢ﬁ,0)’
where (see (2.3.10) and (4.1.6))

T'A+1-0)

a(0)mm (Vg o) = {a(o)iﬁ,ou) | Re\ > m} = {a(O) T+ 1)

Re)\Zm}.

The presented argument shows that the following result holds.

Theorem 4.2.4. Let m < B <m+1, m > 1. For any f € C™ equation (4.2.22)
has a unique solution v € C™, if and only if a(0) # 0 and (4.2.34) holds. Moreover,
for the solution

u=(u—Ip_1u) +y_1u

we have that T, 1u is uniquely determined by (4.2.29) and (4.2.30), u("™(0) is
uniquely determined by (4.2.32), and v — I,,_1u is uniquely determined due to
(4.2.34).
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Chapter 5

Divergent integral with a
logarithmic factor

In this chapter, we consider an integral of the form

/OT a(t)t™ > H(Int)"dt, (1.1.6)
where A € C, n € Ny,
ac H™™, meNy 0<a<l, (1.1.7)
and H™ is the class of functions a € C™ that satisfy conditions
a™ () —a™ ()] <, 0<t<T. (2.1.5)

For ReA < 0 integral (1.1.6) converges; for ReA > 0 it generally diverges.

In Section 5.1, we first define the finite part of a divergent integral of the form
(1.1.6) and then prove two important properties our definition has.

Section 5.2 focuses on the concept of change of variables in f.p.-integrals of
(1.1.6); we formulate and prove the main result of this chapter, Theorem 5.2.1.

The current chapter is based on article [23] extending the results of [41, 42]
described in Section 2.5.

5.1 The finite part of a divergent integral
We consider an integral of the form (1.1.6), where A € C, n € Ny and (1.1.7) holds.
As we stated before for ReA < 0 integral (1.1.6) converges; for ReX > 0 it generally

diverges.
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Let A € C, ReA < m + a. We define the finite part of (1.1.6) in the following
way: for A € C\ Ny

Ta —A—1 nH)dt = r a N = la(k) k| ;=21 nt)"
fp. /0 ()t A Y(Int)"dt = /0 l () kZ:O o O e (gt
+Z . o® ()T~ ,\Z -n! . (hij;) -]H, (5.1.1)

while for A =1 € Ny, | < m,

fp. /0 Ta(t)flfl(lnt)ndt = /0 ' la(t) — i ]i'a(k)(O)tkl = (Int)"dt
k=0 """

n j n+1
a® (0)TFL S (= nyn!  (InT)’ 14y qyIT)"*
+§ AP OTH Yy (1 o O (612)

k;él

Both definitions (5.1.1) and (5.1.2) are based on the expansion of the abso-
lutely integrable function a in a Taylor series with centre at the singular point.
To demonstrate that the integrals on the right-hand sides of (5.1.1) and (5.1.2)
converge absolutely for ReA < m + «, observe that condition (2.1.5) leads to

D=3 gl

k=0

e 0<t<T. (5.1.3)

??“;—l

For m = 0, (5.1.3) is obvious. For m > 1, by Taylor’s formula with integral
remainder term we have

a- S Lomok = L [Tyt m)
-3 o - gy | e=nrta o
1 ¢ m m m
= = [, = ) = a0 + a0
that is,
a(t) - kZ_o %aw (0)tF = <m1_1)| /0 (t—p)" Ha'™ (p) — ™ (0)]dp.  (5.1.4)

Now (5.1.3) follows from (2.1.5) and (5.1.4).

Note that, f.p.-integrals defined by (5.1.1) and (5.1.2) have the same two crucial
properties as in the case n = 0 (see Section 2.5).

Firstly, the f.p.-integral defined by (5.1.1) is the analytic continuation of (1.1.6)
from ReA < 0 to D = {\ € C\ Ny | ReA < m + a} because the right-hand side of
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5.1. The finite part of a divergent integral

(5.1.1) is an analytic function of A € C in the domain D and for ReA < 0
T T
f.p./ a(t)t A" Y(Int)"dt = / a(t)t= " (Int)"dt.
0 0
Secondly, for integer points A =1 € Ny,

T
f.p./ a(t)t~"H(Int)"dt
0

. d n+1 (/\fl)n'H T N .
= }\gnl <d)\> [Mf.p./o a()t™ " H(Int)"dt| . (5.1.5)

X¢Ng

To show (5.1.5) we use the fact that for a function f analytic at A = [, it holds
that

. d n+1 ()\—l)”'H .

i (1) |Gt o] o =0, 61e)

Thus, by definition (5.1.1), we get

) d n+1 ()\ _ l)n+1 T g "
X¢No

= /O ' [a(t) - f: Ii!a(k)(O)tk} = (Int)"dt

£ 30 TSy n'(h})wm ),

1 (k —
k=0 7=0 gt (k

with

1 j! n+1
=_—¢® i J
Ol 33 G —u)!( u )
> (/\ _ l)j—u(_l)n-‘rl—uan T)n-‘rl—u-i-jTl—)\7

where the binomial coefficient (') for k,m € Ny is defined by

szﬁky
(¥)
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5.2. The change of variables in f.p.-integrals

Since terms with u # j converge to zero as A — [, we get

1 1 . —_
\Il(l) = — in - 1a(l) (0)(1HT)n+l(_1)n+l }\linﬂ Tl=A
X¢No
n+1
n+1 (_1)]-_ n+1 (—1)”“
] +1
=0~/ "

Bearing in mind that

we obtain

n n+1
w0 = a0

Hence, (5.1.5) holds. Moreover, the proof of (5.1.5) shows us that

T
f.p./ a(t)t="(Int)ldt
0

i (4 [A0 /T ()AL (Int)idt (5.1.7)
= 11 —_ —1L.D. .
Al \ dA (n+1)! P 0 “

xéNo

holds for ¢ = 0,1,...,n.

5.2 The change of variables in f.p.-integrals

Before we consider the change of variables in f.p.-integrals, notice that f.p.-integrals
defined by (5.1.1) and (5.1.2) for different A € C are independent of one another
ifa e H™* m € Ny, a € (0,1]. It means we can apply these definitions also in
the case of functions a(t, A), which are dependent of A € C as a parameter. For

example we use
0
<3t> a(t, /\) ‘t:O

instead of a(®)(0) on the right-hand side of (5.1.1) when defining

T
/ a(t, )t *"I(Int)"dt, X e C\Ny, ne No.
0

We now discuss the concept of change of variables ¢t = g(p) in f.p.-integrals
(5.1.1) and (5.1.2), where m € Ny, o € (0, 1] and

g€ H™™20.T.], ¢(0)=0, g(T.)=T, ¢(p)>0, 0<p<T. (521)
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5.2. The change of variables in f.p.-integrals

One can easily see that (5.2.1) implies

9(p) = pgr(p)
with g1 € H™%[0,T,] and g1(p) > 0 for all p € [0, T%].

Theorem 5.2.1. Assume that (1.1.7) and (5.2.1) hold. Then for m € Ny and
RedA <m+a,

T n T,
f.p./0 a(t)t A Y(Int)"dt = Z <n> f.p./O ai(p, N)p~ " L(In p)idp + IL.(N),

7

i=0
(5.2.2)
where
ai(p, A) = a(g(p))g1(p) "¢ (p)(Ing1(p)" ™" (i =0,1,...,n)
and
0, A € C\ Ny,
IL(\) = 1 1 o\ o
(A =93 - e —i,/\) , A=1l¢c N
£ (i)l!i—i—l (ax) (5‘p> ailp M| o, o
Proof. Observe that under our assumptions about a and g, functions a;(p, ),
i =0,1,...,n, as functions of p belong to H™*[0,T]. Therefore, according to

the remark we made at the beginning of this section, the f.p.-integrals on the
right-hand side of (5.2.2) are correctly defined.

Every f.p.-integral in (5.2.2), as a function of A, is analytic in the domain
{A € C\Ny | ReA < m+a}. For Rel < 0, integral (1.1.6) is absolutely convergent
and therefore we can make a change of variables t = g(p):

n

/OTa(t)t’\l(ln t)"dt = Z (?) /OT* ai(p, N)p~ " (1 p)idp.

=0
Hence, (5.2.2) holds for A € C\ Ny with II.(\) = 0.

Now let A =1 € Ny, I < m+ «. In such case we have the formula (5.1.5), on
the right-hand side of which, for points A € C\ Ny, we make a change of variables
according to (5.2.2) with II.(A) = 0:

T
f.p./ a(t)t=" " Y(Int) dt
0

= lim (;i)nH [Wf.p./oT a(t)t_’\_l(lnt)"dt}

A¢No
n n . d n+1 ()\ o l>n+1 Ty . i
= <> o (dA) [(n+1)!f'p' /0 ai(p, \)p* ! (Inp) dp} .

A¢No
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5.2. The change of variables in f.p.-integrals

Denoting
a; (p, A) = ai(p, A) — ai(p, 1),

we get

T
f.p./ a(t)t=""Y(Int) dt
0

> (1) I ( () (O [ oy

=0
Zn: ( ) Hl < ! )nﬂ [mfp./j a; (p, A)p‘k‘l(lnp)idp} :

(aaA)l i(pA) = (ai)lai(p»k) (5.2.3)

for [ € N. Keeping in mind the remark we made at the beginning of the present
section, (5.1.7) leads us to

lim (;&)nﬂ {Wf-p-/f i(p,)p~ " (In p)’ dp}

+

Note that

A¢No
T, l ‘
= fp/o ai(p’ l)p_ —1(1np)zdp
for i =0,1,...,n. Therefore we arrive at a formula in the form of (5.2.2) with
n n d n+1 ()\ _ l>n+1 Ty '
L. (1) = lim —fp. (0 o> L(1n p)id
. §<’> fenh <‘M> [ (n+1)! p/o ai(p, \)p~*(Inp) p},

which by definition (5.1.1) is transformed to

L. (1) —zn: (7;) };’Nlé (CldA)nH {m /0 " [a;‘(p, )

=0
S AN k| a1 ; (A =prtt
_kzw]d(af’) ai(p,A)(p_Op}p (Inp)*dp + 1)
218\ ,z! (InT,)’
— (= ( TFA S Sl VA
x kzzok’! <ap) ai (P, A ‘p Z & — N~ J+1}

The integrand



5.2. The change of variables in f.p.-integrals

approaches zero as A — [ for each p € [0, 7] and is dominated by a function

Cpm+oc—)\—1 (hl p)i—&-n+17

which is integrable for ReA < m + « (c.f. (5.1.3)). Hence, by Lebesgue’s theorem
the integral also converges to zero as A — [.

In conclusion, in a neighbourhood of A = the integral and terms in the sum
with k # [ are analytic functions and converge to zero as A — [ (c.f. (5.1.6)), thus

"\ 1 . A\ A=t Lo\, )
IL(1) —Z <z)l' lim <d)\) AT <8p) a; (p, )\)‘p:OT*

par o) (n+1)!
: il (InT.)
Y I e A ST A
DD i v
7=0
"L\ 1 : ! d\" »
= ~ i Ty — (= )it
;Q)l!%ﬁog(n Y (d/\> [(A 2

It holds

<CZ\>n+1 [(/\ 3 l)n—i—l-j <;}>la;‘(p,)\)‘p_0Ti_A}

_Til n+1\ (n—i+j)! (A—l)”—i+j—un§u n+1l-u
u J(n—i+j—u) v

v=0

(RN !

a n+l—u—v
(6)\) [Tii)\} = (—1)’n+17u7v(1nT*)n+17ufyTi7)\’

where

Consequently,

i( )zv?inz Z%l(m ) n—l—lé'(n(r_zi—il_i)j—u)

=0 AgNp j=0 u=0

n—i+j—u 'n+17u n+l-—u
X (A=) ) Y

v=0 v
0 ! 0 : * n+l—u—v n+l—u—vpl—A
<(x) | (g) aiton] | comeamyreirion

7



5.2. The change of variables in f.p.-integrals

Since the terms in the last sum with v # n — i + j converge to zero as A — [, we
get

n 1 i i—j+1 1 S 1\ 4! - N
no=- (a2 2 () ()
=0 " A¢Ng j=0 v=0 J -

x <£)U { (;p)laz‘(p, /\)’p_o} (—1)i I (T )

Pom\1 . SA (0N /0 -
-y z')ullinz Z::T* (m) [((%) ai(p,)\)’p_o}(lnT*)

><H—l—v n+1 i—j+1 i!(n—i—kj)!(_l)i_jﬂ_v
; n—i+j v (n+1)!5! '
The last equality holds because

li *(p,\) = 0.
H;’IAI;NOCLZ(p )

n+1 i—j+1\in—di+j)! 1 (i+1\[(i+1-v
n—i+j v (n+D5 41\ v J ’

we have (see also (5.2.3))

1L (1) :_Zn: (?)ll'zil }\iinﬂ %Ti—x (;/\)v K;p)lm(ﬂ,)\)’p_J

=0 >\¢N0U:1
i1\ L i1 —w
i+1l-v/_ 1yi+l-v - Ry
x (InTy) (-1) (v>z( ; )(1).
7=0
Since
" T
<‘>(1)1_<11)’”_0
j=o M

“m\1 1 o\ /o
IL.(0) **Z; <z’>l!z’+1 (m) <3p) ailp, A)’pzo,xzz'

7=

Thus, (5.2.2) holds also for A =1 € Np. O
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Sisukokkuvote

Singulaarsed murrulised diferentsiaalvorrandid ja
siidamlikud Volterra integraaloperaatorid

Murrulist jirku tuletised (st tuletised, mille jéirk ei ole naturaalarv) on pakkunud
huvi juba kaua aega. Kuna esialgu ei olnud ndha, millised voiksid olla murru-
liste tuletiste rakendusvoimalused, siis kisitleti nendega seotud kiisimusi tavaliselt
vaid teoreetilisest vaatepunktist ja sellest huvitusid enamasti ainult matemaatikud.
Viimastel aastakiimnetel on aga leitud, et murrulist jarku tuletisi sisaldavad dife-
rentsiaalvorrandid voimaldavad suurepéraselt kirjeldada mitmesuguste materjalide
kiitumist ja paljude protsesside modelleerimist. Voib Gelda, et viimase paarikiimne
aasta jooksul on murruliste tuletiste populaarsus hiippeliselt kasvanud t&nu uutele
rakendustele fiiiisikas, bioloogias, keemias ja teistes valdkondades.

Kéesolevas t66s vaadeldakse singulaarseid murrulist jérku tuletistega diferent-
siaalvorrandeid, mis on kujul

l
(MPDgu)(t) = > ar(t) (M DEFu)(t) + f(1), 0<t<T, (6.1.1)
k=1
ja
l
(DgMu)(t) =Y () (DY M u)(t) + f(t), 0<t<T, (6.1.2)
k=1

kus D on p-jérku (u € [0,00)) murrulise diferentseerimise operaator ning
(M u)(t) =t'u(t), 0<t<T, veR=(-o0,0), ueC[0,T].

Viitekirja iiheks peamiseks eesmérgiks on uurida vorrandite (6.1.1) ja (6.1.2)
ithest lahenduvust ruumis C™[0,T], kus m € Ny = {0,1,...}. Ruumi C™[0,T]
moodustavad 16igul [0,7] defineeritud funktsioonid u, mis on m korda pidevalt
diferentseeruvad (kui m = 0, siis tdhistame C°[0,T] = C[0,T]). Meie metoodika
peamine t606riist on siidamlike Volterra integraaloperaatorite teooria [34, 35, 37].

Vorrandites (6.1.1) ja (6.1.2) esinevad murrulise diferentseerimise operaatorid
D} (1 > 0) on defineeritud kui Riemann-Liouville’i murrulise integraaloperaatori
JH poordoperaatorid hulgal JC[0,T), st

DY = (J")7Y p>o.

Riemann-Liouville’i murruline integraaloperaator J* on defineeritud valemiga:

(JFu)(t) = 1)/t(t—s)“1u(s)ds, weCl0,T), t>0, u>0; J'=1I,
0

()
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kus I' tdhistab Euleri gammafunktsiooni ja I ithikkujutust.

Viitekiri koosneb viiest peatiikist. Esimeses peatiikis antakse liihike tilevaade
to0st ning murruliste tuletiste ja hajuvate integraalide ajaloost. Teises peatiikis
tutvustatakse t60s vajalikke tdhistusi, moisteid ja tulemusi.

T66 kolmas peatiikk on piihendatud singulaarsetele vorranditele kujul (6.1.2),
kus f € C™[0,T], a,ar € R ja

m<a<m+l, a>aqp>0, b,eC™0,T], k=1,2,...,1, meNy.
(6.1.3)
Alustuseks uuritakse konstantsete kordajatega vorrandeid, nende jaoks toestatakse
teoreem 3.1.1. Peatiiki pohitulemus on teoreem 3.1.2, mis annab vorrandite (6.1.2)
iithese lahenduvuse kriteeriumid ruumis C™ [0, T'] eeldustel (6.1.3).

Neljandas peatiikis on vaatluse all singulaarsed vorrandid kujul (6.1.1), kus
feC™0,T], 8,6k € R ja

m<p<m+1, B>p0B,>0, a,cC”0,T], k=1,2,...,1, meN.

(6.1.4)
Vorrandite (6.1.1) puhul vaadeldakse eraldi juhte kus 0 < 8 < 1 ja 8 > 1. Juhu
0 < B8 < 1 jaoks toestatakse teoreemid 4.1.1 ja 4.1.3. Kui 8 > 1, siis on olukord
keerulisem. Esiteks jatkatakse operaatorid Dg ja Dg’“ ning vastavad siidamlikud
Volterra integraaloperaatorid ruumi C™[0, T ja siis toestatakse teoreemid 4.1.2 ja
4.1.4 laiendatud operaatorite kohta. Késitletud murrulist jarku diferentseerimise
operaatorid Dg on tihedalt seotud praktikas enam kasutust leidvate Riemann-
Liouville’i ja Caputo murruliste tuletistega. Kolmanda ja neljanda peatiiki pohi-
tulemused saab iimber formuleerida juhule, kui vorrandites on D} asemel kasu-
tatud Riemann-Liouville’i v6i Caputo murrulisi tuletisi.

Hajuvaid integraale (st integraale, mis klassikalises mottes hajuvad) ja neid
sisaldavaid vorrandeid on uuritud juba aastakiimneid. Uks tihtsamaid kisitusi
hajuvate integraalide puhul on nende 16pliku osa (f.p.) defineerimine. Aastate
jooksul on vilja pakutud mitmeid erinevaid voimalusi hajuva integraali 16pliku osa
(vastava f.p.-integraali) defineerimiseks (vt [15, 20]).

Viitekirja viimases peatiikis defineeritakse logaritmilist tegurit omavate haju-
vate integraalide T
/ a(t)t™ > H(Int)"dt, (6.1.5)
0

kus A on kompleksarv, mille reaalosa on mittenegatiive, m,n € Ny, 0 < a <1 ja

aeC™o,T), |a"™(t)— a(m)(O)) <ct* 0<t<T, ¢>0, ¢c=const.

16plik osa (vastav f.p.-integraal) ja toestatakse muutujavahetuse eeskiri selliste f.p.-
integraalide jaoks.

Enamik kiesoleva t66 pohitulemustest sisalduvad avaldatud teadusartiklites
[23, 24] ning neid tulemusi on tutvustatud viiel teaduskonverentsil. T66 sisaldab
ka tulemusi, mis ei ole veel avaldatud.
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