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Acta et commentationes universltatis Tartuensis, 863, 1989, 3-18. 

ON THE REGULARIZATION OF THE RITZ-GALERKIN 
METHOD FOR SOLVING ILL-POSED PROBLEMS 

Robert Plato (Berlin) and Gennadi Vainikko (Tartu) 

In this paper we consider a class of regularlzation 
methods for a discretized version of an operator equation 
twhich Includes the case that the problem Is Ill-posed) with 
approximately given right-hand side. We propose an a prlorl-as 
welt as an a posteriori-parameter choice method which Is 
similar to the discrepancy principle of Ivanov-Morozov. From 
the results on fractional powers of self-adjoint operators 
we obtain convergence rates which are (In many cases J the 
same for both parameter choices. 

1 Introduction 

Let. X be a Hilbert space and A € Lk(X), i.e. A : X -• X is a bounded 
linear operator. We suppose A = A* > 0 and consider the equation 

Ax = у, у € R(A). (1.1) 

We assume that only an approximation y, 6 Y to у is available with 
lis/ - fell < e- where ( > 0 is a known error bound. To get an approx­
imation to a solution of (1.1) we have to discrctizc the problem. For 
h > 0, let Р/, be an orthogonal projection in X. In the following we 
will assume that 

||A(/-P,,)||-»<) (/,->()). (1.2) 

If R(Ph) is finite-dimensional which is the most interesting case, it is 
sufficient and necessary for condition (1.2) to hold that A is a compact 
operator and that A —> I (h -+ 0) pointwi.se on JV(A)1. If R(A) is 
non-closed, we have to use a regularization method. For example, we 
may choose h in dependence of e and take the solution 6 R(Ph) of 
the equation P/,AP/,.r/, = Pi,у, (we assume for the moment that it exists 
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and is unique) as approximation to the solution x, of (1.1) (see [3], 
[7], [9], [17]). Another, more favorable way is the use of regularization 
methods which are generated by Borel measurable functions 

ffr: [0, a] -» Ж, 

r > 0, ||A|| < a. We assume that the functions g r  satisfy the following 
conditions: 

sup tp|l - tg r(t)\ < y pr~ p, r> 0, 0<p<po, (1.3) 
0<<<a 

sup \g r(t)\ < yr, r > 0, (1.4) 
0 <Ka 

where po > 0, y p  and у are constants. Let x q  € X be an initial approx­
imation. Then, with an appropriate parameter choice r (see Section 
3), an approximation to the solution x, of (1.1) which is nearest to xq, 
i.e. Ax, = y,xt - xq € /V(A)-1-, is given by Вн,гу( with 

Rh.r - (I - g r(Ah)A h)PhXo + g r(Ai t)P h, (1.5) 

where A* = PhAPh : X —> X- In Section 3 we propose an a priori pa­
rameter selection as well as an a posteriori parameter selection which 
is comparable to the discrepancy method of Ivanov-Morozov ([4], [8]): 
for fixed h choose r such that ||(/ - АнРн,г)РкУе\\ = de with some 
constant d > 1. 

Iu Section 2 we present some examples and in Section 4 some auxil­
iary results on fractional powers of selfadjoint positive operators which 
will be needed in the main Section 3, are given. Finally, in Section 5 
some results on the regularization of projection methods for solving 
ill-posed problems involving non-selfadjoint operators are presented. 

2 Examples and illustrations 

2.1 Examples 

1. The method of Lavrentiev: We have to determine the solution 
of the equation 

(Ah+r~lI)x = РкУе- (2.1) 

The method is of the form (1.5) with z0 = 0 and g r(t) = (f + 
г-1)-1, г > 0. Conditions (1.3) and (1.4) hold with pc = 1. 

2. The generalized method of Lavrentiev: Let <? > 0. We have to de­
termine the solution x/,,,- of the equation 

(Ai+1+r^ = 4%. (2.2) 
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The method is of the form (1.5) with x 0  = 0 and g r(i) = t 4/(t 9 + 1  + 
r~'_1), r > 0. Conditions (1.3) and (1.4) hold with po = <? + 1. 

3. The method of successive approximation (explicit schemed: Let 0 < 
ß < The algorithm which is due to Landweber is given by x/,,о = 

Ph% 0» 
хл,г = (I - pA h)x h ir-1 + fiPhVi, Г = 1,2 , . . .  (2.3) 

We have Rh, ry (  = x h < r, where Rh, r  is of the class (1.5) with. g r(t) = 
|[1 — (1 - ßt)r], t ф 0. Conditions (1.3) and (1.4) hold for any po > 0. 

4 Implicit adiaae: Let 0 < ß be constant. The algorithm which is 
due to Fakeev-Lardy is given by Xh,о = Ph^o, 

{Ah 4" ßl)$htr ~ ß%h,r—l PhVu '' = 11 2,... (2.4) 

We have Rh,ryt = а-'л,п where Rh, r  is of the class (1.5) with g r(t) = 
A[1 - (^)r], t ф 0. Conditions (1.3) and (1.4) hold for any po > 0. 

Other examples of regularization methods can be found in [15], [16] 
or [18]. Now let Ф!,Ф2, ...,Ф„ € X be a basis of R(Ph)- We define 

— (^ Фi 1 Фj ̂ >)ij= 

R ~ (^  iiA j >)t'J=l n, 
Z =  (*•• У( >ji=l,...,n- (2-5) 

Let us first consider the method of Lavrentiev. The solution Xh,r of 
the corresponding equation (2.1) can be expressed in the form 

3 /l.r =  XI CjQj' 
j=и 

Some calculation shows that (2.1) is eqxiivalent to the following system 
of equations for determining с = (c,);-i 

(B + r~ lG*)c = z. (2.6) 

Concerning the method of successive approximation (2.3) and the im­
plicit scheme (2.4) may be expressed again in the form 

•T'..r = Ё cfr. 
j =  I  

Some calculation shows that (2.3) resp. (2.4) is equivalent to the 
following sequence of systems of equations (2.7) resp. (2.8) for deter­
mining cr - (c'j)j—[ r = 1.2.... 

cr = с'-' - ß(GilBcr~l - (2.7) 

(Gl1 В + ßl„)cr = ßcr~l + G;1;, (2.8) 
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