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Chapter 1

Introduction

1.1 Background

Daugavet and ∆-points were introduced as pointwise versions of the
Daugavet property and the diametral local diameter-two property,
respectively (see [AHLP20]). The Daugavet property originates from
a classical paper by Daugavet, in which he proved that every compact
operator T on Cr0, 1s satisfies the equation

}Id´T } “ 1 ` }T } ,

which is now known as the Daugavet equation (see [Dau63]). Soon
after, it was shown that the Daugavet equation holds for every compact
operator on L1r0, 1s as well (see [Loz66]). A Banach space in which
every rank-one operator satisfies the Daugavet equation is said to have
the Daugavet property (for further background, see [Wer01]).

The Daugavet property has significant implications for the geomet-
ric structure of a Banach space. For instance, every Banach space with
the Daugavet property contains an isomorphic copy of ℓ1 (see [Wer01,
Theorem 2.6]) and cannot have an unconditional basis (see [Kad96,
Corollary 2.3]). Moreover, the Daugavet property is a diameter-two
property, meaning that every slice of the unit ball has diameter exactly
2 – the largest possible diameter. In this sense, it stands in stark
contrast to the Radon–Nikodým property, which implies that there
exist slices of the unit ball with arbitrarily small diameter.

The Daugavet property admits several equivalent characterizations.
In particular, a Banach space X has the Daugavet property if and only
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if for every x P SX and every ε ą 0, we have

BX “ conv ty P BX : }x ´ y} ě 2 ´ εu

(see [Wer01, Corollary 2.3]). This characterization motivates a natu-
ral pointwise version of the property: an element x P SX is called
a Daugavet point if BX “ conv ty P BX : }x ´ y} ě 2 ´ εu for ev-
ery ε ą 0. Similarly, an element x P SX is called a ∆-point if
x P conv ty P BX : }x ´ y} ě 2 ´ εu for every ε ą 0. It is immedi-
ate that every Daugavet point is a ∆-point, but the converse fails in
general (see, e.g, [AHLP20, Example 4.7]). The study of Daugavet and
∆-points has attracted significant interest in recent years. For example,
Daugavet and ∆-points have been investigated in

• L1pµq spaces and their preduals (see [AHLP20]);

• CpKq spaces (see [AHLP20]);

• Absolute sums of Banach spaces (see [AHLP20], [HPV21]);

• Banach spaces with unconditional bases (see [ALMT21]);

• Lipschitz-free spaces (see [JRZ22]);

• Projective tensor products (see [DJRZ22]);

• Asymptotically smooth and convex spaces (see [ALMP22]).

In the course of studying Daugavet and ∆-points, several related
notations have been introduced, including super and ccs versions of
these points (see [MPRZ24]), relative Daugavet points (see [AAL`24b]),
and ∇-points (see [HLPV24]).

An important distinction between the Daugavet property and the
existence of Daugavet points is highlighted by the construction in
[ALMT21], which provides an example of a Banach space with a 1-
unconditional basis that nevertheless contains a Daugavet point. In this
thesis, we further explore this distinction by constructing an example
of a Banach space with the Radon–Nikodým property that contains
Daugavet points. Moreover, we provide examples of reflexive Banach
spaces that admit Daugavet points.
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1.2 Summary of the thesis

The main aim of the thesis is to study Daugavet and ∆-points in
various Banach spaces. In particular, we examine these points in
Lipschitz-free spaces and their duals – spaces of Lipschitz functions –
providing characterizations for certain subclasses of these spaces, as
well as, a complete characterization of Daugavet points in Lipschitz-free
spaces. Additionally, we present an example of a metric space, whose
Lipschitz-free space has the Radon–Nikodým property and a Daugavet
point. Moreover, we show that this Lipschitz-free space is also a dual
space isomorphic to ℓ1. The thesis further investigates renormings
of Banach spaces that admit Daugavet or ∆-points, through which
we provide examples of reflexive spaces containing Daugavet points.
Finally, we introduce several classes of Banach spaces that cannot
contain Daugavet or ∆-points.

The thesis is organized into five chapters.
Chapter 1 provides an overview of the main definitions and prelim-

inary results relevant to the thesis.
In Chapter 2, we study Daugavet and ∆-points in Lipschitz-free

spaces. We prove that Daugavet points satisfy the distance-to-denting
characterization for arbitrary Lipschitz-free spaces. Additionally, based
on [JRZ22, Theorem 4.7], we derive a potential characterization of
∆-points, which we will prove for all finitely supported elements, as
well as for certain classes of Lipschitz-free spaces. In addition, we
provide a fully metric characterization of molecules that are ∆-points.
Furthermore, we give an example of a Lipschitz-free space that is
a dual space isomorphic to ℓ1 and contains a Daugavet point. To
conclude the chapter, we prove that Daugavet and ∆-points coincide
in Lipschitz-free spaces over subsets of R-trees. This chapter is based
on [AAL`24a], [AAL`24b], [Vee23], [Vee25a], and [Vee25b].

Chapter 3 is dedicated to the study of Daugavet and ∆-points in
the duals of Lipschitz-free spaces – that is, spaces of Lipschitz functions.
We prove that Daugavet and ∆-points coincide in spaces of Lipschitz
functions over compact metric spaces, and furthermore, that they
are precisely the local functions. We also prove that every space of
Lipschitz functions contains a ∆-point. A broad class of these spaces
– namely, spaces of Lipschitz functions over metric spaces that are
unbounded or fail to be uniformly discrete – also contain a Daugavet
point. However, we show the existence of a metric space whose space of
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Lipschitz functions does not contain any Daugavet points. This proves
that, in general, Daugavet and ∆-points do not coincide in spaces of
Lipschitz functions. This chapter is based on [Vee25a].

In Chapter 4, we study renormings of Banach spaces that admit
Daugavet or ∆-points. The motivation stems from the question of
whether there exists a reflexive Banach space that contains Daugavet
or ∆-points. We prove that every infinite-dimensional Banach space
can be renormed with a ∆-point. Furthermore, we show that every
infinite-dimensional Banach space with an unconditional basis can
be renormed with a Daugavet point. This shows that the classical
spaces ℓp, for p P r1,8q, admit equivalent norms, under which the
spaces contain Daugavet points, thus also providing us with the desired
example. This chapter is based on [AAL`24a] and [HLPV24].

The last part of the thesis – Chapter 5 – focuses on finding properties
of Banach spaces that prevent the containment of Daugavet or ∆-points.
We show that whenever a Banach space X contains a D-point (a weaker
cousin of ∆-points), or its dual X˚ contains a weak˚ ∆-point, then
the dual must also contain a weak˚ super ∆-point. As a corollary, we
deduce that a Banach space with a shrinking k-unconditional basis for
k ă 2 cannot contain any D-points, and thus also does not contain any
∆-points. We further prove that if a Banach space with the Radon–
Nikodým property contains a Daugavet point, then it must contain a
Daugavet point that is also an extreme point of the unit ball. This
implies that a Banach space with the Radon–Nikodým property, in
which every extreme point of the unit ball is also denting, cannot
contain any Daugavet points. This chapter is based on [AAL`24a] and
[HLPV24].

To keep this thesis more focused, we have only included a selection
of the results from the papers on which it is based; we refer the reader
to these papers for further detail.

1.3 Notation

In this thesis, we consider only real Banach spaces and use common
notation. Given a Banach space X, we denote the closed unit ball by
BX , the unit sphere by SX , and the dual space by X˚. For a subset A
of a Banach space X, we denote its closed convex hull by convA and
its diameter by diampAq.

Given a metric space M , a point x P M , and r ě 0, we denote by
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Bpx, rq the closed ball with center x and radius r. For every u, v P M
and δ ą 0, we define a metric segment

ru, vs :“ tp P M : dpu, pq ` dpv, pq “ dpu, vqu

and an approximate metric segment

ru, vsδ :“ tp P M : dpu, pq ` dpv, pq ă dpu, vq ` δu .

1.4 Preliminaries

In this section, we introduce the main notation and some general results
that are used throughout the thesis.

Diametral points

Daugavet and ∆-points were first defined in [AHLP20]. There are
several ways to define these points; we first present the one from
[AHLP20]: given a Banach space X and x P SX , we say that x is

(1) a Daugavet point if BX “ conv∆εpxq for every ε ą 0,

(2) a ∆-point if x P conv∆εpxq for every ε ą 0,

where
∆εpxq “

␣

y P BX : }x ´ y} ě 2 ´ ε
(

.

Both Daugavet and ∆-points admit equivalent definitions in the terms
of slices (see [AHLP20, Lemmas 2.1, 2.2]). We first recall the definition
of a slice.

Definition 1.1. Let X be a Banach space, and let A be a non-empty
bounded subset of X. For x˚ P SX˚ and α ą 0, the set

SpA, x˚, αq :“

"

x P A : x˚
pxq ą sup

yPA
x˚

pyq ´ α

*

,

is called a slice of the set A.

We primarily work with slices of the unit ball BX , and in this case
we usually write Spx˚, αq instead of SpBX , x

˚, αq.
We now introduce the equivalent definitions of Daugavet and ∆-

points, as well as their super versions and D-points. Both definitions
are used throughout the thesis.
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Definition 1.2. Let X be a Banach space, and let x P SX . We say
that x is

(1) a Daugavet point if supyPS }x ´ y} “ 2 for every slice S of BX ;

(2) a ∆-point if supyPS }x ´ y} “ 2 for every slice S of BX that
contains x;

(3) a super Daugavet point if supyPV }x´ y} “ 2 for every non-empty
relatively weakly open subset V of BX ;

(4) a super ∆-point if supyPV }x ´ y} “ 2 for every relatively weakly
open subset V of BX that contains x;

(5) a D-point if supyPS }x ´ y} “ 2 for every slice S “ Spx˚, εq of
BX with x˚pxq “ 1 and ε ą 0.

It is immediate from the definition of weak convergence that x P SX

is a super Daugavet point if and only if for every y P SX there exists a
net pyαq Ď SX such that yα Ñ y weakly and }x ´ yα} Ñ 2. Similarly,
x P SX is a super ∆-point if and only if there exists a net pyαq Ď SX

such that yα Ñ x weakly and }x ´ yα} Ñ 2.
The following implications can be derived directly from the defini-

tions.

super Daugavet point ùñ Daugavet point
ó ó

super ∆-point ùñ ∆-point ùñ D-point

None of the reverse implications hold, meaning that these are indeed
all distinct notions. We refer the reader to [AHLP20] and [MPRZ24]
for concrete examples.

Similarly, one can define the weak˚ slice and weak˚ versions of
Daugavet and ∆-points.

Definition 1.3. Let X be a Banach space, and let A be a non-empty
bounded subset of X˚. For x P SX and α ą 0, the set

SpA, x, αq :“

"

x˚
P A : x˚

pxq ą sup
y˚PA

y˚
pxq ´ α

*

,

is called a weak˚ slice of the set A.
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We primarily work with weak˚ slices of the unit ball BX˚ , and in
these cases we usually denote the weak˚ slice by Spx, αq.

Definition 1.4. Let X be a Banach space, and let x˚ P SX˚ . We say
that x˚ is

(1) a weak˚ Daugavet point if supy˚PS }x˚ ´ y˚} “ 2 for every weak˚

slice S of BX˚ ;

(2) a weak˚ ∆-point if supy˚PS }x˚ ´ y˚} “ 2 for every weak˚ slice S
of BX˚ that contains x˚;

(3) a weak˚ super Daugavet point if supy˚PV }x˚ ´ y˚} “ 2 for every
non-empty relatively weak˚ open subset V of BX˚ ;

(4) a weak˚ super ∆-point if supy˚PV }x˚ ´y˚} “ 2 for every relatively
weak˚ open subset V of BX˚ that contains x˚.

In Chapters 4 and 5, we will also work with certain stronger versions
of super ∆-points.

Definition 1.5. Let X be a Banach space. We say that

(1) a point x P SX is a sequential super ∆-point if there exists a
sequence pxnq in SX that converges weakly to x and satisfies
}x ´ xn} Ñ 2.

(2) a point x˚ P SX˚ is a weak˚ sequential super ∆-point if there
exists a sequence px˚

nq in SX˚ that converges weak˚ to x˚ and
satisfies }x˚ ´ x˚

n} Ñ 2.

Throughout the thesis, when working with a slice Spx˚, αq, we often
want to assume that α is as small as needed. The following lemma
allows us to do so.

Lemma 1.6 (see [IK04, Lemma 2.1]). Let X be a Banach space,
x˚ P SX˚, and α ą 0. For every x P Spx˚, αqXSX and every β P p0, αq,
there exists y˚ P SX˚ such that

x P Spy˚, βq Ď Spx˚, αq.

We first focus on Daugavet points. To this end, we recall the
definitions of extreme points and denting points.

15



Definition 1.7. Let A be a bounded, closed, convex subset of a Banach
space X. We say that x P A is

(1) an extreme point of A if x1 “ x2 “ x whenever x1, x2 P A and
x “ 1

2
px1 ` x2q;

(2) a denting point of A if for every ε ą 0, there exists a slice S of A
such that x P S and diampSq ă ε.

We denote the set of all denting points of A by dentpAq.

Furthermore, in Chapter 2, we also briefly work with preserved
extreme points. Recall that an extreme point of the closed unit ball
of a Banach space is said to be a preserved extreme point if it is also
an extreme point of the closed unit ball of the bidual space. Next
proposition shows that there is a close relation between Daugavet
points and denting points.

Proposition 1.8 (see [JRZ22, Proposition 3.1]). Let X be a Banach
space, and let x P SX be a Daugavet point. Then for every y P

dentpBXq, we have }x ´ y} “ 2.

It was also shown in [JRZ22] that the converse of Proposition 1.8
does not hold. Indeed, the space ℓ8 has no denting points in its
unit ball, but at the same time does not have the Daugavet property.
On the other hand, it was shown in [JRZ22] that for Lipschitz-free
spaces over compact metric spaces, the converse does hold (see [JRZ22,
Theorem 3.2]). We say that a Banach space X satisfies the distance-to-
denting property for Daugavet points if for every x P SX , the point x is
a Daugavet point if and only if x is at distance 2 from all the denting
points of BX . One of the aims of the thesis is to show that the distance-
to-denting property for Daugavet points holds for all Lipschitz-free
spaces.

To conclude the introduction of Daugavet points, we also state the
following result.

Proposition 1.9 (see [AAL`24b, Proposition 3.15]). Let X be a
Banach space, let x P SX , and let pznqnPI be a family of elements in
BX for some non-empty subset I of N. Suppose there exists a family
of scalars pλnqnPI Ď p0, 1s with

ř

nPI λn “ 1 such that x “
ř

nPI λnzn.
If x is a Daugavet point, then each zn is also a Daugavet point.
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Proof. Fix k P I and ε ą 0, and pick any slice S of BX . Since x is a
Daugavet point, we can find y P S such that }x ´ y} ą 2 ´ λk ε. We
have

λk}zk ´ y} ě

›

›

›

›

›

ÿ

nPI

λnzn ´
ÿ

nPI

λny

›

›

›

›

›

´

›

›

›

›

›

›

ÿ

nPIztku

λnzn ´
ÿ

nPIztku

λny

›

›

›

›

›

›

ě }x ´ y} ´
ÿ

nPIztku

λn}zn ´ y}

ą 2 ´ ε λk ´ 2p1 ´ λkq

“ p2 ´ εqλk,

so }zk ´ y} ą 2 ´ ε, and it follows that zk is a Daugavet point.

Next we will focus on ∆-points. In particular, we introduce the
following result, which is a useful tool for examining ∆-points.

Proposition 1.10 (see [Vee25a, Proposition 2.1]). Let x0 P SX be
a ∆-point. Then for every slice Spx˚

0 , αq of BX with x0 P Spx˚
0 , αq,

there exist sequences pxiq in Spx˚
0 , αq and px˚

i q in BX˚ such that x˚
i P

Spx0, 1{iq for all i P N, and

}xi ´ xj} ě 2 ´ α and }x˚
i ´ x˚

j } ě 2 ´ α

for all i, j P NY t0u with i ‰ j.
Furthermore, if A Ď BX and C Ď BX˚ are such that every subslice

of Spx˚
0 , αq contains a point from A, and for some δ ą 0 every subslice

of Spx0, δq contains a point from C, then we may additionally assume
that the sequence pxiq is contained in A and the sequence px˚

i q is
contained in C.

Proof. It is enough to prove the “Furthermore...” statement, as the
first statement follows by taking A “ BX and C “ BX˚ . Let A Ď BX ,
C Ď BX˚ , and δ ą 0 be as in the statement of the proposition.
Fix a slice Spx˚

0 , αq with x0 P Spx˚
0 , αq. Let γ P p0, αq be such that

x0 P Spx˚
0 , α´2γq, γ{2 ă δ, and γ ă 1. We will construct the sequences

pxiq and px˚
i q recursively. Since x0 is a ∆-point, by [JRZ22, Lemma 2.2]

we can find a subslice T of Spx˚
0 , α ´ γq such that }x0 ´ y} ą 2 ´ γ{2

for every y P T . Choose x1 P T X A Ď Spx˚
0 , α ´ γq X A, then also

}x0 ´ x1} ą 2 ´ γ{2. Note that

S

ˆ

x0 ´ x1

}x0 ´ x1}
, 1 ´

2 ´ γ{2

}x0 ´ x1}

˙

Ď Spx0, δq.

17



Indeed, if y˚ P S
´

x0´x1

}x0´x1}
, 1 ´

2´γ{2
}x0´x1}

¯

, then y˚px0 ´ x1q ą 2 ´ γ{2,
and thus

y˚
px0q ą 2 ´ γ{2 ` y˚

px1q ě 1 ´ γ{2 ą 1 ´ δ.

Choose x˚
1 P S

´

x0´x1

}x0´x1}
, 1 ´

2´γ{2
}x0´x1}

¯

X C. Then x˚
1px0 ´ x1q ą 2 ´

γ{2, which implies both x˚
1px0q ą 1 ´ γ{2 and x˚

1p´x1q ą 1 ´ γ{2.
Furthermore,

}x0 ´ x1} ą 2 ´
γ

2
ą 2 ´ α

and

}x˚
0 ´ x˚

1} ě x˚
0px1q ´ x˚

1px1q ą 1 ´ α ` γ ` 1 ´
γ

2
ą 2 ´ α.

Assume that we have found x1, . . . , xn´1 P A and x˚
1 , . . . , x

˚
n´1 P C

such that

xi P Spx˚
0 , α ´ γq, x˚

i px0q ą 1 ´ γ{2i, and x˚
i p´xiq ą 1 ´ γ{2i

for every i P t1, . . . , n ´ 1u, and

}xi ´ xj} ě 2 ´ α and }x˚
i ´ x˚

j } ě 2 ´ α

for every i, j P t0, . . . , n ´ 1u with i ‰ j. Let

y˚
“

n´1
ÿ

i“0

x˚
i .

Then

y˚
px0q “ x˚

0px0q `

n´1
ÿ

i“1

x˚
i px0q ą 1´α` 2γ `

n´1
ÿ

i“1

p1´ γ{2iq ą n´α` γ.

Since x0 is a ∆-point, as above, we can find xn P A such that

y˚
pxnq ą n ´ α ` γ

and }x0 ´ xn} ą 2 ´ γ{2n. Similarly to the base step, we find x˚
n P C

such that x˚
npx0 ´ xnq ą 2 ´ γ{2n. Then x˚

npx0q ą 1 ´ γ{2n and
x˚
np´xnq ą 1 ´ γ{2n. Furthermore,

x˚
i pxnq “ y˚

pxnq´
ÿ

jPt0,...,n´1uztiu

x˚
j pxnq ą n´α`γ´pn´1q “ 1´α`γ
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for every i P t0, . . . , n ´ 1u. Thus,

}xn ´ xi} ě x˚
i pxnq ´ x˚

i pxiq ą 1 ´ α ` γ ` 1 ´
γ

2i
ą 2 ´ α

for every i P t1, . . . , n ´ 1u, and

}x˚
n ´ x˚

i } ě x˚
i pxnq ´ x˚

npxnq ą 1 ´ α ` γ ` 1 ´
γ

2n
ą 2 ´ α

for every i P t0, . . . , n ´ 1u.

By using Proposition 1.10, we can show that the Kuratowski mea-
sure of non-compactness is equal to 2 for each slice containing a ∆-point,
thus providing a stronger version of [ALMP22, Theorem 4.2], as well
as an alternative proof of [ALMP22, Theorem 3.5]. Recall that for a
bounded subset A Ď X, the Kuratowski measure of non-compactness
αpAq is the infimum of all ε ą 0 such that A can be covered by a finite
number of sets with diameter less than ε.

Corollary 1.11 (see [Vee25a, Corollary 2.2]). Let x P SX be a ∆-
point. Then αpSq “ 2 for every slice S of BX with x P S. Furthermore,
α
`

Spx, δq
˘

“ 2 for every δ ą 0.

Proof. By Proposition 1.10, any slice Spx˚, δq of BX with x P Spx˚, δq

contains countable number of points such that any two points are at
least at distance 2´δ from each other. Therefore, covering Spx˚, δq with
a finite number of subsets means that at least one of these subsets must
contain two points whose distance is at least 2 ´ δ. By Lemma 1.6, for
every β P p0, δq there exists y˚ P SX such that x P Spy˚, βq Ď Spx˚, δq,
and thus

αpSpx˚, δqq ě αpSpy˚, βqq ě 2 ´ β.

Since β was arbitrary, it follows that αpSpx˚, δqq “ 2.
Next we show the equality αpSpx, δqq “ 2 for every δ ą 0. Fix

δ ą 0. For any β ą 0, by Proposition 1.10, we can find a sequence px˚
i q

in SX˚ such that x˚
i P Spx, 1{iq and }x˚

i ´ x˚
j } ě 2 ´ β for any distinct

i, j P N. Then, countably many of these functionals must belong to
the slice Spx, δq, and thus αpSpx, δqq ě 2 ´ β. As β was arbitrary, we
get αpSpx, δqq “ 2.

In [ALMP22], these results were used to show that asymptotically
uniformly smooth and reflexive asymptotically uniformly convex spaces
do not contain ∆-points (for more information about these types of
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spaces, see, e.g., [JLPS02]). At the end of [ALMP22, Section 4], it was
noted that it is not clear whether quasi-denting points can be Daugavet
or ∆-points. Recall that x P SX is a quasi-denting point of BX if for
every ε ą 0 there exists a slice S of BX with x P S such that αpSq ă ε.
From Corollary 1.11, it is clear that a quasi-denting point cannot be a
∆-point.

Similarly to Proposition 1.10 and Corollary 1.11, we can prove the
two following statements for weak˚ ∆-points.

Proposition 1.12 (see [Vee25a, Proposition 2.3]). Let x˚
0 P SX˚ be

a weak˚ ∆-point. Then for every weak˚ slice Spx0, αq of BX˚ with
x˚
0 P Spx0, αq, there exist sequences px˚

i q in Spx0, αq and pxiq in BX

such that xi P Spx˚
0 , 1{iq for every i P N, and

}x˚
i ´ x˚

j } ě 2 ´ α and }xi ´ xj} ě 2 ´ α

for all i, j P NYt0u with i ‰ j.
Furthermore, if A Ď BX˚ and C Ď BX are such that every subslice

of Spx0, αq contains a point from A, and for some δ ą 0 every subslice
of Spx˚

0 , δq contains a point from C, then we may additionally assume
that the sequence px˚

i q is contained in A and the sequence pxiq is
contained in C.

Corollary 1.13 (see [Vee25a, Corollary 2.4]). Let x˚ P SX˚ be a weak˚

∆-point. Then αpSq “ 2 for every weak˚ slice S of BX˚ with x˚ P S.
Furthermore, α

`

Spx˚, δq
˘

“ 2 for every δ ą 0.

The Radon–Nikodým property and the Schur prop-
erty

On the opposite end of the spectrum from the Daugavet property
lies the Radon–Nikodým property. This property is well studied and
admits several equivalent definitions. For the purpose of this thesis,
we use the following.

Definition 1.14. A Banach space has the Radon–Nikodým property if
every non-empty bounded closed convex set is the closed convex hull
of its denting points.

From Proposition 1.8, we already know that a Daugavet point
must be at distance two from every denting point. Consequently, a
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Banach space cannot have both the Daugavet property and the Radon–
Nikodým property. It is not trivial to find examples of Banach spaces
with the Radon–Nikodým property while also containing a Daugavet
point. This topic is further discussed in Section 2.3 and Chapter 4.

Another property considered in Chapter 4 is the Schur property.

Definition 1.15. A Banach space X has the Schur property if every
weakly convergent sequence in X is norm convergent.

It is clear that the Schur property is incompatible with the existence
of sequential super ∆-points. However, there does exist a (highly non-
trivial) example of a Banach space with both the Daugavet property
and the Schur property (see [KW04]).

Spaces of Lipschitz functions and Lipschitz-free
spaces

Let M be a metric space with metric d and a fixed base point 0.
We denote by Lip0pMq the Banach space of all Lipschitz functions
f : M Ñ R with fp0q “ 0 equipped with the natural linear structure
and the norm

}f} :“ sup

"

|fpxq ´ fpyq|

dpx, yq
: x, y P M,x ‰ y

*

.

Let δ : M Ñ Lip0pMq˚ be the canonical isometric embedding of M
into Lip0pMq˚, given by x ÞÑ δx, where δxpfq “ fpxq. The norm-closed
linear span of δpMq in Lip0pMq˚ is called the Lipschitz-free space over
M and is denoted by FpMq (see [God15] and [Wea18] for background).
An element in FpMq of the form

mxy :“
δx ´ δy
dpx, yq

for x, y P M with x ‰ y is called a molecule. Clearly mxy P SFpMq for
all x, y P M with x ‰ y, and it is well known that

BFpMq “ conv tmxy : x, y P M,x ‰ yu

and
FpMq

˚
“ Lip0pMq.

We also require the definition of the support of elements in Lipschitz-
free spaces, as introduced in [AP20] and [APPP20].
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Definition 1.16. For an element µ P FpMq, we say that the support
of µ, denoted by supppµq, is the smallest closed set K Ď M such that
µ P FpK Y t0uq.

It is know that any finitely supported element can be represented as
convex combination of molecules (see, e.g., [Wea18, Proposition 3.16]).
Next, we introduce the notation of a local Lipschitz function.

Definition 1.17. A Lipschitz function f is called local if for every
ε ą 0 there exist u, v P M with u ‰ v such that xf,muvy ą }f} ´ ε
and dpu, vq ă ε.

We conclude this subsection by introducing the de Leeuw’s map.
Let

ĂM “ pM ˆ Mqz tpx, xq : x P Mu .

The mapping Φ : M Ñ ℓ8pĂMq, defined by

f ÞÑ f̃ , where f̃px, yq “
fpxq ´ fpyq

dpx, yq
,

sometimes called the de Leeuw’s map or the de Leeuw’s transform, is
linear and isometric. Recall that the dual of ℓ8pĂMq is the Banach
space bapĂMq of all bounded, finitely additive signed measures on
ĂM , where the norm is given by the total variation. Thus, for every
F P SLip0pMq˚ , by the Hahn–Banach extension theorem, there exists a
measure µ P bapĂMq with |µ|pĂMq “ 1 such that

F pfq “

ż

ĂM

f̃dµ

for every f P Lip0pMq (see, e.g., [Wea18] for background).

Unconditional basis

In Chapters 4 and 5, we will be working with Banach spaces that have
a basis. We introduce here a few necessary definitions.

Let X be a Banach space with a Schauder basis penq and the
corresponding biorthogonal functionals pe˚

nq. The projections defined
by

Pkpxq “

k
ÿ

n“1

e˚
npxqen

are called the partial sum projections.
We are particularly interested in unconditional basis.
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Definition 1.18. A basis penq is said to be unconditional if the series
x :“

ř8

n“1 anen converges unconditionally for every x P X. The basis
penq is said to be k-unconditional for k ě 1, if for every N P N and for
any scalars a1, . . . , aN , b1, . . . , bN with |an| ď |bn| for all n “ 1, . . . , N ,
we have

›

›

›

›

›

N
ÿ

n“1

anen

›

›

›

›

›

ď k

›

›

›

›

›

N
ÿ

n“1

bnen

›

›

›

›

›

.

For more information on basis, see, e.g., [AK16].
It is known that a Banach space with an unconditional basis cannot

have the Daugavet property (see [Kad96, Corollary 2.3]). However,
there exists a Banach space with a 1-unconditional basis that contains
a Daugavet point (see [ALMT21, Section 4]). This naturally motivates
further study of Daugavet and ∆-points in this setting.
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Chapter 2

Daugavet and Delta-points in
Lipschitz-free spaces

The study of Daugavet and ∆-points in Lipschitz-free spaces was initi-
ated in [JRZ22], where the following characterizations were established:

• If M is a compact metric space, then FpMq satisfies the distance-
to-denting property for Daugavet points, i.e., µ P SFpMq is
a Daugavet-point if and only if }µ ´ ν} “ 2 for every ν P

dentpBFpMqq (see [JRZ22, Theorem 3.2]).

• Let x, y P M with x ‰ y. Then mxy P SFpMq is a ∆-point if
and only if for every ε ą 0 and every slice S of BFpMq with
mxy P S, there exist u, v P M with u ‰ v such that muv P S and
dpu, vq ă ε (see [JRZ22, Theorem 4.7]).

In this chapter, we aim to generalize both of these characterizations.
In addition, we provide a metric condition for molecules to be ∆-points,
as well as a characterization of when finitely supported elements are
∆-points. Furthermore, we construct a Lipschitz-free space that has
both a Daugavet point and the Radon–Nikodým property; in fact, the
space is a dual space isomorphic to ℓ1. We conclude the chapter by
proving that Daugavet and ∆-points coincide in Lipschitz-free spaces
over R-trees. This chapter is based on [AAL`24a], [AAL`24b], [Vee23],
[Vee25a], and [Vee25b].

To begin, let us recall a few general results that will be used
throughout this chapter.
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Theorem 2.1 (see [JRZ22, Theorem 2.6]). Let punq and pvnq be two
sequences in M such that un ‰ vn for every n P N and dpun, vnq Ñ 0.
Then for every µ P SFpMq, we have

}µ ` munvn} Ñ 2.

As an immediate consequence of Theorem 2.1 we obtain the follow-
ing proposition. While this result was not stated in [JRZ22], it was
proved in the case of a molecule (see [JRZ22, Theorem 4.7]). However,
the proof of that case did not use the fact that mxy is a molecule, and
thus the same argument applies to arbitrary unit sphere elements of a
Lipschitz-free space.

Proposition 2.2 (cf. [JRZ22, Theorem 4.7]). Let µ P SFpMq be such
that for every ε ą 0 and every slice S of BFpMq with µ P S there exist
u, v P M with u ‰ v such that muv P S and dpu, vq ă ε. Then µ is a
∆-point.

Next, we present a lemma for computing the norm between two
molecules, which will be useful in several results. Note that the
“Furthermore...” part is formulated slightly different from how it
appears in [Vee23], but it follows by the same reasoning.

Lemma 2.3 (see [Vee23, Lemma 1.2]). Let x, y, u, v P M with x ‰

y, u ‰ v, and let ε ą 0. The following statements are equivalent:

(i) }mxy ` muv} ě 2 ´ ε;

(ii) dpx, vq ` dpu, yq ě dpx, yq ` dpu, vq ´ εmax tdpx, yq, dpu, vqu.

Furthermore,

}mxy ` muv} “ min

"

2,
dpx, vq ` dpu, yq ` |dpx, yq ´ dpu, vq|

max tdpx, yq, dpu, vqu

*

.

Proof. Without loss of generality, assume that y is the fixed point 0
and that dpx, yq ě dpu, vq.

(i)ñ(ii). Assume that }mxy ` muv} ě 2 ´ ε. Then

2 ´ ε ď }mxy ` muv}

“
}pδx ´ δvqdpu, vq ` pδu ´ δyqdpu, vq ` pδu ´ δvq pdpx, yq ´ dpu, vqq}

dpx, yqdpu, vq

ď
dpx, vq ` dpu, yq ` dpx, yq ´ dpu, vq

dpx, yq
.
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Therefore

dpx, vq ` dpu, yq ě p1 ´ εqdpx, yq ` dpu, vq

“ dpx, yq ` dpu, vq ´ εmax tdpx, yq, dpu, vqu .

(ii)ñ(i). Assume that

dpx, vq ` dpu, yq ě dpx, yq ` dpu, vq ´ εmax tdpx, yq, dpu, vqu ,

which is equivalent to

dpv, xq ` dpy, uq ´ dpu, vq ě p1 ´ εqdpx, yq.

Define the function f : M Ñ R by

fppq “ min tdpy, pq, dpv, pq ` dpy, uq ´ dpu, vqu , p P M.

By [Wea18, Proposition 1.32], we have f P Lip0pMq and }f} ď 1. Let
us note that

fpxq “ min tdpy, xq, dpv, xq ` dpy, uq ´ dpu, vqu ě p1 ´ εqdpx, yq,

fpyq “ min t0, dpv, yq ` dpy, uq ´ dpu, vqu “ 0,

fpuq “ min tdpy, uq, dpv, uq ` dpy, uq ´ dpu, vqu “ dpy, uq,

fpvq “ min tdpy, vq, 0 ` dpy, uq ´ dpu, vqu “ dpy, uq ´ dpu, vq.

Hence

}mxy ` muv} ě xf,mxyy ` xf,muvy ě 1 ´ ε ` 1 “ 2 ´ ε.

Now observe that equality in (i) holds if and only if equality holds in
(ii). Suppose such an ε ą 0 exists where both equalities (i) and (ii)
hold. Then

}mxy ` muv} “ 2 ´ ε

“ 2 ´
dpx, yq ` dpu, vq ´ dpx, vq ´ dpu, yq

max tdpx, yq, dpu, vqu

“
dpx, vq ` dpu, yq ` |dpx, yq ´ dpu, vq|

max tdpx, yq, dpu, vqu
.

On the other hand, if equality is not attained for any ε ą 0, then
necessarily }mxy ` muv} “ 2, and

dpx, vq ` dpu, yq ě dpx, yq ` dpu, vq.
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In this case,

dpx, vq ` dpu, yq ` |dpx, yq ´ dpu, vq|

max tdpx, yq, dpu, vqu

ě
dpx, yq ` dpu, vq ` |dpx, yq ´ dpu, vq|

max tdpx, yq, dpu, vqu
“ 2.

Thus, in either case,

}mxy ` muv} “ min

"

2,
dpx, vq ` dpu, yq ` |dpx, yq ´ dpu, vq|

max tdpx, yq, dpu, vqu

*

.

2.1 The distance-to-denting property for
Daugavet points in Lipschitz-free
spaces

This section is dedicated to the study of Daugavet points in Lipschitz-
free spaces. Specifically, we show that Daugavet points in these spaces
satisfy the distance-to-denting property. The section combines some of
the results from [Vee23] and [Vee25a].

Throughout the section, let M be a metric space with a fixed point
0. By combining [AG19, Theorem 4.1] and [GLPPRZ18, Theorem 2.4],
we obtain the following characterization for denting points.

Theorem 2.4 (see [AG19, Theorem 4.1], [GLPPRZ18, Theorem 2.4]).
Let u, v P M with u ‰ v. The molecule muv is a denting point of BFpMq

if and only if for every ε ą 0 there exists δ ą 0 such that

ru, vsδ Ď Bpu, εq Y Bpv, εq.

Our first goal is to prove that any slice of the unit ball of a Lipschitz-
free space, whose defining functional is not local, contains a denting
point – a result previously shown only for Lipschitz-free spaces over
compact metric spaces (see [CGLMRZ21, Lemma 3.13]). The proof
will be broken into several lemmas.

Lemma 2.5 (see [Vee23, Lemma 2.2]). Let u, v P M , δ ą 0, and let
x P ru, vsδ. There exists δ1 ą 0 such that

ru, xsδ1 Y rv, xsδ1 Ď ru, vsδ.
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‚ ‚
‚

u v
x

Figure 2.1: Illustration of Lemma 2.5

Proof. Since x P ru, vsδ, there exists δ1 ą 0 such that

dpu, xq ` dpv, xq ` δ1
ă dpu, vq ` δ.

Let p P ru, xsδ1 . Then

dpu, pq ` dpv, pq ă dpu, xq ` δ1
´ dpx, pq ` dpv, pq

ď dpu, xq ` δ1
` dpv, xq

ă dpu, vq ` δ,

so p P ru, vsδ. Hence ru, xsδ1 Ď ru, vsδ. The inclusion rv, xsδ1 Ď ru, vsδ

follows by a symmetric argument. For an illustration, see Figure
2.1.

‚ ‚
‚ ‚

u vx y

Bpu, r1q Bpv, s1qBpu, r1 ´ αq Bpv, s1 ´ αq

Figure 2.2: Illustration of Lemma 2.6

Lemma 2.6 (see [Vee23, Lemma 2.3]). Let u, v P M and r, s, δ ą 0 be
such that

ru, vsδ Ď Bpu, rq Y Bpv, sq.

For every ε ą 0 there exist δ1 ą 0 and points x P Bpu, rq and y P Bpv, sq

such that the following hold:

(1) dpu, xq ` dpv, yq ` dpx, yq ă dpu, vq ` δ;

(2) rx, ysδ1 Ď ru, vsδ;

29



(3) dpx, yq ď dpu, vq;

(4) rx, ysδ1 Ď Bpx, εq Y Bpy, εq.

Proof. Fix ε ą 0. We may assume that δ ă ε. Let α ą 0 be such that
δ ` α ă ε. Define

r1
“ min tt ě 0: ru, vsδ Ď Bpu, tq Y Bpv, squ .

Clearly, 0 ď r1 ď r. If r1 ď ε, we take x “ u. Otherwise, choose

x P ru, vsδz pBpu, r1
´ αq Y Bpv, sqq ,

which is possible by minimality of r1 (see Figure 2.2). Then x P

Bpu, r1q Ď Bpu, rq. By Lemma 2.5, there exists γ ą 0 such that

rx, vsγ Ď ru, vsδ.

We may assume that γ is small enough to satisfy

dpu, xq ` dpx, vq ` γ ă dpu, vq ` δ.

Hence,
rx, vsγ Ď ru, vsδ Ď Bpu, r1

q Y Bpv, sq.

Define
s1

“ min tt ě 0: rx, vsγ Ď Bpu, r1
q Y Bpv, tqu .

Then 0 ď s1 ď s. If s1 ď ε, then set y “ v. Otherwise, choose

y P rx, vsγz pBpu, r1
q Y Bpv, s1

´ αqq

(see Figure 2.2). Note that y P Bpv, s1q Ď Bpv, sq. We now verify the
desired properties. Condition (1) follows from

dpu, xq ` dpv, yq ` dpx, yq ă dpu, xq ` dpx, vq ` γ ă dpu, vq ` δ.

By Lemma 2.5, there exists δ1 ą 0 such that

rx, ysδ1 Ď rx, vsγ.

Additionally, we choose δ1 small enough so that

dpu, xq ` dpv, yq ` dpx, yq ` δ1
ă dpu, vq ` δ.
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Then (2) holds since rx, vsγ Ď ru, vsδ. If r1 ą ε, then

dpu, xq ą r1
´ α ą ε ´ α ą δ,

and therefore

dpx, yq ă dpu, vq ` δ ´ dpu, xq ´ dpv, yq ă dpu, vq.

Analogously, dpx, yq ă dpu, vq, if s1 ą ε. On the other hand, if r1 ď ε
and s1 ď ε, then x “ u and y “ v, hence dpx, yq ď dpu, vq. Thus we
have (3).

In order to show (4), let p P rx, ysδ1 . Then

p P rx, ysδ1 Ď rx, vsγ Ď Bpu, r1
q Y Bpv, s1

q.

Assume that p P Bpu, r1q (the case p P Bpv, s1q is analogous). If r1 ď ε,
then x “ u and p P Bpu, r1q Ď Bpx, εq. Otherwise dpu, xq ą r1 ´ α and
then

dpx, pq ă dpx, yq ` δ1
´ dpy, pq

ă dpu, vq ` δ ´ dpu, xq ´ dpv, yq ´ dpy, pq

ď δ ´ dpu, xq ` dpu, pq

ď δ ´ dpu, xq ` r1

ă δ ` α

ă ε.

This gives us p P Bpx, εq Y Bpy, εq and therefore (4) holds.

The following lemma appeared in [Vee23] without the final inequal-
ity. A strengthened version, including the inequality, was later stated
in [Vee25a], where the original proof was reused and only the final
estimate was added. For completeness, we present the full argument
here by combining both proofs into a single unified version.

Lemma 2.7 (see [Vee23, Lemma 2.4], [Vee25a, Lemma 2.6]). Assume
that M is complete, and let u, v P M and r, s, δ ą 0 with r`s ă dpu, vq

be such that
ru, vsδ Ď Bpu, rq Y Bpv, sq.

Then there exist x P Bpu, rq and y P Bpv, sq such that mxy is a denting
point of BFpMq and

dpu, xq ` dpv, yq ` dpx, yq ă dpu, vq ` δ.
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Proof. We will construct sequences pxnq and pynq of elements in the
sets

Bpu, rq X ru, vsδ and Bpv, sq X ru, vsδ,

convergent to points x P Bpu, rq X ru, vsδ and y P Bpv, sq X ru, vsδ,
respectively, such that the molecule mxy is a denting point and the
required inequality is satisfied. Alongside, we define two sequences
of positive numbers, pδnq and pεnq, both converging to zero. Let us
begin by choosing ε1 ą 0 such that r ` s ` 2ε1 ă dpu, vq. By applying
Lemma 2.6 with u “ u, v “ v, r “ r, s “ s, δ “ δ{2 and ε “ ε1, we
obtain x1 (“ x), y1 (“ y) and δ1 (“ δ1). We may additionally assume
that δ1 ă ε1. In particular, we have

dpu, x1q ` dpv, y1q ` dpx1, y1q ă dpu, vq `
δ

2
. (2.1)

Now assume that xn, yn, δn and εn have been constructed for some
n P N. Let εn`1 P p0, δn{6q. By applying Lemma 2.6 with u “ xn,
v “ yn, r “ εn, s “ εn, δ “ εn`1 and ε “ εn`1, we obtain xn`1

(“ x), yn`1 (“ y) and δn`1 (“ δ1). We may additionally assume that
δn`1 ă εn`1.

Clearly, for every n P N, we have

(1) dpxn, xn`1q ` dpyn, yn`1q ` dpxn`1, yn`1q ă dpxn, ynq ` εn`1;

(2) rxn, ynsδn Ď ru, vsδ;

(3) dpxn`1, yn`1q ď dpxn, ynq;

(4) rxn, ynsδn Ď Bpxn, εnq Y Bpyn, εnq.

Furthermore, εn`1 ă δn{6 ă εn{6 for every n P N. Then for every
m,n P N with m ą n we have

dpxn, xmq ď

m´1
ÿ

i“n

dpxi, xi`1q ď

m´1
ÿ

i“n

εi ă 2εn Ñ 0

and thus pxnq converges to some x P M . Analogously, pynq converges
to some y P M . Next we verify that x P Bpu, rq. Note that

dpv, xnq ě dpu, vq ´ dpu, x1q ´ dpx1, xnq ą dpu, vq ´ r ´ 2ε1 ą s,

and thus xn R Bpv, sq. Since

xn P rxn, ynsδn Ď ru, vsδ Ď Bpu, rq Y Bpv, sq
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it must be that xn P Bpu, rq, and hence x P Bpu, rq. Similarly, y P

Bpv, sq. Also, x ‰ y, because r ` s ă dpu, vq.
Now we verify that mxy is a denting point using Theorem 2.4. Fix

ε ą 0, and choose n P N such that dpxn, xq ă ε{2, dpyn, yq ă ε{2, and
εn ă ε{2. Then from (1) and (3), for all m ą n,

dpxn, xmq ` dpyn, ymq ď dpxn, xn`1q ` dpyn, yn`1q

` dpxn`1, xmq ` dpyn`1, ymq

ă dpxn, ynq ` εn`1 ´ dpxn`1, yn`1q

` 2εn`1 ` 2εn`1

ď dpxn, ynq ` 5εn`1 ´ dpx, yq,

which yields

dpxn, xq ` dpyn, yq ď dpxn, ynq ` 5εn`1 ´ dpx, yq. (2.2)

If p P rx, ysεn`1 , then

dpxn, pq ` dpyn, pq ď dpxn, xq ` dpyn, yq ` dpx, pq ` dpy, pq

ă dpxn, ynq ` 5εn`1 ´ dpx, yq ` dpx, yq ` εn`1

ă dpxn, ynq ` δn.

So
rx, ysεn`1 Ď rxn, ynsδn .

Since
dpxn, xq ` εn ă

ε

2
`

ε

2
“ ε.

we have Bpxn, εnq Ď Bpx, εq, and similarly Bpyn, εnq Ď Bpy, εq. There-
fore,

rx, ysεn`1 Ď rxn, ynsδn Ď Bpxn, εnq Y Bpyn, εnq Ď Bpx, εq Y Bpy, εq,

and thus by Theorem 2.4, mxy is a denting point. To complete the
proof, observe that we could choose ε2 ą 0 arbitrary small, so assume
that 5ε2 ă δ{2. Then from (2.1) and (2.2) we obtain

dpu, xq ` dpv, yq ` dpx, yq ď dpu, x1q ` dpv, y1q

` dpx1, xq ` dpy1, yq ` dpx, yq

ă dpu, vq ´ dpx1, y1q `
δ

2
` dpx1, y1q ` 5ε2

ă dpu, vq ` δ.
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Proposition 2.8 (see [Vee25a, Proposition 2.7]). Let f P SLip0pMq,
and assume that f is not local. Then for every α ą 0, the slice Spf, αq

contains a denting point of BFpMq.

Proof. We may assume that M is complete, since the Lipschitz-free
space remains the same under completion: FpMq “ FpM 1q for the
completion M 1 of M .

Since f is not local, there exists ε ą 0 such that for every muv P

Spf, εq, we have dpu, vq ě ε. Fix α ą 0. We may assume that α ă ε.
Let mu0v0 P Spf, α{2q. Choose n P N and δ ą 0 such that

ˆ

3

4
` δ

˙n

dpu0, v0q ă ε

and fpu0q ´ fpv0q ą p1 ´ α{2 ` δqp1 ` δqndpu0, v0q.
Suppose

ru0, v0sδdpu0,v0q Ď B pu0, dpu0, v0q{4q Y B pv0, dpu0, v0q{4q .

Then by Lemma 2.7, there exist points x P B pu0, dpu0, v0q{4q and
y P B pv0, dpu0, v0q{4q such that mxy is a denting point of BFpMq and

dpu0, xq ` dpv0, yq ` dpx, yq ă dpu0, v0q ` δdpu0, v0q.

This implies that dpx, yq ě dpu0, v0q{2. Then

fpxq ´ fpyq “ fpxq ´ fpu0q ` fpv0q ´ fpyq ` fpu0q ´ fpv0q

ą ´dpx, u0q ´ dpv0, yq ` p1 ´ α{2 ` δqdpu0, v0q

ą dpx, yq ´ α{2dpu0, v0q

ě p1 ´ αqdpx, yq.

Thus mxy P Spf, αq, and since mxy is a denting point of BFpMq, the
proof is complete.

Otherwise, there exists

p P ru0, v0sδdpu0,v0qz pB pu0, dpu0, v0q{4q Y B pv0, dpu0, v0q{4qq .

Then

fpu0q ´ fppq ` fppq ´ fpv0q “ fpu0q ´ fpv0q

ą p1 ´ α{2 ` δqp1 ` δq
ndpu0, v0q

ą p1 ´ α{2 ` δqp1 ` δq
n´1

pdpu0, pq ` dpv0, pqq ,
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which implies that at least one of the following inequalities holds:

fpu0q ´ fppq ą p1 ´ α{2 ` δqp1 ` δq
n´1dpu0, pq

or
fppq ´ fpv0q ą p1 ´ α{2 ` δqp1 ` δq

n´1dpv0, pq.

Additionally, since p R B pu0, dpu0, v0q{4q Y B pv0, dpu0, v0q{4q, we have

dpu0, pq ă p1 ` δqdpu0, v0q ´ dpv0, pq ă

ˆ

3

4
` δ

˙

dpu0, v0q,

and analogously dpv0, pq ă p3{4 ` δq dpu0, v0q. Therefore, we can define
new points u1, v1 P M such that

fpu1q ´ fpv1q ą p1 ´ α{2 ` δqp1 ` δq
n´1dpu1, v1q

and dpu1, v1q ă p3{4 ` δqdpu0, v0q.
We now repeat this argument inductively. Suppose that for some

k P t1, . . . , n ´ 1u, we have constructed pairs uk, vk satisfying

fpukq ´ fpvkq ą p1 ´ α{2 ` δqp1 ` δq
n´kdpuk, vkq

and dpuk, vkq ă p3{4 ` δqkdpu0, v0q.
If

ruk, vksδdpuk,vkq Ď B puk, dpuk, vkq{4q Y B pvk, dpuk, vkq{4q ,

then we can find a denting point mxy of BFpMq in the slice Spf, αq as
we did before.

Otherwise, we can find uk`1, vk`1 P M such that

fpuk`1q ´ fpvk`1q ą p1 ´ α{2 ` δqp1 ` δq
n´k´1dpuk`1, vk`1q

and dpuk`1, vk`1q ă p3{4 ` δqk`1dpu0, v0q.
By the n-th step we must have found a denting point mxy of BFpMq

in the slice Spf, αq, because otherwise we would have

fpunq ´ fpvnq ą p1 ´ α{2 ` δqdpun, vnq ą p1 ´ εqdpun, vnq

and
dpun, vnq ă

ˆ

3

4
` δ

˙n

dpu0, v0q ă ε,

which contradicts the choice of ε. Therefore the slice Spf, αq contains
a denting point of BFpMq.
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By applying Proposition 2.8, we are now ready to prove the distance-
to-denting property for Lipschitz-free spaces. Since our goal is also to
obtain metric characterizations of Daugavet points in Lipschitz-free
spaces, we will introduce an alternative characterization for Daugavet
points as well. The proof of this theorem differs from the one provided
in [Vee23], since the use Proposition 2.8 allows us to obtain a shorter
and simpler proof.

Theorem 2.9 (see [Vee23, Theorem 2.1]). Let µ P SFpMq. The follow-
ing statements are equivalent:

(i) µ is a Daugavet point;

(ii) for every ν P dentpBFpMqq we have }µ ´ ν} “ 2;

(iii) for every u, v P M with u ‰ v, and every r, s ą 0, if there exists
δ ą 0 such that

ru, vsδ Ď B pu, rdpu, vqq Y B pv, sdpu, vqq ,

then }µ ´ muv} ě 2 ´ 2r ´ 2s.

Proof. (i)ñ(ii) is exactly Proposition 1.8.
(ii)ñ(i). Assume that }µ ´ ν} “ 2 for every ν P dentpBFpMqq.

Fix a slice Spf, αq. If f is local, then there exists a sequence of
molecules pmuiviq in Spf, αq with dpui, viq Ñ 0, and Theorem 2.1 yields
}µ ´ muivi} Ñ 2. If f is not local, then by Proposition 2.8 there exists
a denting point ν P Spf, αq, and by assumption }µ ´ ν} “ 2. In both
cases, we find elements in the slice Spf, αq arbitrarily close to being at
distance 2 from µ. Hence µ is a Daugavet point.

It is sufficient to prove the equivalence (ii)ô(iii) under the assump-
tion that M is complete, since both properties are preserved when
passing to the completion M 1 of M (since FpMq “ FpM 1q).

(ii)ñ(iii). Assume that }µ ´ ν} “ 2 for every ν P dentpBFpMqq.
This implication is trivial if r ` s ě 1, so assume that r ` s ă 1. Let
u, v P M with u ‰ v and suppose there exists δ ą 0 such that

ru, vsδ Ď B pu, rdpu, vqq Y B pv, sdpu, vqq .

By Lemma 2.7, we can find x P B pu, rdpu, vqq and y P B pv, sdpu, vqq

such that mxy is a denting point of BFpMq. By (ii) we have }µ´mxy} “ 2.
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Moreover, Lemma 2.3 implies

}mxy ´ muv} “ min

"

2,
dpu, xq ` dpv, yq ` |dpu, vq ´ dpx, yq|

max tdpu, vq, dpx, yqu

*

ď
2dpu, xq ` 2dpv, yq

dpu, vq
ď

2rdpu, vq ` 2sdpu, vq

dpu, vq
ď 2pr ` sq,

and thus,

}µ ´ muv} ě }µ ´ mxy} ´ }mxy ´ muv} ě 2 ´ 2r ´ 2s.

(iii)ñ(ii). Assume that (iii) holds. By [Wea18, Corollary 3.44]
every preserved extreme point, and thus also every denting point, is a
molecule. Let muv P dentpBFpMqq. Let ε ą 0 be arbitrary. By Theorem
2.4 there exists δ ą 0 such that

ru, vsδ Ď Bpu, εdpu, vqq Y Bpv, εdpu, vqq.

Then by (iii) we have }µ ´ muv} ě 2 ´ 4ε. Since ε ą 0 was arbitrary,
we get }µ ´ muv} “ 2.

2.2 Delta-points in Lipschitz-free spaces

This section is dedicated to characterizing ∆-points in Lipschitz-free
spaces. Proposition 2.2, together with the fact that the converse holds
for molecules, suggests a potential characterization of ∆-points in
Lipschitz-free spaces.

Conjecture 2.10. Let µ P SFpMq. Then µ is a ∆-point if and only
if for every ε ą 0 and every slice S of BFpMq with µ P S, there exist
u, v P M with u ‰ v such that muv P S and dpu, vq ă ε.

Although we do not know whether this conjecture holds in full
generality, we will verify it for several important cases. First we prove
it for finitely supported elements in arbitrary Lipschitz-free spaces. We
then extend the result to all elements in certain classes of Lipschitz-
free spaces, among these Lipschitz-free spaces over bounded subsets
of ℓ1. In addition, we provide a metric characterization for when a
molecule is a ∆-point. We conclude the section by showing that a
finitely supported element is a ∆-point if and only if it can be written
as a convex combination of molecules that are ∆-points. This section
is based on [AAL`24a], [AAL`24b], [Vee23], [Vee25a], and [Vee25b].
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2.2.1 Characterization of Delta-points for finitely
supported elements

Our first aim is to prove Conjecture 2.10 for certain elements of
Lipschitz-free spaces – most notably for finitely supported elements.
More specifically, we will prove the following result.

Theorem 2.11 (see [Vee25b, Theorem 1.1]). Let µ :“
ř

iPI λimxiyi P

SFpMq be a convex combination of molecules mxiyi, i P I. Assume that
maxi,jPI dpxi, yjq ă 8 and that there exists δ ą 0 such that for every
collection of pairwise distinct indices k1, . . . , km P I and km`1 :“ k1 the
following implication holds
m
ÿ

i“1

dpxki , yki`1
q ą

m
ÿ

i“1

dpxki , ykiq ñ p1 ´ δq

m
ÿ

i“1

dpxki , yki`1
q ą

m
ÿ

i“1

dpxki , ykiq.

Then µ is a ∆-point if and only if for every ε ą 0 and every slice S of
BFpMq with µ P S, there exist u, v P M with u ‰ v such that muv P S
and dpu, vq ă ε.

In particular, if µ P SFpMq is finitely supported, then µ is a ∆-point
if and only if for every ε ą 0 and every slice S of BFpMq with µ P S,
there exist u, v P M with u ‰ v such that muv P S and dpu, vq ă ε.

This result generalizes [Vee23, Theorem 4.4] and was proved in
[Vee25b]. We will break the proof into several parts, starting with
some observations, originally noted in [Vee23].

Throughout the subsection, let M be a metric space with a base
point 0. Let I Ď N, and suppose that λi ą 0, i P I with

ř

iPI λi “ 1.
Let mxiyi P SFpMq, i P I be such that µ :“

ř

iPI λimxiyi P SFpMq.
By [ARZ20, Theorem 2.4], for every sequence k1, . . . , km`1 P I with
k1 “ km`1, we have the inequality

m
ÿ

i“1

dpxki , yki`1
q ě

m
ÿ

i“1

dpxki , ykiq. (2.3)

Moreover, equality in (2.3) implies that for every i P t1, . . . ,mu with
xki ‰ yki`1

, there exist ν P SFpMq and λ P p0, 1s such that µ “

λmxki
yki`1

` p1´λqν, or equivalently,
›

›

›
µ ´ λmxki

yki`1

›

›

›
“ 1´λ. To see

this, assume that the equality holds. Without loss of generality, we
may additionally assume that k1, . . . , km are pairwise distinct. Define

λ0 :“ min
iPI

λi

dpxi, yiq
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and

li :“

#

λi ´ λ0dpxi, yiq, if i P tk1, . . . , kmu ,

λi, if i P Iz tk1, . . . , kmu ,

for every i P I. Then li ě 0 for all i P I, and we have

µ “
ÿ

iPI

limxiyi ` λ0

m
ÿ

i“1

dpxki , ykiqmxki
yki

“
ÿ

iPI

limxiyi ` λ0

m
ÿ

i“1
xki

‰yki`1

dpxki , yki`1
qmxki

yki`1
.

Also,
ÿ

iPI

li ` λ0

m
ÿ

i“1

dpxki , yki`1
q “

ÿ

iPI

li ` λ0

m
ÿ

i“1

dpxki , ykiq “ 1.

Since dpxki , yki`1
q ą 0 and λ0 ą 0, we may choose λ “ λ0dpxki , yki`1

q,
yielding

›

›

›
µ ´ λmxki

yki`1

›

›

›
“ 1 ´ λ.

Next, we define numbers aij, that measure how close we are to
attaining equality in (2.3). For i, j P I, let

aij “ sup

#

řm
n“1 dpxkn , yknq

řm
n“1 dpxkn , ykn`1q

: k1, . . . , km`1 P I, k1 “ km`1 “ i, k2 “ j,

k1, . . . , km are pairwise distinct

+

.

(2.4)

By inequality (2.3), we have aij ď 1 for all i, j P I. If I is finite,
then aij “ 1 if and only if there exist indices k1, . . . , km`1 P I, with
k1 “ km`1 “ i, k2 “ j, and

m
ÿ

n“1

dpxkn , yknq “

m
ÿ

n“1

dpxkn , ykn`1q.

We continue with the main proof, breaking it into several parts.

Lemma 2.12 (see [Vee25b, Lemma 2.1]). Let µ :“
ř

iPI λimxiyi P

SFpMq be a convex combination of molecules mxiyi, i P I, and let aij,
i, j P I be as defined in (2.4). Then there exists a function f P SLip0pMq

such that xf, µy “ 1 and for all i, j P I,

fpxiq ´ fpyjq ď aijdpxi, yjq.
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Proof. The proof follows the same line as the implication pivq ñ piq
in the proof of [ARZ20, Theorem 2.4], with minor modifications. For
i, j P I, define

βij “ aijdpxi, yjq ´ dpxi, yiq.

We aim to apply either [ARZ20, Lemma 2.3] or [ARZ20, Lemma 2.2],
depending on whether I is finite or infinite. Note that aii “ 1, hence
βii “ 0 for every i P I. Let k1, . . . , km P I be pairwise distinct and set
km`1 :“ k1. Then we estimate

m
ÿ

i“1

akiki`1
dpxki , yki`1

q ě min
iPt1,...,mu

akiki`1

m
ÿ

i“1

dpxki , yki`1
q ě

m
ÿ

i“1

dpxki , ykiq

and therefore
m
ÿ

i“1

βkiki`1
ě 0.

The inequality remains valid even if the indices k1, . . . , km are not
pairwise distinct. By [ARZ20, Lemma 2.3] or [ARZ20, Lemma 2.2], we
obtain real numbers αi, i P I, such that αi ď αj ` βij for every i, j P I.
Now we define a function f on the set txi, yi : i P Iu by fpyiq “ αi and
fpxiq “ αi ` dpxi, yiq. Then for all i, j P I, we compute

fpxiq ´ fpyjq “ αi ´ αj ` dpxi, yiq ď βij ` dpxi, yiq “ aijdpxi, yjq,

fpyiq ´ fpxjq “ αi ´ αj ´ dpxj, yjq ď βij ´ dpxj, yjq

ď dpxi, yjq ´ dpxi, yiq ´ dpxj, yjq ď dpyi, xjq,

fpxiq ´ fpxjq “ αi ´ αj ` dpxi, yiq ´ dpxj, yjq

ď βij ` dpxi, yiq ´ dpxj, yjq

ď dpxi, yjq ´ dpxj, yjq ď dpxi, xjq,

fpyiq ´ fpyjq “ αi ´ αj ď βij ď dpxi, yjq ´ dpxi, yiq ď dpyi, yjq.

Thus f is well defined, and its Lipschitz constant is at most 1. Clearly
xf,mxiyiy “ 1 for every i P I, and thus xf, µy “ 1. We extend f to the
entire M using the McShane–Whitney extension theorem and adjust
by a constant so that fp0q “ 0. The resulting function f P SFpMq

satisfies the required properties.

Before introducing the next lemma, let us recall the Lipschitz
function

fxyppq “
dpx, yq

2
¨
dpy, pq ´ dpx, pq

dpx, pq ` dpy, pq
,
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where x, y P M with x ‰ y. This function played an important role in
the proof of [JRZ22, Theorem 4.7]. A key property of the function fxy,
which is stated in [GLPRZ18, Lemma 3.6], is the following: for every
u, v P M with u ‰ v and every α P p0, 1q, if muv P Spfxy, αq then

p1 ´ αqmax tdpx, vq ` dpy, vq, dpx, uq ` dpy, uqu ă dpx, yq.

Our goal with the next lemma is to construct a function with a similar
property, but adapted to an arbitrary convex combination of molecules
in a Lipschitz-free space.

Lemma 2.13 (see [Vee25b, Lemma 2.2]). Let µ :“
ř

iPI λimxiyi P

SFpMq be a convex combination of molecules mxiyi, i P I, and let aij,
i, j P I, be defined as in (2.4). Then there exists a function fµ P SLip0pMq

such that the following conditions are satisfied:

(1) xfµ, µy “ 1;

(2) For every u, v P M with u ‰ v and every α P p0, 1q, if muv P

Spfµ, αq, then there exist i, j P I with xi ‰ yj and aij ą 1 ´ α
such that

p1 ´ αqmax tdpxi, vq ` dpyj, vq, dpxi, uq ` dpyj, uqu ă dpxi, yjq.

Proof. Without loss of generality, we assume that 0 P txi, yi : i P Iu.
By Lemma 2.12, there exists g P SLip0pMq such that xg, µy “ 1 and for
all i, j P I,

gpxiq ´ gpyjq ď aijdpxi, yjq.

For every i P I, define the function hi : M Ñ R by

hippq “ sup

"

gpxiq ´ gpyjq

dpxi, pq ` dpyj, pq
dpxi, pq : j P I, xi ‰ yj

*

for every p P M . Since gpxiq ´ gpyiq “ dpxi, yiq, hi is nonnegative for
every i P I. For all i, j P I, we have dpxi, yjq ě gpxiq ´ gpyjq, and using
the function fxy defined above, we obtain

dpxi, yjq

2
´ fxiyjppq “

dpxi, yjq

2

dpxi, pq ` dpyj, pq ´ pdpyj, pq ´ dpxi, pqq

dpxi, pq ` dpyj, pq

“
dpxi, yjq

gpxiq ´ gpyjq

gpxiq ´ gpyjq

dpxi, pq ` dpyj, pq
dpxi, pq. (2.5)
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Hence from [Wea18, Proposition 1.32] and [GLPRZ18, Lemma 3.6],
we conclude that hi is a Lipschitz function with Lipschitz constant at
most 1. Define fµ : M Ñ R by

fµppq “ sup
iPI

tgpxiq ´ hippqu .

By [Wea18, Proposition 1.32], fµ is a Lipschitz function with Lipschitz
constant at most 1. For every i P I,

fµpxiq ě gpxiq ´ hipxiq “ gpxiq.

Fix j P I and δ ą 0, and choose i P I such that fµpyjq ă gpxiq ´

hipyjq ` δ. If xi “ yj, then fµpyjq ă gpyjq ´ hipyjq ` δ “ gpyjq ` δ. If
xi ‰ yj, then

fµpyjq ă gpxiq ´ hipyjq ` δ

ď gpxiq ´
gpxiq ´ gpyjq

dpxi, yjq ` dpyj, yjq
dpxi, yjq ` δ “ gpyjq ` δ.

Since δ ą 0 was arbitrary, it follows that fµpyjq ď gpyjq for every j P I.
Therefore, for every i, j P I, we have fµpxiq ´ fµpyjq ě gpxiq ´ gpyjq.
Moreover, since

dpxi, yiq ě fµpxiq ´ fµpyiq ě gpxiq ´ gpyiq “ dpxi, yiq,

we conclude fµpxiq “ gpxiq and fµpyiq “ gpyiq for every i P I, i.e.,
fµ agrees with g on txi, yi : i P Iu. Thus fµ P SLip0pMq and xfµ, µy “

xg, µy “ 1. This completes the verification of condition (1).
We now prove that condition (2) holds. Fix u, v P M with u ‰ v

and α P p0, 1q such that muv P Spfµ, αq. Let δ ą 0 be such that muv P

Spfµ, α´2δq and let i P I be such that fµpuq ď gpxiq´hipuq`δdpu, vq.
Then fµpvq ě gpxiq ´ hipvq, which yields

p1 ´ α ` 2δqdpu, vq ă fµpuq ´ fµpvq ď hipvq ´ hipuq ` δdpu, vq,

so we obtain p1 ´ α ` δqdpu, vq ă hipvq ´ hipuq. By the definition of
hi, there exists j P I with xi ‰ yj such that

hipvq ă
gpxiq ´ gpyjq

dpxi, vq ` dpyj, vq
dpxi, vq ` δdpu, vq.
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By (2.5) we get that

p1 ´ αqdpu, vq ă hipvq ´ hipuq ´ δdpu, vq

ă
gpxiq ´ gpyjq

dpxi, vq ` dpyj, vq
dpxi, vq ´

gpxiq ´ gpyjq

dpxi, uq ` dpyj, uq
dpxi, uq

“
gpxiq ´ gpyjq

dpxi, yjq

`

fxiyjpuq ´ fxiyjpvq
˘

ď aij
`

fxiyjpuq ´ fxiyjpvq
˘

ď min
␣

aijdpu, vq, fxiyjpuq ´ fxiyjpvq
(

.

Thus aij ą 1 ´ α. Now applying [GLPRZ18, Lemma 3.6], we conclude

dpxi, yjq ą p1 ´ αqmax tdpxi, uq ` dpyj, uq, dpxi, vq ` dpyj, vqu .

This verifies condition (2) and completes the proof.

Proof of Theorem 2.11. Necessity follows from Proposition 2.2.
Assume that µ is a ∆-point. Fix ε ą 0 and a slice S :“ Spf, αq

with µ P S. By [IK04, Lemma 2.1], we can assume that α ă δ and
ˆ

1

p1 ´ αq2
´ 1

˙

max
i,jPI

dpxi, yjq ă ε.

Choose γ ą 0 such that µ P Spf, α ´ γq, and let J Ď I be such finite
subset that

›

›

›

›

µ ´

ř

iPJ λimxiyi
ř

iPJ λi

›

›

›

›

ă γ.

Define ν “
ř

iPJ λimxiyi{
ř

iPJ λi P SFpMq and

bij “ sup

#

řm
n“1 dpxkn , yknq

řm
n“1 dpxkn , ykn`1q

: k1, . . . , km`1 P J, k1 “ km`1 “ i, k2 “ j,

k1, . . . , km are pairwise distinct

+

.

By Lemma 2.13, there exists fν P SLip0pMq such that xfν , νy “ 1 and for
every muv P Spfν , αq there exist i, j P J such that xi ‰ yj , bij ą 1 ´ α,
and

p1 ´ αqmax tdpxi, vq ` dpyj, vq, dpxi, uq ` dpyj, uqu ă dpxi, yjq.
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Observe that if bij ą 1 ´ α, then there exist k1, . . . , km`1 P J with
k1 “ km`1 “ i, k2 “ j, and k1, . . . , km pairwise distinct such that

řm
n“1 dpxkn , yknq

řm
n“1 dpxkn , ykn`1q

ą 1 ´ α ą 1 ´ δ.

Thus, by the assumption of the theorem and inequality (2.3),
m
ÿ

n“1

dpxkn , yknq “

m
ÿ

n“1

dpxkn , ykn`1q.

Therefore, by the discussion at the beginning of the subsection, for
every i, j P J with bij ą 1 ´ α there exists lij P p0, 1s such that
›

›µ ´ lijmxiyj

›

› ď 1 ´ lij.
We now aim to find u, v P M with u ‰ v such that muv P S and

dpu, vq ă ε. Set g “ f ` fµ. Then

xg, µy “ xfν , µy ` xf, µy ą xfν , νy ´ γ ` xf, µy ą 2 ´ α,

so µ P S pg{ }g} , 1 ´ p2 ´ αq{ }g}q. Since µ is a ∆-point, by [JRZ22,
Remark 2.4], there exist u, v P M with u ‰ v such that xg,muvy ą 2´α
and

}µ ´ muv} ě 2 ´ αmin tlij : i, j P J, bij ą 1 ´ αu .

It follows that xfν ,muvy ą 1 ´ α and xf,muvy ą 1 ´ α, hence muv P S.
Moreover, as xfν ,muvy ą 1 ´ α, there exist i, j P J such that xi ‰ yj,
bij ą 1 ´ α, and

p1 ´ αqmax tdpxi, vq ` dpyj, vq, dpxi, uq ` dpyj, uqu ă dpxi, yjq. (2.6)

Since }µ ´ muv} ě 2 ´ αlij and
›

›µ ´ lijmxiyj

›

› ď 1 ´ lij, we have

2 ´ αlij ď }µ ´ muv}

ď lij}mxiyj ´ muv} `
›

›µ ´ lijmxiyj

›

› ` p1 ´ lijq}muv}

ď lij}mxiyj ´ muv} ` 2 ´ 2lij,

which implies }mxiyj ´ muv} ě 2 ´ α. By Lemma 2.3, this yields

dpxi, uq ` dpyj, vq ě dpxi, yjq ` dpu, vq ´ αmax tdpxi, yjq, dpu, vqu

ą p1 ´ αq pdpxi, yjq ` dpu, vqq .

Since bij ą 1 ´ α we have bij “ 1 and thus
@

fν ,mxiyj

D

“ 1. Hence

}mxiyj ` muv} ě
@

fν ,mxiyj

D

` xfν ,muvy ą 2 ´ α.
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Applying Lemma 2.3 again, we obtain

dpxi, vq ` dpyj, uq ą p1 ´ αq pdpxi, yjq ` dpu, vqq .

Combining these inequalities, we conclude that

mintdpxi, vq ` dpyj, uq, dpxi, uq ` dpyj, vqu

ą p1 ´ αq pdpxi, yjq ` dpu, vqq . (2.7)

From (2.6) and (2.7), we deduce

dpu, vq ă
dpxi, vq ` dpyj, uq ` dpxi, uq ` dpyj, vq

2p1 ´ αq
´ dpxi, yjq

ă
2dpxi, yjq

2p1 ´ αq2
´ dpxi, yjq

ď

ˆ

1

p1 ´ αq2
´ 1

˙

max
i1,j1PI

dpxi1 , yj1q

ă ε.

Therefore, we have found u, v P M with u ‰ v such that muv P S and
dpu, vq ă ε.

To conclude this subsection, we verify Conjecture 2.10 for two addi-
tional cases. First, by combining Lemma 2.13 with Proposition 1.10, we
obtain the following result. This generalizes [Vee25a, Proposition 3.2]
and was proved in [AAL`24b].

Proposition 2.14 (see [AAL`24b, Proposition 4.3]). Let µ P SFpMq

be such that

lim
δÑ0

sup
x,yPsupppµqYt0u

α ptp P M : dpp, xq ` dpp, yq ă p1 ` δqdpx, yquq “ 0.

Then µ is a ∆-point if and only if for every ε ą 0 and every slice S of
BFpMq with µ P S, there exists muv P S such that dpu, vq ă ε.

Proof. One implication follows from Proposition 2.2.
Now fix µ P SFpMq and assume that it is a ∆-point. Fix a slice

Spf, δq of BFpMq with µ P Spf, δq and fix ε ą 0. By Lemma 1.6, we
may additionally assume that δ ă 1{2 and

sup
x,yPsupppµqYt0u

α ptp P M : dpp, xq ` dpp, yq ă p1 ` 2δqdpx, yquq

ă εp1 ´ δq. (2.8)
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Let γ ą 0 be such that µ P Spf, δ ´ γq. Then there exist
x1, . . . , xn, y1, . . . , yn P supppµqYt0u and λ1, . . . , λn ą 0 with

řn
i“1 λi “

1 such that
řn

i“1 λimxiyi P SFpMq and
›

›

›

›

›

µ ´

n
ÿ

i“1

λimxiyi

›

›

›

›

›

ă γ.

Let ν “
řn

i“1 λimxiyi and let fν be the function given by Lemma
2.13. Then xf ` fν , µy ą 2 ´ δ. Since every slice of BFpMq contains a
molecule and µ is a ∆-point, then by Proposition 1.10 there exists a
sequence pmukvkq such that xf ` fν ,mukvky ą 2 ´ δ and

}mukvk ´ mulvl} ě 2 ´ δ

for all k, l P N with k ‰ l. Thus pmukvkq Ď Spf, δq and pmukvkq Ď

Spfν , δq. Therefore, there exist i, j P t1, . . . , nu such that

p1 ´ δqmax tdpxi, vkq ` dpyj, vkq, dpxi, ukq ` dpyj, ukqu ă dpxi, yjq

for infinitely many k P N. Since δ ă 1{2, we have p1 ´ δq´1 ď 1 ` 2δ.
Hence by (2.8) there exist distinct k, l P N such that

max tdpuk, ulq, dpvk, vlqu ă εp1 ´ δq.

By Lemma 2.3, we also have

p1 ´ δqpdpuk, vkq ` dpul, vlqq ď dpuk, ulq ` dpvk, vlq ă 2εp1 ´ δq.

It follows that dpuk, vkq ă ε or dpul, vlq ă ε. Therefore, there exists
muv P Spf, δq with dpu, vq ă ε, completing the proof.

Proposition 2.14 applies, for instance, to any norm-1 element of a
Lipschitz-free space over a compact metric space or over a bounded
subset of ℓ1. To conclude this subsection, we observe that by applying
Proposition 2.8, any slice of the unit ball BFpMq contains either a
denting point or a molecule muv with dpu, vq arbitrarily small. This
observation allows us to prove Conjecture 2.10 for yet another class of
spaces, including the Lipschitz-free space introduced in Section 2.3.

Proposition 2.15 (see [Vee25a, Proposition 3.3]). Assume that M is
a complete metric space such that for every ε ą 0 and every bounded
subset M0 Ď M , the set

␣

muv P dent
`

BFpMq

˘

: u, v P M0, dpu, vq ě ε
(
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is finite. Let µ P SFpMq. Then µ is a ∆-point if and only if for every
ε ą 0 and every slice S of BFpMq with µ P S, there exist u, v P M with
u ‰ v such that muv P S and dpu, vq ă ε.

Proof. The necessity direction follows from Proposition 2.2.
Now assume that µ is a ∆-point. Fix ε ą 0 and a slice Spf, αq of

BFpMq with µ P Spf, αq. We consider two cases.
Case 1. Suppose that there exists a subslice Spg, βq Ď Spf, αq,

such that the functional g is local. Then by the definition of locality,
there exists muv P Spg, βq Ď Spf, αq such that dpu, vq ă ε, as desired.

Case 2. Suppose that for every subslice Spg, βq Ď Spf, αq the func-
tional g is not local. Then by Proposition 2.8 every subslice of Spf, αq

contains a denting point of BFpMq, and by [Wea18, Corollary 3.44],
every denting point is a molecule.

Let γ ą 0 be such that µ P Spf, α ´ γq. Since elements with finite
support are dense in FpMq, we can find ν P SFpMq with finite support
such that }µ´ ν} ă γ. Let g P SLip0pMq be such that xg, νy “ 1. Define
a function h on the set supppνq Y t0u Y

`

MzB
`

0, R
˘˘

in such way that
hppq “ gppq for p P supppνq Y t0u and hppq “ 0 for p P MzB

`

0, R
˘

,
where

R “ 2 max
xPsupppνq

dp0, xq.

This ensures that h is Lipschitz with constant 1 and it can be extended
to M by the McShane–Whitney extension theorem, preserving the
Lipschitz constant. Also xh, νy “ 1 and

xf, µy ` xh, µy ą 1 ´ α ` γ ` xh, νy ´ γ “ 2 ´ α.

Define
S :“ S

ˆ

f ` h

}f ` h}
, 1 ´

2 ´ α

}f ` h}

˙

.

Then µ P S Ď Spf, αq, and by assumption, every subslice of S contains
a denting point. By Proposition 1.10, we find a sequence of molecules
pmuiviq in S X dentpBFpMqq such that }muivi ´ mujvj} ě 1 for all
i, j P N with i ‰ j. Then pmuiviq Ď Spf, αq and pmuiviq Ď Sph, αq.
Moreover, since h is constant outside of the ball Bp0, Rq, the set
tu, v P M : muv P Sph, αqu is bounded. Therefore the set

␣

muv P dentpBFpMqq : u, v P tuj, vj : j P Nu , dpu, vq ě ε
(

is finite by assumption. So there must exist i P N with dpui, viq ă ε,
concluding the proof.
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Let us mention that in Section 2.4, we study Daugavet and ∆-points
in Lipschitz-free spaces over subsets of R-trees, and among other results,
we confirm Conjecture 2.10 for this class of Lipschitz-free spaces (see
Proposition 2.33).

2.2.2 Discretely connectable points and their rela-
tion to Delta-molecules

In this subsection, we aim to provide a purely metric characteriza-
tion of ∆-points in Lipschitz-free spaces. The subsection is based on
[AAL`24a].

In [JRZ22, Proposition 4.2], Jung and Rueda Zoca provided a
sufficient metric condition for a molecule mxy to be a ∆-point: namely
that the points x and y are connectable, i.e., they can be joined by
Lipschitz paths in M whose lengths are arbitrarily close to dpx, yq.
In particular, if x and y are connected by a geodesic, then mxy is a
∆-point. Moreover, the converse is true when M is compact under
some additional assumptions (see [JRZ22, Theorem 4.13]). We will
show below that these extra hypotheses are, in fact, superfluous and
the existence of a geodesic characterizes ∆-molecules for proper M (see
Corollary 2.23). For general metric spaces, the notion of connectability
is unnecessarily strong and it may be relaxed to allow for discrete paths
as follows.

Definition 2.16. Let x, y P M . Given ε ą 0, we say that x and y
are ε-discretely connectable (in M) if there exists a finite sequence of
points p0, p1, . . . , pn, pn`1 in M with p0 “ x and pn`1 “ y, such that:

(1) dppi, pi`1q ă ε for each i “ 0, . . . , n;

(2)
n
ÿ

i“0

dppi, pi`1q ă dpx, yq ` ε.

We say that x and y are discretely connectable if they are ε-discretely
connectable for every ε ą 0.

In the case where M is proper, this notion is equivalent to the
existence of geodesics between points.

Proposition 2.17 (see [AAL`24a, Proposition 6.2]). If M is a proper
metric space and x ‰ y P M , then x and y are discretely connectable
if and only if they are connected by a geodesic.
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Proof. Denote I “ r0, dpx, yqs Ď R and let U be a free ultrafilter on N.
For every n P N we can find points pn0 , p

n
1 , . . . , p

n
mpnq`1 in M with

pn0 “ x and pnmpnq`1 “ y such that dppni , p
n
i`1q ă 1{n for 0 ď i ď mpnq

and
mpnq
ÿ

i“0

dppni , p
n
i`1q ă dpx, yq `

1

n
.

Fix n P N. For every a P I, choose the smallest k “ knpaq with
1 ď k ď mpnq ` 1 such that

a ă

k´1
ÿ

i“0

dppni , p
n
i`1q ď a `

1

n
.

Define pna “ pnk . Then

dpx, pnaq ď

k´1
ÿ

i“0

dppni , p
n
i`1q ď a `

1

n

and

dppna , yq ď

mpnq
ÿ

i“k

dppni , p
n
i`1q

“

mpnq
ÿ

i“0

dppni , p
n
i`1q ´

k´1
ÿ

i“0

dppni , p
n
i`1q ă dpx, yq `

1

n
´ a.

Thus

pna P B

ˆ

x, a `
1

n

˙

X B

ˆ

y, dpx, yq ´ a `
1

n

˙

.

Since all points pna belong to the compact set Bpx, dpx, yq ` 1q, we can
define pa “ limU pna . In particular, p0 “ x and pdpx,yq “ y.

We now show that the map a ÞÑ pa from I to M is an isometric
embedding. Let a, b P I with a ă b and fix δ ą 0. Since U is a free
ultrafilter, there exist sets A,B P U such that pna P Bppa, δq for all
n P A and pnb P Bppb, δq for all n P B. Let C “ A X B P U . Since U is
free we know that C is infinite. Therefore, we can choose N P C such
that 1{N ă δ. If kNpaq “ kNpbq, then pNa “ pNb P Bppa, δq X Bppb, δq
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and dppa, pbq ď 2δ. Otherwise, kNpaq ă kNpbq, and we have

dppa, pbq ď δ ` dppNa , p
N
b q ` δ ď 2δ `

kN pbq´1
ÿ

i“kN paq

dppNi , p
N
i`1q

“ 2δ `

kN pbq´1
ÿ

i“0

dppNi , p
N
i`1q ´

kN paq´1
ÿ

i“0

dppNi , p
N
i`1q

ă 2δ ` b `
1

N
´ a ă b ´ a ` 3δ.

Since δ ą 0 was arbitrary, we get dppa, pbq ď |b ´ a| for all a, b P I.
Now, we also have

dpx, yq ď dpx, paq ` dppa, pbq ` dppb, yq

ď pa ´ 0q ` pb ´ aq ` pdpx, yq ´ bq “ dpx, yq

so all inequalities must be equalities and dppa, pbq “ |b ´ a| for all
a, b P I. Thus a ÞÑ pa is an isometric embedding of I into M , i.e., a
geodesic from x to y.

The argument used in [JRZ22, Proposition 4.2] can be discretized to
show that mxy is a ∆-point whenever x and y are discretely connectable.
A slight variation of that argument yields the following, more general
result.

Proposition 2.18 (see [AAL`24a, Proposition 6.3]). Let µ P SFpMq.
Suppose that for every η ą 0, the element µ can be written as a series
of molecules

µ “

8
ÿ

k“1

akmxkyk with
8
ÿ

k“1

|ak| ă 1 ` η, (2.9)

where each pair pxk, ykq is discretely connectable in M . Then µ is a
∆-point in FpMq.

The hypothesis in Proposition 2.18 is clearly satisfied when µ “

mxy for some discretely connectable x and y. More generally, the
condition also holds if every pair of points in supppµqY t0u is discretely
connectable in M , since every µ P SFpMq admits a representation of
the form (2.9) (see, e.g., [AP20, Lemma 2.1]).
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Proof of Proposition 2.18. Let S :“ Spf, αq be a slice of BFpMq with
µ P S, for some f P SLip0pMq and α ą 0. Fix η ą 0 such that
xf, µy ą p1 ´ αqp1 ` ηq, and choose a representation of µ of the form
(2.9) where every pair pxk, ykq is discretely connectable. Without loss
of generality, we may assume that ak ě 0 for all k, by swapping xk

with yk if needed. By convexity, there exists an index k such that
xf,mxkyky ą 1 ´ α, i.e. there are x “ xk, y “ yk in M such that
mxy P S and x, y are discretely connectable.

Now fix δ ą 0 such that xf,mxyy ą p1 ´ αqp1 ` δq, and let ε ă

δ ¨ dpx, yq be arbitrary. Choose a sequence of points p1, . . . , pn P M as
in Definition 2.16, and denote p0 “ x, pn`1 “ y. Then we have

max
iPt0,...,nu

@

f,mpi,pi`1

D

“ max
iPt0,...,nu

fppiq ´ fppi`1q

dppi, pi`1q

ě

n
ř

i“0

pfppiq ´ fppi`1qq

n
ř

i“0

dppi, pi`1q

ą
fpxq ´ fpyq

dpx, yq ` ε

ą
xf,mxyy

1 ` δ
ą 1 ´ α.

Therefore we may choose u “ pk, v “ pk`1 with dpu, vq ă ε and
xf,muvy ą 1´α, i.e. muv P S. By Proposition 2.2, µ is a ∆-point.

For simplicity, in this section, molecules that are ∆-points will
be referred to as ∆-molecules. Discrete connectability does, in fact,
characterize ∆-molecules in Lipschitz-free spaces. In order to prove this,
we now construct a family of alternative metrics on M that provide
information about how “well connected” (in the sense of Definition
2.16) a given pair of points is, by reducing their distance whenever
there is a partial discrete path between them. We define them precisely
as the shortest possible distance when giving a preference to discrete
paths with sufficiently small step.

Fix α P p0, 1q. For any ε ą 0 and x, y P M , define

wα,εpx, yq :“

#

dpx, yq, if dpx, yq ě ε,

p1 ´ αqdpx, yq, if dpx, yq ă ε,

and

bα,εpx, yq :“ inf

#

n
ÿ

i“0

wα,εppi, pi`1q : p0, . . . , pn`1 P M,p0 “ x, pn`1 “ y

+

.
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Note that wα,ε and bα,ε increase as ε decreases. This allows us to define

bαpx, yq :“ sup
εą0

bα,εpx, yq “ lim
εÑ0

bα,εpx, yq.

Lemma 2.19 (see [AAL`24a, Lemma 6.4]). Fix α P p0, 1q and ε ą 0.
Then the following hold:

(1) bα and bα,ε are bi-Lipschitz equivalent metrics on M ;

(2) For any x, y P M , we have

p1 ´ αqdpx, yq ď bα,εpx, yq ď bαpx, yq ď dpx, yq;

(3) If x, y P M are not ε-discretely connectable, then

bα,εpx, yq ě p1 ´ αqdpx, yq ` ε ¨ min tα, 1 ´ αu ;

(4) Two points x, y P M are discretely connectable if and only if

bαpx, yq “ p1 ´ αqdpx, yq.

Proof. For any x, y P M , we have bα,εpx, yq ď wα,εpx, yq ď dpx, yq.
Also, for any finite sequence p0 “ x, p1, . . . , pn, pn`1 “ y in M , we have

n
ÿ

i“0

wα,εppi, pi`1q ě

n
ÿ

i“0

p1 ´ αqdppi, pi`1q ě p1 ´ αqdpx, yq,

so bα,εpx, yq ě p1 ´ αqdpx, yq. This proves (2) for bα,ε, and thus also
for bα by taking limits.

It is clear that wα,ε and bα,ε are symmetric. To verify the triangle
inequality, fix x, y, z P M and δ ą 0. Choose two finite sequences
p1, . . . , pn and p1

1, . . . , p
1
m of points in M such that

wα,εpx, p1q ` wα,εpp1, p2q ` ¨ ¨ ¨ ` wα,εppn, zq ă bα,εpx, zq ` δ,

wα,εpz, p
1
1q ` wα,εpp

1
1, p

1
2q ` ¨ ¨ ¨ ` wα,εpp

1
m, yq ă bα,εpz, yq ` δ.

Therefore

bα,εpx, yq ď wα,εpx, p1q ` ¨ ¨ ¨ ` wα,εppn, zq`

wα,εpz, p
1
1q ` ¨ ¨ ¨ ` wα,εpp

1
m, yq

ă bα,εpx, zq ` bα,εpz, yq ` 2δ.
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Since δ ą 0 was arbitrary, this proves the triangle inequality for bα,ε,
completing the proof that bα,ε is a metric. Combining with (2), we
conclude that bα,ε is an equivalent metric on M , and letting ε Ñ 0 we
get (1).

For part (3), assume that x and y are not ε-discretely connectable.
Then for every finite sequence p0 “ x, p1, . . . , pn`1 “ y in M , at least
one of the two following statements holds:

(a)
řn

i“0 dppi, pi`1q ě dpx, yq ` ε.

(b) dppk, pk`1q ě ε for some k P t0, . . . , nu.

In case (a), we estimate
n
ÿ

i“0

wα,εppi, pi`1q ě

n
ÿ

i“0

p1 ´ αqdppi, pi`1q ě p1 ´ αqpdpx, yq ` εq

ě p1 ´ αqdpx, yq ` p1 ´ αqε.

In case (b), we have
n
ÿ

i“0

wα,εppi, pi`1q ě p1 ´ αq

k´1
ÿ

i“0

dppi, pi`1q ` dppk, pk`1q

` p1 ´ αq

n
ÿ

i“k`1

dppi, pi`1q

“ p1 ´ αq

n
ÿ

i“0

dppi, pi`1q ` αdppk, pk`1q

ě p1 ´ αqdpx, yq ` αε.

In either case, taking the infimum over all choices of pi yields the
desired lower bound for bα,εpx, yq, proving (3).

Finally, one of the implications in (4) is already established by
(3). For the converse, assume that x and y are discretely connectable.
Let ε1 ą 0 and δ P p0, ε1q. Then there exists a finite sequence of
points p0 “ x, p1, . . . , pn, pn`1 “ y in M such that dppi, pi`1q ă δ for
all i P t0, . . . , nu and

řn
i“0 dppi, pi`1q ă dpx, yq ` δ. Thus

bα,ε1px, yq ď

n
ÿ

i“0

wα,ε1ppi, pi`1q

“ p1 ´ αq

n
ÿ

i“0

dppi, pi`1q ă p1 ´ αqpdpx, yq ` δq.
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Letting δ Ñ 0 followed by ε1 Ñ 0 yields bαpx, yq ď p1 ´ αqdpx, yq, and
an appeal to (2) ends the proof.

Notice that Lemma 2.19 (2) implies that the Lipschitz-free
spaces FpM,dq and FpM, bαq are linearly isomorphic completions
of span δpMq. In particular, the norm } ¨ }FpM,bαq is equivalent to the
original norm on FpMq. The same holds for bα,ε in place of bα. More
precisely, for every µ P FpMq, we have

p1 ´ αq}µ}FpMq ď }µ}FpM,bα,εq ď }µ}FpM,bαq ď }µ}FpMq.

The corresponding inclusions hold for the unit balls of the dual spaces

p1 ´ αqBLip0pM,dq Ď BLip0pM,bα,εq Ď BLip0pM,bαq Ď BLip0pM,dq.

We now state the following result.

Lemma 2.20 (see [AAL`24a, Lemma 6.5]). For any µ P FpMq and
α P p0, 1q we have

lim
εÑ0

}µ}FpM,bα,εq
“ }µ}FpM,bαq

.

Proof. Suppose first that µ has finite support and set S “ supppµqYt0u.
Let η ą 0. Since S is finite, we can find ε0 ą 0 such that bαpx, yq ď

p1 ` ηqbα,εpx, yq for all x, y P S and all ε P p0, ε0q. For any such ε
we can, by e.g. [Wea18, Proposition 3.16], write µ as a finite sum of
molecules in FpM, bα,εq in the form

µ “

n
ÿ

k“1

ak
δpxkq ´ δpykq

bα,εpxk, ykq

where xk ‰ yk P S and
ř

k |ak| “ }µ}FpM,bα,εq
. Then

}µ}FpM,bα,εq
ď }µ}FpM,bαq

“

›

›

›

›

›

n
ÿ

k“1

ak
bαpxk, ykq

bα,εpxk, ykq

δpxkq ´ δpykq

bαpxk, ykq

›

›

›

›

›

FpM,bαq

ď

n
ÿ

k“1

|ak|
bαpxk, ykq

bα,εpxk, ykq
ď p1 ` ηq }µ}FpM,bα,εq

for ε ă ε0. Thus the lemma holds for this µ.
Now let µ P FpMq be arbitrary, and let η ą 0. Choose a finitely

supported element ν P FpMq such that }µ ´ ν}FpM,bαq
ď η. By the
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previous case, }ν}FpM,bαq
ď }ν}FpM,bα,εq

`η when ε is small enough. For
such ε, we have

}µ}FpM,bα,εq
ď }µ}FpM,bαq

ď }ν}FpM,bαq
` η

ď }ν}FpM,bα,εq
` 2η

ď }µ}FpM,bα,εq
` }µ ´ ν}FpM,bα,εq

` 2η

ď }µ}FpM,bα,εq
` }µ ´ ν}FpM,bαq

` 2η

ď }µ}FpM,bα,εq
` 3η.

Since η ą 0 was arbitrary, this proves the lemma.

The relevance of the next lemma lies in the fact that condition (i)
characterizes ∆-points when µ is a molecule (see [JRZ22, Theorem 4.7])
or, more generally, a finitely supported element of SFpMq (see Theorem
2.11).

Lemma 2.21 (see [AAL`24a, Lemma 6.6]). Let µ P SFpMq. Then the
following are equivalent:

(i) Every slice of BFpMq that contains µ also contains molecules muv

for arbitrarily small dpu, vq.

(ii) }µ}FpM,bα,εq
“ 1 ´ α for all α P p0, 1q and all ε ą 0.

(iii) }µ}FpM,bαq
“ 1 ´ α for all α P p0, 1q.

Proof. (i) ñ (ii). Assume that (i) holds, and suppose }µ}FpM,bα,εq ą

1´α for some ε ą 0 and α P p0, 1q. Then there exists h P SLip0pM,bα,εq Ď

BLip0pMq such that xh, µy ą 1 ´ α. By assumption, there exists a
molecule muv in FpMq such that xh,muvy ą 1 ´ α and dpu, vq ă ε.
Thus

bα,εpu, vq ě hpuq ´ hpvq ą p1 ´ αqdpu, vq “ wα,εpu, vq ě bα,εpu, vq,

which is a contradiction. This proves (ii).
(ii) ñ (iii) follows directly from Lemma 2.20.
(iii) ñ (i). Assume that (iii) holds. Fix ε ą 0 and a slice Spf, αq

such that µ P Spf, αq. By Lemma 1.6, we may assume α P p0, 1q. From
(iii), we have

}f}Lip0pM,bαq ě
xf, µy

}µ}FpM,bαq

ą
1 ´ α

1 ´ α
“ 1.
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Therefore, there exist x, y P M such that

fpxq ´ fpyq ą bαpx, yq ě bα,εpx, yq.

By the definition of bα,εpx, yq, we can find points p0, p1, . . . , pn`1 P M
such that p0 “ x, pn`1 “ y, and

fpxq ´ fpyq ą

n
ÿ

i“0

wα,εppi, pi`1q.

Define the sets I1 “ ti P t0, . . . , nu : dppi, pi`1q ă εu and I2 “

t0, . . . , nu zI1. Then

p1 ´ αq
ÿ

iPI1

dppi, pi`1q `
ÿ

iPI2

dppi, pi`1q “

n
ÿ

i“0

wα,εppi, pi`1q

ă fpxq ´ fpyq

“

n
ÿ

i“0

pfppiq ´ fppi`1qq

ď
ÿ

iPI1

pfppiq ´ fppi`1qq `
ÿ

iPI2

dppi, pi`1q

and therefore there exists i P I1 such that fppiq ´ fppi`1q ą p1 ´

αqdppi, pi`1q. Since dppi, pi`1q ă ε, we conclude that (i) holds with
u “ pi, v “ pi`1.

We are now in a position to prove our characterization of ∆-
molecules.

Theorem 2.22 (see [AAL`24a, Theorem 6.7]). Let x ‰ y P M .
Then mxy is a ∆-point of FpMq if and only if x and y are discretely
connectable in M .

Proof. One implication follows immediately from Proposition 2.18. For
the converse, suppose that mxy is a ∆-point, and fix α P p0, 1q. Then
µ “ mxy satisfies condition (i) of Lemma 2.21 by [JRZ22, Theorem 4.7],
and hence also satisfies condition (iii). In particular,

1 ´ α “ }mxy}FpM,bαq
“

›

›

›

›

δpxq ´ δpyq

dpx, yq

›

›

›

›

FpM,bαq

“
bαpx, yq

dpx, yq
.

That is, bαpx, yq “ p1 ´ αqdpx, yq. Now Lemma 2.19 (4) shows that x
and y are discretely connectable.
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Corollary 2.23 (see [AAL`24a, Corollary 6.8]). Let M be a proper
metric space, and let x ‰ y P M . Then mxy is a ∆-point of FpMq if
and only if x and y are connected by a geodesic.

By [Vee23, Corollary 4.5], every convex combination (finite or
infinite) of ∆-molecules of FpMq is again a ∆-point. It is then natural
to ask whether the converse holds. Note that the question only makes
sense for elements of SFpMq that can actually be written as convex
combinations of molecules, which is not the case for all elements in
general (see [APS24, Section 4]). This question was explicitly raised in
[Vee23, Problem 3] for those ∆-points µ P SFpMq with finite support.
In that case, we have:

• µ can always be written as a convex combination of molecules
(see, e.g., [Wea18, Proposition 3.16]); and

• µ also satisfies property (i) from Lemma 2.21, by Theorem 2.11.

The techniques developed in this section allow us to answer the question
in the positive.

Theorem 2.24 (see [AAL`24a, Theorem 6.9]). Suppose that µ P SFpMq

is a ∆-point with finite support. Then µ can be written as a finite
convex combination of ∆-molecules in SFpMq.

Proof. Fix α P p0, 1q. By Lemma 2.21 and Theorem 2.11, we have
}µ}FpM,bαq

“ 1´α. Since µ is a finitely supported element of FpM, bαq,
we may write µ{ }µ}FpM,bαq

as a finite convex combination of bα-
molecules (see, e.g., [Wea18, Proposition 3.16]). That is,

µ

1 ´ α
“

n
ÿ

i“1

λi
δpxiq ´ δpyiq

bαpxi, yiq

for some xi ‰ yi P M and λi ą 0 with
řn

i“1 λi “ 1. Then

1 “ }µ}FpM,dq
“ p1 ´ αq

›

›

›

›

›

n
ÿ

i“1

λi
dpxi, yiq

bαpxi, yiq

δpxiq ´ δpyiq

dpxi, yiq

›

›

›

›

›

FpM,dq

ď

n
ÿ

i“1

λi ¨ p1 ´ αq
dpxi, yiq

bαpxi, yiq
ď

n
ÿ

i“1

λi ¨
1 ´ α

1 ´ α
“ 1.

Therefore all inequalities must be equalities. In particular, µ “
řn

i“1 λimxiyi is a finite convex combination of molecules such that
bαpxi, yiq “ p1 ´ αqdpxi, yiq for all i. By Lemma 2.19 (4) and Theo-
rem 2.22, it follows that each mxiyi is a ∆-point.
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We conclude by noting that the existence of ∆-points in FpMq does
not, in general, imply the existence of ∆-molecules. For instance, if M
is the Smith–Volterra–Cantor set, then FpMq is isometric to L1 ‘1 ℓ1
by the proof of [God10, Corollary 3.4]. Since L1 contains ∆-points,
so does FpMq. However, M is compact and totally disconnected,
so FpMq cannot contain ∆-molecules. In particular, the converse of
Proposition 2.18 fails in general.

2.3 Example of a dual Lipschitz-free space
that is equivalent to ℓ1 and contains a
Daugavet point

This section is dedicated to constructing and studying an example of
a Lipschitz-free space with the Radon–Nikodým property whose unit
sphere contains a Daugavet point. The example was first introduced
in [Vee23], where the aforementioned properties were shown. Later,
in [AAL`24a], even stronger properties of this space were established,
more specifically, the space is isomorphic to ℓ1 and is also a dual Banach
space. We now proceed to define the underlying metric space.

We construct a metric space M as a subset of R2 as follows. Let
x :“ p0, 0q, y :“ p1, 0q, and set S0 :“ tx, yu. For every n P N, define

Sn :“
␣

p2´nk, 2´n
q : k “ 0, 1, . . . , 2n

(

,

and let M :“
Ť8

n“0 Sn (see Figure 2.3). Endow M with the metric

dppa1, b1q, pa2, b2qq :“

#

|a1 ´ a2| , if b1 “ b2;

|b1 ´ b2| ` min ta1 ` a2, 2 ´ pa1 ` a2qu , if b1 ‰ b2;

for pa1, b1q, pa2, b2q P M, and take x as its base point. It is straight-
forward to verify that M is complete. Indeed, let punq be a Cauchy
sequence in M. If there exists m P N such that the sequence punq is in
the finite set

Ťm
n“0 Sn, then it must eventually be constant. Otherwise,

for every m P N, there exist k ą m and n P N such that un P Sk. In
this case, we can extract a subsequence punk

q with unk
P Smk

, where
m1 ă m2 ă m3 ă ¨ ¨ ¨ . By construction, the distance between any two
different elements unk

“ pank
, bnk

q and unl
“ panl

, bnl
q is

mintank
` anl

, 2 ´ ank
´ anl

u ` |bnk
´ bnl

|.
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Since punk
q is a Cauchy sequence, either unk

Ñ x or unk
Ñ y. Thus

M is complete.

1{4

1{2

1{4 1{2 3{4x y

Figure 2.3: The sets S0, . . . , S4

To see that FpMq has the Radon–Nikodým property, recall that
by [AGPP22, Theorem 4.6], a Lipschitz-free spaces over a metric space
M has the Radon–Nikodým property if and only if the completion of
M is purely 1-unrectifiable. A metric space M is said to be purely 1-
unrectifiable if for every A Ď R and every Lipschitz function f : A Ñ M ,
the 1-dimensional Hausdorff measure of fpAq is 0. The 1-dimensional
Hausdorff measure is defined by

H1
pMq :“ lim

δÑ0
inf

#

8
ÿ

i“1

diampEiq : M Ď

8
ď

i“1

Ei, diampEiq ă δ

+

.

It follows immediately that any countable metric space is purely 1-
unrectifiable. Since M is countable and complete, its completion
is purely 1-unrectifiable, which implies that FpMq has the Radon–
Nikodým property. We now show that the molecule mxy is a Daugavet
point.

Proposition 2.25 (see [Vee23, Example 3.1]). Let M and x, y P M
be as defined above. Then the molecule mxy is a Daugavet point.

Proof. By Theorem 2.9, it suffices to show that }mxy ´ν} “ 2 for every
ν P dentpBFpMqq. Note that all denting points are preserved extreme
points and according to [Wea18, Corollary 3.44] all preserved extreme
points are molecules in Lipschitz-free spaces over complete metric
spaces, hence dentpBFpMqq consists only of molecules. By Theorem
2.4 a molecule muv is a denting point of BFpMq if and only if for every
ε ą 0 there exists δ ą 0 such that

ru, vsδ Ď Bpu, εq Y Bpv, εq.
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Therefore, neither mxy nor myx is a denting point of BFpMq, since for
every n P N, we have

z :“
`

1{2, 1{2n`2
˘

P rx, ys1{2nz pBpx, 1{2q Y Bpy, 1{2qq ,

because dpx, zq “ dpy, zq “ 1{2 ` 1{2n`2.
Now fix muv P dentpBFpMqq, and write u “ pa1, b1q and v “ pa2, b2q.

Since muv is a denting point, we must have ru, vs “ tu, vu. Let us show
that }mxy ´ muv} “ 2.

If b1 “ b2, then |a1 ´ a2| “ b1, because otherwise either pa1 ` b1, b1q
or pa1 ´ b1, b1q is in ru, vsz tu, vu. Hence

dpx, uq`dpy, vq “ a1 `b1 `1´a2 `b2 ě 1`|a1 ´a2| “ dpx, yq`dpu, vq

and by Lemma 2.3 we get }mxy ´ muv} “ 2.
If b1 ‰ b2, then either a1 “ a2 “ 0 or a1 “ a2 “ 1, because otherwise

one of the four points p0, b1q, p0, b2q, p1, b1q, p1, b2q is in ru, vsz tu, vu.
Hence

dpx, uq ` dpy, vq “ a1 ` b1 ` 1 ´ a2 ` b2 “ 1 ` b1 ` b2

ě 1 ` |b1 ´ b2| “ dpx, yq ` dpu, vq

and again Lemma 2.3 gives }mxy ´ muv} “ 2.
Now we have shown that for every ν P dentpBFpMqq we have }mxy ´

ν} “ 2. Therefore, by Theorem 2.9 the molecule mxy is a Daugavet
point.

Next, let us introduce our candidate for a predual of FpMq. Define

V :“ tpa, bq P M : a “ 0 or a “ 1u ,

and consider the function h : M Ñ R given by

hpa, bq :“ a.

Observe that h P SLip0pMq. Define

Y :“
␣

f P Lip0pMq : lim
n

›

›

›
pf ´ fpyq ¨ hq

ˇ

ˇ

Sn

›

›

›

L
Ñ 0,

f
ˇ

ˇ

V
is locally flat

(

.

Recall that a function f P Lip0pMq is called locally flat if

lim
x,yÑz

fpxq ´ fpyq

dpx, yq
“ 0

for every z P M . We are now ready to state the main theorem of this
section.
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Theorem 2.26 (see [AAL`24a, Theorem 2.1]). Let M and Y be as
defined above. Then the following hold:

(1) The Banach space Y satisfies Y ˚ “ FpMq;

(2) The Lipschitz-free space FpMq is isomorphic to ℓ1.

In particular, there exists a separable dual space isomorphic to ℓ1 that
contains a Daugavet point.

Proof of Theorem 2.26 (1). According to a theorem by Petunin and
Plichko [PP74, Theorem 4], given a separable Banach space X, a
subspace Y of X˚ is an isometric predual of X if it satisfies the
following conditions:

(a) Y is norm closed;

(b) Y separates points of X;

(c) every f P Y attains its norm on SX .

We will verify these conditions for X :“ FpMq and the subspace Y of
Lip0pMq.

We start with (a). Let pfnq be a sequence in Y converging in norm
to some f P Lip0pMq. We show that f P Y . Fix ε ą 0. Choose k such
that }f ´ fk}L ă ε. Then for every n,

›

›

›
pf ´ fpyq ¨ hq

ˇ

ˇ

Sn

›

›

›

L
ď

›

›

›
pf ´ fkq

ˇ

ˇ

Sn

›

›

›

L
`

›

›

›
pfk ´ fkpyq ¨ hq

ˇ

ˇ

Sn

›

›

›

L

`

›

›

›
ppfkpyq ´ fpyqq ¨ hq

ˇ

ˇ

Sn

›

›

›

L

ă 2ε `

›

›

›
pfk ´ fkpyq ¨ hq

ˇ

ˇ

Sn

›

›

›

L
.

Since fk P Y , this will be less than 3ε for n large enough. Moreover,
V is compact and so the space lip0pV q is closed (see e.g. [Wea18,
Corollary 4.5]). Since fk|V Ñ f |V in norm, we conclude f |V P lip0pV q.
Hence f P Y , and thus Y is closed.

Let us now verify (b). Fix µ P FpMq, µ ‰ 0. We show that there
exits f P Y such that xf, µy ‰ 0. Suppose first that supppµq contains
no isolated points of M. Then supppµq “ tyu, since by definition the
base point cannot be an isolated point of supppµq. Thus µ is a nonzero
multiple of δy, and so xh, µy ‰ 0 and we have h P Y . Now suppose that
supppµq contains some isolated point u of M. Then tuu is an open
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neighborhood of u, and by [APPP20, Proposition 2.7] there exists a
function f P Lip0pMq, supported on tuu, such that xf, µy ‰ 0. In
other words,

@

χtuu, µ
D

‰ 0, where χtuu is the characteristic function of
the set tuu. But χtuu P Y , so this finishes the proof of (b).

Finally we check (c). We show that every f P Y attains its norm on
SFpMq. In fact, we show that f attains its Lipschitz constant between
two points of M. Let f P Y and assume that }f}L “ 1. We will find
a sequence of pairs of points pun, vnq in M such that xf,munvny Ñ 1.
Note that p P ru, vs implies that muv is a convex combination of mup

and mpv, hence

max txf,mupy , xf,mpvyu ě xf,muvy .

Thus, by replacing each pair un, vn with other points in run, vns and
passing to a subsequence if necessary, we may assume that either
un, vn P V for all n or there exists a sequence pknq in N such that
un, vn P Skn for all n.

In the first case, all un, vn belong to the compact set V , so by
passing to a subsequence we get un Ñ u, vn Ñ v for some u, v P V .
Note that u ‰ v, since f |V is locally flat. Thus xf,muvy “ 1, and so f
attains its norm on SFpMq.

In the second case, assume that un, vn P Skn for all n. If pknq is
bounded, say by N , then this implies that f restricted to the finite
set S1 Y ¨ ¨ ¨ Y SN has Lipschitz constant 1, and so it must attain its
Lipschitz constant in that set. Otherwise we may assume that kn Ñ 8.
Then we have

›

›

›
f |Skn

›

›

›

L
ě xf,munvny and, given that

›

›

›
f |Skn

›

›

›

L
Ñ |fpyq|,

we obtain |fpyq| “ 1. So f attains its Lipschitz constant between x
and y.

Since all three conditions in the Petunin–Plichko theorem are satis-
fied, it follows that Y ˚ “ FpMq.

Remark 2.27 (see [AAL`24a, Remark 2.2]). The definition of Y is
not equivalent if we ask that f is locally flat instead of f |V . For
example, the function h is not locally flat while h|V is. It is conjectured
that whenever a Lipschitz-free space is a separable dual, it admits a
predual consisting entirely of locally flat functions (see, e.g., [AGP24,
Question 3.3]). Since preduals of Lipschitz-free spaces are not unique
in general, an alternative predual Y satisfying this stronger condition
may exist.
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Remark 2.28 (see [AAL`24a, Remark 2.3]). The argument in the proof
of Theorem 2.26 (1) can be easily adapted to show that the Lipschitz-
free space from [ANPP21, Example 4.2] is also a dual space. The
corresponding predual has a simpler description, as the local flatness
condition can be omitted. Note that the molecule m0q in that example
is a ∆-point (this follows, for instance, from Theorem 2.22) but it is
not a Daugavet point as the unit ball of this space contains denting
points that are at distance strictly less than 2 from m0q.

Before proceeding with the proof of Theorem 2.26 (2) let us observe
that the argument given below can be adapted to show that the
Lipschitz-free space over other similar metric spaces, such as those
from [ANPP21, Examples 4.2 and 4.3], is also isomorphic to ℓ1. It is
based on the following general lemma, which may be viewed as a finite
version of the approach developed in [AACD21].

Lemma 2.29 (see [AAL`24a, Lemma 2.4]). Let M be a complete
pointed metric space, and let φ1, . . . , φn be non-negative Lipschitz
functions on M with bounded support such that φ1 ` ¨ ¨ ¨ ` φn “ 1.
Suppose that A1, . . . , An are subsets of M containing the base point,
and that supppφkq Ď Ak for all k. Then FpMq is isomorphic to a
complemented subspace of FpA1q ‘ ¨ ¨ ¨ ‘ FpAnq.

Proof. For each k “ 1, . . . , n, we define the weighting operator
Wk : FpMq Ñ FpMq by

xWkµ, fy :“ xµ, f ¨ φky

for all µ P FpMq and f P Lip0pMq. By results from [APPP20, Sec-
tion 2], each Wk is a well-defined bounded operator. Moreover, its range
is contained in FpAkq, which we naturally identify with a subspace of
FpMq. Define the operators

T : FpMq Ñ FpA1q ‘ ¨ ¨ ¨ ‘ FpAnq

S : FpA1q ‘ ¨ ¨ ¨ ‘ FpAnq Ñ FpMq

by Tµ :“ pW1µ, . . . ,Wnµq and Spµ1, . . . , µnq :“ µ1 ` ¨ ¨ ¨ `µn. Both T
and S are clearly bounded. For every µ P FpMq and f P Lip0pMq, we
have

xSTµ, fy “ xW1µ, fy ` ¨ ¨ ¨ ` xWnµ, fy

“ xµ, f ¨ φ1y ` ¨ ¨ ¨ ` xµ, f ¨ φny

“ xµ, fy ,
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by the choice of φk. Thus ST is the identity on FpMq. Therefore,
P :“ TS is a projection from FpA1q ‘ ¨ ¨ ¨ ‘ FpAnq onto the subspace
T pFpMqq, which is isomorphic to FpMq.

The following result provides a simple sufficient condition under
which Lemma 2.29 can be applied.

Lemma 2.30 (see [AAL`24a, Lemma 2.5]). Let M be a bounded
complete metric space, and let U1, . . . , Un be an open cover of M .
Suppose that

inf
uPM

n
ÿ

k“1

dpu,MzUkq ą 0.

Then there exist non-negative Lipschitz functions φ1, . . . , φn on M such
that φ1 ` ¨ ¨ ¨ ` φn “ 1 and each φk vanishes outside of Uk.

Proof. Define for each u P M ,

φkpuq :“
dpu,MzUkq

řn
i“1 dpu,MzUiq

.

By assumption, the denominator is Lipschitz and bounded below, so
each φk is Lipschitz (see, e.g., [Wea18, Proposition 1.30]). The other
conditions are satisfied trivially.

Proof of Theorem 2.26 (2). Fix real numbers α, β with 0 ă β ă α ă 1
2

and consider the sets

A :“ tpa, bq P M : a ă αu ,

B :“ tpa, bq P M : β ă a ă 1 ´ βu ,

C :“ tpa, bq P M : a ą 1 ´ αu ,

which form an open cover of M. We aim to apply Lemma 2.30 to this
cover. Note that A X C “ ∅, while B intersects both A and C. For
z “ pa, bq P M, define

Dpzq :“ dpz,MzAq ` dpz,MzBq ` dpz,MzCq.

Let us see that Dpzq ě α ´ β for all z. By symmetry, it suffices to
verify this when a ď 1

2
. Then we consider three cases.

Case 1. Assume that z P AzB. Then Dpzq “ dpz,MzAq. So
either z “ x, in which case Dpzq ě α, or a ď β and b ą 0. Then the
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closest point to z in MzA has the form pa1, bq with a1 ě α, yielding
Dpzq “ a1 ´ a ě α ´ β.

Case 2. Assume that z P A X B. Then Dpzq “ dpz,MzAq `

dpz,MzBq, and we have b ą 0 and β ă a ă α. Thus the closest points
in MzA and MzB are pa1, bq and pa2, bq, where a1 ě α and a2 ď β,
respectively, so Dpzq “ pa1 ´ aq ` pa ´ a2q ě α ´ β.

Case 3. Assume that z P BzpA Y Cq. Then Dpzq “ dpz,MzBq,
and we have b ą 0 and α ď a ď 1

2
. Thus the closest point in MzB is

pa2, bq with a2 ď β, and so Dpzq “ a ´ a2 ě α ´ β.
Thus infDpzq ą 0, and we may apply Lemma 2.30, followed by

Lemma 2.29, to conclude that FpMq is isomorphic to a complemented
subspace of

FpAq ‘ FpB Y txuq ‘ FpC Y txuq.

We now verify that each of these three Lipschitz-free spaces is isomor-
phic to ℓ1, and then the result will follow by Pełczyński’s classical
theorem that complemented infinite-dimensional subspaces of ℓ1 are
isomorphic to ℓ1 (see, e.g, [AK16, Theorem 2.2.4]).

The set A is an infinite weighted tree, i.e., a connected graph with
no cycle. In particular, it is isometric to a subset of an R-tree that
contains all of its branching points p0, 2´nq, n P N. Thus FpAq is
isometric to ℓ1 by [God10, Corollary 3.4].

Let K0 :“ txu and Kn :“
␣

pa, bq P B : b “ 2´n
(

for each n P N.
Each FpKnq is isometric to a finite-dimensional ℓ1-space. Moreover,
there is a bound above and below on the distance between elements in
distinct Kn’s. Using [God10, Proposition 5.1] we get that FpB Y txuq

is isomorphic to ℓ1.
Finally, notice that FpCq “ FpAq as C and A are isometric. Fur-

thermore, by [AACD21, Lemma 2.8], FpCq and FpC Y txuq are iso-
morphic. Thus FpC Y txuq is also isomorphic to ℓ1, and this completes
the proof.

2.4 Equivalence of Daugavet points and
Delta-points in Lipschitz-free spaces
over subsets of R-trees

Recall that it was proved in [AHLP20, Theorem 3.1] that Daugavet
and ∆-points coincide in L1pµq spaces when µ is a σ-finite measure.
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The result was extended to arbitrary measures in [MPRZ24], and it
was actually shown in [MPRZ24, Corollary 4.11] that these points
also coincide with their super versions in this context. This naturally
rises the question of whether ∆- and Daugavet points coincide in all
subspaces of L1r0, 1s. While it was proved in [AAL`24b, Theorem 4.16]
that the answer is negative in general, it remains natural to look
for classes of subspaces of L1r0, 1s, for which it is true. By [God10,
Theorem 4.2], Lipschitz-free spaces over subsets of R-trees are precisely
the Lipschitz-free spaces which embed isometrically into an L1pµq

space. This section is dedicated to showing that, for this class of
spaces, Daugavet points and ∆-points, do indeed coincide. The results
presented here are based on [AAL`24b]

Recall that an R-tree is an arc-connected metric space pT, dq such
that there is a unique arc connecting any pair of points x ‰ y P T
which is isometric to the real interval r0, dpx, yqs Ď R. This arc is called
a segment of T , and is denoted by rx, ys. It coincides with the metric
segment

rx, ys “ tp P T : dpx, pq ` dpp, yq “ dpx, yqu.

Let T be an R-tree. Then for every x, y, p P T , there exists a unique
element zp P rx, ys such that dpp, zpq “ minqPrx,ys dpp, qq. Define the
map Yxy : T Ñ T by

Yxyp :“ zp.

Then Yxy is a 1-Lipschitz retraction from T onto the segment rx, ys.
Moreover, if Yxyp ‰ Yxyq for some p, q P T , then

rp, qs “ rp,Yxyps Y rYxyp,Yxyqs Y rYxyq, qs, (2.10)

so that Yxyp,Yxyq P rp, qs and thus

dpp, qq “ dpp,Yxypq ` dpYxyp,Yxyqq ` dpYxyq, qq. (2.11)

Arguing by contradiction and using (2.11), we obtain the following
consequence:

If Yxyp “ Yxyq, then Yxyr “ Yxyp for all r P rp, qs. (2.12)

When M is a (complete) subset of an R-tree, there exists a unique
smallest R-tree T containing M . For x, y P M , the notation rx, ys Ď M
means that the corresponding segment in T is entirely contained in M ,
or equivalently, that x and y are connected by a geodesic in M . In
this case, Yxy is still a well-defined 1-Lipschitz retraction in M .
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We start by proving that the notions of Daugavet and ∆-points
coincide for molecules in Lipschitz-free spaces over subsets of R-trees
and provide a concrete metric characterization of such points.

Proposition 2.31 (see [AAL`24b, Proposition 4.1]). Let M be a
complete subset of an R-tree T , and let x ‰ y P M . The following
assertions are equivalent:

(i) The molecule mxy is a super Daugavet point in FpMq;

(ii) The molecule mxy is a ∆-point in FpMq;

(iii) rx, ys Ď M .

Proof. (i)ñ(ii) is obvious, and (ii)ñ(iii) follows from [JRZ22, Corol-
lary 4.9] and the completeness of M since if ε ą 0 and z P rx, ys with
r “ dpx, zq, then for all p P Bpx, r ` εq X Bpy, dpx, yq ´ r ` εq we have

dpz, pq ď dpz,Yxypq ` dpYxyp, pq ď 2ε.

Let us show (iii)ñ(i). Suppose rx, ys Ď M , i.e., x and y are joined
by a geodesic in M . Then one can show that mxy is a Daugavet point
in FpMq by Theorem 2.9. However, we aim to prove the stronger
conclusion that mxy is a super Daugavet point. We will show that
F prx, ysq is an L-summand in FpMq, where we fix x as the base
point. Then as F prx, ysq is isometrically isomorphic to L1r0, 1s, and as
this space has the Daugavet property, every point on the unit sphere
of F prx, ysq is a super Daugavet point (see [Shv00, Lemma 3]). In
particular, mxy is a super Daugavet point in F prx, ysq and since these
points transfer through ℓ1-sums by [MPRZ24, Remark 3.28], we get
that mxy is a super Daugavet point in FpMq.

So it only remains to prove that F prx, ysq is an L-summand in
FpMq. Clearly Yxy is a 1-Lipschitz retraction of M onto rx, ys, so
its linearization pYxy : FpMq Ñ F prx, ysq is a norm-one projection.
To see that it is an L-projection, it suffices to check that }µ} “
›

›

›

pYxyµ
›

›

›
`

›

›

›
µ ´ pYxyµ

›

›

›
when µ P FpMq has finite support. Write

µ “

n
ÿ

i“1

aiδppiq `

m
ÿ

j“1

bjδpqjq,

where pi P rx, ys and qj R rx, ys. Then pYxyµ “
ř

i aiδppiq `
ř

j bjδpYxyqjq and µ ´ pYxyµ “
ř

j bjpδpqjq ´ δpYxyqjqq. Choose
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f, g P BLip0pMq such that
A

f, pYxyµ
E

“

›

›

›

pYxyµ
›

›

›
and

A

g, µ ´ pYxyµ
E

“
›

›

›
µ ´ pYxyµ

›

›

›
. Define a function h : M Ñ R by

hppq :“ fpYxypq ` gppq ´ gpYxypq.

We now verify that h P BLip0pMq. For p, q P M , we either have Yxyp “

Yxyq and thus hppq ´ hpqq “ gppq ´ gpqq ď dpp, qq, or Yxyp ‰ Yxyq and
by (2.12)

hppq ´ hpqq “ gppq ´ gpYxypq ` fpYxypq ´ fpYxyqq ` gpYxyqq ´ gpqq

ď dpp,Yxypq ` dpYxyp,Yxyqq ` dpYxyq, qq “ dpp, qq.

Hence h P BLip0pMq, and

}µ} ě xh, µy “

n
ÿ

i“1

ai
`

fpYxypiq ` gppiq ´ gpYxypiq
˘

`

m
ÿ

j“1

bj
`

fpYxyqjq ` gpqjq ´ gpYxyqjq
˘

“

n
ÿ

i“1

aifppiq `

m
ÿ

j“1

bjfpYxyqjq `

m
ÿ

j“1

bj
`

gpqjq ´ gpYxyqjq
˘

“

A

f, pYxyµ
E

`

A

g, µ ´ pYxyµ
E

“

›

›

›

pYxyµ
›

›

›
`

›

›

›
µ ´ pYxyµ

›

›

›
.

This proves that Yxy is a L-projection and concludes the proof.

Next, we show that the Conjecture 2.10 holds for arbitrary ele-
ments of Lipschitz-free spaces over subsets of R-trees. Note that by
Proposition 2.14, it already holds for bounded subsets of R-trees. To
extend this result we construct a Lipschitz function that serves the
role of the functional fν used in the proof of Proposition 2.14.

Lemma 2.32 (see [AAL`24b, Lemma 4.4]). Let M be a complete
subset of an R-tree T , and let µ P SFpMq. If µ can be expressed as a
convex combination of molecules mxiyi with i P t1, . . . , nu, then there
exists a function gµ P SLip0pMq such that the following hold:

(1) xgµ, µy “ 1;

(2) For every u, v P M with u ‰ v and every α ą 0, if muv P Spgµ, αq,
then there exist i, j P t1, . . . , nu with xi ‰ yj such that

p1 ´ αqdpu, vq ă dpYxiyju,Yxiyjvq.
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Proof. Let f P SLip0pMq be such that xf, µy “ 1. Then xf,mxiyiy “ 1
for every i P t1, . . . , nu. Define gµ : M Ñ R by

gµppq :“ max
iPt1,...,nu

`

fpxiq ´ max
jPt1,...,nu

dpxi,Yxiyjpq
˘

.

For every p, q P M we have
ˇ

ˇdpxi,Yxiyjpq ´ dpxi,Yxiyjqq
ˇ

ˇ ď dpYxiyjp,Yxiyjqq ď dpp, qq,

and thus, by [Wea18, Proposition 1.32], we conclude that }gµ} ď 1.
Furthermore, for every k P t1, . . . , nu, we have

gµpxkq ě fpxkq ´ max
jPt1,...,nu

dpxk,Yxkyjxkq

“ fpxkq ´ max
jPt1,...,nu

dpxk, xkq “ fpxkq,

and similarly,

gµpykq ď max
iPt1,...,nu

`

fpxiq ´ dpxi,Yxiykykq
˘

“ max
iPt1,...,nu

`

fpxiq ´ dpxi, ykq
˘

ď fpykq.

Therefore xgµ,mxkyky ě xf,mxkyky “ 1 for every k P t1, . . . , nu and
thus xgµ, µy “ 1. This proves (1).

Now we prove (2). Fix u, v P M with u ‰ v and α ą 0 such that
muv P Spgµ, αq. By definition of gµ, there exist i, j P t1, . . . , nu such
that

gµpuq “ fpxiq ´ max
kPt1,...,nu

dpxi,Yxiykuq

and
gµpvq “ max

kPt1,...,nu

`

fpxkq ´ dpxk,Yxkyjvq
˘

.

Then

p1 ´ αqdpu, vq ă gµpuq ´ gµpvq

ď fpxiq ´ dpxi,Yxiyjuq ´ fpxiq ` dpxi,Yxiyjvq

“ dpxi,Yxiyjvq ´ dpxi,Yxiyjuq ď dpYxiyju,Yxiyjvq,

as desired.
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Proposition 2.33 (see [AAL`24b, Proposition 4.5]). Let M be a
subset of an R-tree T , and let µ P SFpMq. Then µ is a ∆-point if and
only if for every ε ą 0 and every slice S of BFpMq with µ P S, there
exist u, v P M with u ‰ v such that muv P S and dpu, vq ă ε.

Proof. One implication is Proposition 2.2.
Assume that µ P SFpMq is a ∆-point. Fix a slice Spf, δq with

µ P Spf, δq and fix ε ą 0. By Lemma 1.6, we may assume δ ă 1{2.
Choose γ ą 0 such that µ P Spf, δ ´ γq. Then there exist n P N,
λ1, . . . , λn ą 0 with

řn
i“1 λi “ 1, and mx1y1 , . . . ,mxnyn P SFpMq such

that
řn

i“1 λimxiyi P SFpMq and

›

›

›

›

›

µ ´

n
ÿ

i“1

λimxiyi

›

›

›

›

›

ă γ.

Let ν :“
řn

i“1 λimxiyi and let gν P SLip0pMq be the function from Lemma
2.32. Then xgν , µy ą 1 ´ γ, giving us xf ` gν , µy ą 2 ´ δ.

Since µ is a ∆-point, by Proposition 1.10 there exists a sequence
pmuiviq such that xf ` gν ,muiviy ą 2 ´ δ and

}muivi ´ mujvj} ě 2 ´ δ

for all i, j P N with i ‰ j. Thus pmuiviq Ď Spf, δq and pmuiviq Ď

Spgν , δq. For every k P N there exist i, j P t1, . . . , nu such that

p1 ´ δqdpuk, vkq ă dpYxiyjuk,Yxiyjvkq.

By passing to a subsequence of pmukvkq, if necessary, we may assume
that the same xi and yj work for all k. Define x :“ xi and y :“ yj . We
aim to use the compactness of the segment rx, ys in T to show that
dpuk, vkq ă ε for some k P N.

Notice that Yxyuk ‰ Yxyvk, since 0 ă p1 ´ δqdpuk, vkq ă

dpYxyuk,Yxyvkq. From (2.11) we get

dpuk, vkq “ dpuk,Yxyukq ` dpYxyuk,Yxyvkq ` dpYxyvk, vkq.

Since }mukvk ´ mulvl} ě 2 ´ δ we have, by Lemma 2.3,

dpuk, ulq ` dpvk, vlq ě dpuk, vkq ` dpul, vlq ´ δmax
␣

dpuk, vkq, dpul, vlq
(
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for all k ‰ l. Therefore

δmax
␣

dpuk, vkq,dpul, vlq
(

ě dpuk, vkq ` dpul, vlq ´ dpuk, ulq ´ dpvk, vlq

ě dpuk,Yxyukq ` dpYxyuk,Yxyvkq ` dpYxyvk, vkq

` dpul,Yxyulq ` dpYxyul,Yxyvlq ` dpYxyvl, vlq

´
`

dpuk,Yxyukq ` dpYxyuk,Yxyulq ` dpYxyul, ulq
˘

´
`

dpvk,Yxyvkq ` dpYxyvk,Yxyvlq ` dpYxyvl, vlq
˘

“ dpYxyuk,Yxyvkq ` dpYxyul,Yxyvlq

´ dpYxyuk,Yxyulq ´ dpYxyvk,Yxyvlq

ą p1 ´ δq
`

dpuk, vkq ` dpul, vlq
˘

´ dpYxyuk,Yxyulq ´ dpYxyvk,Yxyvlq,

and thus

p1 ´ 2δq
`

dpuk, vkq ` dpul, vlq
˘

ă dpYxyuk,Yxyulq ` dpYxyvk,Yxyvlq.

Since the segment rx, ys in T is compact, there exist k, l P I such that

dpYxyuk,Yxyulq ` dpYxyvk,Yxyvlq ă p1 ´ 2δqε.

Then dpuk, vkq ă ε and mukvk P Spf, δq, and we have found the element
we were looking for.

Theorem 2.34 (see [AAL`24b, Theorem 4.6]). Let M be a subset of
an R-tree T . Then µ P SFpMq is a Daugavet point if and only if it is a
∆-point.

Proof. One direction is trivial, so we assume that µ P SFpMq is a ∆-
point. Without loss of generality, we may assume that M is complete.
Choose f P SLip0pMq such that xf, µy “ 1.

By Theorem 2.9, it is enough to show that for every ν P dentpBFpMqq

we have }µ´ ν} “ 2. So let ν be a denting point in BFpMq. By [Wea18,
Corollary 3.44], we have ν “ mxy for some x, y P M with x ‰ y.

Let 0 ă ε ă 1{2. It suffices to show that }µ ´ mxy} ě 2 ´ 4ε. If
xf,myxy ě 1´ 4ε, then }µ´mxy} ě xf, µ ´ mxyy ě 2´ 4ε, and we are
done.

Now assume xf,myxy ă 1 ´ 4ε. Extend f to T by the McShane–
Whitney extension theorem. For simplicity, assume that x is the base
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point 0. Then our assumption becomes fpyq ă p1 ´ 4εqdpx, yq. Define
g : M Ñ R by

gppq :“ min
␣

max
␣

dpx,Yxypq ´ fpYxypq ´ 2εdpx, yq, 0
(

,

p1 ´ 4εqdpx, yq ´ fpyq
(

.

Observe that gppq ě 0 for all p P M , and that gppq “ gpqq whenever
Yxyp “ Yxyq. By [Wea18, Proposition 1.32], we have g P Lip0pMq

since, for every p, q P M ,

|dpx,Yxypq´fpYxypq´dpx,Yxyqq`fpYxyqq| ď 2dpYxyp,Yxyqq ď 2dpp, qq.

Moreover, when p is close to either x or y, we have complete control
over gppq. Specifically, if p P B

`

x, εdpx, yq
˘

, then

dpx,Yxypq ´ fpYxypq ď 2dpx,Yxypq ď 2εdpx, yq,

and thus gppq “ 0. Similarly, if p P B
`

y, εdpx, yq
˘

, then

dpx,Yxypq ´ fpYxypq ě
`

dpx, yq ´ dpy,Yxypq
˘

´
`

fpyq ` dpy,Yxypq
˘

ě dpx, yq ´ fpyq ´ 2εdpx, yq,

and therefore gppq “ p1 ´ 4εqdpx, yq ´ fpyq ą 0.
Since mxy is a denting point, by [AG19, Theorem 4.1], there exists

δ ą 0 such that for all p P M ,

p R B
`

x, εdpx, yq
˘

YB
`

y, εdpx, yq
˘

ñ dpx, pq `dpy, pq ě p1` δqdpx, yq.

We may assume δ ă 1 ´ 2ε.
We now show that if xg,muvy ą 0 for some u, v P M with u ‰

v, then dpu, vq ě δdpx, yq{2. First assume u, v P B
`

x, εdpx, yq
˘

Y

B
`

y, εdpx, yq
˘

. From the properties of g it follows that dpy, uq ď

εdpx, yq and dpx, vq ď εdpx, yq, hence

dpu, vq ě dpx, yq ´ 2εdpx, yq ě δdpx, yq.

Next, the two cases u R B
`

x, εdpx, yq
˘

Y B
`

y, εdpx, yq
˘

and v R

B
`

x, εdpx, yq
˘

Y B
`

y, εdpx, yq
˘

are analogous, so we only consider the
case u R B

`

x, εdpx, yq
˘

Y B
`

y, εdpx, yq
˘

. Then

p1 ` δqdpx, yq ď dpx, uq ` dpy, uq “ dpx, yq ` 2dpYxyu, uq
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and thus δdpx, yq ď 2dpYxyu, uq. Furthermore, since gpuq ‰ gpvq, we
must have Yxyu ‰ Yxyv, and thus, by (2.11),

dpu, vq “ dpu,Yxyuq ` dpYxyu,Yxyvq ` dpYxyv, vq

ě dpYxyu, uq ě δdpx, yq{2.

Hence, we have proven that if xg,muvy ą 0, then dpu, vq ě δdpx, yq{2.
Therefore, by Proposition 2.33, the slice Spg{ }g} , 1q cannot contain
any ∆-points. Since both µ and ´µ are ∆-points, we conclude that
µ,´µ R Spg{ }g} , 1q, and thus xg, µy “ 0.

Let h “ f ` g. Then xh, µy “ 1, and

xh,myxy “
fpyq ` gpyq

dpx, yq
“

fpyq ` p1 ´ 4εqdpx, yq ´ fpyq

dpx, yq
“ 1 ´ 4ε,

so that xh, µy ´ xh,mxyy “ 2 ´ 4ε. Therefore, it remains to show that
}h} ď 1. Let u, v P M with u ‰ v. If gpuq ď gpvq, then

xh,muvy ď xf,muvy ď 1.

If gpuq ą gpvq, then Yxyu ‰ Yxyv. Moreover, gpuq ą 0 and gpvq ă

p1 ´ 4εqdpx, yq ´ fpyq, since 0 ď gppq ď p1 ´ 4εqdpx, yq ´ fpyq for all
p P M . Thus

gpuq ´ gpvq

“ min
␣

dpx,Yxyuq ´ fpYxyuq ´ 2εdpx, yq, p1 ´ 4εqdpx, yq ´ fpyq
(

´ max
␣

dpx,Yxyvq ´ fpYxyvq ´ 2εdpx, yq, 0
(

ď dpx,Yxyuq ´ fpYxyuq ´ dpx,Yxyvq ` fpYxyvq

ď dpYxyu,Yxyvq ´ fpYxyuq ` fpYxyvq,

and by (2.11) we get

hpuq ´ hpvq “ fpuq ´ fpvq ` gpuq ´ gpvq

ď fpuq ´ fpYxyuq ` dpYxyu,Yxyvq ` fpYxyvq ´ fpvq

ď dpu,Yxyuq ` dpYxyu,Yxyvq ` dpYxyv, vq

“ dpu, vq.

Therefore }h} ď 1, and thus

}µ ´ mxy} ě xh, µy ´ xh,mxyy “ 2 ´ 4ε.

Since ε P p0, 1{2q was arbitrary, we get }µ ´ mxy} “ 2, as desired.
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For a complete subset M of an R-tree, we can now combine this
result with Proposition 1.9 to obtain a characterization of those Dau-
gavet points in FpMq that are convex combinations or convex series of
molecules. We can actually say a bit more about such elements: they
are all super Daugavet points. To see this, we will need the following
lemma.

Lemma 2.35 (see [AAL`24b, Lemma 4.7]). Let M be a complete
subset of an R-tree T , and let µ P SFpMq. If µ can be written as a
convex combination of molecules mxiyi P SFpMq with i P t1, . . . , nu,
and if rxi, yis Ď M for every i, then µ can be written as a convex
combination of molecules mujvj with j P t1, . . . ,mu such that

(1) ruj, vjs Ď M for every j P t1, . . . ,mu;

(2) for every j, k P t1, . . . ,mu with j ‰ k, we have either Yujvjp “ uk

for every p P ruk, vks or Yujvjp “ vk for every p P ruk, vks.

Proof. For each i, let Bi “ Yxiyiptxj, yj : j “ 1, . . . , nuq and write
Bi “ tp1, . . . , plu where p1 “ xi, pl “ yi, and pk P rpk´1, pk`1s for all
1 ă k ă l. Then

mxiyi “

l´1
ÿ

k“1

dppk, pk`1q

dpxi, yiq
mpkpk`1

is a convex combination of molecules. By substituting this expression
into the original convex combination of µ, and grouping identical terms,
we obtain a convex combination of distinct molecules mujvj such that
for each j, the pair uj and vj are consecutive points in some Bi. In
particular, ruj, vjs Ď M .

Now (2) can be derived from (2.12). Indeed, since every pair
tuj, vju is composed of consecutive points of some Bi, it follows that
Yujvjuk,Yujvjvk P tuk, vku for all j, k. Moreover, if Yujvjuk ‰ Yujvjvk,
then (2.11) shows that uj, vj P ruk, vks. Again, because uk and vk are
consecutive, we get tuj, vju “ tuk, vku and therefore j “ k.

Theorem 2.36 (see [AAL`24b, Theorem 4.8]). Let M be a complete
subset of an R-tree T , and let µ P SFpMq. If µ can be written as a
convex combination or as a convex series of molecules mxiyi with i P I,
for some non-empty subset I of N, then the following are equivalent

(i) µ is a super Daugavet point;
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(ii) µ is a ∆-point;

(iii) mxiyi is a super Daugavet point for every i P I;

(iv) mxiyi is a ∆-point for every i P I;

(v) rxi, yis Ď M for every i P I.

Proof. The equivalences (iii) ô (iv) ô (v) follow from Proposition 2.31;
the implication (i) ñ (ii) is clear; and (ii) ñ (iv) follows by combining
Theorem 2.34 and Proposition 1.9.

We now prove (v) ñ (i). Since the set of all super Daugavet points
in any Banach space is closed, it suffices to prove the implication
for finite I. Furthermore, by Lemma 2.35, we may assume that the
molecules mxiyi satisfy

(a) rxi, yis Ď M for every i P I;

(b) for every i, j P I with i ‰ j, we have either Yxiyip “ xj for every
p P rxj, yjs or Yxiyip “ yj for every p P rxj, yjs.

We proceed by induction on |I|. If |I| “ 1, then µ is a super Daugavet
point by Proposition 2.31. Let n P N and assume that the assumption
holds when |I| ď n. Assume that |I| “ n ` 1, and fix i ‰ j P I. Then
either Yxiyixj “ Yxiyiyj “ xi or Yxiyixj “ Yxiyiyj “ yi. We will only
consider the first case, the second case is analogous. For simplicity,
assume that xi is the fixed point 0. Define

M1 “ tp P M : Yxiyip “ xiu ,

and M2 “ pMzM1q Y txiu. By [Wea18, Proposition 3.9], the space
FpMq is isometric to FpM1q‘1FpM2q, since dpp, qq “ dpp, xiq`dpxi, qq

for all p P M1 and q P M2. Indeed, this equality is obvious for q “ xi;
otherwise xi “ Yxiyip ‰ Yxiyiq and so by (2.11)

dpp, qq “ dpp, xiq ` dpxi,Yxiyiqq ` dpYxiyiq, qq “ dpp, xiq ` dpxi, qq.

Now notice that mxiyi P FpM2q, and for every k P Iztiu, we have
Yxiyixk “ Yxiyiyk, and thus either mxkyk P FpM1q or mxkyk P FpM2q.
Let

J “ tk P I : mxkyk P FpM1qu .

Since mxjyj P FpM1q and mxiyi R FpM1q it follows that |J | ď n
and |IzJ | ď n. By assumption, both

ř

kPJ λkmxkyk{
ř

kPJ λk and
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ř

kPIzJ λkmxkyk{
ř

kPIzJ λk are super Daugavet points in FpM1q and
FpM2q, respectively. Then, by [MPRZ24, Proposition 3.27], the ele-
ment p

ř

kPJ λkmxkyk ,
ř

kPIzJ λkmxkykq is a super Daugavet point. Thus
µ is a super Daugavet point, as desiered.

This leaves us with a natural question.

Question 2.1. Does every Daugavet point (respectively, every ∆-point)
in a Lipschitz-free space over a subset of an R-tree have to be a super
Daugavet point (respectively, a super ∆-point)?

76



Chapter 3

Daugavet and Delta-points in
spaces of Lipschitz functions

The study of Daugavet points in spaces of Lipschitz functions was
initiated in [JRZ22], where the authors proved that every local function
is a weak˚ Daugavet point (see [JRZ22, Theorem 3.6]). This was
generalized later in [HOP24], where it was shown that every local
function is, in fact, a Daugavet point (see [HOP24, Theorem 1.5]). In
this chapter, we will extend that knowledge. In particular, we prove
that in spaces of Lipschitz functions over proper metric spaces, the
notions of Daugavet and ∆-points coincide. We also show that this
equivalence does not hold in general, i.e., there exist ∆-points that are
not Daugavet. This chapter is based on [Vee25a].

3.1 Equivalence of Daugavet and Delta-
points in spaces of Lipschitz functions
over proper metric spaces

We begin by showing that in the space of Lipschitz functions over a
compact metric space, every weak˚ ∆-point (and, in particular, every
Daugavet point) must be a local function. Since every slice of BFpMq

contains a molecule, the following result is immediate from Proposition
1.12.

Proposition 3.1 (see [Vee25a, Proposition 4.1]). Let f P SLip0pMq be
a weak˚ ∆-point. Then for every ε ą 0, there exists a sequence pmuiviq
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in Spf, εq such that

}muivi ´ mujvj} ě 2 ´ ε

for all i, j P N with i ‰ j.

Proposition 3.2 (see [Vee25a, Proposition 4.2]). Assume that M is
compact and let f P SLip0pMq be a weak˚ ∆-point. Then f is local.

Proof. Fix ε ą 0. We may assume ε ă 2. By Proposition 3.1 there
exists a sequence pmuiviq Ď Spf, εq such that

}muivi ´ mujvj} ě 2 ´ ε

for all i, j P N with i ‰ j. Since M is compact, by moving to sub-
sequences we may assume that the sequences puiq and pviq are con-
vergent. Let u, v P M be such that ui Ñ u and vi Ñ v. If u ‰ v,
then muivi Ñ muv, which leads to a contradiction, since the sequence
pmuiviq does not converge. Therefore u “ v and there exist i P N such
that dpui, viq ă ε. By assumption we also have xf,muiviy ą 1 ´ ε, so f
is local.

Our next step is to generalize this result to proper metric spaces.
To do so, we first present a more general version of [HOP24, Proposi-
tion 4.1].

Proposition 3.3 (see [Vee25a, Proposition 4.3]). Let ε ą 0 and let
pmuiviq be a sequence in SFpMq such that there exists a sequence pAiq

of pairwise disjoint subsets of M such that

dpui, xq ` dpvi, yq ě p1 ´ εq pdpui, viq ` dpx, yqq (3.1)

for all i P N and x, y P MzAi. Then lim supi }F ` muivi} ě 2 ´ 2ε for
every F P SLip0pMq˚.

Proof. The case ε ě 1 is trivial, so we may assume ε ă 1. Note that
for every i P N we must have ui P Ai or vi P Ai, since otherwise we
could take x “ ui and y “ vi in the inequality (3.1), which leads to
a contradiction. By passing to a subsequence, we may assume that
ui P Ai for every i P N or vi P Ai for every i P N. Without loss of
generality, we assume that ui P Ai for every i P N.
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Fix F P SLip0pMq˚ . By de Leeuw’s transform, there exists a measure
µ P bapĂMq with |µ|pĂMq “ 1, where

ĂM “ pM ˆ Mqz tpx, xq : x P Mu ,

such that

F pfq “

ż

ĂM

f̃dµ where f̃px, yq “
fpxq ´ fpyq

dpx, yq

for every f P Lip0pMq (see, e.g., [Wea18]). Following the notation used
in [HOP24], define

Γ1,A “

!

px, yq P ĂM : x P A
)

and Γ2,A “

!

px, yq P ĂM : y P A
)

.

Let γ ą 0 be arbitrary and let f P SpF, γq. Since the sets A1, A2, . . .
are pairwise disjoint, there exists n P N such that for every i ě n,

|µ|pΓ1,Ai
q ă γ and |µ|pΓ2,Ai

q ă γ.

Fix i ě n. To complete the proof, it is sufficient to construct a
function g P BLip0pMq such that g|MzAi

“ p1´εqf |MzAi
and xg,muiviy ě

1 ´ ε. Indeed, since g|MzAi
“ p1 ´ εqf |MzAi

and µpΓ1,Ai
Y Γ2,Ai

q ă 2γ,
we obtain

p1 ´ εqF pfq ´ F pgq “

ż

Γ1,Ai
YΓ2,Ai

pp1 ´ εqf̃ ´ g̃qdµ ă 4γ,

and thus

F pgq ą p1 ´ εqF pfq ´ 4γ ą p1 ´ εqp1 ´ γq ´ 4γ ą 1 ´ ε ´ 5γ.

Furthermore, since xg,muiviy “ 1 ´ ε, we conclude

}F ` muivi} ě 2 ´ 2ε ´ 5γ.

As γ was arbitrary, this implies lim supj }F ` mujvj} ě 2 ´ 2ε. To
construct the function g, we now consider two cases.

Case 1. Assume that vi R Ai. Define a function g on pMzAiqYtuiu

by

g|MzAi
“ p1 ´ εqf |MzAi

and gpuiq “ gpviq ` p1 ´ εqdpui, viq.
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For every x P MzAi, we have

|gpuiq ´ gpxq| “ |p1 ´ εqfpviq ` p1 ´ εqdpui, viq ´ p1 ´ εqfpxq|

ď p1 ´ εq pdpui, viq ` |fpxq ´ fpviq|q

ď p1 ´ εq pdpui, viq ` dpx, viqq

ď dpx, uiq,

where the last inequality follows from (3.1) by choosing y “ vi.
Therefore, the Lipschitz constant of g is at most 1. Furthermore,
xg,muiviy “ 1 ´ ε. Extend g to M by using the McShane–Whitney
extension theorem. This yields the desired function g.

Case 2. Assume that vi P Ai. The proof of this case is similar to
the proof of [HOP24, Theorem 3.3]. Define a function g : M Ñ R such
that

g|MzAi
“ p1 ´ εqf |MzAi

, gpuiq “ inf
xPMzAi

pgpxq ` dpx, uiqq ,

and for every y P Aiz tuiu,

gpyq “ sup
xPpMzAiqYtuiu

pgpxq ´ dpx, yqq .

Then g is 1-Lipschitz. Moreover, we have gpviq “ gpuiq ´ dpui, viq or

gpuiq ´ gpviq “ inf
x,yPMzAi

pgpxq ` dpx, uiq ´ gpyq ` dpy, viqq

ě inf
x,yPMzAi

pdpx, uiq ` dpy, viq ´ p1 ´ εqdpx, yqq

ě p1 ´ εqdpui, viq.

In both cases, we obtain xg,muiviy ě 1´ ε. Thus, we have constructed
a suitable function g.

Our main interest in Proposition 3.3 is to establish the following
result.

Proposition 3.4 (see [Vee25a, Proposition 4.4]). Let pmuiviq be a
sequence in SFpMq such that at least one of the sequences puiq and pviq
is unbounded. Then lim supi }F ` muivi} “ 2 for every F P SLip0pMq˚.

To prove this, we first state a geometric lemma.
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Lemma 3.5 (see [Vee25a, Lemma 4.5]). Let a, ε ą 0. Then

dpu, xq ` dpv, yq ě p1 ´ εq pdpu, vq ` dpx, yqq

for all points u P Bp0, 8aq, v P Bp0, 8aqzBp0, 4aq, and x, y P

pMzBp0, 32a{εqq Y Bp0, aεq.

Proof. Fix u P Bp0, 8aq, and v P Bp0, 8aqzBp0, 4aq. If x, y P B p0, aεq,
then

dpv, yq ě dpv, 0q ´ dp0, yq ą 4a ´ aε ě ap4 ´ εq
dpx, yq

2aε
ą 2

1 ´ ε

ε
dpx, yq

and we get

dpu, xq ` dpv, yq ě p1 ´ εq pdpu, xq ` dpv, yqq ` εdpv, yq

ě p1 ´ εq pdpu, vq ´ dpx, yqq ` 2p1 ´ εqdpx, yq

“ p1 ´ εq pdpu, vq ` dpx, yqq .

On the other hand, if x P MzBp0, 32a{εq or y P MzBp0, 32a{εq, then

dpu, xq ` dpv, yq ě dpx, 0q ´ dp0, uq ` dpy, 0q ´ dp0, vq

ě dpx, 0q ` dpy, 0q ´ 16a

ě p1 ´ εqdpx, yq ` ε pdpx, 0q ` dpy, 0qq ´ 16a

ą p1 ´ εqdpx, yq ` 32a ´ 16a

ě p1 ´ εq pdpu, vq ` dpx, yqq .

Proof of Proposition 3.4. We construct a sequence pkiq Ď N and a
sequence of pairwise disjoint subsets pAiq of M such that

dpuki , xq ` dpvki , yq ě p1 ´ 1{iq pdpuki , vkiq ` dpx, yqq

for all i P N and all x, y P MzAi. Then by Proposition 3.3, we obtain
lim supi }F `muki

vki
} “ 2, which implies that lim supi }F `muivi} “ 2

for every F P SLip0pMq˚ .
Let k1 “ 1, and choose a1 ą 0 such that uk1 , vk1 P Bp0, 8a1q and

either uk1 R Bp0, 4a1q or vk1 R Bp0, 4a1q (or both). Define A1 “

Bp0, 32a1qzBp0, a1q. Then for all x, y P MzA1,

dpuk1 , xq ` dpvk1 , yq ě p1 ´ 1{1q pdpuk1 , vk1q ` dpx, yqq .
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Suppose that we have constructed k1, . . . , kn´1 P N, and pairwise
disjoint bounded sets A1, . . . , An´1 such that

dpuki , xq ` dpvki , yq ě p1 ´ 1{iq pdpuki , vkiq ` dpx, yqq

for all i P t1, . . . , n ´ 1u and all x, y P MzAi. Choose an ą 0 and
kn P N such that

Ťn´1
i“1 Ai Ď Bp0, an{nq, ukn , vkn P Bp0, 8anq and

either ukn R Bp0, 4anq or vkn R Bp0, 4anq (or both). Define An “

Bp0, 32annqzBp0, an{nq. Then AnXAi “ H for every i P t1, . . . , n ´ 1u,
and by Lemma 3.5, we have

dpukn , xq ` dpvkn , yq ě p1 ´ 1{nq pdpukn , vknq ` dpx, yqq

for all x, y P MzAn.

By combining Propositions 3.3 and 3.4, we obtain the following
sufficient condition for Daugavet points.

Proposition 3.6 (see [Vee25a, Proposition 4.6]). Let f P SLip0pMq be
such that for every ε ą 0, there exists a sequence pmuiviq in Spf, εq

and a sequence pAiq of pairwise disjoint subsets of M such that

dpui, xq ` dpvi, yq ě p1 ´ εq pdpui, viq ` dpx, yqq

for all i P N and all x, y P MzAi. Then f is a Daugavet point.
In particular, if f P SLip0pMq is such that for every ε ą 0, there exists

a sequence pmuiviq in Spf, εq such that at least one of the sequences
puiq and pviq is unbounded, then f is a Daugavet point.

Proof. We prove only the first statement; the second follows analogously
by applying Proposition 3.4 instead of Proposition 3.3. Fix ε ą 0 and
a slice SpF, αq of BLip0pMq˚ . Without loss of generality, we may assume
that ε ă α. By assumption, there exists a sequence pmuiviq in Spf, ε{4q

and a sequence pAiq of pairwise disjoint subsets of M such that

dpui, xq ` dpvi, yq ě

´

1 ´
ε

4

¯

pdpui, viq ` dpx, yqq

for all i P N and all x, y P MzAi. By Proposition 3.3, we have
lim supi }´F `muivi} ě 2´ ε

2
. Choose i P N such that }´F `muivi} ą

2 ´ 3ε{4. Then there exists g P SLip0pMq such that pF ´ muiviqpgq ą

2 ´ 3ε{4. This implies that g P SpF, εq Ď SpF, αq, and

}f ´ g} ě xf,muiviy ´ xg,muiviy ą 1 ´
ε

4
` 1 ´

3ε

4
“ 2 ´ ε.

Hence, f is a Daugavet point.
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Now let us present the main result of this section.

Theorem 3.7 (see [Vee25a, Theorem 4.7]). Assume that M is a proper
metric space and let f P SLip0pMq. Then the following conditions are
equivalent:

(i) f is a Daugavet point;

(ii) f is a ∆-point;

(iii) f is a weak˚ Daugavet point;

(iv) f is a weak˚ ∆-point;

(v) for every ε ą 0 there exists a sequence pmuiviq Ď Spf, εq such
that

}muivi ´ mujvj} ě 2 ´ ε

for every i, j P N with i ‰ j;

(vi) for every ε ą 0 there exists a sequence pmuiviq Ď Spf, εq such
that dpui, viq Ñ 0 or at least one of the sequences puiq and pviq is
unbounded.

Proof. The implications (i)ñ(ii)ñ(iv) and (i)ñ(iii)ñ(iv) follow di-
rectly from the definitions. Implication (iv)ñ(v) is given by Proposition
3.1, and (vi)ñ(i) follows from [HOP24, Theorem 1.5] and Proposition
3.6.

It remains to show (v)ñ(vi). Suppose that for ε ą 0, there exists
a sequence pmuiviq Ď Spf, εq such that

}muivi ´ mujvj} ě 2 ´ ε

for every i, j P N with i ‰ j. If both sequences puiq and pviq are
bounded, then, since M is proper, we may pass to convergent sub-
sequences. It follows that ui Ñ u and vi Ñ v for some u, v P M . If
u ‰ v, then muivi Ñ muv, which is a contradiction. Hence u “ v and
thus dpui, viq Ñ 0.

We conclude this section by establishing the equivalence between
Daugavet and ∆-points for another class of spaces of Lipschitz functions.
By definition, if f P SLip0pMq is not local, then there exists ε ą 0 such
that muv P Spf, εq only if dpu, vq ě ε. Therefore, by Proposition 2.8,
every subslice Spg, αq Ď Spf, εq contains a denting point, since its
defining functional g is also not local. Applying Proposition 1.12, we
obtain the following.
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Proposition 3.8 (see [Vee25a, Proposition 4.8]). Let f P SLip0pMq be
a weak˚ ∆-point that is not local. Then, for every ε ą 0, there exists a
sequence pµiq in Spf, εq X dentpBFpMqq such that

}µi ´ µj} ě 2 ´ ε

for all i, j P N with i ‰ j.

Recall that if M is complete, then all denting points are molecules
(see [Wea18, Corollary 3.44]). The proof of the next theorem is anal-
ogous to the proof of Theorem 3.7, with the exception that we use
Proposition 3.8 instead of Proposition 3.1.

Theorem 3.9 (see [Vee25a, Proposition 4.9]). Assume that M is a
complete metric space such that for every ε ą 0 and every bounded
subset M0 Ď M , the set

␣

muv P dentpBFpMqq : u, v P M0, dpu, vq ě ε
(

is finite. Let f P SLip0pMq. Then the following are equivalent:

(i) f is a Daugavet point;

(ii) f is a ∆-point;

(iii) f is a weak˚ Daugavet point;

(iv) f is a weak˚ ∆-point;

(v) for every ε ą 0 there exists a sequence pmuiviq Ď Spf, εq such
that dpui, viq Ñ 0 or at least one of the sequences puiq and pviq is
unbounded.

Proof. The implications (i)ñ(ii)ñ(iv) and (i)ñ(iii)ñ(iv) follow di-
rectly from the definitions. The implication (v)ñ(i) follows from
[HOP24, Theorem 1.5] and Proposition 3.6. It only remains to prove
(iv)ñ(v). Assume that f is a weak˚ ∆-point and fix ε ą 0. If f is local,
then the conclusion follows immediately: for every ε ą 0 there exists
a sequence pmuiviq Ď Spf, εq such that dpui, viq Ñ 0. Otherwise, by
Proposition 3.8, there exists a sequence pmuiviq Ď Spf, εqXdentpBFpMqq

such that
}muivi ´ mujvj} ě 2 ´ ε
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for every i, j P N with i ‰ j. If ε ă 2, which we may assume, then the
molecules muivi are pairwise distinct. If both sequences puiq and pviq
are bounded, then for every γ ą 0, the set

␣

muv P dentpBFpMqq : u, v P tui, vi : i P Nu , dpu, vq ě γ
(

must be finite by assumption. Therefore, dpui, viq Ñ 0.

We can apply Theorem 3.9 to metric spaces that are not proper,
for example, to the metric space discussed in Section 2.3.

3.2 Existence of Daugavet and Delta-points
in spaces of Lipschitz functions

In this section, we prove that every space of Lipschitz functions over an
infinite metric space contains a ∆-point. Furthermore, we show that
the same does not hold for Daugavet points, thus showing that there
exist ∆-points in spaces of Lipschitz functions that are not Daugavet
points.

We start by showing that if M satisfies certain conditions, for
example, if M is unbounded or fails to be uniformly discrete, then
there exists a Daugavet point in Lip0pMq.

Proposition 3.10 (see [Vee25a, Proposition 5.1]). Let pmuiviq be a
sequence in SFpMq such that there exists a sequence pAiq of pairwise
disjoint subsets of M such that

dpui, xq ` dpvi, yq ě p1 ´ 1{2i`1
q pdpui, viq ` dpx, yqq

for all i P N and all x, y P MzAi. Then there exists a Daugavet point
in Lip0pMq.

Proof. By passing to a subsequence, we may assume that

Ai X tuj, vj : j P t1, . . . , i ´ 1uu “ H

for every i P N, since the sets pAiq are pairwise disjoint. For simplicity,
we assume that u1 is the base point 0. We define f recursively on the
set tui, vi : i P Nu. Let

fpu1q “ fpv1q “ 0.

85



Assume that we have defined fpu1q, . . . , fpui´1q, fpv1q, . . . , fpvi´1q

such that
@

f,mujvj

D

ě 1 ´ 1{2j´1 for every j P t1, . . . , i ´ 1u and
the Lipschitz constant of f is at most 1 ´ 1{2i´1. Let Mi´1 “

tuj, vj : j P t1, . . . , i ´ 1uu. Define

fpuiq “ min
xPMi´1

`

fpxq ` p1 ´ 1{2iqdpx, uiq
˘

and
fpviq “ max

xPMi´1Ytuiu

`

fpxq ´ p1 ´ 1{2iqdpx, viq
˘

.

Then the Lipschitz constant of f on Mi´1 Y tui, viu is at most 1 ´ 1{2i.
Furthermore, we have fpviq “ fpuiq ´ p1 ´ 1{2iqdpui, viq or

fpuiq ´ fpviq

“ min
x,yPMi´1

`

fpxq ` p1 ´ 1{2iqdpx, uiq ´ fpyq ` p1 ´ 1{2iqdpy, viq
˘

ě min
x,yPMi´1

`

p1 ´ 1{2iq pdpx, uiq ` dpy, viqq ´ p1 ´ 1{2i´1
qdpx, yq

˘

ě p1 ´ 1{2iq min
x,yPMi´1

`

dpx, uiq ` dpy, viq ´ p1 ´ 1{2i`1
qdpx, yq

˘

ě p1 ´ 1{2iqp1 ´ 1{2i`1
qdpui, viq

ě p1 ´ 1{2i´1
qdpui, viq.

Hence, in both cases, we have xf,muiviy ě 1 ´ 1{2i´1. Proceeding
recursively, we define f on the set tui, vi : i P Nu in such a way that
xf,muiviy Ñ 1. Extend f to M by McShane–Whitney extension
theorem. Then, by Proposition 3.6, f is a Daugavet point.

If M is a complete metric space that is unbounded or fails to be
uniformly discrete, then, by following the idea of the proof of [HOP24,
Proposition 2.4], it is possible to construct a sequence pmuiviq in SFpMq

and a sequence pAiq of pairwise disjoint subsets of M such that

dpui, xq ` dpvi, yq ě p1 ´ 1{2i`1
q pdpui, viq ` dpx, yqq

for all i P N and all x, y P MzAi. Since a metric space M and its
completion generate the same Lipschitz-free space, we may drop the
assumption of completeness. This leads to the following corollary.

Corollary 3.11 (see [Vee25a, Corollary 5.2]). Assume that M is un-
bounded or not uniformly discrete. Then Lip0pMq contains a Daugavet
point.
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We now present another sufficient condition for the existence of Dau-
gavet points, which allows us to verify their presence under assumptions
different from those in Proposition 3.10.

Proposition 3.12 (see [Vee25a, Proposition 5.3]). Let f P SLip0pMq.
Assume that there exists a sequence puiq of pairwise distinct points in
M such that for every i P N, every δ ą 0, and every v P Mz tuiu, there
exists a point p P rui, vsδz tuiu such that muip P Spf, δq. Then f is a
Daugavet point.

Proof. If f is local, then by [HOP24, Theorem 1.5], it is a Daugavet
point. Thus we we may assume that f is not local. Fix g P SLip0pMq

and ε ą 0. We will show that g P conv∆εpfq. For every i P N, define
a function hi : M Ñ R by hi|Mztuiu “ g|Mztuiu and

hipuiq “ sup
vPMztuiu

pgpvq ´ dpv, uiqq .

Then }hi} ď 1. Since f is not local, there exists δ ą 0 such that
dpu, vq ą δ for every muv P Spf, δq. We may also assume that 2δ ă ε
and δ ă 1. By definition of hipuiq, there exists v P Mz tuiu such that

hipuiq ă gpvq ´ dpv, uiq ` δ2{2.

Then

hipvq ´ hipuiq ą gpvq ´
`

gpvq ´ dpv, uiq ` δ2{2
˘

“ dpv, uiq ´ δ2{2.

There exists p P rui, vsδ2{2 such that muip P Spf, δ2{2q. Since δ2{2 ă δ,
we get dpui, pq ą δ. Hence

hippq ´ hipuiq “ hippq ´ hipvq ` hipvq ´ hipuiq

ą ´dpp, vq ` dpv, uiq ´ δ2{2

ą dpp, uiq ´ δ2

ą p1 ´ δqdpp, uiq.

Then for every i P N we get

}f ´ hi} ě xf,muipy ´ xhi,muipy ą 2 ´ 2δ ą 2 ´ ε.

Now fix k P N z t1u and take p, q P M with p ‰ q. Then there exist
i, j P t1, . . . , ku with i ‰ j such that p R tun : n P t1, . . . , ku z tiuu and

87



q R tun : n P t1, . . . , ku z tjuu. Since each hn differs from g only at un,
we get

ˇ

ˇ

ˇ

ˇ

ˇ

˜

g ´
1

k

k
ÿ

n“1

hn

¸

ppq ´

˜

g ´
1

k

k
ÿ

n“1

hn

¸

pqq

ˇ

ˇ

ˇ

ˇ

ˇ

“
1

k
|gppq ´ hippq ´ gpqq ` hjpqq|

“
1

k
|2gppq ´ 2gpqq ` hipqq ´ hippq ` hjpqq ´ hjppq|

ď
4

k
dpp, qq.

Thus
›

›

›

›

›

g ´
1

k

k
ÿ

n“1

hn

›

›

›

›

›

ď
4

k
.

Since each hn P ∆εpfq, we conclude that g P conv∆εpfq, proving that
f is a Daugavet point.

Proposition 3.13 (see [Vee25a, Proposition 5.4]). Let puiq be a se-
quence of pairwise distinct points in M such that for every i P N,
every δ ą 0, and every v P Mz tuiu, there exists p P rui, vsδz tuiu with
infjPN dpuj, pq ą p1 ´ δqdpui, pq. Then Lip0pMq contains a Daugavet
point.

Proof. Without loss of generality, assume that u1 is the fixed base
point 0. Define a function f : M Ñ R by

fppq “ ´ inf
iPN

dpui, pq.

Then }f} ď 1 by [Wea18, Proposition 1.32]. Furthermore, for every
i P N, every δ ą 0, and every v P Mz tuiu, there exists p P rui, vsδz tuiu

with infjPN dpuj, pq ą p1 ´ δqdpui, pq. Hence

fpuiq ´ fppq “ inf
jPN

dpuj, pq ą p1 ´ δqdpui, pq,

which implies that muip P Spf, δq. By Proposition 3.12, f is a Daugavet
point.

Proposition 3.13 applies to certain metric spaces for which Propo-
sition 3.10 does not. For example, let M be an infinite set with the
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metric

dpp, qq “

$

’

&

’

%

0, p “ q,

1, p P tx, yu , q R tx, yu or p R tx, yu , q P tx, yu ,

2, otherwise

where x, y P M are two fixed points. In this case, no sequence pmuiviq

in FpMq satisfies the conditions of Proposition 3.10. However, any
sequence puiq of pairwise distinct points in Mz tx, yu fulfills the as-
sumptions of Proposition 3.13, and thus Lip0pMq contains a Daugavet
point.

We now turn our attention to the existence of ∆-points in spaces of
Lipschitz functions over infinite metric spaces. First, we will introduce
two helpful lemmas.

Lemma 3.14 (see [Vee25a, Lemma 5.5]). Let M be an infinite, bounded,
and uniformly discrete metric space. There exist a ą 0 and a sequence
puiq Ď M such that

a
i ´ 1

i
ď dpui, ujq ď a

i ` 1

i

for all i, j P N with i ă j.

Proof. We construct the sequence puiq recursively. First, choose any
u1 P M and define

a1 “ sup tb P R : |tp P M : dpu1, pq ď bu| ă 8u .

Since M is bounded and uniformly discrete, it follows that 0 ă a1 ă 8.
Define

M1 “ tp P M : a1p2 ´ 1q{2 ă dpu1, pq ă a1p2 ` 1q{2u .

By the definition of a1, the set M1 is infinite.
Assume that we have found points u1, . . . , un´1 P M , corresponding

constants a1, . . . , an´1 ą 0, and infinite sets Mn´1 Ď . . . Ď M1 Ď M
such that

ai
2i ´ 1

2i
ď dpui, pq ď ai

2i ` 1

2i
(3.2)

for all i P t1, . . . , n ´ 1u and p P Mi. Now choose un P Mn´1 arbitratily,
and define

an “ sup tb P R : |tp P Mn´1 : dpun, pq ď bu| ă 8u ,
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and

Mn “ tp P Mn´1 : anp2n ´ 1q{p2nq ă dpun, pq ă anp2n ` 1q{p2nqu .

As before, 0 ă an ă 8 and Mn Ď Mn´1 is infinite.
The sequence paiq is positive and bounded, since M is bounded and

uniformly discrete. Therefore, there exists a subsequence pakiq and a
constant a ą 0 such that

2i ´ 2

2i ´ 1
a ă aki ă

2i ` 2

2i ` 1
a

for every i P N. Then, by (3.2), for all i, j P N with i ă j, we have

a
i ´ 1

i
ă aki

2i ´ 1

2i
ď aki

2ki ´ 1

2ki
ď dpuki , ukjq

ď aki
2ki ` 1

2ki
ď aki

2i ` 1

2i
ă a

i ` 1

i
,

since ukj P Mi.

Lemma 3.15 (see [Vee25a, Lemma 5.6]). Assume that M is an infinite,
bounded, and uniformly discrete metric space. Then there exist a
constant a ą 0 and two sequences puiq and pviq of pairwise distinct
points in M such that

a
i ` 1

i
ě dpui, viq ě a

i ´ 1

i

and
min tdpui, pq, dpvi, pqu ě a

i ´ 1

i
and

min tdpui, qq, dpvi, qqu ě a
i ´ 1

2i
for all i P N, p P tuj, vj : j ą iu, and q P Mz tui, viu.

Proof. Set

a1 “ sup

#

b P R :

ˇ

ˇ

ˇ

ˇ

ˇ

ď

pPM

pBpp, bqz tpuq

ˇ

ˇ

ˇ

ˇ

ˇ

ă 8

+

.

Since M is bounded and uniformly discrete, we have 0 ă a1 ă 8. We
now recursively construct two sequences pxiq and pyiq in M . Choose

x1 P
ď

pPM

pBpp, a1 ` a1qz tpuq

90



and select y1 P M such that 0 ă dpx1, y1q ď a1 ` a1. Assume that we
have selected x1, . . . , xn´1 P M and y1, . . . , yn´1 P M . Then choose

xn P
ď

pPM

pBpp, a1 ` a1{nqz tpuq

z

˜

ď

pPM

pBpp, a1 ´ a1{nqz tpuq Y

n´1
ď

i“1

txi, yiu

¸

and select yn P M such that 0 ă dpxn, ynq ď a1 ` a1{n. Clearly,
the sequence pxiq is pairwise distinct. By passing to a subsequence,
if necessary, we may assume that pyiq is either pairwise distinct or
constant. We now consider each case separately.

Case 1. Assume that pyiq is pairwise distinct. By passing to a
subsequence, we may assume that

yi R
ď

pPM

pBpp, a1 ´ a1{iqz tpuq Y

i´1
ď

j“1

txj, yju

for every i P N. Then we may choose a as a1, puiq as pxiq, and pviq as
pyiq.

Case 2. Assume that pyiq is constant, i.e., there exists y P M such
that y “ yi for every i P N. Let

M0 “ txi : i P Nu .

By Lemma 3.14, there exist a ą 0 and a sequence pziq Ď M0 such that

a
i ´ 1

i
ď dpzi, zjq ď a

i ` 1

i

for every i, j P N with i ă j. Note that for any i, j P N with i ă j, we
have

a
i ´ 1

i
ď dpxi, xjq ď dpxi, yq ` dpxj, yq ď a1

i ` 1

i
` a1

j ` 1

j

and therefore a ď 2a1. We may choose puiq as pz2i´1q and pviq as
pz2iq.

Theorem 3.16 (see [Vee25a, Theorem 5.7]). If M is an infinite metric
space, then Lip0pMq contains a ∆-point.
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Proof. If M is unbounded or not uniformly discrete, then by Corollary
3.11, Lip0pMq contains a Daugavet point, and hence a ∆-point.

Assume now that M is bounded and uniformly discrete. By Lemma
3.15, there exist a ą 0 and two sequences puiq and pviq of pairwise
distinct points in M such that

a
i ` 1

i
ě dpui, viq ě a

i ´ 1

i

and
min tdpui, pq, dpvi, pqu ě a

i ´ 1

i

and
min tdpui, qq, dpvi, qqu ě a

i ´ 1

2i

for all i P N, p P tuj, vj : j ą iu and q P Mz tui, viu. Without loss of
generality, assume that u1 is the fixed base point 0. Define a function
f : M Ñ R by

fppq “

$

’

&

’

%

api ´ 2q{p2iq, p “ ui for i P N z t1u ,

´api ´ 2q{p2iq, p “ vi for i P N z t1u ,

0, otherwise.

Then }f} ď 1 and for every i P N z t1u,

xf,muiviy “
api ´ 2q

idpui, viq
ě

i ´ 2

i ` 1
,

which gives us f P SLip0pMq. Now for every i P N z t1u, define gi : M Ñ

R by

gippq “

$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

apj ´ 2q{p2jq, p “ uj for j P N z t1, iu ,

´apj ´ 2q{p2jq, p “ vj for j P N z t1, iu ,

´api ´ 2q{p2iq, p “ ui,

api ´ 2q{p2iq, p “ vi,

0, otherwise.

Analogously to previous argumentation, gi P SLip0pMq. Moreover, for
every i P N z t1u, we have

}f ´ gi} ě xf,muiviy ´ xgi,muiviy ě 2
i ´ 2

i ` 1
.
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Since f and gi differ only at ui and vi, we also get
›

›

›

›

›

f ´
1

|I|

ÿ

iPI

gi

›

›

›

›

›

ď
4

|I|

for every finite set of indexes I Ď N z t1u. Therefore f P conv∆εpfq

for every ε ą 0, i.e., f is a ∆-point.

Remark 3.17 (see [Vee25a, Remark 5.8]). The existence of ∆-points
in spaces of Lipschitz functions over infinite metric spaces can also be
derived from the fact that such spaces always contain an isometric copy
of ℓ8 (see [CJ17, Theorem 5]). Indeed, ℓ8 contains many ∆-points,
and if a subspace Y of a Banach space X contains a ∆-point y, then y
is also a ∆-point in X, since the set of points in Y that are almost at
distance 2 from y is contained in the set of such points in X.

It is natural to ask whether every space of Lipschitz functions over
an infinite metric space M contains a Daugavet point or at least a weak˚

Daugavet point. We know this holds if M is unbounded or not uniformly
discrete (see Corollary 3.11). However, the following example shows
that there exists an infinite-dimensional space of Lipschitz functions
which does not contain any weak˚ Daugavet points.

Example 3.18 (see [Vee25a, Example 5.9]). Consider M “ N with
the metric

dpn, kq “

#

0, n “ k,

3 ´
ˇ

ˇ

1
n

´ 1
k

ˇ

ˇ , otherwise.

Note that 2 ă dpn, kq ă 3 for every n, k P M with n ‰ k. Fix
f P SLip0pMq. Our goal is to show that f is not a weak˚ Daugavet point.

There does not exist n, k P M such that xf,m1ny ą 3{4 and
xf,mk1y ą 3{4, because if such elements did exist, we would get

fpkq ´ fpnq “ fpkq ´ fp1q ` fp1q ´ fpnq

ą
3

4
pdp1, kq ` dp1, nqq ą 3 ą dpk, nq.

Thus we must have xf,m1ky ď 3{4 for every k P N, or xf,mk1y ď 3{4
for every k P N. As f and ´f are weak˚ Daugavet points simulta-
neously, it is sufficient to consider the case xf,mk1y ď 3{4 for every
k P Mz t1u. We may additionally assume there exists n P Mz t1u such
that xf,m1ny ě 0, since otherwise we would have ´ xf,mk1y ď 0 ď 3{4
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for every k P Mz t1u, and we could consider ´f instead of f . Let n be
the smallest element in Mz t1u such that xf,m1ny ě 0.

Consider µ “
řn´1

i“1 min{pn ´ 1q. It is straightforward to check that
µ P SFpMq. Let

α “
1

3n
´

1

3pn ` 1q
“

1

3npn ` 1q
.

Then α ď 1{18, since n ě 2. Our goal is to show that for every
g P SLip0pMq with }f ´ g} ą 2 ´ α, we have g R Spµ, α{nq. Thus f is
not a weak˚ Daugavet point. Fix g P SLip0pMq with }f ´ g} ą 2 ´ α.
There exist k, l P M with k ‰ l such that xf,mkly ´ xg,mkly ą 2 ´ α
giving us xf,mkly ą 1 ´ α and ´ xg,mkly ą 1 ´ α. Then l ‰ 1, since
xf,mkly ą 3{4. If l ă n, then either k “ 1 and thus xf,m1ly ą 0 or
k ‰ 1 and from xf,mkly ą 1 ´ α we get

fp1q ´ fplq ą fp1q ´ fpkq ` p1 ´ αqdpk, lq

ą ´dp1, kq ` dpk, lq ´ 3α

“ ´

ˆ

3 ´ 1 `
1

k

˙

` 3 ´

ˆ

2max

"

1

k
,
1

l

*

´
1

k
´

1

l

˙

´ 3α

“ 1 ´ 2max

"

1

k
,
1

l

*

`
1

l
´ 3α

ě
1

l
´ 3α ą 0.

In both cases we have a contradiction, since n is the smallest element
in Mz t1u such that xf,m1ny ě 0. Therefore l ě n. Furthermore, if
l ‰ n, then

fpnq ´ fplq ď fp1q ´ fplq ď 2`
1

l
ď 3´

1

n
`

1

l
´

1

2
ă p1´ 1{6qdpn, lq,

and thus k ‰ n.
Lastly, we will show that g R Spmin, αq for some i P t1, . . . , n ´ 1u.

This implies that g R Spµ, α{nq, since Spµ, α{nq Ď Spmin, αq. We will
consider three cases, and use the fact that ´ xg,mkly ą 1 ´ α.

Case 1. Assume 1 ď k ă n. Then

gpkq ´ gpnq ă gplq ´ gpnq ´ p1 ´ αqdpl, kq

ď dpl, nq ´ p1 ´ αqdpl, kq

ă 3 ´ 2p1 ´ αq

ă 2p1 ´ αq

ă p1 ´ αqdpk, nq.
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Case 2. Assume l “ n. Then analogously to Case 1, we get

gp1q ´ gpnq ă gp1q ´ gpkq ´ p1 ´ αqdpn, kq ă p1 ´ αqdp1, nq.

Case 3. Assume k, l ą n. Then

gp1q ´ gpnq ă gp1q ´ gpkq ` gplq ´ gpnq ´ p1 ´ αqdpl, kq

ă dp1, kq ` dpl, nq ´ dpk, lq ` 3α

“ 2 `
1

k
` 3 ´

1

n
`

1

l
´ 3 `

ˇ

ˇ

ˇ

ˇ

1

k
´

1

l

ˇ

ˇ

ˇ

ˇ

`
1

n
´

1

n ` 1

“ 2 ` 2max

"

1

k
,
1

l

*

´
1

n ` 1

ď 2 `
1

n ` 1
“ 2 `

1

n
´ 3α ď p1 ´ αqdp1, nq.

Therefore the space Lip0pMq has no weak˚ Daugavet points.

By Theorem 3.16, there exists a ∆-point in the space of Lipschitz
functions introduced in the previous example. Therefore we now know
that Daugavet and ∆-points are not equivalent in spaces of Lipschitz
functions. We will finish this section by showing that Daugavet and
∆-points also differ from their weak˚ versions in spaces of Lipschitz
functions.

Example 3.19 (see [Vee25a, Example 5.10]). Let X “ txi : i P Nu,
Y “ tyi : i P Nu, U “ tui : i P Nu, V “ tvi : i P Nu, and let M “

X Y Y Y U Y V . Define a metric by

dpp, qq “

$

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

%

0, p “ q,

1, p “ ui, q P txj, uju for some i ą j,

1, q “ ui, p P txj, uju for some i ą j,

1, p “ vi, q P tyj, vju for some i ą j,

1, q “ vi, p P tyj, vju for some i ą j,

2, otherwise.

Define f : M Ñ R by

fppq “

#

2, p P X Y U,

0, p P Y Y V.
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Note that xf,mpqy ą 0 if and only if p P X Y U and q P Y Y V ,
and in that case xf,mpqy “ 1. Thus f P SLip0pMq.

We first show that f is a weak˚ Daugavet point. Fix α ą 0 and
µ P SFpMq. Our goal is to find h P Spµ, αq such that }f ´h} “ 2. Since
elements with finite support are dense in the unit sphere, it suffices to
consider the case when µ has finite support. Let g P Spµ, αq, and let
n P N be such that supppµq Ď

Ťn
i“1 txi, yi, ui, viu. Define

a “
1

2

˜

max

#

gppq : p P

n
ď

i“1

txi, yi, ui, viu

+

` min

#

gppq : p P

n
ď

i“1

txi, yi, ui, viu

+¸

and then define h : M Ñ R by

hppq “

$

’

’

’

&

’

’

’

%

gppq, p P
Ťn

i“1 txi, yi, ui, viu ,

a ´ 1, p P
Ť8

i“n`1 txiu ,

a ` 1, p P
Ť8

i“n`1 tyiu ,

a, p P
Ť8

i“n`1 tui, viu .

Then }h} ď 1, because

|a ´ gppq| ď
1

2

˜

max

#

gppq : p P

n
ď

i“1

txi, yi, ui, viu

+

´ min

#

gppq : p P

n
ď

i“1

txi, yi, ui, viu

+¸

ď 1

for every p P
Ťn

i“1 txi, yi, ui, viu. Clearly, xh, µy “ xg, µy ą 1 ´ α, and

}f ´ h} ě
@

f,mxn`1yn`1

D

´
@

h,mxn`1yn`1

D

“ 2.

Therefore f is a weak˚ Daugavet point.
Finally, we show that f R conv∆εpfq for any ε P p0, 1{2q, proving

that f is not a ∆-point. Fix ε P p0, 1{2q and functions g1, . . . , gk P

∆εpfq. Then for each i P t1, . . . , ku, there exists pi, qi P M such that
xf,mpiqiy ´ xgi,mpiqiy ą 2 ´ 2ε. Then xf,mpiqiy ą 0, and therefore
pi P X Y U and qi P Y Y V for every i P t1, . . . , ku. Let n P N be such
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that tp1, . . . , pk, q1, . . . , qku Ď
Ťn

i“1 txi, yi, ui, viu. By Lemma 2.3, we
have

}mun`1vn`1 ´ mpiqi}

“
dpun`1, piq ` dpqi, vn`1q ` |dpun`1, vn`1q ´ dppi, qiq|

max tdpun`1, vn`1q, dppi, qiqu

“
1 ` 1 ` |2 ´ 2|

max t2, 2u
“ 1

for every i P t1, . . . , ku. Since ´ xgi,mpiqiy ą 1 ´ 2ε, we obtain
@

gi,mun`1vn`1

D

ă
@

gi,mun`1vn`1

D

´ xgi,mpiqiy ´ 1 ` 2ε

ď }mun`1vn`1 ´ mpiqi} ´ 1 ` 2ε “ 2ε

for every i P t1, . . . , ku. Hence
›

›

›

›

›

f ´

k
ÿ

i“1

λigi

›

›

›

›

›

ě
@

f,mun`1vn`1

D

´

k
ÿ

i“1

λi

@

gi,mun`1vn`1

D

ą 1 ´ 2ε

for all λ1, . . . , λk ě 0 with
řk

i“1 λi “ 1. Since the functions g1, . . . , gk P

∆εpfq were arbitrary, we now get f R conv∆εpfq.
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Chapter 4

Renormings that admit
Daugavet and Delta-points

In this chapter, we focus on renorming Banach spaces so that they con-
tain Daugavet and ∆-points. The motivation stems from the following
two questions (see [ALMP22, Question 6.1], [MPRZ24, Question 7.7]):

• Does there exist a reflexive/superreflexive Banach space with a
∆-point/super ∆-point?

• Does there exist a reflexive/superreflexive Banach space with a
Daugavet point/super Daugavet point?

We answer both of these questions in the affirmative. Furthermore, we
show that every infinite-dimensional Banach space can be renormed
to admit a ∆-point. Whether the same is true for Daugavet points
remains an open question. However, we prove that if a Banach space
has unconditional basis, then it can be renormed to admit a Daugavet
point. In particular, we will see that the spaces ℓp, for p P r1,8q

can be renormed to have a Daugavet point. This chapter is based on
[AAL`24a] and [HLPV24].

4.1 Renormings that admit Delta-points

It is known that finite-dimensional Banach spaces cannot admit ∆-
points (see [ALMP22, Corollary 6.10]). The aim of this section is to
prove that every infinite-dimensional Banach space admits an equivalent
norm under which the space contains ∆-points. This highlights that
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the question of whether a Banach space contains a ∆-point is primarily
an isometric and not an isomorphic question. This section is based on
[AAL`24a].

Theorem 4.1 (see [AAL`24a, Theorem 4.1]). Let X be an infinite-
dimensional Banach space. Then the following holds:

(1) If X fails the Schur property, and in particular, if X does not
contain a copy of ℓ1, then there exists an equivalent norm on X
with respect to which X contains a sequential super ∆-point;

(2) If X contains a copy of ℓ1, then there exists an equivalent norm
on X with respect to which X contains a ∆-point.

Note that we will show in Section 5.1 (see Corollary 5.3) that
the existence of a ∆-point in a Banach space automatically implies
the existence of a weak˚ super ∆-point in its dual. Hence, we will
immediately obtain a slightly stronger result than initially stated.

For the proof of Theorem 4.1 (2), we need the following lemma,
which is an easy consequence of a classical norm extension result.

Lemma 4.2 (see [AAL`24a, Lemma 4.2]). Let X be a Banach space.
If there exists a subspace Y of X that can be renormed to admit a
∆-point, then X can be renormed to admit a ∆-point.

The same holds for super ∆-points.

Proof. Assume that there exists a norm |¨| on Y that admits a ∆- or
a super ∆-point. By [DGZ93, Lemma II.8.1], we can extend |¨| to an
equivalent norm ~¨~ on X which coincides with |¨| on Y . In other
words, pY, |¨|q is isometrically isomorphic to a subspace of pX,~¨~q.
Since both ∆- and super ∆-points pass to superspaces, the conclusion
follows.

Proof of Theorem 4.1. We begin by proving (1). That spaces not
containing a copy of ℓ1 fail the Schur property follows from Rosenthal’s
ℓ1 theorem. Now if X fails the Schur property, then using classic results
on extraction of basic sequences (see e.g. [AK16, Proposition 1.5.4]),
we can construct a weakly null basic sequence penqně1 Ď SX . Let
pe˚

nqně1 be the sequence of biorthogonal functionals on span penqně1,
and for every n ě 2, take a Hahn–Banach extension fn P X˚ of the
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functional e˚
1 ´ 2e˚

n. As penqně1 is basic, there exists a constant K ě 1
such that supně2 }fn} ď K. Define an equivalent norm ~¨~ on X by

~x~ :“ max

"

1

2
}x} , sup

ně2
|fnpxq|

*

for every x P X. Then 1
2

}¨} ď ~¨~ ď K }¨}. By construction, for every
n ě 2, we have

~e1~ “ ~e1 ` en~ “ 1 and ~en~ “ 2.

As e1 ` en Ñ e1 weakly, it follows that e1 is a sequential super ∆-point
in pX,~¨~q.

Now we prove (2). If X contains a subspace Y isomorphic to ℓ1,
then, by Theorem 2.26, the space Y can be renormed to admit a
∆-point. Finally, Lemma 4.2 ensures that X itself can be renormed to
admit a ∆-point.

Let us end the section with a remark.

Remark 4.3 (see [AAL`24a, Remark 4.3]). Note that it is essential
in the proof of Theorem 4.1 (1) to go first trough this process of
extraction of a basic sequence in order to have complete control over the
values of fnpemq for distinct m,n. It is thus unclear whether a similar
construction could be carried out using a weakly null normalized net,
and in particular whether it could be implemented in ℓ1. Furthermore,
it is still unknown whether the Daugavet point in the space FpMq

introduced in Section 2.3, is a super ∆-point (see Question 7.1 in
[MPRZ24] for further discussion). Thus we do not know whether ℓ1
can be renormed to admit a super ∆-point.

4.2 Renormings that admit Daugavet
points

In this section, our aim is to prove that every infinite-dimensional
Banach space with unconditional basis can be renormed so that it
contains a Daugavet point. This section is based on [HLPV24].

We start with the following theorem, which is the main result of
this section.
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Theorem 4.4 (see [HLPV24, Theorem 4.2]). Let X be an infinite-
dimensional Banach space with an unconditional weakly null Schauder
basis penq and biorthogonal functionals pe˚

nq. Then there exists an
equivalent norm ~¨~ on X such that

(1) e1 is a super Daugavet point in pX,~¨~q;

(2) e˚
1 is a weak˚ super Daugavet point in pE,~¨~q, where E :“
spante˚

nu.

We will prove Theorem 4.4 in several steps. From now on, let
pX, }¨}q be an infinite-dimensional Banach space with an uncondi-
tional weakly null Schauder basis penq and corresponding biorthogonal
functionals pe˚

nq. Without loss of generality, we assume that penq is
normalized and 1-unconditional with respect to the original norm of
X.

Let Y :“ spantenuně2, and let A be the set of all finitely supported
elements in the positive cone of Y . Similarly, let F denote the set of
all finitely supported elements in the positive cone of spante˚

nuně2.
We consider the equivalent norm ~¨~ on X whose unit ball is

BpX,~¨~q :“ convt˘pe1 ` 2xq : x P A X BXu.

Since penq is 1-unconditional, every finitely supported element y P BY

can be written as y “ y` ´ y´ with y`, y´ P A X BX . It immediately
follows that BY is contained in BpX,~¨~q. Hence,

BY ‘1R e1 “ convpBY Y t˘e1uq Ď BpX,~¨~q Ď 3BX ,

and so ~¨~ is indeed an equivalent norm on X.
We begin by providing a geometric description of BpE,~¨~q, and by

giving useful formulas for the norm ~¨~ and for its dual norm.

Lemma 4.5 (see [HLPV24, Lemma 4.3]). The spaces pX,~¨~q and
pE,~¨~q have the following properties:

(1) For every z˚ P BpE,~¨~q with finite support and z˚pe1q ě 0, there
exist λ P r0, 1s and x˚, y˚ P F X BX˚ with disjoint supports such
that

z˚
“ λpe˚

1 ´ y˚
q ` p1 ´ λq

1

2
px˚

´ y˚
q;

(2) The unit ball of the space pE,~¨~q is given by

BpE,~¨~q “ conv
!

˘ pe˚
1 ´ x˚

q,
1

2
px˚

´ y˚
q : x˚, y˚

P F X BX˚

)

;
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(3) For every x P X,

~x~ “ max

"

ˇ

ˇe˚
1pxq

ˇ

ˇ,
ˇ

ˇe˚
1pxq ´ }x`}

ˇ

ˇ,
ˇ

ˇe˚
1pxq ` }x´}

ˇ

ˇ,
1

2

`

}x`} ` }x´}
˘

*

,

where x` and x´ are the positive and negative parts of x´e˚
1pxqe1,

respectively;

(4) For every x˚ P E,

~x˚
~ “ max

␣
ˇ

ˇx˚
pe1q ` 2}x˚

`}
ˇ

ˇ,
ˇ

ˇx˚
pe1q ´ 2}x˚

´}
ˇ

ˇ

(

,

where x˚
` and x˚

´ are the positive and negative parts of x˚ ´

x˚pe1qe˚
1 , respectively;

(5) For every x P A X SX and y P A X BX with disjoint supports,
and for every λ P r0, 1s, we have

~λx ´ p1 ´ λqpe1 ` 2yq~ “ 1.

Proof. For convenience, we first prove (4), and then use it to prove (1)
and (2). Fix x˚ P E and let x˚

` and x˚
´ be the positive and negative

parts of x˚ ´ x˚pe1qe
˚
1 , respectively. Then x˚ “ x˚pe1qe

˚
1 ` x˚

` ´ x˚
´.

Since
BpX,~¨~q “ convt˘pe1 ` 2xq : x P A X BXu,

we get

~x˚
~ “ sup

xPAXBX

ˇ

ˇx˚
pe1 ` 2xq

ˇ

ˇ

“ sup
xPAXBX

ˇ

ˇx˚
pe1q ` 2x˚

`pxq ´ 2x˚
´pxq

ˇ

ˇ

“ max
␣
ˇ

ˇx˚
pe1q ` 2}x˚

`}
ˇ

ˇ,
ˇ

ˇx˚
pe1q ´ 2}x˚

´}
ˇ

ˇ

(

.

The last equality relies strongly on the fact that penq is 1-unconditional
with respect to the original norm. Indeed, the latter implies that

}y˚
} “ supty˚

pxq : x P A X BX , suppx Ď supp y˚
u

for every y˚ P F . Since x˚
` and x˚

´ have disjoint supports, each of
these functionals admits a norming set in A X BX on which the other
functional vanishes.
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Now we prove (1). Fix z˚ P BpE,~¨~q with finite support and z˚pe1q ě

0. Let z˚
` and z˚

´ be the positive and negative parts of z˚ ´ z˚pe1qe
˚
1 ,

respectively. If z˚pe1q “ 1, then by (4), we get

max
␣
ˇ

ˇ1 ` 2}z˚
`}
ˇ

ˇ,
ˇ

ˇ1 ´ 2}z˚
´}
ˇ

ˇ

(

“ ~z˚
~ ď 1,

which implies z˚
` “ 0 and }z˚

´} ď 1. Hence z˚ “ e˚
1 ´ z˚

´ and z˚
´ P

F X BX˚ .
Now suppose that z˚pe1q P r0, 1q. Then

z˚
“ z˚

pe1qe
˚
1 ` z˚

` ´ z˚
´ “ z˚

pe1q pe˚
1 ´ y˚

q `
`

1 ´ z˚
pe1q

˘1

2
px˚

´ y˚
q ,

where x˚ “ 2
1´z˚pe1q

z˚
` and y˚ “ 2

1`z˚pe1q
z˚

´. Furthermore,

max
␣
ˇ

ˇz˚
pe1q ` 2}z˚

`}
ˇ

ˇ,
ˇ

ˇz˚
pe1q ´ 2}z˚

´}
ˇ

ˇ

(

“ ~z˚
~ ď 1,

which implies

2}z˚
`}

1 ´ z˚pe1q
ď 1 and

2}z˚
´}

1 ` z˚pe1q
ď 1,

and therefore x˚, y˚ P F X BX˚ .
We now prove (2). By (1), we have

BpE,~¨~q Ď conv
!

˘ pe˚
1 ´ x˚

q,
1

2
px˚

´ y˚
q : x˚, y˚

P F X BX˚

)

.

From (4), we get

~e˚
1 ´ x˚

~ “ max
␣ˇ

ˇ1 ` 2}0}
ˇ

ˇ,
ˇ

ˇ1 ´ 2}x˚
}
ˇ

ˇ

(

“ 1

and
1

2
~x˚

´ y˚
~ “ max t}x˚

}, }y˚
}u ď 1

for all x˚, y˚ P F X BX˚ , which gives the other inclusion.
Next, we prove (3). To that end, we first show that the basis penq

is monotone with respect to the new norm. Then we will obtain from
[AK16, Lemma 3.2.3] that

~x~ “ sup
z˚PBpE,~¨~q

ˇ

ˇz˚
pxq

ˇ

ˇ

for every x P X. Fix n P N and let Pn be the partial sum projection
onto spante1, . . . , enu. Since penq is 1-unconditional (hence monotone)
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with respect to the original norm, we have Pnpxq P A X BX for every
x P A X BX . Therefore Pnpe1 ` 2xq “ e1 ` 2Pnpxq P BpX,~¨~q, and thus
Pn

`

BpX,~¨~q

˘

Ď BpX,~¨~q, implying ~Pn~ ď 1, as desired.
Now fix x P X, and let x` and x´ be the positive and negative

parts of x ´ e˚
1pxqe1, respectively. By (2), we have

~x~ “ sup
z˚PBpE,~¨~q

ˇ

ˇz˚
pxq

ˇ

ˇ

“ max

#

sup
x˚PFXBX˚

|pe˚
1 ´ x˚

qpxq|,
1

2
sup

x˚,y˚PFXBX˚

|px˚
´ y˚

qpxq|

+

“ max

#

sup
x˚PFXBX˚

ˇ

ˇe˚
1pxq ´ x˚

px`q ` x˚
px´q

ˇ

ˇ,

1

2
sup

x˚,y˚PFXBX˚

`

x˚
px`q ` y˚

px´q
˘

+

“ max

"

ˇ

ˇe˚
1pxq

ˇ

ˇ,
ˇ

ˇe˚
1pxq ´ }x`}

ˇ

ˇ,
ˇ

ˇe˚
1pxq ` }x´}

ˇ

ˇ,
1

2

`

}x`} ` }x´}
˘

*

.

Once again, the last two equalities rely strongly on the fact that
penq is 1-unconditional with respect to the original norm because the
latter implies that every y P A attains its norm on the set

tx˚
P F X BX˚ : suppx˚

Ď supp yu,

and in particular, that x` and x´ both admit a norming functional in
F X BX˚ which vanishes at the other point.

Finally, we prove (5). Fix x P AXSX and y P AXBX with disjoint
supports, and let λ P r0, 1s. Then by (3), we have

~λx ´ p1 ´ λqpe1 ` 2yq~ “ max

"

1 ´ λ, 1, 1 ´ λ,
1

2

`

λ ` 2p1 ´ λq
˘

*

“ 1.

Before proceeding with the proof of the main theorem, note that
~e1~ “ 1, ~x~ “ 1 for every x P A X SX , and that ~e1 ` 2y~ “ 1 for
every y P A X BX . This provides a striaghtfoeward way to verify that
e1 is a super ∆-point, since penq is weakly null and thus e1 ` 2en Ñ e1
weakly. Analogously, observe that ~e˚

1~ “ 1, ~x˚~ “ 2 for every
x˚ P F X SX˚ , and that ~e˚

1 ´ x˚~ “ 1 for every x˚ P F X BX˚ .
Moreover, since e˚

1 ´ e˚
n Ñ e˚

1 in the weak˚ topology, it follows that e˚
1

is a weak˚ super ∆-point.
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Proof of Theorem 4.4. Let us first prove (1). Fix z P BpX,~¨~q with
finite support. We will construct a sequence pwnq in BpX,~¨~q such that
}e1 ´ wn} Ñ 2 and pwnq converges weakly to z.

Let z` and z´ be the positive and negative parts of z ´ e˚
1pzqe1,

respectively, and let λ :“
1`e˚

1 pzq

2
P r0, 1s. Define

x :“

"

1
2λ
z` if λ ą 0,
0 if λ “ 0,

and y :“

"

1
2p1´λq

z´ if λ ă 1,

0 if λ “ 1.

Note that if λ “ 0, then e˚
1pzq “ ´1, and it follows from Lemma 4.5 (3)

that z` “ 0. Analogously, if λ “ 1, then z´ “ 0. So, in either case, we
have

z “ λpe1 ` 2xq ´ p1 ´ λqpe1 ` 2yq.

Clearly }x} ď 1 if λ “ 0, and by Lemma 4.5 (3) we have }z`} ´e˚
1pzq ď

~z~ ď 1 and thus

}x} “
1

2λ
}z`} ď

1 ` e˚
1pzq

2λ
“ 1,

if λ ‰ 0. So for every n P N large enough, we have }x} ď 1 and }x `

en} ě }en} “ 1. Thus there exists an P r0, 1s such that x ` anen P SX .
Let wn “ z ` 2λanen. By construction, wn P BpX,~¨~q, and since penq is
weakly null, we have wn Ñ z weakly. Moreover, x`anen P AXSX and
supppx ` anenq X supp y “ H for n P N large enough, so by Lemma
4.5 (5), we get

~e1 ´ wn~ “ 2~p1 ´ λqpe1 ` yq ´ λpx ` anenq~ “ 2

as desired. Finally, as the set of all finitely supported elements is dense
in BpX,~¨~q, it follows that for every w P BpX,~¨~q, there exists a net pwαq

in BpX,~¨~q that converges weakly to w and satisfies ~e1 ´ wα~ Ñ 2.
Hence e1 is a super Daugavet point in pX,~¨~q.

Next we prove (2). Fix z˚ P BpE,~¨~q with finite support. We will
construct as above a sequence pw˚

nq in BpE,~¨~q such that }e˚
1 ´w˚

n} Ñ 2
and pw˚

nq converges weak˚ to z˚. Since the set of all finitely supported
functionals is dense in BpE,~¨~q, this proves that e˚

1 is a weak˚ super
Daugavet point in pE,~¨~q.

In fact, we will show that }e˚
1 ˘w˚

n} Ñ 2. This gives us the necessary
sequences for both z˚ and ´z˚, and thus we may assume without loss
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of generality that z˚pe1q ě 0. By Lemma 4.5 (1), there exist λ P r0, 1s

and x˚, y˚ P F X BX˚ such that

z˚
“ λpe˚

1 ´ y˚
q ` p1 ´ λq

1

2
px˚

´ y˚
q.

Again, since }x˚} ď 1 and }x˚ ` e˚
2n} ě }e˚

2n} “ 1 for large enough
n P N, there exists an P r0, 1s such that x˚ ` ane

˚
2n P SX˚ . Similarly,

there exists bn P r0, 1s such that y˚ ` bne
˚
2n`1 P SX˚ . Let

w˚
n “ z˚

`
1 ´ λ

2
ane

˚
2n ´

1 ` λ

2
bne

˚
2n`1.

Since pe˚
nq is weak˚ null, it follows that w˚

n Ñ z˚ in the weak˚ topology.
Furthermore, supppx˚ ` ane

˚
2nq X supppy˚ ` bne

˚
2n`1q “ H for large

enough n P N, so by Lemma 4.5 (4), we get

~e˚
1 ´ w˚

n~ “

‌

‌

‌

‌

p1 ´ λqe˚
1 ´

1 ´ λ

2
px˚

` ane
˚
2nq `

1 ` λ

2
py˚

` bne
˚
2n`1q

‌

‌

‌

‌

“ maxtp1 ´ λq ` p1 ` λq
›

›y˚
` bne

˚
2n`1

›

› ,

p1 ´ λq ´ p1 ´ λq }x˚
` ane

˚
2n}u

“ maxt2, 0u “ 2,

and

~e˚
1 ` w˚

n~ “

‌

‌

‌

‌

p1 ` λqe˚
1 `

1 ´ λ

2
px˚

` ane
˚
2nq ´

1 ` λ

2
py˚

` bne
˚
2n`1q

‌

‌

‌

‌

“ maxtp1 ` λq ` p1 ´ λq }x˚
` ane

˚
2n} ,

p1 ` λq ´ p1 ` λq
›

›y˚
` bne

˚
2n`1

›

›u

“ maxt2, 0u “ 2.

This concludes the proof.

It is well known that every shrinking basis is weakly null (also
referred to as semi-shrinking), and that every unconditional basis in a
Banach space not containing a copy of ℓ1 is shrinking (see, e.g., [AK16,
Theorem 3.3.1]). So we immediately obtain the following corollary.

Corollary 4.6 (see [HLPV24, Corollary 4.8]). Let X be a infinite-
dimensional Banach space with an unconditional Schauder basis. If X
does not contain a copy of ℓ1, in particular, if X is reflexive, then X
can be renormed so that X contains a super Daugavet point, and X˚

contains a weak˚ super Daugavet point.
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Remark 4.7 (see [HLPV24, Remark 4.9]). If the sequence pe˚
nq of

biorthogonal functionals is also assumed to be weakly null in The-
orem 4.4, in particular, if the space X is reflexive, then the functional
e˚
1 is actually also a super Daugavet point in pE,~¨~q.

Note that the basis from [DD67, Examples 2] is unconditonal,
boundedly complete, and semi-shrinking; however, as it is not shrinking,
the space is not reflexive, so there exist non-trivial examples of this kind.
Recall that, in general, diametral properties of points in a dual space
are much stronger than their weak˚ counterparts. For example, every
point in SCr0,1s˚ is a weak˚ Daugavet point, while BCr0,1s˚ contains
denting points.

In particular, let us highlight that Corollary 4.6 yields the following
theorem.

Theorem 4.8 (see [HLPV24, Theorem 4.10]). Let penq be the unit
vector basis of ℓ2. Then there exists a renorming of ℓ2 such that e1 is
a super Daugavet point both in the new norm and in its dual norm
(under the identification ℓ˚

2 “ ℓ2).

It was proved above in Theorem 4.1 that every infinite-dimensional
Banach space can be renormed to admit a ∆-point. It is thus natural
to ask the following question.

Question 4.1 (see [HLPV24, Question 4.12]). Can every infinite-
dimensional Banach space be renormed to admit a Daugavet point?

By Theorem 4.4 and by [AAL`24a, Theorem 2.1], the answer is
affirmative if X is infinite-dimensional and has a weakly null uncon-
ditional Schauder basis, or if X “ ℓ1. Combining these results, we
will now prove that, more generally, the answer is affirmative for every
infinite-dimensional Banach space with an unconditional Schauder
basis, as well as for any Banach space that contains a complemented
copy of such a space.

Note that some of the key ingredients for the construction of ∆-
renormings in Theorem 4.1 include a classical norm extension result
and the fact that ∆-points pass to superspaces. This is no longer
true for Daugavet points; for example, it was shown in [AHLP20] that
ℓ2-sums of Banach spaces never admit Daugavet points. However, we
will see that a similar conclusion can still be obtained, up to renorming,
whenever the considered point lies in a subspace that is complemented
in the superspace.
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Proposition 4.9 (see [HLPV24, Proposition 4.13]). Let X be a Banach
space. If X contains a complemented subspace Y that can be renormed
to admit a Daugavet point, then X can be renormed to admit a Daugavet
point. Moreover, if Y can be renormed so that Y ˚ contains a (weak˚)
Daugavet point, then so can X. The same holds for (weak˚) super
Daugavet points.

Proof. Since Y is complemented in X, we have that X is isomorphic
to Y ‘1 Z for some Banach space Z. As this space is also isomorphic
to pY,~¨~q ‘1 Z for every equivalent norm ~¨~ on Y , we may assume
that Y already contains a Daugavet point. If y P SY is a Daugavet
point, then by [HPV21, Proposition 2.3], the element x :“ py, 0q is
a Daugavet point in Y ‘1 Z. For super Daugavet points, the result
follows analogously using [MPRZ24, Remark 3.28]. Furthermore, since
the dual of pY,~¨~q ‘1 Z is isometric to pY ˚,~¨~q ‘8 Z˚, the dual case
follows from known transfer results of Daugavet and super Daugavet
points through ℓ8-sums (see the next remark).

Remark 4.10 (see [HLPV24, Remark 4.14]). Had we taken an ℓ8-sum
instead of an ℓ1-sum in the proof of the previous result, then we would
have obtained a renorming of X with infinitely many (super) Daugavet
points. Indeed, by [HPV21, Proposition 2.4], if y P SY is a Daugavet
point, then py, zq is a Daugavet point in Y ‘8 Z for every z P BZ . The
same applies to super Daugavet points, by [MPRZ24, Remark 3.28].

As a corollary, we get that every Banach space with an unconditional
basis can be renormed to admit a Daugavet point and a weak˚ Daugavet
point in its dual.

Corollary 4.11 (see [HLPV24, Corollary 4.15]). Let X be a Banach
space with an unconditional basis penq. Then X can be renormed with
a Daugavet point. More precisely:

(1) If penq is shrinking, or if penq is neither shrinking nor boundedly
complete, then X can be renormed to admit a super Daugavet
point and a weak˚ super Daugavet point in its dual;

(2) If penq is not shrinking, then X can be renormed to admit a
Daugavet point in the space and its dual.

Proof. If penq is shrinking, then the claim follows from Corollary 4.6.
The remaining cases are direct consequences of Proposition 4.9 together
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with classical results by James concerning unconditional bases. Namely
if penq is not boundedly complete, then X contains a complemented
copy of c0; and if penq is not shrinking, then X contains a complemented
copy of ℓ1 (see, e.g., [AK16, Theorems 3.3.2 and 3.3.1]). The fact that
ℓ1 can be renormed to admit a Daugavet point follows by combining
Theorem 2.26 and Proposition 2.25. Existence of a Daugavet point in
the dual space under this renorming follows from Proposition 3.10.

Using once again Proposition 4.9, we now introduce the following
theorem.

Theorem 4.12 (see [HLPV24, Theorem 1.3]). Every infinite-
dimensional Banach space that contains a complemented unconditional
basic sequence can be renormed to admit a Daugavet point and a weak˚

Daugavet point in its dual.

Finally, invoking further classical results from the literature, we
obtain the following corollary.

Corollary 4.13 (see [HLPV24, Corollary 4.16]). Let X be a Banach
space. Then the following hold:

(1) If X is separable and contains a copy of c0, then X can be
renormed to admit a super Daugavet point and a weak˚ super
Daugavet point in its dual;

(2) If X˚ contains a copy of c0, then X can be renormed to admit a
Daugavet point in the space and its dual;

(3) If X contains a copy of ℓ8, then X can be renormed to admit a
super Daugavet point in the space and its dual.

Proof. Copies of c0 in separable Banach spaces are always comple-
mented (see, e.g., [AK16, Corollary 2.5.9]). Furthermore, copies of
ℓ8 are complemented in arbitrary Banach spaces (see, e.g, [AK16,
Proposition 2.5.2]). It is also a well-known result, due to Bessaga and
Pełczyński, that if the dual X˚ of a Banach space X contains a copy
of c0, then the space X contains a complemented copy of ℓ1 (see, e.g.,
[FHHMZ11, Theorem 4.4]).

With these facts at hand, Corollary 4.13 immediately follows from
Proposition 4.9 together with Corollary 4.11 and the well-known fact
that ℓ8, as a CpKq-space, admits super Daugavet points (combining,
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e.g., [AHLP20, Corollary 5.4] and [MPRZ24, Corollary 4.3]). That ℓ˚
8

also admits super Daugavet points can be obtained as follows. First, it
is well-known that ℓ˚

8 contains an isometric copy of the space L1r0, 1s.
Indeed, ℓ8 contains an isometric copy of ℓ1, so the latter follows, e.g.,
from the results in [DGH00]. Since ∆-points pass to superspaces,
it follows that ℓ˚

8 contains ∆-points. Now, since ℓ˚
8 is isometrically

isomorphic to an L1pµq-space, it follows from [MPRZ24, Corollary 4.1]
that these point are in fact super Daugavet points.

Observe that Corollary 4.13 (2) applies to any infinite-dimensional
Lipschitz-free space. Moreover, a positive answer to the following
question would immediately strengthen this result.

Question 4.2 (see [HLPV24, Question 4.17]). Can the space ℓ1 be
renormed to have a super Daugavet point?

Let us recall that it is currently unknown whether the Daugavet
molecule from the example in Section 2.3 is a super ∆ or a super
Daugavet point.

111





Chapter 5

Properties preventing the
existence of Daugavet and
Delta-points

In this chapter, our goal is to find classes of Banach spaces that cannot
contain Daugavet or ∆-points. From the previous chapter, we know
that every infinite-dimensional Banach space can be renormed to admit
a ∆-point. Therefore, aside from finite-dimensionality, there is no
isomorphic property that prevents the existence of ∆-points. It is cur-
rently unknown whether the same holds for Daugavet points. However,
since many infinite-dimensional Banach spaces can be renormed to
contain a Daugavet point, it is plausible that no isomorphic obstruction
exists for them either. Thus we focus on finding isometric conditions
that rule out the presence of Daugavet or ∆-points. For example, we
show that a Banach space with a shrinking k-unconditional basis for
some k ă 2 cannot contain ∆-points, and a Banach space with the
Radon–Nikodým property, in which every extreme point of the unit
ball is also a denting point, cannot contain Daugavet points. This
chapter is based on [AAL`24a] and [AAL`24b].

5.1 Duality and non-containment of Delta-
points

In this section, our main goal is to prove that whenever a Banach space
X contains a D-point, or the dual X˚ contains a weak˚ ∆-point, then
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X˚ also contains a weak˚ super ∆-point. As a consequence, we identify
several classes of Banach spaces that cannot contain ∆-points. While
we will not present all the consequences of Theorems 5.1 and 5.4 as
discussed in [AAL`24a], we aim to highlight those most directly related
to the topics considered in this work, in particular, those involving
Banach spaces with an unconditional basis.

We start by proving our main result of this section.

Theorem 5.1 (see [AAL`24a, Theorem 5.6]). Let X be a Banach
space. If X contains a D-point, or if X˚ contains a weak˚ ∆-point,
then X˚ contains a weak˚ super ∆-point.

Proof. First, assume that x P SX is a D-point. Let

Dpxq “ tx˚
P SX˚ : x˚

pxq “ 1u .

We distinguish between two cases.
Case 1. Assume that the set Dpxq contains exactly one element

x˚. For every n P N there exists xn P Spx˚, 1{nq, such that }x ´ xn} ą

2 ´ 1{n. Let x˚
n P SX˚ be such that x˚

npxq ´ x˚
npxnq ą 2 ´ 1{n. By

weak˚-compactness of BX˚ , there exists a subnet py˚
αqαPA of px˚

nq that
converges in the weak˚ topology to some y˚ P BX˚ . Since x˚

npxq ą 1´ 1
n

for every n P N, in follows that x˚
npxq Ñ 1, and thus also y˚

αpxq Ñ 1.
Hence y˚ P Dpxq, i.e., y˚ “ x˚. Furthermore,

}x˚
´ x˚

n} ě x˚
pxnq ´ x˚

npxnq ą 2 ´
2

n

for every n P N. Therefore }x˚ ´ x˚
n} Ñ 2 and thus also }x˚ ´ y˚

α} Ñ 2,
meaning x˚ is a weak˚ super ∆-point.

Case 2. Assume that the set Dpxq contains at least two distinct
elements. Since Dpxq is convex, it msut be infinite. Denote by A the
directed set of all finite subsets of Dpxq, ordered by inclusion.

For every A P A, we have 1
|A|

ř

x˚PA x˚pxq “ 1, thus there exists
xA P SX such that

1

|A|

ÿ

x˚PA

x˚
pxAq ą 1 ´

1

|A|2

and }x ´ xA} ą 2 ´ 1
|A|

. Therefore there exists x˚
A P SX˚ such that

x˚
Apx ´ xAq ą 2 ´ 1

|A|
. By weak˚-compactness of BX˚ , there exists a

subnet py˚
BqBPB of px˚

AqAPA that is weak˚-convergent to some element
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y˚ P BX˚ . Since x˚
Apxq ą 1 ´ 1

|A|
for every A P A, we get x˚

Apxq Ñ 1,
and thus also y˚

Bpxq Ñ 1. Hence y˚ P Dpxq.
Fix α ą 0. Let A0 P A be such that y˚ P A0 and 2

|A0|
ă α. Then

for all A ľ A0, we have y˚ P A, and thus

1 ´
1

|A|2
ă

1

|A|

ÿ

x˚PA

x˚
pxAq ď

1

|A|
y˚

pxAq `
|A| ´ 1

|A|
,

which implies y˚pxAq ą 1 ´ 1
|A|

. Hence,

}y˚
´ x˚

A} ě y˚
pxAq ´ x˚

ApxAq ą 1´
1

|A|
` 1´

1

|A|
ě 2´

2

|A0|
ą 2´α.

Therefore }y˚ ´ x˚
A} Ñ 2, and thus also }y˚ ´ y˚

B} Ñ 2, meaning y˚ is
a weak˚ super ∆-point.

Now assume that x˚
0 P SX˚ is a weak˚ ∆-point. Let x0 P SX

be such that x˚
0px0q ą 1{2. We construct recursively two sequences

pxiq and px˚
i q in SX and SX˚ . First, choose x˚

1 P Spx0, 1{2q such that
}x˚

0 ´ x˚
1} ą 2 ´ 1{4, and choose x1 P SX such that x˚

0px1q ą 1 ´ 1{4
and x˚

1p´x1q ą 1 ´ 1{4.
Assume that we have found x1, . . . , xn´1 P SX and x˚

1 , . . . , x
˚
n´1 P

SX˚ such that

´x˚
kpxkq ą 1´

1

2k`1
and

k´1
ÿ

i“0

x˚
kpxiq ą k´1 and x˚

0pxkq ą 1´
1

2k`1

for every k P t1, . . . , n ´ 1u. Then

x˚
0

´

n´1
ÿ

i“0

xi

¯

ą

n´1
ÿ

i“0

´

1 ´
1

2i`1

¯

ą n ´ 1.

Since x˚
0 is a weak˚ ∆-point, there exist x˚

n P SX˚ such that

x˚
n

´

n´1
ÿ

i“0

xi

¯

ą n ´ 1

and }x˚
0 ´ x˚

n} ą 2 ´ 1{2n`1. Choose xn P SX such that x˚
0pxnq ą

1 ´ 1{2n`1 and ´x˚
npxnq ą 1 ´ 1{2n`1.

So we obtain two sequences pxiq in SX and px˚
i q in SX˚ such that

x˚
i pxiq Ñ ´1. Furthermore, we have

ÿ

iPI

x˚
npxiq ě

n´1
ÿ

i“0

x˚
npxiq ´ pn ´ |I|q ą n ´ 1 ´ pn ´ |I|q “ |I| ´ 1
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for every finite set I Ď t1, . . . , n ´ 1u. As BX˚ is weak˚-compact,
there exist subnets pyαqαPA and py˚

αqαPA of the sequences pxiq and px˚
i q,

respectively, such that py˚
αqαPA is weak˚-convergent to some element

y˚ P BX˚ . Since

x˚
n

´ 1

|I|

ÿ

iPI

xi

¯

ą 1 ´
1

|I|

for every finite set I and n ą max I, we get

y˚
´ 1

|I|

ÿ

iPI

xi

¯

ą 1 ´
1

|I|
.

We now show that there exists a subnet pzβqβPB of pyαqαPA such that
y˚pzβq Ñ 1. Fix γ ą 0 and let α0 P A. We can choose a finite set
A Ď tα P A : α ľ α0u such that 1{|A| ă γ and all elements in A
correspond to different elements in N. Then

y˚
´ 1

|A|

ÿ

αPA

yα

¯

ą 1 ´
1

|A|

and thus there exists α P A such that y˚pyαq ą 1 ´ 1{|A| ą 1 ´ γ. It
follows that 1 is a cluster point of the net py˚pyαqqαPA, and therefore
there exist subnets pzβqβPB and pz˚

βqβPB of nets pyαqαPA and py˚
αqαPA

such that y˚pzβq Ñ 1. As we are working with subnets, z˚
βpzβq Ñ ´1

by construction of the original sequences, so

}y˚
´ z˚

β} ě y˚
pzβq ´ z˚

βpzβq Ñ 2.

Therefore y˚ is a weak˚ super ∆-point.

Remark 5.2 (see [AAL`24a, Remark 5.7]). It is known that there exist
∆-points that are not super ∆, and even Banach spaces with large
subsets of Daugavet-points that contain no super ∆-points (combine
[ALMT21, Proposition 2.12] and [ALMT21, Theorem 3.1] or [ALMT21,
Theorem 4.7]). So the previous result is completely specific to the
weak˚ topology, and it is evident from the proof that the key ingredient
is the weak˚ compactness of the dual unit ball.

First, notice that as a direct consequence of Theorem 5.1 and
Theorem 4.1, we obtain the following.

Corollary 5.3 (see [AAL`24a, Corollary 5.8]). Let X be an infinite-
dimensional Banach space. Then X can be renormed so that X admits

116



a ∆-point and X˚ admits a weak˚ super ∆-point. Moreover, if X fails
the Schur property, then X can be renormed so that X admits a super
∆-point and X˚ admits a weak˚ super ∆-point.

Before continuing with the restrictions imposed by Theorem 5.1 on
Banach spaces that contain ∆-points, let us note that if a Banach space
X is such that BX˚ is weak˚ sequentially compact, then the proof
of that theorem could have been carried out using sequences instead
of nets. Motivated by this observation, we introduce the following
theorem.

Theorem 5.4 (see [AAL`24a, Theorem 5.23]). Let X be a Banach
space such that BX˚ is weak˚ sequentially compact. If X contains
a D-point, or if X˚ contains a weak˚ ∆-point, then X˚ contains a
sequential weak˚ super ∆-point.

Proof. If X contains a D-point, then by Theorem 5.1, the dual space X˚

admits a weak˚ super ∆-point, and hence a weak˚ ∆-point. Therefore
it suffices to prove the second part of the statement.

Assume that X˚ contains a weak˚ ∆-point x˚. Looking back at the
second part of the proof of Theorem 5.1, it is clear that we can use
weak˚ sequential compactness to extract sequences instead of nets at
each key step. Hence, we obtain a sequential weak˚ super ∆-point y˚

in X˚, and the conclusion follows.

Combining Theorem 5.4 with the well-known fact that the dual
unit ball of a reflexive Banach space is weak sequentially compact, we
get the following.

Corollary 5.5 (see [AAL`24a, Corollary 5.25]). Let X be a reflexive
Banach space. If X contains a D-point, then both X and X˚ contain
a sequential super ∆-point.

Now we proceed with the following result, which will be used to
show that a Banach space with shrinking k-unconditional basis can
contain ∆-points only if k ě 2.

Theorem 5.6 (see [AAL`24a, Theorem 5.12]). Let X be a Banach
space. Assume that there exists a family pTλqλPΛ of compact operators
on X with supλPΛ }IX ´ Tλ} ă 2, such that T ˚

λ Ñ IX˚ in the strong
operator topology. Then X contains no D-points, and X˚ contains no
weak˚ ∆-points.
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Proof. Let ε ą 0 be such that

sup
λPΛ

}I ´ Tλ} ` 4 ε ď 2.

By Theorem 5.1, it is enough to show that X˚ contains no weak˚

super ∆-points. Hence it suffices to prove that for any net px˚
αqαPA Ď

BX˚ converging weak˚ to some y˚ P BX˚ , and for every α0 P A, there
exists α ľ α0 such that

}y˚
´ x˚

α} ď 2 ´ 2 ε .

Pick λ P Λ such that }y˚ ´ T ˚
λ y

˚} ď ε. By Schauder’s theorem, T ˚
λ

is continuous as a map from pBX˚ , w˚q to pX˚, } ¨ }q (see, e.g., [BK14,
Theorem 6.26]) and it follows that pT ˚

λ px˚
αqqαPA converges in norm to

T ˚
λ py˚q. Thus there exists α0 P A such that }T ˚

λ py˚ ´ x˚
αq} ď ε for

every α ľ α0.
Then for every α ľ α0, we get

}y˚
´ x˚

α} ď }y˚
´ T ˚

λ y
˚
} ` }T ˚

λ py˚
´ x˚

αq} ` }x˚
α ´ T ˚

λ x
˚
α}

ď }I˚
´ T ˚

λ } ` 2 ε

ď 2 ´ 2 ε,

and the conclusion follows.

Let us now collect a few corollaries from Theorem 5.6. If X is a
Banach space with shrinking basis pekq, then P ˚

k Ñ IX˚ in the strong
operator topology, where Pk are the partial sum projections. Thus we
get the following result.

Corollary 5.7 (see [AAL`24a, Corollary 5.14]). Let X be a reflexive
Banach space with a shrinking basis and partial sum projections pPkq.
If supkPN }I ´ Pk} ă 2, then X and X˚ contain no D-points.

In particular, if X is a reflexive Banach space with a k-unconditional
basis for some k ă 2, then X and X˚ contain no D-points.

Remark 5.8. Note that the unconditionality constant of the new norm in
Section 4.2 is at least 2, since by Lemma 4.5 (3), we have ~e1 ` e2~ “ 1
and ~e2~ “ 2. This illustrates the interaction between Theorem 4.4
and Corollary 5.7.
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In [ALMT21, Theorem 2.17] it was shown that Banach spaces with
a subsymmetric basis contain no ∆-points, and this can be applied to
show that the Schlumprecht space has no ∆-points. Unlike previous
results in this direction, Corollary 5.7 also applies to the Tsirelson
space and many of its relatives.

From Theorem 5.6 and the classic results by James on bases in
Banach spaces, we obtain the following.

Corollary 5.9 (see [AAL`24a, Corollary 5.15]). Let X be a Banach
space with a k-unconditional basis penq, where k ă 2.

(1) If penq is shrinking, then X contains no D-points and X˚ contains
no weak˚ ∆-points.

(2) If penq is monotone and boundedly complete, then X contains no
∆-points.

In particular, any Banach space with a 1-unconditional basis that
admits a ∆-point contains a copy of both c0 and ℓ1.

Proof. The first part follows directly from Theorem 5.6, using the
partial sum projections.

If X has a monotone, boundedly complete basis penq, then the
biorthogonal functionals pe˚

nq form a shrinking basis for Z “ span pe˚
nq,

and X is isometric to Z˚ (see, e.g, [AK16, Theorem 3.2.15]). The
unconditionality constants for penq and pe˚

nq are the same, hence the
second part follows from the first.

Finally, if penq is an unconditional basis for X, then it fails to be
shrinking if and only if X contains a subspace isomorphic to ℓ1 (see,
e.g., [AK16, Theorem 3.3.1]), and it fails to be boundedly complete if
and only if X contains a subspace isomorphic to c0 (see, e.g., [AK16,
Theorem 3.3.2]). Since every 1-unconditional basis is monotone, the
final statement follows from the previous two.

We have one final corollary of this section. Recall that D-points
can be lifted from subspaces.

Corollary 5.10 (see [AAL`24a, Corollary 5.17]). Let X be a subspace
of a Banach space with a shrinking k-unconditional basis for some
k ă 2. Then X contains no D-points.
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5.2 Non-containment of Daugavet points

In the final section, we investigate structural restrictions that prevent
the existence of Daugavet points. We begin by showing that any
Banach space with the Radon–Nikodým property that contains a
Daugavet point must also contain a Daugavet point that is an extreme
point of the unit ball. In fact, we can establish this result for Banach
spaces with the Krein–Milman property, provided they satisfy the
distance-to-denting characterization for Daugavet points. This is,
at least formally, more general, as it remains unknown whether the
Krein–Milman property and the Radon–Nikodým property coincide for
Banach spaces. Recall that a Banach space has the the Krein–Milman
property if every nonempty bounded closed convex set is the closed
convex hull of its extreme points.

Proposition 5.11 (see [AAL`24b, Proposition 3.21]). Let X be a Ba-
nach space with the Krein–Milman property that satisfies the distance-
to-denting characterization for Daugavet points (e.g., a Banach space
with the Radon–Nikodým property). If X contains a Daugavet point,
then X contains a Daugavet point that is also an extreme point of BX .

Proof. Assume that x P SX is a Daugavet point, and define

Fx :“
č

x˚PDpxq

ty P BX : x˚
pyq “ x˚

pxq “ 1u ,

where Dpxq “ tx˚ P SX˚ : x˚pxq “ 1u. Observe that Fx is a non-empty
face of BX .

Let y P Fx. We will first prove that y is a Daugavet point. Since x
is a Daugavet point, we have }x ´ z} “ 2 for every z P dentpBXq. By
the Hahn–Banach theorem, we can find a functional z˚ P SX˚ such that
z˚px ´ zq “ 2. Then z˚pxq “ ´z˚pzq “ 1, and in particular z˚ P Dpxq.
Since y P Fx, we also have z˚pyq “ 1, and thus

}y ´ z} ě z˚
py ´ zq “ 2.

Hence }y ´ z} “ 2 for all z P dentpBXq, and since X satisfies the
distance-to-denting characterization for Daugavet points, it follows
that y is a Daugavet point.

Now, since Fx is a non-empty, closed, bounded, and convex subset
of X, and since X has the Krein–Milman property, Fx admits an
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extreme point y. As Fx is a face, y is also an extreme point of BX .
Thus we have found a Daugavet point that is also an extreme point of
BX .

The above immediately yields the following theorem.

Theorem 5.12 (see [AAL`24b, Theorem 3.22]). Let X be a Banach
space. If X has the Krein–Milman property, and if every extreme point
of BX is a denting point, then X contains no Daugavet points.

Proof. If X has the Krein–Milman property, and if every extreme point
of BX is a denting point, then BX is the closed convex hull of the set of
all denting points of BX . Therefore, X satisfies the distance-to-denting
characterization for Daugavet points. The conclusion then immediately
follows from Proposition 5.11.

The space in Section 2.3 is a separable dual space and hence has
the Krein–Milman property. Furthermore, the Daugavet point mxy in
the example is also an extreme point by [AP20, Theorem 1.1]. This
example shows the necessity of the assumption that every extreme
point of the unit ball is a denting point in Theorem 5.12.
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Daugaveti ja Delta punktid Banachi ruumides:
Lipschitzi-vabades ruumides, nende kaasruumides ja

ümbernormeeringutes

Kokkuvõte

Käesolevas väitekirjas uuritakse Daugaveti ja ∆-punkte, mis on
vastavalt Daugaveti omaduse ja diametraalse lokaalse diameeter-kahe
omaduse punktilised versioonid, Banach ruumides. Banachi ruumil on
Daugaveti omadus parajasti siis, kui iga x P SX ja iga ε ą 0 korral

BX “ conv ty P BX : }x ´ y} ě 2 ´ εu .

Daugaveti omadus seab Banachi ruumile mitmeid tugevaid geomeetrilisi
tingimusi. Näiteks iga Banachi ruum, millel on Daugaveti omadus,
sisaldab klassikalist ruumi ℓ1 ning ei saa omada tingimatut baasi.
Samuti on sellise ruumi ühikkera iga viilu diameeter 2. Seetõttu võib
Daugaveti omadust käsitleda Radon–Nikodými omaduse vastandina –
nimelt eeldab Radon–Nikodými omadus, et leidub ühikkera viile, millel
diameeter on kuitahes väike.

Banachi ruumi X elementi x P SX nimetatakse Daugaveti
punktks, kui BX “ conv ty P BX : }x ´ y} ě 2 ´ εu iga ε ą 0
korral. Definitsioonist on koheselt selge, et Banachi ruumil on
Daugaveti omadus parajasti siis, kui iga ühiksfääri element on
Daugaveti punkt. Elementi x P SX nimetatakse ∆-punktiks, kui
x P conv ty P BX : }x ´ y} ě 2 ´ εu iga ε ą 0 korral. Mõistagi on
iga Daugaveti punkt ka ∆-punkt, kuid vastupidine ei pruugi kehtida –
leidub näiteid elementidest, mis on ∆-punktid, kuid mitte Daugaveti
punktid. Daugaveti ja ∆-punktid on aktiivne uurimissuund, mis
alates nende defineerimisest 2020 aastal, on pälvinud märkimisväärset
tähelepanu. Neid on uuritud mitmetes klassikalistes ruumides, näiteks
L1pµq ruumides ja nende eelruumides, CpKq ruumides ning Banachi
ruumide otsesummades. On leitud ka näiteid Banachi ruumidest,
millel on tingimatu baas, kuid mis sisaldavad Daugaveti punkte, ning
samuti näiteid Radon–Nikodými omadusega ruumidest, mis sisaldavad
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Daugaveti punkte. Need näited illustreerivad olulisi erinevusi Daugaveti
omaduse ja Daugaveti punktide vahel.

Väitekiri koosneb viiest peatükist, mille eesmärk on uurida
Daugaveti ja ∆-punkte erinevates Banachi ruumides.

Esimeses peatükis tutvustatakse põhilisi definitsioone ning üldisi
tulemusi, mida kasutatakse ülejäänud peatükkides.

Teises peatükis keskendutakse Daugaveti ja ∆-punktide uurimisele
Lipschitzi-vabades ruumides. Tõestatakse, et ühiksfääri element on
Daugaveti punkt parajasti siis, kui ta on kaugusel 2 kõigist ühik-
kera hammaspunktidest. Samuti püstitatakse hüpotees ∆-punkte
iseloomustava kriteeriumi kohta ning see tõestatakse mitmetel juhtudel.
Lisaks antakse meetriline kriteerium molekulidele, mis on ∆-punktid.
Tuuakse näide Lipschitzi-vabast ruumist, millel on Radon–Nikodými
omadus ning mis sisaldab Daugaveti punkti. Veelgi enam, tõestatakse,
et see ruum on kaasruum ja on isomorfne ruumiga ℓ1. Peatüki lõpus
uuritakse Daugaveti ja ∆-punkte Lipschitzi-vabades ruumides üle R-
puude alamhulkade.

Kolmandas peatükis uuritakse Daugaveti ja ∆-punkte Lipschitzi
funktsiooniruumides ehk Lipschitzi-vabade ruumide kaasruumides.
Näidatakse, et Daugaveti ja ∆-punktid langevad kokku juhul kui
vastav meetriline ruum on kompaktne. Tõestatakse, et iga Lipschitzi
funktsiooniruum sisaldab ∆-punkti ning suur osa neist ruumidest
sisaldab ka Daugaveti punkti. Samas antakse näide sellisest Lipschitzi
funktsiooniruumist, mis ei sisalda ühtegi Daugaveti punkti. Seega ei
lange Daugaveti ja ∆-punktid selles ruumide klassis kokku.

Neljandas peatükis keskendutakse Banachi ruumide ümber-
normeerimisele nii, et saadud ruumid sisaldavad Daugaveti või ∆-
punkte. Motivatsiooniks on küsimus, kas leidub refleksiivne Banachi
ruum, mis sisaldab Daugaveti või ∆-punkte. Tõestatakse, et igal
lõpmatumõõtmelisel Banachi ruumil leidub ekvivalentne norm, mille
puhul ruum sisaldab ∆-punkti. Ei ole teada, kas sama väide kehtib
Daugaveti punktide kohta. Samas näidatakse, et Banachi ruumidel,
millel on tingimatu baas, leidub ekvivalentne norm, mille järgi ruum
sisaldab Daugaveti punkti. Seega on iga klassikaline ruum ℓp, kus
p P r0,8q, ümbernormeeritav nii, et see sisaldab Daugaveti punkti, mis
annab ka soovitud näite.

Viiendas peatükis keskendutakse Banachi ruumide omadustele, mis
välistavad Daugaveti või ∆-punktide olemasolu. Tõestatakse, et kui
Banachi ruum sisaldab D-punkti või kui tema kaasruum sisaldab ˚-
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nõrka ∆-punkti, siis kaasruum sisaldab ka ˚-nõrka super ∆-punkti. Selle
tulemusena järeldatakse, et Banachi ruum, millel on pingul k-tingimatu
baas, kus k ă 2, ei saa sisaldada D-punkte ega ka ∆-punkte. Samuti
näidatakse, et kui Radon–Nikodými omadusega Banachi ruum sisaldab
Daugaveti punkti, siis peab leiduma Daugaveti punkt, mis on samal
ajal ka ühikkera ekstreemumpunkt. Sellest tulenevalt ei saa Radon–
Nikodými omadusega Banachi ruum, mille kõik ekstreemumpunktid
on hammaspunktid, sisaldada Daugaveti punkte.
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