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Acta et commentatinnes Universitatis Tartuensis. 937, 1992 ,  3-14. 

SOLUTION OF LARGE SYSTEMS 
ARISING BY DISCRETIZATION OF MULTIDIMENSIONAL 

WEAKLY SINGULAR INTEGRAL EQUATIONS 

Gennadi Vainikko 

Discreti/.ing a linear integral equation on a bounded 

region G cR", one obtains a linear system of equations of 

order lh x h ". A direct solution of such systems is possible 

only in case of rough discretizations with h -h„ not too 

small. Using two grid iteration methods, it is possible to 

solve those systems for much finer discretizations with 

h <</)„. Thereby a significant economy of computing time 

can be achieved: instead of 0(l£) arithmetical operations 

on Gauss type direct methods, an approximate solution 

of a suitable accuracy can be found in 0(1 hz) operations, 

in some cases even in C(lhloglh) operations. 

1. Integral equation. In this paper,  we shall  deal with an 

integral equation 

u(x) = jK(x,y)u(y)dy + fix),  x6 G, (1) 
G 

where GcRn  is  an open bounded set with a piecewise smooth 

boundary dG. The following assumptions (AD- (A4) are made. 

(AD Kernel K(x,y) is  twice continuously differentiable on 

(G x G)\ I x = y I and there exsists a real number v (v < n) such that 

for any X , у  6  G, x ' y .  and any multi-indeces a  = ( a  a „  )  and 

ß = (ß ßn)  with l a l  +  I ß l  s 2 .  

(A  f n (<L  »  - L  f '  ( й -  +  _<) )  K(x v)I  
I ДХП- 1  УХ, dy ,  / W)X N  r)yn  ) К , Х 'У' | 

b = const. 
I  1 ,  v  < •  l a l  <  0  

sb 1 • I log |x - yl I . v lal =0 
I  l x - у T v ~ l a v  +  | a | >  0  

(2) 

Here the following usual conventions are adopted: 
l a l - a ,  •  . . .  +  a n  for a = (a,,... ,anb/". 
Ixl - (x'' . .' for x - (x x )с IR n  
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(A2) The homogeneous integral  equation corresponding to (1) 
has in L(G) only the trivial  solution. 

(A3) fe C 2  V (G). i .e.  f  is  twice continuously differentiable on 
G and. for any xe G and any multiindex ae with Ials2.  

1, I oc I < n -  v (1, |aI < n -  v 
1 -I- l log Q(X)I ,  lal  -n - v 
p (x)n-v-iai_ |a | , n -v 

- const,  

where o(x) = inf „Ix-yl is the distance from x to .)G. yctiG J 

(A4) For any x' ,x2eG, 

(dG(x\x2) ,  v<n -1 
|f(x ')-f(x2) |  sc 'f  j  dG(x' ,x2)[  1 • |logd G (x',x ') |  1,  v - n -1 

I d G (x',x 2 ) n ~ v .  v > n -1 

where d G (x\x 2 ) is  defined as the infimum of lengths of polygonal 
paths in G joining points x 1  and x 2 -, i f  x 1  and x 2  belong to different 
connectivity components of G, define d^x'.x ')^ 

Note that kernels K(x,y) = a(x,y) |x -yl" v  (0<v<nl and K(x,yb 
= a(x,y)log Ix-yl (v 0) satisfy (AI) if  a(x,y) is  twice continuously 
differentiable on (GxG)\lx = yl  and its  derivatives are bounded or.  
more generally,  e.g.. in case 0<v<n, 

I  ( A  f -  ( A  )  n ( A  •  A  f 1  ( A  .  • > .  )  a ( x  v ) I  5  I  V O X , /  " •  U x n J  X r i x , .  d y , J  " •  V ) X n  i )у n-  .  а , х -У ' |  

sb'lx-уГ 1™ 1  ( |a | * |ß| s2),  1)" const.  

A further example of a kernel satisfying (Al) is originated 

from the radiation transfer theory and is known as Peierls kernel 

K(x.y)=^e - T < x y , lx-yr26 s(y) ( n = 3.  v -  2 ) 

where 

т(х,у) = |х-у| J ö(tx + ( l- t ly)dt 

is the optica! distance between points x.y« G ( set  G is assumed 

to be convex in this example);  extinction coefficient 0:G -»( and 
scattering coefficient d s :  G -» IR are assumed to be twice continuously 
differentiable.  

A more general example of a kernel satisfying (AD is given b\ 

K(x,y) -1< (x.y.lx yl)  

where XrGxG^R^.-» IR is  a twice continuously differfntiable function 

such that,  for lal  • iß! • к £.2, 

|D™ Dy —v x(x.y.r)I«b"r '  k  0«v<n. b"-const.  
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2. Subdivisions of G. Let us denote, for a set  G'cG, 
d G  dlam G' = sup x  y e G .d G (x,y).  

For a h>0, Introduce an "approximate subdivision" of G into measu­
rable sets ("cells ") Gjh< R" (j=1, . . .  , lh)  such that 

GjhПG *ф, Gjh PlGjh = ф (l*j) 
diam G J h  i h,  d G -d lam(G J hn G) s c ,h  (j = 1, . . .  , l h ) ,  

( G \ G h) U ( G|,\ G ) с { x « R n  :  o(x)  s  C j h 2  }  
where 

lh 
G h =UG J h  

j i  
and the constants c,  and c 2  do not depend on h. Choose points 
! jh e C jh Ac (j=1 l n ) as follows: 

5 j h  = (mesG j h ) 1  J ydy (=centroid of G j h ) if  dist(  coG j h ,dG)*h, 
G)h 

? jh
6GJ h riG is an arbitrary point If dist( coG J h ,3G )< h. 

Here coA is  the convex hull  of a set  AcR" and dist(A r A 2 )= 
inf x ieA,,x 2 eA 2 l x l " x Z l  Now we can introduce a cubature formula: 

f  l h  
ju(y)dy*y w j h u(! j h ),  w. h = mesG. h .  (3) 

Г )-l 

3.Discretization of the Integral equation. We introduce t he follo­

wing three discretizations of equation (t)= 

lh 
u ih=? t i jhu ih +  f (W ( i = 1  ,h>- %= /Ktših-yWy; (4) 

1=1 

lh 
> 

u.h- Xt' hu. +f( g .) (i=1„.t'.- f ^'^ih ^jh'Wjh-(4 '  ih Ijh jh ^ih h ijh | q j_j.  

lh 
_ у 

Й 
t'iih uih + f (^,h )  ( i = 1  'h 1' 

t" ijh 

K (?ih^j h
) wjh- i ' j 

. 'h (4") 
jK<5 l h .y>dy - £ K(5 j h ,? k h )w k h ,  i=j.  

к i 
k-i 

In methods (4) and (4") it may happen that the kernel K(x,y) must 

be integrated over G j h(/ G or G h= (J)sjslh^jh^ ^e assume that 



K(x,y) Is extended with respect to у on G h  so that estimate (2) 
remains valid for IOt|=|ß|=0: 

|K(x,y) |  sb 
I ,  v < 0 
1 * I log lx-у II, V=0, (XtC .yeG.). 
Ix-yr v  , v > 0 

System (4) corresponds to a collocation method:denoting by 
<P | h  the characteristic function of G j h .approximating the solution 
u of equation (1) by a piecewise constant function 

lh 

"h" Z "jh^jh 
1=1 

and collocating the equation in the points £ i h  (i=t,  . . .  , lh)  with Gh  

as the domain of integration instead of G .  we obtain system (4).  

System (4')  corresponds to a classical cubature formula 

method: approximating the integral in (1) by means of cubature 

formula (3) and collocating in the points ? l h(i=' .  ••• Л ь) we obtain 
system (4') if we reject the terms where i=j (the kernel K(x.y) is 
not defined for x=y).On the other hand, (4') may be considered as an 
approximation to (4): 

W J" K<£,h-y ) d y * K<S.h Vw)h- v . )h ( i , i>-
Jh 

System (4 ") corresponds to the Kantorovich-Krylov modification 

of the cubature formula method. 

4. Discretization error. Methods (4) and (4')  are investigated 

in [6,7J and method (4") in [4J.  Let us present the main results of 

these works.  
Theorem 1. Let assumptions (A1MA4) he fulfi l led and let  the 

subdivision of G and the choice of collocation points satisfy the 

conditions of Section 2. Then there exists a h0  >0 such that,  

for 0<h<ho  ,  system (4) has a unique solution (u j h) .  and 

h .vn-l ,  
h (1 + I log hi) .  v = n-1. (f>) 

hn 'v  ,  v>n-1. 
" аЛ ! U ih  «(e , h ) | *COnSt (E v h )  

h  

where u is the (unique) solution to (1).  ueC2 , v(G). 

Theorem 2. Lot the conditions of Theorem 1 be fulfi l led and let  

iWi i C<>h  1И) 
! l , i  

with a constant с > о not depending on h ТЬ<-; •.!$:•• '  , d « ( ) >o 
s u c h  t h  i t .  f o r  o < h ' h * < )  s y . s f p m  ' *  h . - ; .  л  u :  i  d i l u t i o n  f a n d  


