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Exploring a Novel Estimation Method for Voter Turnout

Abstract:

In this paper, we evaluate a novel voter turnout model that combines the methods of regression

with poststratification, ecological inference and Heckman selection model. This model uses

survey data and aggregated election turnout data to perform small area estimation. The aim

of the model is to give insights into how individual demographic groups vote. We carry out a

simulation study, which runs Monte Carlo simulations on synthetic data to test how the model

handles known statistical modeling issues. The results indicate that the voter turnout model,

performs better than the previous state of the art model on average. The model is also tested on

the data for Estonian 2023 parliament elections, with inconclusive results.

Keywords: Voter turnout, simulation study, ecological inference, Heckman model

CERCS: S170 Political and administrative sciences, P160 Statistics, operation research,

programming, actuarial mathematics



EXPLORING A NOVEL ESTIMATION METHOD FOR VOTER TURNOUT 4

Uudse valimisaktiivsuse hindamismeetodi uurimine

Lühikokkuvõte:

Selles artiklis hinnatakse valimisaktiivsuse mudelit, mis ühendab regressiooni koos

poststratifikatsiooniga, ökoloogilise järeldusteooria ja Heckmani valikmudeli meetodid. Mudel

kasutab küsitlusandmeid ja valimisaktiivsuse koondandmeid, et hinnata üksikute demograafiliste

rühmade valimisaktiivsust. Viiakse läbi uuring, mis kasutab Monte Carlo simulatsioone koos

sünteetiliste andmetega ning uuritakse, kuidas mudel tuleb toime teadaolevaite statistilise

modelleerimise probleemidega. Tulemused näitavad, et valimisaktiivsuse mudel toimib paremini

kui praegune tippmudel. Mudelit kasutatakse ka Eesti 2023. aasta parlamendivalimiste

valimisaktiivuse hindamiseks, kus mudeli tulemuste põhjal ei olnud võimalik selgeid järeldusi

teha.

Võtmesõnad: Valimisaktiivsus, simulatsiooniuuring, ökoloogiline järeldusteooria, Heckmani

mudel

CERCS: S170 Poliitikateadused, administreerimine, P160 Statistika, operatsioonanalüüs,

programmeerimine, finants- ja kindlustusmatemaatika
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1. Introduction

Understanding and predicting voting behavior, i.e. who people vote for and why, is useful

in many real-world contexts. Better information could be used by policy makers for policy

decisions to design more equitable voting systems, by political parties to inform their political

campaigns, or by financial markets to make predictions about the future. Like with many other

social phenomena, understanding behavior in elections is not simple. Opinions of people involve

their core beliefs and values, what is important and salient to them at the time, how these issues

are discussed in the society and more (Zaller 1992). All these aspects in turn affect their party

preference, or the party or candidate who they will vote for or if they will vote at all.

Another important aspect related to election outcomes is voter turnout, or if the person goes

out to vote or not. Voting patterns differ between demographic groups (H. Hartig et al. 2023;

Keeter and Igielnik 2016; Leighley and Nagler 2013). For example, the highly educated tend

to vote more often than the less educated and people with high income more often than people

with low income. While these patterns tend to shift over time (Doherty et al. 2024; Leighley and

Nagler 2013), knowing them is still useful for making decisions in the short- to medium-term.

Understanding voter turnout is an interesting problem on its own and is the focus of this thesis.

There is a long history of using surveys to gather information on political behavior and various

methods have been developed to derive inferences from this data. While many improvements

have been made to the methods, predicting voting outcomes remains difficult and polling errors

are still a problem (Keeter and Igielnik 2016). Another source of data on elections are the official

election results themselves. Depending on the country, different amounts of information are

available to the public on past elections. For example, in the United States1 and the United

Kingdom2, whether people voted or not is part of the public voter registration records3. In these

countries, common statistical tools or machine learning methods can be used to understand voter

turnout. However, in most other countries, individual level data on elections is not available.

Instead, what is shared is aggregate data, like per municipality turnout rates.

1 https://www.eac.gov/sites/default/files/voters/Available_Voter_File_Information.pdf
2 https://commonslibrary.parliament.uk/research-briefings/sn01020/
3The parts of the registration file that are published along with the process of publishing and accessing these records

depends on the election system and varies significantly between countries.

https://www.eac.gov/sites/default/files/voters/Available_Voter_File_Information.pdf
https://commonslibrary.parliament.uk/research-briefings/sn01020/
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The survey data and aggregated election result data can be combined to give better estimates

than just using one dataset on its own. Ghitza and Gelman (2013) uses multilevel regression with

poststratification (MRP) and a standard calibration approach to estimate voter turnout. While

this method already gives better estimates on individual level voter turnout behavior compared

to a model that just uses MRP, there is still room for improvement. An approach that separately

models which people end up in the surveys based on the Heckman selection model (Heckman

1978, 1979) and uses ecological inference (King 1997) can give better results.

The goal of this thesis is to evaluate a novel voter turnout model proposed by Niitsoo

(unpublished:Appendix A) using a Bayesian statistical modeling approach. We measure how

the model behaves under various conditions using synthetic data and compare it to other existing

models. The model uses survey data, aggregated election result data and population census data

to estimate voter turnout in different population segments. Both survey data and aggregate data,

come with their own set of challenges that we need to take into account when using the data for

modeling. We outline common problems and some of the solutions to these problems. We also

analyze the results of the model with real election data from Estonia.

The results from the synthetic data models indicate that the novel voter turnout model, in most

cases, gives estimates closer to the true values of the generated population. We find cases where

it clearly outperforms the other models, but also some cases, where it does not. Overall, we

show that the novel voter turnout model is a noticeable step forward from the model proposed

by Ghitza and Gelman (2013). The results from the Estonian turnout model are unfortunately

inconclusive with no clear winner.

The rest of this thesis is structured as follows. Related concepts in existing research are

summarized in section 2. Then, section 3 details the models used in this thesis. In section 4, we

describe the empirical datasets. The design of the Monte Carlo experiments on synthetic data is

detailed in section 5. Afterwards, section 6 shows the results of the Monte Carlo experiments

and the Estonian turnout model on real-world data. Finally, the findings are discussed and

summarized in section 7.
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2. Literature Review

In the following, we provide the background information required to understand the current state

of voter turnout models. Afterwards, a brief description of model evaluation methodology is

given.

2.1 Survey-based Modeling

Voting behavior is often modeled using survey data, which is a practical approach to collect

data but poses some challenges. In addition to national estimates, we are often interested in how

specific subgroups behave. For example, we would like to find the voter turnout for men in a

specific municipality. This is called small area estimation. A simple approach is to take all of the

observations representing the subgroup of interest and to find the estimate on these observations.

However, national surveys often consist of a few thousand respondents and dividing the sample

this way can result in a subsample with a very small number or even no observations. The

estimate cannot be calculated if there are no observations and even with a small sample, estimates

can be unreliable, having wide confidence intervals. This kind of method also relies on the

assumption that non-respondents in a survey are missing at random (MAR) and can be ignored.

In other words, the probability of an observation being missing is constant within a subsample.

Another approach is to fit a regression model on the whole set of survey responses that predicts

an outcome based on the demographic group variables. This model estimates the effect of each

demographic variable and these effects can be combined to get the estimates for all possible

subgroups, or cells, of the demographic variables. The regression estimates are unbiased if

non-respondents are missing completely at random (MCAR) and the survey is a representative

sample of the population. In practice, however, survey responses tend to be non-representative

of the overall population, with some demographics over- and others under-represented. This

problem of non-representativeness is further amplified by decreasing response rates to surveys

(C. K. a. H. Hartig 2019; Inc 2018). If the survey data is missing at random (MAR) and if national

census data is available, the estimates can be improved by adjusting them based on weights

proportional to the subgroup in the census. This weighting process, after fitting a model, is called

poststratification. This approach works well when there are a lot of observations. However, the

estimates for the cells that contain a few to no survey observations are likely to be biased. In

this case, a multilevel model can be used to get better estimates using partial pooling. Partial

pooling is an approach that is a weighted average of no pooling, where each group is assumed to

be statistically independent of others, and complete pooling, where we assume the groups to
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have distributions that are fully specified by global features. In practice, partial pooling means

that the estimates for groups with a large number of observations are close to the mean of these

observations and the estimates for groups with a low number of observations are adjusted towards

the overall average estimate. This combined approach of the different methods is commonly

called multilevel regression with poststratification (MRP) (Park et al. 2004).

Ghitza and Gelman (2013) make improvements to the standard MRP method. To find small area

estimates for voter turnout, theMRP estimates are adjusted such that the predicted outcomewould

exactly match the known election turnout margins of a completed election. This method leads to

better estimates compared to just using MRP as it incorporates more information. However, this

is an ad-hoc approach of calibrating the estimates after a model has been fitted. In this thesis, we

also look at models where the aggregated turnout data is more directly integrated into the model.

2.2 Ecological Inference

In cases where survey data is not available or it is deemed too unreliable, inferences can still be

made solely based on the official aggregate statistics reported by the government. This approach

is generally known as ecological inference (EI) - the process of inferring individual-level behavior

from aggregated data. The simplest example of ecological inference can be demonstrated with a

2× 2 voting example, where we consider two groups, men and women, and their decision to

vote, as seen in Table 1.

Table 1

2× 2 Ecological Inference Problem

Voting decision

Group Vote No vote Population

Men ? ? 1000

Women ? ? 1000

Turnout 1250 750 2000

Note. The inner cells are unobserved and

represent individual-level behavior, while totals

are observed represent the aggregate data.

What makes this problem difficult is that there are many different values for the inner cells of the

table that are consistent with the aggregated totals. It may be true that 250 men voted and 750 did
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not, but it could also be true that all 1000 men voted. While there was more people who voted in

aggregate than those who did not vote, we cannot conclude that voter turnout among men has a

similar proportion. Attributing aggregate behavior to individual-level behavior, which in this

case is the group of men, is known as the ecological fallacy (Robinson 1950). It is difficult to

make inferences from a single known margin. For example, the aggregated turnout numbers

for a single municipality do not particularly help us understand the voting turnout within that

municipality. However, knowing the per gender turnout margins for each municipality, assuming

gender distributions vary between municipalities, allows us to estimate the effect of gender and

municipality on turnout.

Various methods have been derived to make inferences on the unobserved cells. Earlier

approaches relied on Goodman’s method (Goodman 1953, 1959), which finds a regression

model based on the group margins. However, because this model does not explicitly model

the fact that the outcome is a proportion, it can sometimes produce estimates outside of what is

possible. This problem is somewhat alleviated by only considering possibilities consistent with

the aggregated numbers using the method of bounds (Duncan and Davis 1953). King (1997)

greatly improved on the previous methods by using a Bayesian framework that incorporated

into the optimization the fact that results need to be consistent with the totals.

The 2× 2 case can be generalized to an R× C case with R rows and C columns. Rosen et al.

(2001) show how to derive both a frequentist and a hierarchical Bayesian model for estimating

voting patterns.

2.3 Evaluated Method

Another problem with survey data that we haven’t yet discussed is, that the people who answer

surveys behave differently from the people who do not. For example, people who are more

interested in politics tend to answer political surveys more often and, at the same time, are also

more likely to vote. In this case, the survey data is missing not at random (MNAR), which is

sometimes also called non-ignorable non-response, and can lead to biased estimates. There is no

general solutions to MNAR, but progress can be made by narrowing the problem with additional

assumptions. Bailey (2025) use the instrumental variable approach by including a variable in

the model that affects the response rate but not the outcome. Other approaches explicitly model

the missingness mechanism in order to derive better estimates. One of these methods is the

Heckman selection model (or type 2 tobit model) (Heckman 1978, 1979), which models the

selection and outcome process separately.
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We evaluate an approach proposed by Niitsoo (unpublished:Appendix A) that combines the

different methods of multilevel regression with poststratification, ecological inference and the

Heckman selection model, into a voter turnout model. Using the Bayesian framework, the

model produces a single estimate using evidence from the different methods. The goal of this

thesis is to compare this model to existing approaches in order to determine what advantages or

disadvantages the model has. Due to the unpublished status of the reference paper, details of the

derivation are included in Appendix A, so full context would be available to the reader. The

goal is to publish both the method and it’s validation as a joint paper.

2.4 Evaluation of Statistical Models

The behavior of the estimators of simpler models can be described analytically. However,

solving complex models analytically is often infeasible. In those cases, we can instead try to

understand the behavior of the model using existing real-world data. When testing statistical

models using such empirical data, the true value that we want to estimate is generally unknown

and often unknowable. Therefore it makes sense to turn to simulated studies using synthetic data.

In this case, the true value is known, because the experimenter generated the data themselves.

The design of the simulated study, of how to generate the data, what to test and what to measure

has to be considered carefully.

Burton et al. (2006) laid ground work on how to plan, run and report on simulation studies. This

work is later expanded on by Morris et al. (2019), who proposed the ADEMP framework. This

acronym describes the steps of the framework and stands for aims, data-generating mechanisms,

estimands, methods and performance measures. When describing the synthetic data experiments

in section 5, we generally follow the ADEMP framework.
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3. Turnout Models

This section provides a short comparative summary of the methodological frameworks evaluated

in this study, progressing from standard estimation techniques to the proposed integrated

approach.

3.1 Multilevel Regression and Poststratification (BP model)

Multilevel Regression and Poststratification (MRP) estimates subgroup outcomes by combining

a multilevel (M) modeling stage (R) with a population aggregation stage (P).

Binomial Regression (R). The turnout outcome probability θc for a demographic cell c is

estimated using a probit4 regression model:

θc = Φ−1 (Xi,cβ
o
c ) = Φ−1

(
βo
0 + βo

1[i] + βo
2[i] + · · ·+ βo

K[i]

)
βo
0 ∼ Normal(0, τ o0 )

βo
k[i] ∼ Normal(0, τ ok ),

where Φ−1 is the inverse of the cumulative distribution function (CDF) of the standard normal

distribution, βo
c represents the turnout regression coefficients and Xi,c denotes the demographic

variables of observation i in cell c. Because all demographic variables are categorical, Xi,c

consists of K one-hot encoded demographic variables and the inner expression simplifies to a

sum of the intercept and βk[i] terms, where βk[i] is the regression coefficient for a demographic

variable k ∈ {1, 2, . . . , K} category k[i] ∈ Dk of the observation i. The β
o
0 and β

o
k[i] coefficient

priors have a normal distribution with standard deviations of τ o0 and τ ok respectively. In a

non-multilevel model, τ ok values are fixed and the same for all k.

Multilevel Models (M). Hierarchical partial pooling is used to stabilize estimates in sparse cells.

It is added to the model by allowing the variance of βk[i] to vary by demographic variable k:

τ ok ∼ Half-Normal(0, σo)

4Generally, the logistic link function is more common, but the difference between the models is usually not

meaningful and the derivation of the more complex models is cleaner with the probit link function.
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Poststratification (P). The cell-level estimates are aggregated to the target level r ∈ R (e.g., a

municipality) by weighting them according to the true population count Nc of each cell:

θMRP
r =

∑
c∈r Nrθc∑
c∈r Nc

In our comparisons, the MRP model is called the basic probit (BP) model because it is the

simplest model we used and all of the compared models are multilevel and use poststratification.

3.2 Ecological Inference (EI model)

Ecological inference (EI) reconstructs individual-level behaviors from aggregate data. In our

comparisons, we use a non-standard variant of the EI model based loosely on Rosen et al. (2001):

θr =

∑
c∈r Φ

−1(Xi,cβ
o
c ) ·Nc∑

c∈r Nc

Vr ∼ Binomial(Nr, θr),

where θc and θr are the turnout outcome probabilities of cell c and of the target level r ∈ R

respectively. Similarly,Nc andNr indicate the census population counts and Vr the voter counts.

For more details on the derivation see subsection A.3. While not shown in the above definition,

it is implemented as a multilevel model and uses poststratification.

3.3 Ghitza-Gelman Correction (GG model)

In their paper, Ghitza and Gelman (2013) apply a post-processing calibration step to their MRP

estimates to address biases such as survey over-reporting. While not a major part of the paper,

this correction makes that paper the only one we found that incorporates both the survey data as

well as official aggregate statistics into a joint estimate, making this the present state-of-the-art

and the approach to benchmark against. They adjust the estimated probabilities θc so that the

aggregated total matches the official turnout count Vr for a target level r ∈ R. Note that the

original model used the logistic link function, whereas here we use the probit (or the standard

normal CDF Φ) link function.

The correction is achieved by a scalar shift δr that is optimized (Equation 1) and applied to all

cells in the municipality (Equation 2):

δr = argmin
δ

∣∣∣∣∣Vr −
∑
c∈r

(NcΦ
−1(Φ(θc) + δ)

∣∣∣∣∣ (1)

θ∗c = θc + δr (2)
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While this approach is effective for point estimates, this method is rather ad-hoc - it is a separate

step that does not propagate uncertainty or preserve the statistical properties of the original model

(e.g., error bars). In our comparisons, theGGmodel is equivalent to the basic probit (BP) model

that is adjusted with the GG correction. The correction is performed before the poststratification

step.

3.4 A Novel Approach (PM and FS models)

Niitsoo (unpublished) proposed an integrated framework that combines the strengths of the

models above into a unified probabilistic structure. This framework is detailed in Appendix A.

Both of the models described below are multilevel and use poststratification.

Poll and margin (PM) model. This model combines the MRP and the EI approaches. A

Bayesian model with a joint likelihood is constructed that estimates cell turnout probabilities θc

using evidence from both approaches. Compared to the GG model, this model directly integrates

the aggregated turnout information into the model.

Full selection (FS) model. This variant adds a Heckman selection model component to the PM

model. To correct for non-ignorable survey non-response, the Heckman model constructs two

latent processes for individual i:

S∗
i = Xiβ

s + εsi (observed as survey response Si if S
∗
i > 0) (3)

O∗
i = Xiβ

o + εoi (observed as vote Oi if Si = 1 and O∗
i > 0), (4)

whereXi is aK +1 length (including term for the intercept) row vector forK input variables of

the observation i and βs, βo areK + 1 length row vectors. The error terms are correlated with

parameter ρ: εsi

εoi

 ∼ Normal

0

0

 ,

1 ρ

ρ 1

 ,

The selection process directly models which population segments are likely to respond to surveys

and adjusts the outcome turnout probabilities θc accordingly. Additionally, because this model

combines evidence from multiple approaches which provide logical bounds to the outcomes, it

does not suffer from the parameter identification issues that Heckman selection models usually

have. There is also an approximate version of the FS model (AFS) that uses inverse Mill’s ratio

(IMR) instead of sampling from a truncated normal distribution for every survey observation,

which is useful if the full model fails to sample.
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4. Data

In this section, we describe the empirical datasets used in this thesis.

4.1 Estonian 2021 Census Dataset

Estonian 2021 census data5 is used as the ground truth for the demographic distribution of

Estonian population. The census dataset has information on all citizens and contains categorical

demographic attributes of age (7), gender (2), nationality (2), education (3) and municipality (24).

For each combination of these attributes, it lists the number of people in Estonia that represented

this population segment on 1st of January 2022. We filter out people who are too young to vote.

We additionally filter out about 16000 people with an unknown education level (1.8%) to match

the categories in the survey data. As a result, we are left with 867847 people in our reference

population.

4.2 Estonian 2023 Parliament Election Dataset

The election turnout information is provided by the Estonian National Electoral Committee

and the State Electoral Office. The results of the 2023 parliament elections are available on

the official web page6. The general turnout for this election was 63.5%. Because the exact

voter counts for age, gender and municipality categories are not available, we have to derive

them using some simple calculations and approximations. To calculate the number of voters

for the age and gender margins, we first use the the paper ballot proportions and paper ballot

total counts per category to derive the total number of eligible voters per category. Then, using

the previously calculated total eligible voters count together with the turnout percentage per

category, we can find the number of people who voted for each category.

For municipalities, the available voter counts do not include people who are registered in the

municipality but temporarily or permanently live abroad. Ideally, we would like to exclude

voters living abroad, because the population census dataset and the survey dataset both only

contain people living in Estonia. While these people make up a significant proportion (5% to

5For census, we use a dataset similar to RL21303 (accessed at https://andmed.stat.ee/en/stat/rahvaloendus__rel20

21__haridus/RL21303). However, our dataset additionally contains population counts per municipality, whereas

the former dataset only contains counts per county. This dataset was requested by SALK from Statistics Estonia.
6 https://rk2023.valimised.ee/en/detailed-voting-result and https://opendata.valimised.ee/en

https://andmed.stat.ee/en/stat/rahvaloendus__rel2021__haridus/RL21303
https://andmed.stat.ee/en/stat/rahvaloendus__rel2021__haridus/RL21303
https://rk2023.valimised.ee/en/detailed-voting-result
https://opendata.valimised.ee/en
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10%) of the overall eligible voters, they tend to have a low turnout rate (10.7%)7. However,

because no information is available on which municipality these people are registered in, they are

excluded from the per municipality turnout calculations. Thus they reduce the average turnout

for age and gender but not municipality. Additionally, for people voting outside of their electoral

district, we don’t have information on which municipality these people belong to. This issue is

similar to the voters living abroad, but because only a small proportion (0.5% to 3%) of voters

of an electoral district fall into this category, it does not have a major effect on the results. Since

every vote (including those from abroad) is cast in one regional electoral district, the votes can

be localized down to that level. From there, we assume the excess votes (2.0% to 5.2% per

electoral district) distribute proportionally among the counties composing the district.

To calculate the turnout for each category, we divide the voter count with the population census

count for the same category. To find the margin counts, we take the per category voter counts

that we already found and find the number of people who do not vote by subtracting the voter

count from the population census count.

4.3 Estonian Survey Dataset

The survey data has been provided by SALK8 and collected by the Norstat9. It consists computer-

assisted telephone interviewing (CATI) samples collected in two waves, with the first from

February 1st to 6th 2023 and the second fromMarch 1st to 9th 2023. CATI samples are collected

through random digit dialing (RDD), where potential respondents are called using a generated list

of random phone numbers until the desired number of survey answers is reached. Non-citizens

and people below the age of 18 are filtered out. We only keep the ”Yes” and ”No” answers to

the question ”Do you plan to vote/e-vote in the next elections?” (translated from Estonian ”Kas

kavatsete minna valima/e-hääletada järgmistel valimistel?”) and filter out the ”No opinion”

answers. Overall we filter out 248 observations and are left with 1192 responses, with 604 from

the first wave and 588 from the second wave. In this dataset, 1092 out of 1192 people (92%)

report that they intend to vote or already voted.

7 https://rk2023.valimised.ee/et/participation/overall
8Sihtasutus Liberaalne Kodanik - https://salk.ee/
9 https://norstat.co/

https://rk2023.valimised.ee/et/participation/overall
https://salk.ee/
https://norstat.co/
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5. Simulation Study

This simulation study is described using the aims, data-generating mechanisms, estimands,

methods and performance measures (ADEMP) framework (Morris et al. 2019).

5.1 Aims

The aim of this simulation study is to evaluate how the two new models (PM and FS) models

defined in subsection 3.4 behave and compare them to existing models. We would like to

understand when the models perform well and under which circumstances they fail. This study

works with the assumption that we are working in an environment where we want to do small

area estimation for a past election, so official aggregate statistics are available.

5.2 Data-generating Mechanisms

To limit the number of simulation parameters, we take the Estonian census dataset described

in subsection 4.1 as reasonable known population. Using a real population dataset gives us

realistic correlations between the different demographic variables. For the experiments that use

the generated synthetic data, we simulate the survey answering and voting turnout behavior for

each person in the population.

We define a data generative process, generate synthetic datasets with multiple random seeds and

fit the turnout models on this data. In the base case, the data generative process is designed to

create data that fits the Heckman selection model described in subsection 3.4. For each person

i in the census, we simulate the latent selection S∗
i and outcome process O

∗
i variables

10. Both

of the latent processes use K + 1 regression coefficients forK demography variables plus the

intercept. The SP
i and OP

i variables are the observed binary values in the population, where the

10In the standard Heckman selection model, it is generally assumed that the variables used in the selection process

are a subset of the variables used in the outcome process. However, in this data generative process we use exactly

the same set ofK variables {Xi,1, . . . , Xi,K} for both processes.



EXPLORING A NOVEL ESTIMATION METHOD FOR VOTER TURNOUT 19

outcome OP
i indicates if the person in the population voted (1) or not (0).

S∗
i = βsXi + εsi = βs

0 +
∑
k∈K

βs
kXi,k + εsi

O∗
i = βoXi + εoi = βo

0 +
∑
k∈K

βo
kXi,k + εoi

SP
i =

1 if S∗
i ≥ 0

0 if S∗
i < 0

OP
i =

1 if O∗
i ≥ 0

0 if O∗
i < 0

The error terms of the latent processes are drawn from a bivariate normal distribution with a

correlation parameter ρε. In the Heckman selection model, the variance of one of the error terms

is fixed to 1 for model identification reasons. In our generative process, for simplification and

without loss of generality, both of the variance terms are fixed to 1.εsi

εoi

 ∼ Normal

0

0

 ,

 1 ρε

ρε 1


Because all of the variables Xi,k are categorical and are one-hot encoded, the latent processes

can be rewritten using an indicator function

1d∈Dk
(Xi,k) =

1 if Xi,k = d

0 if Xi,k 6= d

S∗
i = βs

0 +
∑
k∈K

∑
d∈Dk

βs
k,d1d(Xi,k) + εsi

O∗
i = βo

0 +
∑
k∈K

∑
d∈Dk

βo
k,d1d(Xi,k) + εoi ,

where βs
k,d and β

o
k,d are regression coefficients for a demography variable k category d andDk is

the set of categories for variable k. These coefficients for the selection and outcome process are

drawn from a normal distribution with zero mean and standard deviations τ sk and τ
o
k respectively.

To generate multi-level effects, the τ sk and τ
o
k values are drawn from a half-normal distribution

with a zero mean and standard deviations σH,S and σH,O. For identifiability reasons, coefficients

for a variable k (i.e. gender) over all its categories d ∈ Dk (i.e. male, female) are restricted to
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sum to zero.

τ sk ∼ Half-Normal(0, σH,S)

βs
k,d ∼ Normal(0, τ sk),

∑
d∈Dk

βs
k,d = 0 ∀k ∈ K

τ ok ∼ Half-Normal(0, σH,O)

βo
k,d ∼ Normal(0, τ ok ),

∑
d∈Dk

βo
k,d = 0 ∀k ∈ K

The coefficients βk,d indicate the true effect for each individual category d ∈ Dk of the variable

k. For example, a negative coefficient for age group 25-34 in the outcome process indicates that

the people in that age group are less likely to vote. Similarly, a positive coefficient for women

in the selection process indicates that women are more likely to answer the survey and thus be

selected into the set of survey responses. Summing the effects over multiple variables gives the

effect in a given population segment.

Using the generated coefficients, and the Heckman process described above, we generate the

latent and observed values for each person in the population. A survey dataset of size NS is

generated from the population dataset, depending on the latent selection values, by uniformly

randomly sampling only from the observations where SP
i = 1.

The base values of the parameters are described in Table 2. To generate data for the test cases,

the base parameters are modified as necessary. In some cases, additional parameters are added

with modifications to the generative process.

5.3 Estimands

The focus of the study is small area estimation in the context of voter turnout. Thus we are

interested in estimating the population distribution of voter turnout based on the demographic

variables. Using the ecological inference terminology, we want each cell of the N-dimensional

tensor where each cell represents voter turnout for a specific demographic subgroup. Thus, the

main metric of assessing the performance of a model is how different the estimated voter turnout

margins are from the true population margins. A full turnout margin contains the turnout counts,

counting those who voted and those who did not vote separately, for each cell in the population.

5.4 Methods

We compare the models as described in section 3, with the exact likelihood formulations provided

in subsection A.2. For priors, we use semi-informative priors of βk ∼ Normal(0, 3) and
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Table 2

Synthetic Data Baseline Case Parameters

Base Value Brief Description

βs
0 = −1, βo

0 = 0 Heckman selection and outcome process intercepts. This

determines the general proportion of selection and voting turnout.

For these parameter values, about 20% to 25% of the population is

selected and about 50% of the population votes.

ρε = 0.5 The residual correlation between the error component of the

selection and outcome process. Empirical evidence suggests that

this parameter should be significant and positive (Groves et al.

2004).

σH,S = 0.5, σH,O = 0.5 Heckman selection and outcome process coefficient variance. This

determines the effect sizes in the processes.

NS = 1000 The number of people sampled from the selected subpopulation.

The default value is a common survey size for a single-wave survey.

ρε ∼ Uniform(−0.99, 0.99). The analysis mainly focuses on the Ghitza and Gelman (2013)

(GG) model, poll and margin (PM) model and the full selection (FS) model, but the basic probit

(BP) and the ecological inference (EI) models are included where relevant.

The models are implemented in Python using the PyMC11 probabilistic programming framework

for building Bayesian models. This framework uses Markov chain Monte Carlo (MCMC)

approaches to estimate the parameters of the models. The implementation of the models and the

synthetic data generation code is available on Github12.

To analyze how the models behave under different circumstances, we draw from existing

literature on issues related to ecological inference methods, Heckman selection model and survey

data. Using the simulation and testing process described above, we run a set of experiments.

Table 3 shows the list of cases tested in this thesis. We first explore common biases, then look

at known model mis-specification issues where some model assumptions may be invalid and

11 https://www.pymc.io/
12 https://github.com/rrebane/turnout-model-evaluation

https://www.pymc.io/
https://github.com/rrebane/turnout-model-evaluation


EXPLORING A NOVEL ESTIMATION METHOD FOR VOTER TURNOUT 22

finally test general statistical modeling problems. In order to improve readability, the exact

simulation methods and their justifications of the experiments are explained together with the

results in section 6.

5.5 Performance Measures

The main objective of the model is to recover the population margins from the data. In other

words, we would like to estimate the counts of people who vote and those who do not vote for

each cell of the population. Thus, we use two different metrics to calculate the distance between

the margins estimated by the model and the true population margins. First, the Kullback-Leibler

divergence (Kullback and Leibler 1951) is a well-known metric in statistics to measure the

distance between two distributions. It is defined as

DKL(P,Q) =
∑
x∈χ

P (x) log

(
P (x)

Q(x)

)
,

where P and Q are discrete measures and χ denotes the support of measure P . In our case, χ

contains two counts (people who voted and people who did not vote separately) per demography

cell, P is the population distribution and Q is the distribution estimated by the model. Note that

this distance measure is not symmetrical with respect to the input distributions.

The values of Kullback-Leibler divergence are not easily interpretable. For this reason, we also

use another metric called the Wasserstein distance (Kantorovich 1960; Vaserstein 1969), also

known as the Kantorovich-Rubinstein metric or the earth mover’s distance. Because all of the

variables are categorical and we are comparing two multinomial distributions, the Wasserstein

distance simplifies to:

DEM(P,Q) =
1

2

∑
x∈χ

|P (x)−Q(x)|

The intuitive interpretation of this measure is that it shows how much probability mass has to

be moved around in the first distribution in order to make it equal to the second distribution.

For both metrics, a smaller value indicates that the distributions are closer, with zero indicating

equality. These distance measures are used to calculate the distance over the full turnout margins

over all demographic variables.

Both of the above distance measures are calculated for the full margin and all of the one- and

two-dimensional margins, where we show the average distance across all possible margins. For

example, for the two-dimensional margins we show the average distance of the margins across

all pairwise combinations of the demographic variables. The one- and two-dimensional margins
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Table 3

Model and Data Test Scenarios

Test Case Brief Description

Selection bias / non-response

bias (Groves et al. 2004;

Leung and Yu 1996; Puhani

2000)

A small proportion of people agree to answer surveys, and

the ones that do are non-representative of the population.

Error correlation (Puhani

2000)

High correlation between the selection and outcome process

errors of the standardHeckman selectionmodel can introduce

some bias or instability.

Measurement bias / over-

reporting bias (H. Hartig et al.

2023; Holbrook and Krosnick

2010)

Voting is a socially desirable behavior and people tend to

over-report voting turnout behavior in surveys.

Aggregation bias (Cho 1998;

Freedman 1999; King 1997)

Per group population margins correlated with the outcome

margins tends to bias the estimates.

Collinearity (Puhani 2000) Collinearity between the selection and outcome variables in

the standard Heckman selection model causes identification

problems.

Non-normal errors (Paarsch

1984; Puhani 2000)

The standard Heckman selection model assumes a bivariate

normal error distribution.

Selection and outcome effect

size

Smaller effect sizes are more difficult to estimate.

Selection and outcome effect

interactions

Interaction effects increase model complexity in the number

of parameters to estimate.

Random noise More noise can produce bias and variance in the estimates.

Sample size A smaller set of survey answers produces less precise

estimates. More complex models can break down with very

small sample sizes.

Margin Informativeness A more granular aggregate margin is more informative and

can be used to derive better estimates.
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are included because those are the most useful ones in terms of availability and interpretability,

as turnout is usually analyzed across one dimension or two dimensional cross-tabulations. A

high dimensional margin is generally no longer interpretable by humans and they are not useful

in decision making.

The uncertainty bounds around the estimates are derived by running the data generative process

and fitting the model multiple times while using different randomness seeds. As such, they reflect

variability over different underlying datasets, not the Bayesian uncertainties of the single-dataset

inference. The median of the estimates across different seeds is shown as the point estimate

and the interquartile range is shown as the uncertainty interval. We chose to run each test case

with 10 generated datasets in order to minimize simulation running time while still getting good

estimates.

Another metric that we are interested in is the Bayesian p-value (Gelman 2003), also known as

the posterior predictive p-value. This metric indicates what proportion of the estimates observed

in the MCMC posterior distribution are more extreme than the reference value. It is defined as

pB(y) = Pr(T (yrep) > T (y)|y)

T (y) = (y − ȳrep)2,

where yrep represents a replicated draw from the posterior distribution, y are the observed values,

which in this case are the known true values from the population, and the test statistic T is the

square difference from the mean. When the reference value y is exactly equal to the mean of the

posterior draws ȳrep, the Bayesian p-value is exactly 1, as all replicated observations are more

extreme than the reference value. A low Bayesian p-value essentially indicates that the true

value is an outlier for the model. This metric is used to assess if the model is overconfident in

its predictions. As with the distance metrics, we calculate the average metric for the turnout

percentages of one- and two-dimensional combinations of the demographic variables.
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6. Results and Analysis

In this section, we describe the results of the Monte Carlo simulations on synthetic data and the

results of the empirical Estonian voter turnout model.

6.1 Baseline Case

We first look at the results of running themodels on the synthetic data with the baseline parameters.

For each of the models, we compared the estimates of the population margins of the model to

the real margins of the population that we generated. The results for the dataset with the base

parameters, as described in Table 2, are shown in Figure 1 and Figure 2. These two figures are

the same, except for the scale used for the distance metric, with the first figure using a linear and

the second using a logarithmic scale. We show this to demonstrate that using a linear scale is

not practical because the difference between the largest and smallest values spans over multiple

orders of magnitude. Thus, most of the results for the distance metrics in this thesis are shown

on the logarithmic scale.

Figure 1. Kullback-Leibler Divergence and Wasserstein Distance With Baseline Parameters On

a Linear Scale
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Figure 2. Kullback-Leibler Divergence and Wasserstein Distance With Baseline Parameters on

a Logarithmic Scale

Figure 3. Bayesian p-values With Baseline Parameters



EXPLORING A NOVEL ESTIMATION METHOD FOR VOTER TURNOUT 27

The plots display the median and the interquartile range intervals of the distance metric

estimates from 10 repetitions with different seeds. A smaller distance value indicates that

the model estimates are closer to the true population value. In general, the rankings of the

models using the median estimates is similar between the plots. The basic probit (BP) model

(defined in subsection 3.1) performs the worst, followed by the ecological inference (EI) model

(subsection 3.2) which performs better than the BP model to a varying degree, depending on

the inspected margin. There is a large improvement going from the basic models to the more

complex models of Ghitza and Gelman (2013) (GG), poll and margin (PM) and full selection

(FS) models (subsection 3.3 and subsection 3.4). This is expected, because the simpler models

only work with either the survey data or the aggregated data. From the more complex models,

the PMmodel has the largest distance, the GG model the second largest and the FS model has the

smallest distance to the true population distribution. We also note that on the logarithmic scale,

we cannot easily compare the confidence intervals between the models if the intervals are far

apart. While the confidence interval of the BP model looks very small on the relative scale, it is

the largest on the absolute scale. Generally speaking, the basic models have significantly larger

confidence intervals compared to the more complex models. When comparing the complex

models to each other, the confidence intervals for the Wasserstein distance are very similar

between the models. For Kullback-Leibler divergence, the PM model stands out with larger

confidence intervals.

The Bayesian p-values for the one- and two-dimensional margin are shown in Figure 3. Here,

a smaller value means that, according to the model, the true population margin is considered

more surprising and it is less likely that the model would predict it. For all models, except the

BP model, the true population margin is comfortably within a 95% high density region of the

posterior. The BP and the EI model demonstrate two opposing extremes, where the former

model is confident and wrong, and the latter is still somewhat wrong but not confident. The

EI model gets a large Bayesian p-value because its predictions span a large set of possibilities,

which also contains the true margin. The confidence intervals for the p-values of for the GG and

FS models have a large overlap, whereas the p-values for the PM model tend to be a bit lower.

Going forward, as long as the different metrics agree with each other in the rankings of the

models, we will only show the two-dimensional Kullback-Leibler divergence. This measure was

chosen because ecological inference results are commonly validated against two-dimensional

margins and Kullback-Leibler is a more common distance measure in statistics. In the following

sections, we describe the results for the tested scenarios.
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6.2 Selection Bias / Non-response Bias

Selection bias stems from the problem that the included observations are systematically different

from the excluded observations. Thus conclusions drawn from the known observations do not

generalize well to the whole population. For example, people who answer surveys tend to be

more politically engaged and thus they are more likely to vote (Groves et al. 2004). In survey

related literature, this is called non-response bias. Our data generative process produces selection

bias from the Heckman selection model equation. We compare the results against the case where

there is no selection bias, or equivalently, the selection process coefficients βs are zero and there

is no correlation between the selection and outcome process or ρε = 0.

Figure 4. Kullback-Leibler Divergence With And Without Selection Bias in Data

We compare the model results between the two datasets, one with and another without selection

bias. The results are shown in Figure 4. Note that the baseline median distance measure using

the base parameters is marked with a different the ”X” symbol for reference. The figure shows

that the GG model performs better than the PM model in both datasets. Their distance measure

increases in the dataset with the selection effect due to the selection bias. The FS model worse

then the PM and GGmodel when there is no selection bias in the data and the better when there is

selection bias. It is a more complex model with more parameters to estimate and likely captures

random noise when there is no selection effect. The basic models of BP and EI perform worse

than the other models but aren’t affected as much by the selection bias.

A high degree of censoring in the selection part of the model can increase collinearity issues and

produce more biased estimates (Leung and Yu 1996). In practice, the response rates to surveys
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have fallen over time and tend to be less than 10% of contacted respondents (C. K. a. H. Hartig

2019; Inc 2018). To test how the overall degree of censoring affects the results, we vary the

intercept variable βs
0 of the selection process.

Figure 5. Kullback-Leibler Divergence With Different Degrees of Censoring

As the intercept of the selection process increases, the survey responses are selected from a

larger sub-population and this sub-population becomes more similar to the true population. Thus,

selection bias decreases as the intercept increases. Figure 5 shows what happens when the

intercept changes. The horizontal axis displays the average proportion of the population where

the survey respondents are sampled from across the different data generation seeds. When the

survey is sampled from a larger proportion of the population, the models give better estimates

for the demography margins. Additionally, the difference between the models becomes smaller,

with all of the more complex models giving similar estimates. The EI model is not affected by

the degree of censoring because it does not use survey data. While a high degree of censoring

negatively affects the estimates of all of the other models, the FS model handles it the best and

has the lowest distance metric. We also observe that the FS model gives significantly better

estimates in terms of the average Kullback-Leibler divergence measure compared to the other

models already with an intercept of -3, which translates to about 1.2% of the population willing

to answer the survey, and the other models catch up only around -1 (21%) or 0 (47%).

6.3 Error Correlation

One of the assumptions of the Heckman model is that the observations of the selection and

outcome process are correlated. A positive correlation indicates that a person who answered
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the survey is also more likely to vote. If the error correlation is zero, then the selection and

outcome process are independent and selection bias disappears. In the simulated data, we vary

the strength of this correlation ρε from uncorrelated to fully correlated.

Figure 6. Kullback-Leibler Divergence With Different Degrees of Correlation in Heckman

Error Distribution

Figure 6 demonstrates that changing the error correlation affects all models similarly, except

for the EI model, which is unaffected because it does not use survey data. When the Heckman

error correlation becomes zero, the selection bias disappears and the models, give similarly

good results. However, as the error correlation increases, the difference in how well the models

are able to recover the population turnout distribution also increases. All of the models have

a more difficult time to estimate the correct margins with higher correlation, especially with

perfect correlation. However, the GG model has the largest slope and highest increase in the

distance measure when correlation grows. The FS model performs well with moderate to strong

correlation, but its advantage disappears with weak correlation values.

6.4 Measurement Bias / Over-reporting Bias

If the measured observation differs from what actually happened, it produces measurement bias.

It has been documented that people tend to give positive answers to survey questions related

to behavior that is socially desirable. Thus, questions like ”Did you vote in the past election?”

and ”Do you plan to vote in the upcoming election?” tend to get a larger share of ”Yes” answers

compared the actual voter turnout in the election (H. Hartig et al. 2023; Holbrook and Krosnick

2010). In survey literature, this type of measurement bias is called over-reporting bias. To
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simulate this effect, we generated datasets where a different threshold is given to how people

report their behavior in the survey responseOS
i compared to the actual behavior in the population

OP
i . We do not change the actual voting turnout behavior, just the reporting in the survey, thus

OP
i 6= OS

i . This is done by adding a constant bias βOB to the latent outcome variable for the

survey responses, which means that some of the people close to the decision boundary who did

not actually vote indicate that they did.

Figure 7. Kullback-Leibler Divergence With Different Degrees of Over-reporting

Figure 7 shows that as the over-reporting bias increases, the models have a more difficult time to

recover the turnout distribution of the original population. The EI model is unaffected because

over-reporting does not change the aggregate population data. With the highest tested over-

reporting bias value of 1.0, where 23% of respondents mis-report their answer, the models

perform no better than the EI model with distance values similar or larger. For the bias values

of 0 (0%) to 0.5 (13%), the GG model does not degrade in performance, whereas the distance

metric for the BP, PM and FS models increases significantly. The FS model has the smallest

distance from the true population margin when no over-reporting bias is present, but it performs

no better than the GG model with a bias value larger than 0.5 (13%).

6.5 Aggregation Bias

Aggregation bias is a common problem in ecological inference. It occurs when there is grouping-

induced correlation between the known margins and the outcome margins (King 1997:p. 54-55).

For example, sudden changes in population due to migration can raise the perceived stakes in

elections and thus increase voter turnout (Chevalier et al. 2018). In this case, the per municipality
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nationality margins are correlated with the turnout margins, which produces aggregation bias.

Cho (1998) and Freedman (1999) have shown that aggregation bias in not uncommon in real-

world data and can cause significant bias when using ecological inference methods to estimate the

margins. Let βAB,g,k,d be an aggregation bias coefficient for a demography variable k category

d grouped by variable g and wg,k,d be the proportion of people that share the category d for

variable k, grouped by variable g. The latent outcome becomes:

O∗
i = βoXi + βAB,g,j,cwg,j,c + εoi

To simulate aggregation bias in our dataset, we increase the per municipality g turnout rates

for everyone in the municipality, based on the proportion of people of the nationality ”Other”

(non-Estonian) category living in each municipality.

Figure 8. Kullback-Leibler Divergence With Different Degrees of Aggregation Bias

Aggregation bias can cause large biases in the estimates when using ecological inference methods.

However, Figure 8 shows that in this case, all of the models handled the aggregation bias quite

well. The distance metrics for all models remained at the same level or increased slightly. All in

all, the performance degradation is small compared to the other test cases.

6.6 Collinearity

Collinearity between the selection and outcome process of the Heckman selection model creates

parameter identification issues, which is a well known problem when estimating the parameters

of this model. Heckman selection model parameters are often estimated using a two-step process,

by first estimating the parameters of the selection process and afterwards fitting the outcome
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process together with the inverse Mill’s ratio (IMR) of the estimated selection process. The

IMR function is the ratio between the standard normal distribution probability density function

(PDF) and the standard normal distribution cumulative density function (CDF). The two-step

estimation method works well as long as the IMR is non-linear. However, as shown in Figure 9,

this function is near linear for a large part of its input space. If there is high collinearity between

the selection and outcome process, the model cannot distinguish between the main effect and the

selection effect. In this case, the outcome regression estimates become unreliable due to large

uncertainty intervals.

Figure 9. Inverse Mill’s Ratio Function

In real datasets, the effects of the processes can be highly correlated. For example, more educated

people are more likely to answer surveys and, at the same time, they are also more likely to

vote. In the standard Heckman selection model, the exclusion restriction is intended to address

this problem, meaning that there must be at least one variable that is included in the selection

process but not in the outcome process. Our model includes census population data and the

known margins from the election, which shall eliminate this problem. To simulate collinearity,

we modify the coefficients of the selection (βs
k) and outcome (β

o
k) process by adding a term ρH

that specifies the correlation between them. The coefficients are now drawn from a bivariate

normal distribution with the specified covariance matrix.

βs
k,d

βo
k,d

 ∼ Normal

0

0

 ,

 σ2
H,S ρHσH,SσH,O

ρHσH,SσH,O σ2
H,O


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Figure 10. Kullback-Leibler Divergence With Correlated Selection and Outcome Processes

Figure 10 shows that collinearity in this case does not produce significant problems for the

models. The BP and EI models show a slight upwards trend in the distance values for larger

correlation coefficients. However, because the EI model only depends on the aggregate data and

changing the ρH parameter affects the survey data, then the trend for the EI model is likely due

to random variance. For the other models the trend is less clear. A notable result from this test

case is that the PM model handles collinearity better than the GG model and the models switch

ranking if the correlation is non-zero.

6.7 Non-normal Errors

Heckman selection model assumes that the errors for the selection and outcome process have a

joint bivariate normal distribution. Errors following a different distribution generally tend to

increase the variance of the estimators (Paarsch 1984). We use a bivariate Student’s t-distribution

to test how the model handles an error distribution with more probability mass in the tails.

Figure 11 compares the model performance between two datasets that differ in the error

distribution tails. One dataset has errors following a bivariate normal distribution and the

other a bivariate Student’s t distribution with 5 degrees of freedom. The plot shows that the

models are robust to error distributions with more mass in the tails. The outcome variable is

dichotomous and the models use a probit component to estimate the outcome, thus large values

in the latent outcome process are effectively compressed and do not cause a large shift in the

estimates.
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Figure 11. Kullback-Leibler Divergence With Different Heckman Error Distributions

Additionally, we test how a skewed error distribution changes the results. A negative skewness

parameter shifts the distribution such that the distribution has a longer tail on the negative side

but the tail on the positive side falls off quickly and it works vice versa for a positive skewness.

Thus, in the latent selection process, a negative skewness parameter decreases the proportion of

people in the selected sub-population and a positive parameter increases it. Similarly, a negative

skewness parameter decreases turnout and a positive parameter increases it. Given the degrees

of freedom ν, mean µ, covariance matrix Σ and skewness γ, we replace the error distribution

with: εsi

εoi

 ∼ Skewed Student’s t(ν, µ,Σ, γ)

Figure 12 shows the results for different skewness parameters, where the Heckman selection

component of the model has a bivariate skewed Student’s t distribution with 5 degrees of

freedom. Because selection error skewness affects selection bias, the models behave similarly

to subsection 6.2. With positive skewness the distance metrics for the different models become

more similar with each other, which is likely caused by the induced low selection bias. Positive

skewness causes more selection bias which negatively affects the performance of all models,

except the FS model. A negative outcome error skewness amplifies the effects of the selection

bias and a positive skewness dampens it. The ranking of the models is relatively stable between

the different cases, with the FS model performing the best, the GG model the second best and

the PM the third best in terms of distance. However, for some of the cases, the model distance

metrics are nearly indistinguishable.
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Figure 12. Kullback-Leibler Divergence With Skewness in Heckman Error Distribution

6.8 Selection and Outcome Effect Size

The effect sizes can be of different magnitude when comparing the selection and outcome

processes. For example, people living in rural areas have the same probability as the general

population to end up in the survey. However, they tend to vote at a lower rate than people

living in urban areas, because in rural areas it is more difficult to access voting stations due

to increased distances. In this example, the selection effect is small but the outcome effect is

large and negative. In general, smaller effect sizes can be more difficult to detect. We vary the

selection and outcome effect sizes independently, by modifying the parameters σH,S and σH,O

which affect the distribution where the standard deviations of the coefficients are drawn from.

The results for different selection and outcome effect sizes is shown in Figure 13. A few general

trends can be observed from the figure. All models, except for the EI model, give better estimates

in terms of the Kullback-Leibler divergence measure as the outcome effect sizes increase. The FS

model performs better than the GG and PM models, as long as there is non-negligible selection

effect. With the smallest tested selection effect, it performs similarly or worse. In most cases,

the ranking of the models is similar, with the BP model having the largest distance metrics,

followed by the EI model. However, the BP model benefits from large outcome effects and

switches its ranking with EI in those cases. From the other models, FS model generally performs

the best and the ranking between the GG and PM model is unclear. The PM model seems to
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Figure 13. Kullback-Leibler Divergence With Different Selection and Outcome Effect Sizes

benefit from larger effects. When the selection effect sizes are small, the models more complex

give similarly good estimates.

The models normally use weakly informative priors that accommodate a wide range of plausible

values for the effect sizes. In practice, we sometimes have extra information that we can use to

set stronger priors for the models.

Figure 14 shows the results of the models comparing weakly informative to strongly informative

priors. Changing the priors has practically no effect on the BP, PM and FS models. This indicates

that those models already have enough evidence to narrow down the parameter space. Using

a more informative prior does seem to slightly improve the GG model and EI model distance

metrics.

6.9 Selection and Outcome Effect Interactions

When interactions are present then an effect can depend on multiple demography variables at

the same time. For example, while we expect more highly educated people to be more likely to

answer surveys and to vote, it is also reasonable to expect the strength of this effect to vary over

age. To add the interaction effects, we generate interaction coefficients for both the selection
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Figure 14. Kullback-Leibler Divergence With Levels of Model Prior Informativeness

process and outcome process. The standard deviations of the effect sizes for the interactions

are drawn the same way as the main effects. Given a set of interactions I, the selection and

outcome process become:

S∗
i = Xiβ

s +
∑
k,l∈I

βs
k,lxkxl + εsi

O∗
i = Xiβ

o +
∑
k,l∈I

βo
k,lxkxl + εoi

For simplicity, all pairwise interactions of the 5 input variables (age, gender, education,

nationality and municipality) were added to the model.

The results for the datasets andmodels with and without interaction effects are shown in Figure 15.

The results for the GG, PM and FS models match the intuition that a model with no interactions

should be used when the data does not contain interactions and a model with interactions should

be used when the data does contain interactions. The BP and EI model estimates are not affected

much by the inclusion of interactions in the model. There is a penalty to the distance metric in

both cases where the model does not match the data.

6.10 Random Noise

Real data can contain measurement error because of various reasons. For example, a phone

interviewer may mishear the answer that the person provides or a person may accidentally fill

out a ballot in a way that renders it invalid. We would like to test how well the model holds

up when the selection and outcome process contains random noise. The noise is generated by
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Figure 15. Kullback-Leibler Divergence With Interaction Effects

selecting a fixed proportion of people randomly and then determining their selection result SP
i

or outcome process result OP
i by flipping a fair coin. The noise is generated independently for

the selection and outcome process. Different combinations of the selection and outcome error

proportions are tested.

Figure 16. Kullback-Leibler Divergence With Noise in Selection and Outcome Processes

Figure 16 demonstrates that as selection noise levels increase, the distance metrics of the models

become more similar to each other. This effect also exists for the outcome noise, but is much

smaller. Selection noise basically sprinkles in missing completely at random (MCAR) samples,
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so it is expected that selection bias becomes less relevant. As before, the EI model is unaffected

because it does not rely on survey data.

6.11 Sample Size

As sample size decreases, we expect the models to have a more difficult time recovering the

margins of the population. Additionally, we expect the more complex models to be more

sensitive to small sample sizes, because they have more parameters to estimate. For this test

case, we vary the sample size NS .

Figure 17. Kullback-Leibler Divergence With Different Sample Sizes

With larger sample sizes, the models are generally able to give better estimates in terms of the

Kullback-Leibler divergence measure, as shown in Figure 17. The EI model does not benefit

from more survey responses because it only uses aggregate data. The BP model gives slightly

worse estimates with larger sample sizes, likely because it is more certain of its predictions

which are based on the biased survey responses. The GG, PM and FS model all benefit from a

larger sample size, but to a different degree. The decrease in the distance metric is the smallest

for the PM model, then the GG model and the FS model has the largest gains. The results also

show that for very small sample sizes, the PM model performs better than the GG model.

6.12 Margin Informativeness

Another way to improve the estimates of the model is to use more informative aggregate margins.

The least informative margin is the topline which only contains the overall turnout values without

any subgroups. The full margin lies at the othger extreme and is the most informative margin,



EXPLORING A NOVEL ESTIMATION METHOD FOR VOTER TURNOUT 41

containing all subgroups of all demography variables. In practice, however, only one- or two-

dimensional margins are usually available and only for a few of the demography variables. Most

often, in addition to the topline margins, we know the voter turnout margins for each of the

electoral districts and for each of the municipalities inside the electoral districts.

Figure 18. Kullback-Leibler Divergence With Depending on Margin Informativeness

The results for the models using different margin datasets are shown in Figure 18. The GG, PM

and FS model metrics improve when a more informative aggregated margins dataset is provided

to the model. The EI model does not seem to benefit when using the municipality margin instead

of the electoral district margin, which is unexpected and should not usually happen. The GG

and PM models perform very similarly, whereas the FS model has the lowest distance to the

true population margin for all tested input margins.

6.13 Estonian Turnout Model

To evaluate how the models behave with real-world data, we use the Estonian 2023 parliament

elections as a test case. The elections took place on 5th of March 2023. The goal is to estimate

the turnout margins across all of the demography dimensions using the information from the

census data, the aggregated election turnout data and the survey data. On real data, FS model

had a lot of divergences. While the reason for this is unclear, switching to the inverse Mills

Ratio version of FS model (AFS) fixed the issue, so here we report results from that model.

The results for the Estonian turnout model are shown in Figure 19, where we calculate the

Kullback-Leibler and the Wasserstein distance for the age and gender margins. Only the

municipality margins were used to fit the models, the rest of the available margins serve as a
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Figure 19. Estonia Turnout Model Distance Metrics

benchmark for assessing how well a model estimates the population margins. Based on the

distance metrics, the margin estimated by the BP model clearly has the largest distance from the

known population margin. For the age margin, the EI and GG models seem to perform worse

than the PM and AFS models in terms of both distance metrics. The gender margin is estimated

similarly well by all of the models.

We can also look at the individual turnout predictions of the models in Figure 20. This figure

illustrates why the distance metric for the BP model is so large - all of the predictions of the

model differ from the known values by a large amount. When looking at the other models, we

see that the turnout predictions for the gender categories are almost spot on for all of them. For

the age categories, the situation is more nuanced and none of the models consistently predicts the

turnout accurately. The PM and AFS models generally give similar predictions, except for the

age category 18-24, where the PM model is quite accurate and the AFS model predicts a higher

turnout compared to the known value. This is also the category with the most disagreement

among the models. All of the models predict a higher turnout than the true value for the age

category 25-34. While these results are interesting, it is just one election with only two margins

and does not allow us to make broader generalizations.
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Figure 20. Estonia Turnout Model Margin Predictions
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7. Discussion and Conclusions

We find that in the simulation study the ranking of the models is relatively stable, with the full

selection (FS) model performing the best, then the benchmark GG model by Ghitza and Gelman

(2013), the poll and margin (PM) model and finally, the ecological inference (EI) and the basic

probit (BP) and models. The distance between the GG model and the basic models is large. The

improvement from the FS model to the GG model is much smaller in absolute terms but still

significant in relative terms. In the baseline case, the FS distance metrics are, on average, 13%

smaller by Kullback-Leibler and 24% smaller by Wasserstein distance when compared to GG

model for the two-dimensional margins.

We also saw cases where the FS model has a strong advantage over the other models. For

example, in cases where there is a very large degree of censoring present in the data or if the error

correlation parameter ρε is large. As noted in subsection 6.2, the FS model gave already good

results with only 1.2% of the population accessible for polling, whereas the other models needed

about 21% of the population accessible for polling to give similar results. In subsection 6.3, we

found that if the error correlation between the Heckman selection and outcome process is larger

than 0.5, the FS model outperforms the compared models. Furthermore, in subsection 6.11

and subsection 6.12 we showed that the additional information in the survey or the aggregate

data benefits the FS model more than the other models. Overall, the FS model is therefore a

noticeable step forward compared to the GG model.

This work demonstrates that the model proposed by Niitsoo (unpublished) that combines the

different approaches of multilevel regression and poststratification (MRP), ecological inference

(EI) and the Heckman selection model makes sense and fixes some of the problems that the

individual methods commonly face. For example, the issues caused by collinearity in the

Heckman selection model (Puhani 2000) are lessened because the model can draw information

from the aggregate data. While there are more cases to be tested, we covered many of the known

problems and outlined their effects in the voter turnout context.

The empirical Estonian voter turnout model results are unfortunately inconclusive - it covers

only a single election with two known margins to compare against. Additional experiments are

needed on empirical data from other elections and other countries. This remains as future work.
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Appendices

A. Proposed Novel Methodology

This section is unpublished work written by the supervisor of this thesis (Margus Niitsoo) and

has been included here for reference.

Here we describe the model combining MRP, ecological inference and Heckman-style selection

A.1 Data Sources

We leverage three complementary data sources to analyze voter turnout:

• Census Data: Complete enumeration of eligible voters stratified by age, gender, education,

ethnicity, and regional unit. Let C index demographic cells with population counts Nc.

In practice, this is estimated based on all the joint distributions provided publicly by the

government statistical office.

• Regional Turnout Data: Official counts of actual voters Vr for each regional unit r,

representing the ground truth for aggregate turnout.

• RDD Poll Data: Random Digit Dialing survey conducted around election time with

Npoll respondents, recording both demographics and voting intention (Yes/No). This data

suffers from selection bias as it is well known that survey response correlates with civic

engagement (Abrajano et al. 2018; Sturgis and Jennings 2017).

The fundamental challenge is that the poll data, while rich in demographic information, cannot

be assumed to be representative due to non-random response patterns. Traditional approaches

require exclusion restrictions—variables affecting selection but not outcome—which are often

theoretically contentious and empirically dubious. We replace this need by using ecological

inference (King 1997; King et al. 1999) to ground the polling data in official statistics that cover

the entire population and are thus entirely free from the selection effects.

A.2 Model Specification

We specify a bivariate probit selection model where each eligible voter i has latent propensities

for selection (responding to survey) and outcome (turning out to vote) (Heckman 1978, 1979):
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S∗
i = Xiβ

s + εsi (5)

O∗
i = Xiβ

o + εoi (6)

where Xi is a 1×D vector containing (observed) demographic indicators for respondent i, βs

and βo are bothD× 1 parameter vector variables, and the error terms εs and εo follow a bivariate

normal distribution with correlation ρ:

εsi

εoi

 ∼ N

0

0

 ,

1 ρ

ρ 1

 ,

and are assumed to be i.i.d with respect to i.

We also use binary indicators Si = I(S∗
i > 0) for poll response and Oi = I(O∗

i > 0) for voting

intention (for respondents).

A.3 Integrated Likelihood Framework

The key innovation of our approach is incorporating ecological inference with a Heckman-style

selection model for the joint modeling of all three data sources through a composite likelihood

function.

In the following, when we talk about likelihood functions, we write them on the log-scale without

normalizing constants, as used in MCMC sampling.

Poll Selection Likelihood

Given the assumption of a completely representative initial contact set, the probability of

observing a respondent from cell c is proportional to the expected number of willing respondents:

πs
c =

Φ(Xcβ
s) ·Nc∑

c′ Φ(Xc′βs) ·Nc′

The likelihood for the observed poll sample counts {nc} is then multinomial:

LPS(β
s) =

∏
c

(πs
c)

nc

This identifies the selection model parameters βs up to scale, with relative response probabilities

informed by the census population structure.
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Regional Turnout Likelihood

For each regional unit r, the probability of voting according to the model is given by the weighted

average of the cells c across the entire region r:

pr =

∑
c∈r Φ(Xcβ

o) ·Nc∑
c∈r Nc

We model the official turnout counts Vr as a binomial distribution:

LRT (β
o) =

∏
r

pVr
r (1− pr)

Nr−Vr .

Poll Response Likelihood

For poll respondents, we condition on selection (Si = 1) and observe voting intention Oi given

the demographics vector Xi. Using the bivariate normal structure, their contribution to the

likelihood is:

LPR(β
s, βo, ρ) =

∏
{i:Oi=1}

Φ2(Xiβ
o, Xiβ

s; ρ)

×
∏

{i:Oi=0}

Φ2(−Xiβ
o, Xiβ

s;−ρ)

×
∏
i

1

Φ(Xiβs)

where Φ2 denotes the bivariate normal CDF.

We can transform this to separate the effect of selection by applying data augmentation with

latent variables

ui | βs ∼ TruncatedNormal(−Xiβ
s,∞),

where TruncatedNormal(bl, bu) is the standard normal distribution truncated from below at bl

and above at bu. This yields the conditional likelihood:

L′
PR(β

o, ρ, u) =
∏
i

Φ

(
(2Oi − 1)(Xiβ

o + ρui)√
1− ρ2

)

It is worth noting that fixing ρ = 0, this is the likelihood for simple Probit regression.

A more detailed description of the derivation is provided in Section A.6.
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A.4 Turnout models

We adopt a Bayesian framework, combining the likelihood components with prior distributions,

and propose 4 distinct models:

EI: Ecological Inference model is just providing Regional Turnout likelihood LRT along with

priors on βo:

p(βo | Data) ∝ LRT (β
o)p(βo).

This is effectively a variation of the model in Rosen et al. 2001 with Beta-Binomial distribution

replaced with a Probit and inputs generalized to multiple categories.

BP: Basic Probit regression model on survey data is achieved by setting ρ = 0 in the Poll

Response likelihood L′
PR as noted above

p(βs, βo, ρ, u | Data) ∝ L′
PR(β

o, 0, 0) · p(βo),

PM: Poll and Margin model combines the two above while still ignoring the selection:

p(βs, βo, ρ, u | Data) ∝ LRT (β
o) · L′

PR(β
o, 0, 0) · p(βo).

FS: Full Selection model finally introduces the Poll Selection component LPS:

p(βs, βo, ρ, u | Data) ∝ LPS(β
s) · LRT (β

o) · L′
PR(β

o, ρ, u) · p(u | βs)p(βs)p(βo)p(ρ),

AFS: Approximate Full Selection model simply approximates u with the mean values of the

truncated distributions provided by the Inverse Mills Ratio λ(x) = φ(x)
Φ(x)

so ui = λ(Xs
i β

s), which

is a very common computational simplification with Heckman-style selection models. In our

case, this drastically reduces the number of free variables and simplifies the geometry, at the

potential cost of some accuracy.

All of the model formulations enable straightforward Hamiltonian Monte Carlo sampling while

preserving the marginal posterior distribution of interest. Furthermore, as all four models infer a

cell-level turnout probability, they can be used together with post-stratification to estimate the

average for population and larger sub-groups.

A.5 Multilevel Modeling

When dealing with categorical regressors, we can benefit from partial pooling over each category

dimension with multilevel modeling. Suppose we have D different category dimensions
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(nationality, education, gender, age group etc) with J [d] categories in each. We can then

structure Xi = Xi,1| . . . |Xi,D as a concatenation of one-hot encoding vectors Xi,d and similarly

take β = β1| . . . |βD. A simple two-level model for weights would then be defined by:

βd[j] ∼ Normal
(
0, τd

)
, for j = 1, . . . , J [d] (7)

τd ∼ Half-Normal(0, σ0), for d = 1, . . . , D (8)

This allows the model to learn the expected effect size of each category, and helps properly

regularize the less common categories to match the effect size of other categories in their

magnitude. For log-likelihoods, this implies just replacing p(β) with
∏

d p(βd|τd)p(τd).

A.6 Derivation of Full Selection model

In this section we will perform a step-by-step derivation of the FS model.

A.6.1 Bivariate Normal Properties

The bivariate normal cumulative distribution function Φ2 is defined as:

Φ2(x1, x2; ρ) =

∫ x1

−∞

∫ x2

−∞
φ2(u, v; ρ)dvdu

where φ2 is the bivariate normal probability density function:

φ2(u, v; ρ) =
1

2π
√

1− ρ2
exp

{
− 1

2(1− ρ2)

(
u2 − 2ρuv + v2

)}
.

A key identity for computational purposes expresses the bivariate CDF in terms of univariate

integrals:

Φ2(x1, x2; ρ) =

∫ ∞

−x2

Φ

(
x1 + ρu√
1− ρ2

)
φ(u)du (9)

where φ(·) is the standard normal PDF and Φ(·) is the standard normal CDF.

A.6.2 Standard Bivariate Probit Likelihood

The complete-data likelihood for the bivariate probit selection model is:

L(βo, βs, ρ) =
∏

{i:Si=0}

Φ (−Xiβ
s)

×
∏

{i:Si=1,Oi=1}

Φ2 (Xiβ
o, Xiβ

s, ρ)

×
∏

{i:Si=1,Oi=0}

Φ2 (−Xiβ
o, Xiβ

s,−ρ) ,

where Si indicates selection (response to poll) and Oi indicates turnout intention.
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A.6.3 Data Augmentation Representation

We introduce latent variables ui ∼ N (0, 1) for each respondent to demarginalize the bivariate

normal distribution. Using identity (9), we obtain the augmented likelihood:

Laug(β
o, βs, ρ, {ui}) =

∏
{i:Si=0}

Φ (−Xiβ
s)

×
∏

{i:Si=1,Oi=1}

Φ

(
Xiβ

o + ρui√
1− ρ2

)

×
∏

{i:Si=1,Oi=0}

Φ

(
−(Xiβ

o + ρui)√
1− ρ2

)

×
∏

{i:Si=1}

I[ui > −Xs
i β

s]φ(ui).

such that marginalizing over {ui} recovers the original likelihood:∫
Laug(β

o, βs, ρ, {ui})d{ui} = L(βo, βs, ρ).

A.6.4 Conditioning on Selection

In our case, we are interested in the joint model only for the polling data for which Si = 1.

We therefore need to condition on that being the case for all i, which just means dividing by

P (∀i : Si = 1) =
∏

i Φ(X
s
i β

s), yielding

Laug(β
o, βs, ρ, u | {Si = 1}) =

∏
{i}

Φ

(
(2Oi − 1)(Xiβ

o + ρui)√
1− ρ2

)

×
∏
{i}

I[ui > −Xs
i β

s]
φ(ui)

Φ(Xs
i β

s)
.

Considering I[ui > −Xs
i β

s] φ(ui)
Φ(Xs

i β
s)
is the density function for Truncated Normal, this is

equivalent to just changing the prior for ui to a much cleaner

ui ∼ TruncatedNormal(−Xs
i β

s,∞).

This formulation enables efficient HMC sampling while maintaining the exact bivariate normal

structure of the selection model.
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