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On the higher modal dynamic 
response of elastic-plastic 

beams 

ÜLO LEPIK 

Tartu University 

Abstract The problem of higher modal response of rigid-plastic beams was treated in [2-4]. In this 

paper a solution for elastic-plastic beams is proposed. This solution depends only on one parameter У\ it 

is shown that by increasing this parameter the solution continuously transfers to that which is predicted by 

the rigid-plastic model. The problem of using higher modes in the energy absorbing devices is discussed. 

1 Introduction 

The problem of dynamic response of rigid-plastic beams has been treated in 
many papers. Essential simplifications for solving this problem were made 
possible by the method of mode form solutions, which was proposed by Mar­
tin and Symonds [1] in 1966. Among the publications in 1976-78 were pub­
lished the papers by Jones and Wierzbicki [2] and by Jones and Soares [3] 
who studied higher mode responses produced by an initial velocity distribu­
tion. The idea of these papers is that in the case of higher modes we have 
more plastic hinges and the kinetic energy absorbed in these hinges should 
be greater as in the case of the fundamental mode. So excitation of higher 
modal deformations could find practical application in the development of 
energy absorbing devices. 

In a paper by Lepik [4] it was shown that in the case of rigid-plastic 
material the second mode is unstable in the sense that slight deviations in 
the initial velosity distribution induce a motion which steadiely goes over to 
the fundamental mode. This circumstance might complicate the application 

3 



of higher modes in the energy-absorbing devices. Hereby it should be noted 
that in papers [2-3] a beam with clamped ends was considered, but in [4] 
calculations for a beam with simply supported ends were carried out. 

The main purpose of this paper is to investigate the response of elastic-
plastic beams in the case where higher modal motions are excited. Both 
undisturbed and perturbed motions are discussed. 

2 Basic equations and method of solution 
We shall consider a simply supported beam, which at the initial instant 
attains a transverse velocity; the subsequent motion is due to inertia. For 
simplicity we shall confine ourselves to the case where the cross-section of 
the beam is of rectangular form and has a constant area. The equation of 
motion is 

d 2M. __ DI d 2w* 

dx I p my ( ) 

Here w, p, B, h stand correspondingly for the deflection, density, beam width 
and height; M, is the bending moment, t, - time. The beam coordinate is 
x,, the origin of this axis is taken in the left support of the beam. In order 
to reduce the number of beam and material parameters to a minimum, we 
shall go over to the following nondimensional quantities: 

X. 4M, 
x — —, M = 

L' a,Bh 2 '  

In these formula a, is the yield stress, E - Young's modulus, «2 is the 
initial velocity in a characteristic section of the beam x = Xq. 

The equation of motion obtains now the form 

M" = 7Ü>, (3) 

where t 

7 = 4^УД (4) 
о, v 
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Henceforth dots and primes denote differentiation with respect to the vari­
ables t and x. 

The initial velocity has in nondimensional quantities (2) the form 

dw 

from which follows 

dt, i'=o 0  "-0  

w(x0 ,0) = 1. (5) 

Boundary conditions are 

w(0, t) = w(2, t) = M(0, t) = M{2, t) = 0. (6) 

Let us denote by e and cr, deformation and stress in some point of the 
beam. According to the hyphoteses of Kirchoff we have 

d2w, 
6 Sur­

passing to the nondimensional quantities (2), we obtain 

~e = ~zw" (z = £z.).  (7) 
(J s О tl 

Nondimensional bending moment M can be calculated from the formula 

M = 2 f azdz (a = —). (8) 
Jo a, 

We shall confine us to elastic-plastic material without strain-hardening. 
We have three possibilities for evaluating the nondimensional stresses a. 

(i) Deformation is elastic and 

a = —(1/8)7 zw". (9) 

(ii) Plastic deformation for which a = ±1. 
(iii) Elastic unloading (em and crm are the deformation and stress from 

which the unloading begins): 

- E( ^ 
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On account of (7) the latter equation can be put into the form 

о - am = —(1/8)72(71)" - <,). (10) 

The method of solution is as follows. We shall assume, that all quantities 
are known at the instants t — At, t. The solution for the next instant t + At 
we shall find according to the following scheme: 

Step 1: We shall calculate the quantities w and w from the formulae of 
central differencies 

Step 2: By numerical differentiation we shall find w"(x, t-f At) and calculate 
the nondimensional stress a(x, z,t + At) from formulae (9)-(10). 

Step 3: By evaluating numerically the integral (8) we find the bending mo­
ment M(x, t + At). 

Step 4: Next we shall evaluate M"(x, t  + At). 

Step 5: Equation (3) gives us nondimensional acceleration w(x, t  + At). 

Step 6: We shall increase the time t by At and return to Step 1. 

For starting this procedure we must know the initial values at the instants 
t = 0 and t = At. Here we shall assume that time increment At is so 
small that the beam's response for t < At is purely elastic and shall use the 
solution, presented in the next Section. 

In the computations the beam was segmented into 20 parts: followingly 
Ax = 0.1. For calculating the derivatives w" and M" five grid points have 
been taken; outside the interval x € [0,2] the quantities w, M were continued 
to odd functions. Time increment At was determined from numerical tests; 
in the following it was taken At = 0.001. The integral (8) was evaluated by 
eight-point Gaussian quadrature. 

The proposed method of solution is less computer time consuming than 
the ordinary FEM methods. It should be emphasized that the results de­
pend only upon a single beam and material parameter 7. The values of this 
parameter as a function of the initial velocity Vg for some materials are (the 
material properties have been taken from Table 1 of the paper [5]): 

w(x,t + At) = 2w(x, t)At + w(x, t  — At), 

w(x, t  + At) = ii)(x,t)At2 + 2w(x,t) — w(x, t  — At). 

(И) 
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