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ta Et Commentationes Universitatis Tartuensis. 939. 1992,

EDITORIAL
ON THE OCCASION OF PROFESSOR LEPIK'S 70th BIRTHDAY

Professor Ulo’Leplk, an outstanding sclentist in the theory
of plasticlty, plastic analysls of structures and optiml-
zatlon of non-elastlc plates and shells, who was born on July
11, 1921 1in Tartu, celebrated hls 70th birthday last year.

Ulo Lepik attended the Hugo Treffner High School 1n Tartu
and graduated from Tartu Unlversity In 1948. Still belng a
student of the unlversity he dellvered lectures for the
younger students.

Ulo Lepik's sclentlfic actlvity began at the end of the
1940 s. He defended the doctoral degree (Candlidate of Phy-
slcal and Mathematlcal Sclences) in 1952. In 1959 he recelved
the hlgher doctoral degree (Doctor of Phys. and Math. Sc.)
for a work devoted to the large deflectlons of elastlc-
plastlc structures. The supervlsor of hls doctoral thesls was
professor A.A. Iljushln from Moscow, well-known for hls works
in the theory of plasticlty.

The academic career of Ulo Lepik 1s connected with Tartu
Unlverslty. Here he was made asslstant professor 1in 1848,
assoclate professor in 1954 and full professor 1n 1960. In
1959 - 1990 he was the head of the department of theoretlcal
mechanlcs of Tartu Unlversity. Durlng that period the depart-
ment of theoretlcal mechanlcs organlzed seven conferences
{summer-schools) for researchers of the Sovlet Unlon on the
optimlzation and non-elastlc analysls of structures.

Professor Ulo Lepik's research 1s related to the plastic
analysls of structures including the stablllty and dynamic
analysis of elastlc-plastic beams, plates and shells as well
as large deflectlon analysls of rigld-plastlc plates and
shells. He has obtalned many valuable results 1n the lnvestl-
gatlon of the dynamlc behavlour of plastlc structures. Durlng
last decades he has studled the optimizatlon of non-elastic
structures. Professor Leplk's results ln the application of
the Pontryagin's maximum principle for optlmal deslign of
rigld-plastic plates and shells has won a wlde recognltlon.
Hls monograph-book on optlmal design of plastlc structures
subjected to the dynamlc loading was published 1in 1982.
Although the book was written 1n Russian, it 1s famlliar to
sclentlflc clrcles.



So far, Professor U. Leplk has_ published more than 150
papers ({excluding the abstracts of numercus reports of
all-union and internatlonal conferences). He has supervlised
12 scientists. One of hls students has galned the hilgher
doctoral degree.

Professor Ulo Leplk 1s a member of numerous Sclentific
councils. He 1s a member of the Edltorlal Board of the
Journal “Structural Optlmizatlon”. The lectures delivered by
Professor Leplk on theoretical mechanlcs, mechanlcs of con-
tinuous media and higher mathematlcs are appreclated by the
students. Students and colleagues conslder hls text-book on
theoretical mechanics {co-authored with L. Roots) an excel-
lent Estonian text-book.

Although he 1s very busy with teaching, research and many
international cooperatlon projects Professor Ulo Lepik 1s a
devoted husband, father and grandfather. He spends many
weekends with hls wife Alno at thelr summer house near Elva.
Often his daughter Plla, sons Rein and Tolvo join them.

On behalf of Professor Ulo Leplk's students, colleagues and
friends from all over the world we wish him good health and
many frultful years.
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'
OPTIMAL DESICN OF DYNAMICALLY LOADED ANNULAR PLATES,
CONSIDERING THE HARDENING OF MATERIAT

Juri Kirs
Tallinn Technlcal Unlversity

Abstract. In this paper ihe optimal design of annular
platea considering the hardening of material i1a atudied.
Treaca yield condition and the associated deformation law are
used. A number of cases are atudied on the occasion of dif-

fervent croass—sectiona and different functions of thickneasa.

{.Introduction

The paper (1] was one of the first, where optlmal design of
clrcular plates was studled consldering the hardening of
mater¥al. A simply supported plate 1s sublected to unlform
dynamlc pressure load. Thls load rapldly decreases 1n the
course of tlme according to exponentlal functlon. The Mlses
yleld condiltlon 1s used.

In paper [2] the full solutlon of optimal design of slmply
supported clircular plates conslderlng the hardening of
materlal 1s presented. The Mises yleld condltlon 1s used. A
plate 1s subjected to unlform dynamlc pressure load, which 1s
varylng in tlme according to the law of trlangular impulse.

In paper [3]1 analoglcal problem in the case of a clamped
clrcular plates 1s solved by the use of two dlfferent
methods.

In paper {4] the plecewlse-llnear yleld condltlons have
been used to solve the problem of optlmal deslgn of cilrcular
plates consldering the hardening of material. Tresca ylsld
condltlon 1s accompanled by the non-assoclated deformatlon
law; the rhombwlse yleld condltlon - by. the assoclated
deformation law.

2. Formulation of the problem and derivation of
basic equation

Let us conslder an annular plate of inner radlus Ty outer
radlus R and thickness 2H. Outer boundary 1s simply
supported, linner 1s free. 4 plate 1s sublected to unlform
dynamlc pressure load p, which 1s monotonously decreasing 1in
tlme according to the law of trlangular lmpulse, 1t means



B po(l—t/Ti): 1r 0(12{11.
o, 1t tct.

where 1t - time, Py - prescribed constant.

The motlon of the plate 1s dlvided into two phases, 1n
general. Durlng the flrst phase the plate 1is loaded wlth
dynamlc pressure load p , whlch is decreasing in tlme by the
1inear law (2.1) till the moment of tlme +t,, when the load
p will be equal to zero. Further movement of the plate takes
place during the second phase <t > 1y because of inertla.The
movement of the plate wlil stop at the moment T = 14 .
However, the movement can stop already durlng the Ifirst
phase, 1f 0 < T g 4.

The purpose 1s to determlne the thickness of the plate 2H
(depending upon radlal coordlnate r) in such a way, that the
residual deflectlons by the inner boundary were as small as
possible. Here we must take 1nto conslderatlon a prellmlnary
conditlion - the whole volume of the plate V, 1s prescribed. A
lot of different projects are compared and 4 groups of plates
are studled: 1)thickness of the plate 1is llmited from below
H 2 Hys 2)thickness is 1imlted from above H g 3)thickness
is iimited from both sides Hy < H < Hgs 4)thickness of the
plate is not limlted at all. In these cases H0 and Hy are
prescribed constants.

¥ shall use the cyllndrical coordlnates r, ¢ and z. The
starting polnt of the coordinates is in the center of the
plate on the prolongatlon of the medlan surface. Axls 0z 1s

directed downwards. We shall denote Op= and o= oZ.Wa
shall take into conslderatlon only plastlc deformatlons and
conflne ourselves to small deflectlons. Besldes — we shall

assume, that dlsplacement along r-axls u = 0.

The baslic equatlon for isotroplc hardenlng in the case of
plecewlse-linear yleld condltlons 1s deduced 1n paper {4}.
The starting polnt 1in that paper 1s the followlng
interrelation between the plastlc work A  and intenslty of

P
shift siresses T, namely

Ap = + Cq» (2.2)

where B_ - prescribed constant, describing the hardenlng of

the materlal, o., - the yleld—polnt of the materlal at the



beginning, C, - constant, which wlll be determlned by means
of 1nitlal condltlons. From the yleld condltlon can be
deduced 1n general

0= C40y + czosslgn Z, (2.3)

where o5 - the yleld-point of materlal at an arbltrary
moment of tlme, c. and ¢, — prescribed constants. The rate

of plastlc work 1s

b+ oo (2.4)

where e, and e, are rates of straln components, In -thls
equatlon we substltiute stress Oy from the formula (2.3)
taking 1nto conslderatlon, that eq= zZ®; and ey= Z®y, where
and %, are the rates of curvatures. Now 1t 1s not
difficult to deduce from formulae (2.2) and (2.4) a
differentlal equatlon. After solving 1t one obtalns

Og= °so{1 + Zsz [G(al +cyp) + z } (2.5)
This 1s the baslc equatlon for 1sotroplc hardening, where the
functlon G(r) 1s deflned by the formula
0y= Gogsign z. (2.6)
From equatlon (2.5) one easlly obtalns

Mg= OggH? + 3 lf"p"so"?'{c"ﬁ t o) ¢ c2"2}- 2.7)
where "s 1s the maximum value for bendlng yleld moments.
One can learn about 1t more thoroughly 1n paper [41.

3.System of equations of the problem

According to Tresca yleld condltlon 1n thls case we have
"2 = us and therefore 1n formulae (2.3), (2.5) and (2.7) must
¢. = 0 and Cy = 1. From the assoclated deformatlon law one
can conclude, that = 0. Taklng- these circumstances 1nto
account the limit bending moment for annular plate 1s

Mg = OgoH [1 + 5 Byiix, . (3.1)

let us remlnd, that 1n thls case the imner boundary of the
plate 1s free and outer 1s slmply supported.

To solve the problem of optlmal deslgn the method of mode
motlons 1s used. According to thls the deflection W 1is

W=F,(r) & (1). (3.2)
?



From the assoclated deformation law follows

c R 3.

R_a'

It 1s convenlent to use followlng dimensionless quantltles:

__H _r _ _a T
Ay X =g 3= g t-
1,2 0 ¥s QR
» 'S = '__—21 a =
O50Hp 950t0 O50H5
{(3.4)
2 &, -R* v
PR , Vi e i2l . V- 0
°soHo H0 ©
4B H P&
1‘{-\-, a= -—D—o— k = -i——
3R~ OgqT

where ZH, — elther prescribed minlmal admissible thickness of
the plate or simply some sort of prescribed characierlistic
thickness; v, - moment of tlme when the load becomes equal to
zero (see formula 1.1); M, o= bending moments in the radlal
and clrcumferentlal dlrectlons; — shear force; 2 — non-
dimensional curvatures; Vo - prescribed whole volume of the
plate; p - density; a — parameter describlng the degree of
hardening; k - non-dimensional parameter of the plate.
Now equatlions of motlons take the form

X
{xm.l] = mp + xng, Xng = i'(ZR(th - g)xdx. (3.5)

Here and later on dots denote differentiation with respect to
non-dimensional time t, apostrophe denote differentlation

with respect to x.
Non—dimenslonal deflection is
1 -x

w=1(X) o(t), {(3.6) ) = —35- 3.7}
Yield conditlon takes the form 3
p =05, (3.8) mg=hPfl +apy) ~nfr — o (3.9)
Finally - non-dimensional load 1s
g = qa(l - t). (3-10)
To equations (3.5)—(3.10) one must add addltlonal conditlon



dictated by prescribed volume of the plate. From 1t proceeds
1
V = 2fxhdx. (3.11)
a
Formulae (3.5)—(3.11) form the system of basic equatlons of
this problem. It remalns to define the thickness of the plate
h as a functlon of coordinate X 1n such a way, that 1t
should consist unknown parameters. These parameters are
determlined after solving the system (3.5)-(3.11) through
minimization of resldual deflectlon by the lnner boundary of
the plate. As follows from formulae (3.6) and (3.7) the
function one must minimlize 1s

Fp = w[x = a,t = tr] = B(ty). (3.12)

4.Choice of himction h(x) and solving of basic
system of equations

Let us conslder annular plates of 6 different shapes.
1.shape(Flg.1.1). Thickness of the plate h(x) 1ls deflned by
the followlng equatlon

h = by + byX + byx? + bax°, (4.1)

where 2 £ X € 1. In this case thickness h(x) 1s limited from
below, 1t means h » 1 all over the plate. No limit from above
exlsts, therefore thlckness by the lnner boundary of plate
ha = h(a) 1s not 1imited from above.

Between 4 parameters bo, b1, b, and by we have only one
Interrelation, 1t follows from the equatlon (3.11).
Consequently there are 3 1ndependent parameters. But 1n
practice 1t 1s more convenlent to do the calculatlons using
the parameters h, = hfa), hy = h(l) and by as independent
ones. It follows from the calculatlons at oncé, that 1n the
case of optlmel project (mlnimal residual deflectlons) we
have always = 1. So, actually, there are only 2
independent parameters - h, and b,. Computer determined them
minimlzing the functlon F, (3.12). The proflile of the plate
in thls case 1s deplcted 1n Flg.1 under number 1.
2.shape(Fig.1.2). Thickness of the plate 1s

h=c+-B (4.2)

and 1t 1s valld all over the plate. There are no limits to
the thickness of the plate, nor from above nelther from
below. The only restriction 1s h » 0. Between 2 parameters ¢

2

9



and b there 1s only 1 interrelation {3.11). Therefore we have

h




here only 1 lndependent parameter. It 1s expedient to use ha
as 1ndependent one. It followed from calculatlons, that in
the case of optimal project h. = 0. The profile of this plate
is depicted 1n Fig. 1 under number 2.

3.shapd(Flg.1.3). Thickness of the plate 1s

tp ® lpaxe 1f agx g X4,
{4.3)

C + If xgx g 1.

In this case the thickness of the plate 1s limited from
above, it means h < hm all over the plate, where hy 1s
prescribed constant. Ffrom below we have h > 0. For 3
parameters X., b and ¢ here there are 2 equatlons: 1)
condition (3.11) and 2) Interrelatlon hp = ¢ + b/x,.
Independent parameter 1s h.. Agaln — 1n the case of optimal
project hy= 0. The profile of the plate is deplcted 1n Fig.
1 under number 3.

4.shape(Flg.1.4). Thickness of the plate is

M= g 1A €X <X,

by + b.x + bax*, 1f x.¢< X ¢ 1.

(4.4)

Function h(x) must here satisfy lnequalltles 0 < h < hm. Bet-
ween parameters by, b., b, and x. three interrelatlons exlst:
1% comstralnt (3.11); 2) conditlon hy = by + bax. + boX{ and
3} h.= O. Here the last condltion 1s prescribed, otherwise
thickness h 1n some 1ntermedlate polnt will be zero. An
Indevendent parameter 1s x.. Thls shape of the plate is 1n
Flg. 1.4.

5.shave(F1g.1.5). Thickness of the plate 1s

= hmax’ 1T a <X g X4,
h + blx + b~x*, 1 X1€ X € Xny (4.5)
1, 1f x-, g x € 1.

Thickness h(x) must satlsfy condition 1 < h g hy. Between 5
parameters bO’ by, ba, %X« and Xy, we have 3 interrelatlons:
0 hm = bo + b.x{ + baXy; &) 1 = b0 + b,x2 + b2x2; 3
condition (3.11). Independent parameters are Xy and Xa. The
proflle of the viate In thls case 1s depicted in Fig. 1.5. 4s
fcliowed from the calculatlons, the intermediate interval
(X434~} 13 very csmall. The results should become better 1f
X~ = 4, The clrcumstance, that nevertheless X,# X~ 1s due to

11
2%



calculating procedure, rounding of values and specifl-
cation of the computer.
5.shape(F1g.1.6). Thickness of the plate is

i, iIf xgxg1.

Function h(x) must here satisfy condltion 1 < h g hm' Ve
don't have here an independent parameter, because h, =1 1s
prescribed. This shape of plate 1s depicted in Filg. 1.6.

Now solving of the system (3.5)-(3.11) follows. Let us
start from the egquations (3.5) and substitute there functlon
f(x) from {(3.7), expression of bending moment m-~ from (3.8)
and (3.9), and from formula (3.10) the load q(t). After this
we take necessary expression of thickness h(x) from among
equations (4.1)-(4.6) and integrate equatlons obtalned. So we
get expression of bending moment m,. Constant of lntegratlon
can be determined from conditlon m.(a) = 0. If the plate 1s
divided into different reglons as regard thickness, then by
going from one region to another the continuity conditlons
must be satisfied. From the expression obtained proceeds by
the ald of condition m. (1) = 0 differentlal equation for
determination of function @(t). All this process must be gone
through 6 times, using in turn all the formulae of thlckness
{4.1)—(4.6). There 1s nothing difficult in principle 1n this
process, only the amount of technlcal work 1s great. All
these transformations and equatlons take so many place that
to wite 1t all down here 1s impossible.

So resuming all this - we obtaln 6 differential equatlons
for determination of functions ¢(t). Yet all of them are
quite allke. General form of these differential equations is

o+ 4% =B +Q(l —t). (4.7)
Differences are only 1n constants A,B and Q, which actually
are long expressions. In solving thls quite simple
differential equation we use 1nitlal conditlons @(0)=¢(0)=0
and the conditions of continulty. Outcomes in all 6 cases are
similar :
During the I phase 1f 0 <t <1 and q # 0:

q 1
®=—7 - cosAt) + R(slnat - wh o we

12



a
o= — AL sinat + cosat -1}, 14.9)

where
L=1+ -g_ ) (4.10)

During the II phase 1f 1 ¢t < tyand q =0 (then Q= 0):

On= -E-I{Alrl— cosAt) + sin(A — At) + slnAt — A}, (4.11)

H

®

“

4, {AL SINAt + cosAt — cos(A — At)}. (4.12)
v

From formulae (4.8)—(4.11) 1t 1s easy to derive expresslons
5f final time t. and minimizing function Fm = m(tf). So one
obialns:

a) 1T movement of the plate will end already during the I
phase, then

te= % arctan(Al), {4.13) Fo= %Q(ZL -1, 4.14)

where t. < 1;
b) if movement of the plate will end during the II phase:

«~ arctan N, if N> O, .
(4.15)
K(n + arctan N), 1f N <0,
where
N = smr—1r (4.16)

and where t. > 1. If 1n the second case the final time t. 1is
determined by the formula (4.15), then the value of
minimizing functlen F, one can easlly calculate from equatlon
(4.11) because here Fm = ¢(tr).

It only remalns to glve formulae for the coefficlents A,B,
and Q for each shape of the plate. To spare the room the
corresponding equatlons only for shape 2 and 3 are witten
down here.

In the case of shape 2:

2. GaA1 ' 6A3 qn(1 % 2a)
hal—— ] B = _—’_2’ Q  ————
kAzs“ kA2

where b u
A= 3bc?y - c3lnca) + 1.5b%u, +



AZ- c(1 + 3a) + 4b,
A3= 2bc In(a) - bzu1 - czs,

n
s=1-a, u1=—1+i, uq=—1+i2,

"
¥ - (1 -a“)h,
4 _ 3)2

(]

U3=—1+;3, b'—' '—'hi—b-

In the case of shape 3:

,2 QlAg +Aj) 8 B.(1 ~ a) Q Bagg(1 — a)
K1k +RgT” BRLORE I - BRTR5 +Ag)”
where

Ay= b 1n(x/a) - ¢”n(x,),

3
CUly bn } b u,
Ao= 3bC|—* + — | 4 —,
- ["1 %) e

A3= 3(xy, +3) - 2()(2 +axy + az),

Ay= 2(1 - a)(x;y + 2a) - + a),
= c -
A5- + 0.5 A4v] + g[4au1 ud,

AS’ b(uz - Zaul_) + 3(c - b)[u3 - 332u1],

b2u1

2 ie]
Bf 2bc 1n(x.) o hmv - ¢y,

Bz= Uy - 3212u1 + v""(x1 + 23),
U= 1 — Xy Uy= 1 - xz, Ug- 1 - xi’,
u4=1—xil, V=% -a b=h -c,

= —+ hma _—h—1 y T
hy- by 1-x

hi - hmxl

Corresponding equatlons are very.long for shapes 1,4 and 5.
4.Discussion

To 1llustrate the theory a lot of numerlcal examples were
solved. A program was made where prescribed parameters are ¥,



kK, 9y, a, a and for the shapes 3-6 hy also. The program
consists loops, where the values of free parameters are
changed in prescribed llmits by prescribed steps. For example
in the case of shape 1 we have a triple loop: b~ (the outer
one), ha and hl' In every slngle case the values of final
time t. and functlon F, are calculated. In the calculating
process the computer remembers all necessary quantltles,
which correspond to the value of functlon Fm' minimal by that
tlme.

Let us conslder the annular plate where V = 1.25; q4 =
= 120; k = 5; a = 0.4. In Flg. 2 the dependence of minlmizing
function F, upon the parameter a for all 6 shapes of the
plate 1s deplcted. To remind - a« 1s a parameter describlng
the amount ef hardening of materlal. In these calculatlons in
the case of shapes 36 hp = 2.5. The numbers in the Flg. 2
indicate the number of shape of the plate (see Fig.l1l). Some
concluslons and remarks as follows:

a)As we see 1In Flg. 2 - the minimal values of functlon Fm
we have in the case of shape 2. Shapes 1 and 2 (see Fig.1 -1
and 2) are simllar due to the fact that thlckness by inner
boundary h(a) is not limlted. As we see — the shape 2 1s much
better than shape 1. Thls concluslon 1s valld for all
calculatlons. Besldes — to derlve necessary equatlons in the
case of shape 2 1s much easler. Therefore — we should always
prefer the shape 2 to the shape 1.

b)Shapes 3 and 4 are very simllar (Flg.l1 - 3 and 4). The
difference between them 1s only 1n reglon X €X g1 and it
1s very small. More preclsely — in thls reglon we have in the
case of shape 3: h = ¢ + b/x and shape 4: h = by + byx + bzx?
In both cases thickness 1s limlted only from above. Here we
can also draw a conclusion that hyperbollcal shape 3 1s much
bettier than polynomlal shape 4.

¢)Shapes 5 and & (see Flg.1 - 5 and 6) almost colncide,
vhile shape 6 1s a llttle better than shape 5. But 1f one
takes 1lnto conslderatlon a great deal of technical work one
has to do to derlve the equations of shape 5, then the
concluslon 1s — shape 6 1s much better than shape 5.

d)Comparing shapes 2 and 3 - as’we see in Flg. 2, the shape
< 1s betier than shape 3 (the values of functlon Fp in the
case of shape 2 are smaller). But on the other hand -
thickness at lnner boundary h(a) in the case of shape 2 1s
not limited. It has qulite a great value and might have more

5



1f, for example, to enlarge the value of parameter ¢ a
1ittle. Thickness h(a) 1s often too great and such detalls in
mechanlsms are very troublesome. Therefore we should prefer
shape 3 to shape 2.

1.2

0.8

0.4

0.6 0.8 o 1.2 1.4
Filg. 2

e)Optimal deslgn of annular plates 1s also studled in paper
[51. Although the formulatlon of the problem there 1s quite
different, the. results are very interesting. For example -~ as
follows by Flg. 1 (page 44 1in paper [5]) the shape of the
plate 1n case 1 1s quite similar to the shapes 3 and 4 1in
thls paper.

£)In table 1 for ¥ = 1.25, k =5, g = 120, a = 0.4, a = 0.2
the results of calculatlons of following quantltles are
presented: functlon F,, final time t,, maxlmum thickness hy

16



and parameters hia), hl' for all cases of shapes of the
plate. In tables 2 and 3 the values of coefficlents of
thicknesg-function h{x) are presented 1in this numerical
example.
Table 1
shape 1| shape 2} shape 3| shape 4] shape 5] shape &
Fp ] 1.4560 | 0.8601 | 1.2086 | 1.7565 | 2.1970 | 2.1713
ty | 1.0840 | 0.9619 | 1.5543 | 1.2300 | 1.3040 | 1.2958
—_— —_ 2.5 2.5 2.5 2.5
h(a)} 4.8100 | 5.2083 hp ha hy - hp
by 1 -0 0 0 1 1
;, | — | — | o.6600 | 0.7130 [*1 9-635] ¢ gs80
X, 0.680
shape 2 shape 3
-3.472222 -4.852942
3.472222 4.852842
shape 1 shape 4 shape 5
bo 27.68465 29.95973 4.17182
by | -95.02524 | -59.76189 | 51.44577
b, | 112.10061 29.80216 |-64.47083
by | —43.76000 _ _—

g)In table 4 for V = 1.25, k = 5, 9p= 120, a = 0.4, h1= 0
the values of function Fm depending on the parameters a and
in the case of shape 3 are presented. Let 1t be reminded
that when we use non-dlmensional quantlties (see formulae
(3.4)) then Hy 1s some prescribed characteristic thickness of
plate. In the case of shape 3 it 1s not a maximum thickness
Hm' but some sort of flctitlous thickness. tet us assume that
Hy has equal values 1n all shapes.

The calculations have shown that the deflectlons and the
value of functlion Fm will decrease 1f to enlarge the maximum
thlckress hy. So by lncreasing h,, shape 3 wlll near shape 2.
Wich value of maximum thickness hm one has to choose exactly
depenads upon the purpose and character of the detall.

[l
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Fp > shape 3

hp= 2.0 | hy= 2.5 | h= 3.

[

)
0.1 1.9758 1.5044 1.2662
0.2 1.5968 1.2086 1.0061
0.3 1.3791 1.037%6 0.8556
0.4 1.2308 0.9205 0.7523
0.5 1.1204 0.8330 0.6749
0.6 1.0335 0.7639 0.6137
0.7 0.9626 0.7072 0.5636
0.8 0.9031 0.6596 0.5216
0.9 0.8521 0.6186 0.4859
1.0 0.8077 0.5828 0.4551

Xy 0.7850 0.6600 0.57667
—7.30233§ -4.85294} —4.08661
b 7.30233) 4.85294) 4.08661

h)In table 5 for V = 1.25, k = 5, g5 = 120, hy = 3, hy = 0,
a = 0.5 the values of functlon Fp» Pparameter and coef-
flclents b and ¢ are presented depending on the size of the
aperture of the plate 1n the case of shape 3.

shape 3

a
Xy b c

0.2 | 0.6616 ] 0.45667 | 2.521472
0.3 | 0.7175 | 0.50667 | 3.081081
0.4 | 0.6749 | 0.57667 | 4.086614 |c = -b
0.5 | 0.5339 | 0.66667 | 6.000000
0.6 | 0.3276 | 0.77667 ]10.432837

1)In table 6 for V = 1.25, k =5, q3 =120, hy =0, a=0.5
the analogical values ln the case of shape 2 are presented.

To 1nvestigate this problem very many numerical examples
were solved, but because of the lack of paper we conflne
ourselves to above-glven ones.

In conclusion - 1n the case of annular plates it turns out
that the hyperbollcal thickness-function h(x} 1s the most
effective, both 1n sense of optimality and slmpllcity of
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gerlvatlon of equatlons.

shape 2

Fm h(a) b c

0.2 | 0.2072 | 7.8125 1.953125
0.3 | 0.4164 | 5.9524 2.551020 |-

0.4 ]| 0.4978 | 5.2083 3.472222 |c = -b
0.5 ] 0.4163 | 5.0000 5.000000
0.6 | 0.2266 | 5.2083 7.812500
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ONTWMANEHOE MPOEKTHPOBAHHE RWHAMWIECKW HAIPYEREHHHX
HOMBIEBRNX YIIPOYHADNMXCA [XACTHH

Dpatt Hupc

TanMMHCKUA TEXHUYECKUR YHUBEDCUTET
Peznme

PemaeTca 3ajaya ONTHUMANBLHOTO MPOSKTUPOBAHMA KOJNbLEBHX ANac—
THH YUMTHBAA W3IOTPORHOE YNPOYHEHWE MaTepuana nnacTuHu. [nac-
TWH3 MapHUPHO 3akpenjeHa MO BHEWHER IpaHule ¥ CBOGOAHAR MO
BHYTpeHHeR. Wononb3yeTcd YCNOBUe NNACTUYHOCTH Tpecka M acco-
UMMPOBAHKHLR 33KOH TevyeHWA. HalieHa TONmMMHA NMNACTUHM B 3aBUCK-—
MOCTH OT PAAMAARHOR KOOPAWHATH TAKUM O6PasOM, YTOOH KOHEYHHe
NUOTKOL NAACTUHL OGN MUHUMAJIbHBIMA. YYUTHBAETCA M A00aBOYHOE
YA ROBUR - Tak Kak o0beM [NAacTWHH 3ajaH. PaccMarpuBaeTca 6

Filn e TTAACPRH,
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OPTIMAL DESIGN OF DYNAMICALLY LOADED RIGID-PLASTIC
STEPPED CIRCULAR PLATES

Andrus Salupere
Tallinn Technical Unlversity

Abstract. Rigid-plastic stepped circular plates under
dynamic pressure load are considered. Tresca yield condition
is used. An exact solution for calculating final deflections
is worked out. 8uch plate dimensions are sought for which the
plate of constant volume attains the minimal final
deflection.

Notation

a, R, h1, hz - plate dimenslions (Flg.1)
Q" - shear force
- dlmenslonless shear force
- radial bending moment
- dlmenslonless radlal bending moment
- circumferential bending moment
M, - dimenslonless clrcumferential bending moment
M - maximum value of bending moments in the rigld
region
p - uniform pressure load
p - dlmenslonless uniform pressure load
r - radlal coordinate
X - dimenslonless radlal coordinate
o, 7 ~ dlmenslonless parameters for plate (6)
v - plate volume
A - dlmenslonless plate volume
' - yleld moment
%, - yleld stress
P - load carrylng capacity
w - deflection
w - dimenslonless deflectlon
we - dimenslonless final deflectlon
w - deflection rate
v, W - dlmenslonless deflectlon rate
w' - acceleration
v, w - dimenslonless acceleration
o, 7 - optimal parameters, which correspond to the
minimum value of the
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Sa radius of circle between different plastlc
stages
density

U pV/nR2
g

. ax
) g
at

1. Introduction

The problem of dynamlcally loaded unlform clircular plates
Was first studled by Hopklns and Prager [1]. Youngdahl (4]
found an exact solutlon for a uniform plate ln case of the
pressure load functlon having general shape. He examined the
influence of the pulse shape on the final deflectlons.
Mazalov and Nemlrovskl [4]1 considered circular plates with
rigld central part. Soonets and Valnlkko [5] solved dynamic
problems for stepped clrcular plates under medlum pressure
load, which has a constant value 1n interval (0,t). Leplk and
Mréz [2] and Leplk [3) consldered lmpulslvely loaded stepped
circular plates.

p(T)
T T I T T I T I I T I I T I I T I T TITITIX
——E— [n,
TIIIII p2Za
i ] 1 L i —_—
T I i i 1
- R -a 0 a R r
Flg. 1

The alm of thls paper 1s to find the exact solution for the
problem of dynamically loaded slmply supported two-stepped
clrcular plates. The pressure load functlon p(t) has a
general shape (Flg.3). Assumlng the plate has a constant
volume, optlmal parameters for which the flnal central
deflectlon has the minlmum value are to be found.

2. The method of solution

W shall consider rilgld-plastlc simply supported thin
circular plates with plecewlse constant thickness (Fig.1).
The yleld conditlon 1s assumed 1n the form of Tresca hexagon
(Fig.2). The assoclated flow rule l1s used. The yleld moments



(Flg.2) are

”
s ht s h
=~ _ 01 o 02
Mol = (1 Moz - =
The plate equatlons have the form
HrM)
-(rp* - 2%, 3 AL L rqQ .
ot or

4 dynamlc load varles in tlme by the rule
be “isin wt, for 0 <t <T,

-0, for t > T.
Mo T
‘o1
21 B A
?
Mo M /02/M01 Mr
- ol
Flg. 2

(4)

(5)

Now we shall introduce the followlng dimenslonless quantltles

2 4 AM__ ., 4RQ

. oohf
2moR* W 2n2REp™ 2
w <NW o <BERP A=T+C(L-T), T=
36 VT J6._v~<
where
v - mR%n,A.
Since the volume V 1s speclfied, we have
hq - —‘!"-r-. h's = “YI"‘-
R*A

(6)

(7

{8)

Making use of (€) and (7), formulas (3) and {4) acqulre the

follovdng form:
[ XQ Y = - BX A% - hiXlAw ),
(XM 37 = Moo+ X,

whers

o~

—
@ W



for 0 = X < g,
hix) = {11)
foresx <1,
and yleld moment
for 0 < X < @,
M = (12)
0 v for @< x <1,

After transitlon to the dlmenslonless tlme t constants b, ¢
and w in (5) acquire the concrete content:

T,
exp [ tanwr_y !

b = p, {13)
Pmax sln (mt )

C - m—;T, w=T"r, (14)
where corresponds to px and according to experlment
T, = 0.2 . Thus (5) takes the form

(be“Tsinm, for 0 <ts1,

(15)

0, for 1t > 1.

(i} 0.5 ) I
Fig. 3
In Flg.3 the pressure load functlon 1s represented for

Pgax = 5.

As we know, for p < p, the plate 1s rigld, but 1f p > p,,
the plastlc flow starts and n -1 clircular and annular
reglons orlglnate there, each ln dlfferent plastlc stage. Let
us denote by Sy the radlus of the clrcle between different
plastlq stages ( 5 = 0,...,sn =1 ). A slde or a vertex of
the Tresca hexagon corresponds to each reglon. Any reglons
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may stay in the rigld stage. For rigid reglons moments and
M, are located inslde the Tresca hexagon. Clrcles 5y may be
statlionary, l.e., 5 = 0, or unstatlonary, 1i.e., = 0, Some
of circles sy are plastic hinges. Below possible combinations
of the plastic stages are named as cases. Formulas for
acceleratlons, lower boundary pl and upper boundary pY for
each case are found. The case can take place if pl <p< pu.
Deflectlons can be obtalned by integrating the acceleration
formulas twlce.

Case 1. A statlonary plastic hinge 1s in the center of the
plate (Flg.4). For acceleration we have the formula

W=v.(1-Xx). (16)
a) M b)
2{s =t
1 2_._$1=0
.2
Sa-1
! =1 M
Fig. 4

Now we shall integrate (9) and (10), making use of (16). The
boundary condltlon Ml(i) = 0 glves

v1=A"D‘Q_T'(1—£!) (17
a1
where
AL = o3 - da + 1.504)(1 - 7) + 0.57. (18)
¥ must have My(a) <71 (Fig.4). from thls conditlon we have
. fo+ %0 - w1l - 05w - @ - - - (19)
a A“(1 0.5 - A1)

If p=p, a statlonary plastic hinge will originate in the

The bending moment must attaln the maximum value, 1f
x = 0. Therefore we must have M;(0) = O and M (0) <0. ¥
have MI(O) = 0, and the condition Mi(O) = 0 gives

_o+ Izgl - a). (20)

B a<(1 - AL

If p = p the stationary hinge sy becomes into unstatlonary.
The lower boundary p% for case 1 1s the 1load carrylng
capacity p., 1f 7 <0.2 and p;y =0, 1f t » 0.2. The upper
boundary



pl = mln(Pa,Pm)- (21)

Case 2. A statlonary plastlc hinge 1s in the sectlon x = a.
The central part of the plate 1s 1n the rigld stage (Fl1g.5).
Now we have for acceleratlon the followlng expresslon:

for 0 s x <g,

(22)
vl%—:-;‘T for ;< x <1.
a) M b)
5 =
...... is‘|=0
T '
! T nkrl M1
Flg. 5

Let us lntegrate (8) and (10) uslng (22). From the boundary
condltlons M, (@) = 1° and M (1) = 0 we get

= 13_213_(1‘_‘13_)‘_72 (23)
A2
where
A2 = A(1 - o) (30F + 0.57(1 - @) (1 + 3e)1, (24)
M, = T+ (p - vi)A:t?. (25)

For case 2 we have condlilons 12 < “k < 1 and Mi(a+) >0 . It

appears that condltlons = 12 and M (2,) = 0 colnclde and
they glve the upper boundary

P2 =2 z (26)
A(1 - W I + 2a - 0.57(1 + 30)]

for case 2. For the lower boundary we have the conditlon
=1 and

ISR < G ¢ S . )
27 M £ -
If p=ps , a statlonary hlnge 1n the sectlon x = 0 orlgl-
nates, but 1f p = p}, , the statlomary hlnge 1n the sectlon
X = @ becomes unstationary.
Case 3. There are statlonary hinges ln the sectlons x =0
and x = ¢ (Flg.€). In thls case ihe acceleratlon fleld has
the form




vl(a - X) + VX

for 0 < x < q,

o .
W= (28)
vo L= X forasx <1
2T -w = :
a) M b)
5,=0 sl=0 :
i 1 x
S.=1 YZ
13 vl
! "1 M, w
Fig. 6

To get expresslons for and v, we have to substitute (28)
Into (9) and (10) and integrate them. The boundary conditions
Hlta) T and M; (1) = 0 glve

Vo - PAd4 + A5, (29) V4 = PA6 + A7, (30)
where

43 = Al - @) [6® + 0.57(1 - ) (1 + 3a)1, (31)

A4 = A%(1 - 202 + o3)/A3, (32)

45 = [2(1 - a + oy®) - 37°1/A3, (33)

A6 = 2A - Ad, (34)

A7 = - 2(1 - 7°) /60 - A5. (35)

For case 3 the conditlon of the deflection rate fleld having
to be convex applles. By checking this conditlon for each
value of p, we get the lower and the upper boundaries.

Case 4 can take place after case 1 and only 1f p, <p,. If
p(t4) = p » a unstationary hinge 0 < 5, <a will originate.
Here 1, 1s the starting moment of case 4. Distributlon of
moments and deflection rate for this.case are shown 1ln Fig.7.
The vertex A of the Tresca hexagon corresponds to
84 <X < 55. Thus Q(x) = 0 and

M.
}i 51,82)
_-:L

1N

(36)

Fig. 7
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For s; < x <1 the deflectlon rate fleld 1s expressed as

W=V, -%——; (37)
After differentlatlion we have
W= vl -x), (38)
where
v —_— 39
» at W -5, ) 39)
<

We shall 1ntegrate (9) and (10) by maklng use (39). from the
boundary condltlon Ml(l) =0 we get

B A“p(1 - 55 + 2s,) - o - 72(1 - )
A9

v ’ (40)

where .
A9 = AlDF(3 - 4o + 1.50°)(1 - 1) +

+ 057 - 54(3 - 45, + 1.55,)1.

In the reglon 5, 5X < 1, the moment must have the maxlmum

vglue, 1f x = 5a. Since =0, we use the condltlon
My (s-) = 0 and we get

v. (1 - 52) - Ap = O. (41)
Using (40) the above expresslon glves us the equatlon
AUt - 5971 + 255) - €3 - 4z + 15091 - 7) - (42)

- 0.57 + 54(3 - 45, + 1.559)1 - (1 = sp)l@ + 79(1 - @)) = 0

for calculatlon S5o.
According to (36), for 0 < x < 54,

T
wX,T) = AJ p{t)dt + B(X). (43)

4
Functlon ®{x) can be found from the condltlon of contlnulty
for deflection rate, l.e.,

W(s,~) = Wisyt). (44)
Taking 1nto account (33) and (41), ve get
r. T oplo .
va{1) = [1  s+(1)] wW(0,1T,) + AJ B e L (45
- 141— 52('{)

If ve take x = s5- for (43), then w (32,1:) = Vz(t) and
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1(32) p(t)

[
O(s,) = 11 - 5,(1)] WO +A
52) 2{) lw( U e S,(1)
r(sz) 4
- AI p(t)dr, (46)
4

where t(s;) 1s the moment when the radius of the plastic
hinge 1s Sp- It 1s possible to demonstrate, proceedlng from
(42), that 5, and p have the same sign. Therefore 52 > 0 for
T <0.2 and s, <0 for T >0.2. Hence we have to use
formulas (42)-(46) for t < 0.2 . If 1 > 0.2, the plastic
hinge moves 1nto the reglon, which corresponds to the vertex
A of the Tresca hexagon and we have got (40) for calculating
v and formula
5, = (1 sz)tvs(l 52) Apl ’ (47)

Af p(t)dt + ®(s,)

2
for calculating velocity of the plastic hinge. It 1s easy to
solve the system of differentlal equations (40),(47) by the
Runge—Kutta method. This case disappears, when s, = 0 agaln.

Case 5 can start after case 2, 1f we have p(t) >p, . In
Fig.8 the distribution of moments and deflectlon rate are
represented. It 1s possiBle to demonstrate that we can not
construct feasible distributlon of moments and M, , which
does not include side FA of the Tresca hexagon.

For 0 <x <@, the plate 1s 1n the rigild stage and
w(0) = w{a). Reglon a < X < 53 corresponds to the side FA of
the Tresca hexagon and W = 0 1n this reglon, according to
the assocliated flow rule. Therefore we have w(0) = w(s3) and
also w(0) = w(s3). For {(25) 1s valid as in the case 2.
Equatlons (9) and (10) with the boundary conditlon
u2(53) T glve

Ap53
}T 1-71)+ '753
For s5 <x =1 we get for deflectlon rate and acceleratlons
the following expressions

(48)

W= "11_:—53 (49), W= vg(l - x), (50)

where , =d_[ " ] 1)
5 4q




after integrating (9) and (10) by using (51), we find from
the boundary condltlon Ml{l) = 0, that

208% (1 - 59)°1 + 254) - 77

(52)
AT(L - 53)°( + 3 5)

a) "a b)

) m—

TZ — 3

T T |

worl oK
Fig. 8

In the observed reglon moment must attaln the maximum

value if x = S3. It appears that we have "1(53) =0 and
M1(s3) < 0 for each 59 >.0. Thus we do not get an algebralc
equatlon for s; as in the case 4. Now we shall find from (51)
after differentlation

"o (1 - 5o) - Val. (53)

53=

The system of dlfferentlal equatlons (48),(52),(53) is solved
by the Runge-Kutta method.

‘By the plate contlnuity condltlon, moment M2 my have
discontinulty in the sectlon x = @, but by the rule of
plastic flow the distributlon of moments and M, must be
dlslocated inslde or on sides and vertexes of the Tresca
hexagon. Therefore, we have the conditlon My(a) = 0 and we
have to check it for each value of p. If we have Mz(cz) <0,
then the current case 1s not valld and we must conslder
distribution of moments and "2 which includes the side EF
of the Tresca hexagon.

3. Mumerical resultis

The problem 1s solved for four values of the parameter
Ppax ° 2» 3» 5 and 10. Ranges for parameters a and 7 are the
following: 0 <a =<1 and 0.1 =7 <1.Values ¢ =0, @ =1 and
T = 1 correspond to the unlform plate.

In Table 1, the optimal parameters o® and 1°, corresponding
to the minimum value of the final central deflectlon w2, the
final central deflectlon for a unlform plate and ratlo

/ Wy are glven for four values of p_...



Table 1

Prax & | 1° v w!

2 0.84 0.600 0.099 0.282 2.85 !
3 0.85 0.583 0.423 0.958 2.26

5 0.90 0.483 1.649 3.214 1.95

10 0.90 0.483 7.915 13.96 1.76

In Fig.9 and Fig.10 one can find .in which reglon, which
cases and 1n which order are reallzed. Numbers of the
reglons have the followlng meaning : reglon 1 - only case 1,
reglon 2 - cases 1->3->1, reglon 3 - cases 1->3->2->3->1,
reglon 4 -~ cases 2->3->1, reglon 5 - only case 2, reglon 6 -
cases 1->4-»>1, reglon 7 - cases 2->5->2, reglon 8 - there
are no solutlon because 1n case 5 My(@) < 0. For pp .= 5 and
Ppax= 10 ¥ can get analogical flgures, only reglons 6, 7 and
8 are wlder and the other reglons are narrower. fFor p..= 10
we can establlsh three new very narrow reglons : 9. for cases
1-53->2-55->2-5>3->1, 10. for cases 1->3->2->5->3->1 and 11.
for cases 2-»5->3->1. Therefore, there are at least 11
different solutlons for two-stepped clrcular plates. It
appears that the flmal deflectlon has the minimum value on
the bound between reglons 3 and 4.

In Fi1g.11-14 we can find the optlmal parameters o® and 7°,
1.e., the values for parameters o and 7 whlch correspond to
the minimum value of the final deflectlon Weo In Flg.11 and
13 reglons where the flnal central deflectlon for stepped
plates w2 1s less than the flnal central deflectlon for
unlform plates are represented. Step between 1sollnes ls

Aw = 0.2(W, - wp), (54)
where
w2 = min ( WS ). {55)
a,v
In Fig.12 and 14 reglons, where
W < Wl < 1.05W] 156)
are represented. For pPp.y = Z and Ppay = 5 we can get

analogical flgures.



4. Conclusions

in exact solutlon for calculating the rlnmal deflectlons for
dynamlcally loaded simply supporied iwo-stepped clrcular
plates 1s worked out. Numerical data for the optlmal para-
meters are glven. It follows from thls data that the flnal

pmax = 2
T
T - E ,,,,,,,,,,,,,,,,
o2
0.6 U S
0.4 L
- - i - O T
0.2}
0 0.2 04 0.6 0.8
Fig. 9
_ pmax = 3
0.8
-
0.6
04 .
0.2 b
0 0.2 0.4 0.6 0.8 1
Flg. 10
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central deflection for two-stepped circular plate can be
decreased 1.76 to 2.85 times, comparing with the plate of
uniform thickness. It Ppax 1ncreases, the percentage of
economy decreases.

pmax = 3
s —
0.8
0.6
0.4 -
0.2
0 0.2 0.4 0.6 0.8
Fig. 11
0.75 pmax = 3
0.7
0.6
0.55
0.5
0.45 L
0.7 0.75 0.8 0.85 0.9 0.95

Flg. 12



pmax = 10
e ——
0.8
0.6 _
0.4
0.2
0 0.2 0.4 0.6 0.8
Fig. 13
0.75 pmax = 10
0.7
0.65
0.6
0.55
0.5
0.45
0.7 0.75 0.8 0.85 0.9 0.95

Fig. 14
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OHTHMAXGHOE MMPOEKTHPOBAHME XECTKOMUMACTNYECKMX CTY¥NEHYATHX

Axppyc Caxynepe
TanNMHRCKUR TEeXHU4YeCKUR YHUBEpPCUTeT

PezpMe

Hccregywrca ¥eCTKONNacTUYeCKHe CTyNneH4YarTHe CBOOOZHO oneprHe
Kpyrade nnacTurku (fur. 1). HCNoNL3YyeTCA YCNOBME TEKYYeCTH
Tpecka {(gur. 2). Ha nnacTurKy gefcTBYeT HOPDMANbHAR JUHAMU-
yeckaa Harpyska (gur. 1 u 3), xoropaa wumee? Bug (5). Wmyrca
TaKue 3HAYEHUA ZNA napamMeTpoB & U T (6), TPU KOTOPHX OCTa-
TOYHHR nporud WMeeT MUHUMANbHOE 3HadyeHue. MUsy4apTca UATHL
pexumoB gBuxeHUA (fur. 4,8), KOTOpHE peanM3ynTcA B DPaBIMYHNX
nocaegoBarenbHocTAX (fur. 9 u 10). OnTUMaNbHHe 3HA4YeHWA ANA
NlapameTpoB & u T°, COOTBETCTBYRIMR OCTATOYHHA nporud U
OCTATOYHHA NPOrUS OZHOPOZHOR NNACTUHKU w‘% npyBejeHn B Tadnuue
1. Ha ¢ur. 11 u 13 npeacraBieHs o0O6NaCTH, TIke OCTATOUYHHRA
nporud AnR CTYneH4yaTol niacTUHKU wcf MEHbIE 4YeM OCTAaTOYHHR
nporud AAA OZKHOPOZHOR NNACTUHKU wl. Ha ¢ur. 11 u 13 npea-
CTaBNeHw OONAacTH, TPJe OCTATOMHMR nporud &Zis CTynexHvaToR
NNacTUHKKU A0 5 NMpPOUEHTOB GONbLME YEM ONTUMANLHOE 3HAYEeHUe w?-
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A CBMPARTSON OF THE TRESCA AND MISES YIELD CONDITIONS
IN CASE OF DYNAMICALLY LOADED CYLINDRICAL SHELLS

Toomas Lepikult
Tartu Universilty

Abstract. The problem of dvnamic behavior of rigid-blastic
cvlindrical shells was touched in [1], The svstems of
eguations and ineaualities for both the Tresca and Mises
vield conditions were derived. The general -methods and
strategvy of numerical solution of the oroblem were orooosed
in that article.

The results of comouting of the maximal residual

deflections in both cases will be comoared in this report.
1.Formulation of the problem

Let us conslder a rigld-plastic cyllindrical sardwich-shell.
The general thickness of the wall 1s assumed to be plecewlse
constant. The thlcknesses of layers varles proportionally.
The ends of the shell can be clamped, supported, or Iree.
There 1s no hindrance to the-dlsplacements 1n the dlrectlon
of the axls of the shell, therefore no axlal forces appear.
Durlng a certaln time-interval the shell 1s loaded wlth the
Internal pressure that exceeds the load-carrylng capaclty.
After the load-carrylng capaclty 1s exhausted, elther the
entire shell or some reglons of 1t transfer 1nto the plastlc
state and obtaln any klnetlc energy. The plastlc zones can
elther enlarge or narrow down durlng the motlon, new plastic
zones can appear, and the old ones can dlsappear.

Afterwards, when the pressure 1s taken off (or, at least,
decreased under the 1llmlt load) the Kklnetlc energy of the
motlon dlsslpate 1nto the plastlc work. After the motlon has
stopped, the walls of the shell wlll have obtalned certaln
resldual deflectlons, whose shapes and slzes depend upon
boundary and load condltlons, materlal constants and on the
shape of the shell.

In the followlng formulas ¥ and t denote the undimensloned
coordlnate and tlme, respectively, apostrophe (°) and dot (-)
stand for differentlatlon according to ¥ and t. The symbols
m, n and w denote the bending moment along the axls of the
shell, circumferentlal force, and deflectlon. Parameter
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2
¢® = >0 (1 - half of the length of the shell, R - radii,

h, - medlum thickness of the wall) characterizes the
slenderness of the shell.

From the mathematical poilnt of vlew, three functions
w(¥,1), n(¥,1), and m(¥,t) are searched. These must satlsty

the following conditions:

a) the equatlon of the motlon m- + cz(n -p+ W) =03
b) the yleld conditlon &(m,n) < 0;
¢) the assoclated yleld law
- T _ . B I .
Z° an’

c
vhere

A =0, In case of ®(min) < 0 or

&(m,n)=0, g m + % n < 0;

Az0, 1In case of &(m,n) = O:
d) initial conditions w(0,¥) w(0,¥) =0;
e) boundary conditions for m and w:
1) at supported edges 0or ¥F'= 2:
B3 1) = W) = 0;
2) at free edges m(3, 1) = m' (Fa1) = 0;
3) at clamped edges w(3",1) = 0 and
wiEFT =0 o oo =15
1) the capacity of plastic dissipation must be non-nega-
tive: mz+nEz0 or
W (34,10 - W (3-,1)) 20,
when w- 1s undetermined in cross-sectlon ¥.
The function & describes the yleld surface. The most
common yleld surfaces are presented in Fig. 1. The hexagon 1
1s described by the Tresca yleld conditlon, the elllpse 2 by

that of Mises. Qulite often the exact yleld surface 1s
approximated by rectangle 3.

2.Mumerical resulis

The methods for solving of the problem described above are
presented 1in (11 for both the Tresca and Mises yleld
criterions. Now we shall make an attempt to compare the
numerical results for both crlterlons.
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Flg. 1 Fig. 2
The pressure was taken in the form

P(?y’f) = pi(?)pz(t) »

vhere
[ n(r - 0.2)] singwr)
polt) = eXp( fan(o.zw) ) sm.em LTl

0, Ift>1.

The functlon p,(t) 1s presented on Fig.2.

The calculations were carrled out for three comblnatlons of
loads and shapes of the shell. For every combination the
results are presented for three different values of parameter
¢®. The distribution of the functlon p4(¥) 1s displayed on
Fig. 3a), 4a), and 5a). The shapes of the wall are-
demonstrated on Fig. 3b), 4b), 5b). The residual deflectlions
in the case of the Tresca conditlon are marked with solid
lines, in the case of the Mises condition with dotted 1lines
{parts ¢ - & on Fig. 3 - 5).

From the results of computlng. We can make some Interesting
conclusions.

The differences in results decrease with Iincreasing of
parameter ¢“. The differences are more obvious at the ends of
the beam and near the cross-sectlons, where the thickness of
the wall varles. The differences also seem to decrease, 1if

the relatlon pz(?) d
Etam ecreases.
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DUNAAMITISELT ROORMATUD JAIKPLASTSETE SILINDRILISTE KOORIRUTE
VORDLEMINE TRESCA JA MISESE VOOLAVUSTINGIMUSTE KORRAL

Toomas Lepikult
Tartu Yllkool ¢

Reslimee

Artlklls vaadeldakse Jdlkplastseid sllindrlllsl Kkoorlkuld.
Teatud ajavahemlku v&ltel on koorlkule rakendatud slserdhk.
Eeldades, et Koormus {lletab staatllise plirkoormuse, leltakse
koorlku Jd#kldbipalnded 1llkumise 18pul. Kasutatakse nll
Tresca Kul Misese voolavustlnglmusl. Esltatakse tulemuste
vordkus kummagl voolavustingimuse korral.
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MINIMUM WEIGHT DESIGN OF PLASTIC CYLINDRICAL
SHELLS ACCOUNTING FOR LARGE DEFLECTIONS

Jaan Lellep and Juri Majak
Tartu Unlversity

Abstract. The minimum weight oroblem is studied in the case
of circular cvlindrical shells. Material of the shells obevs
the Von Mises vield condition and the associated deformation
law. Moderatelv large deflections are taken into account.
Numer ical results are oresented for the shells with pinned

edges .
Introduction

Conslderable progress has been made in the optlmal deslgn
of rigid-plastic plates and shells after establishing the
theorem of constant energy dlsslpatlon by Drucker and Shleld
[21. Partlcular problems solved by means of the Drucker-
Shield crlterlon are revlewed by Save and Prager (121, by
ZyczKkowskl and Kruzeleckl [131, Lellep and Leplk 1[8]1. How-
ever, the theorem of constant energy dlssipatlon 1s related
to the 1nltlal collapse mode of the structure and thus 1t 1s
not applicable 1n the range of large deflectlons.

Ancther approach to the minlmum welght problems 1s related
to the use of varlatlopal methods. The ploneers of thls
directlon are Frelberger [31, Relss and Megarefs [101. Thelr
studles are devoted to the cyllndrical shells operatlng 1n
the 11lmlt state.

Optimal deslgn of rigld-plastlc c¢yllndrical shells
accounting for large deflectlons was studled in (7,91 using
plece-wlse llnear yleld condltlons, and 1n {14,151 1n the
case of the Yon Mlses yleld condltlon assumlng that the
loading conslsted of the lateral pressure and edge tenslon.
In the present paper the attentlon ls focused on the shells
with plnned edges assumling the waterlal to obeys the Von
Mises yleld condltlon.

1. Problem formulation

Let us conslder a rigld-plastic clrcular cylindrical shell
of radll R whlch 1s subjected to the uniform Iinternal
pressure of intenslty P. The length of .the tube 1s marked by
21. For the sake of symmetiry, only the rilght-hand part of the
shell will be consldered, e.g. X e (0,1), the orlgin of

42



soordlnates lylng 1in the central cress-sectlon. Let us assume
that the shell wall has the sandwich form and the thlckness
of carrylng layers h(x) 1s varlable, whereas the wall thlck-
ness H is a constant.

The post-yleld behavlour of the shell will be studied under
the requirement that the radlal and axlal dlsplacements W and
U do not exceed the order of the shell wall thlckness. Thus,
the Von Karman equatlons may be employed in order to pres-
cribe the plastic behaviour of the shell under conslderatlon.

In the present paper a such shell 1ls sought in the case of
vwhich the welght (volume) of carrylng layers

J = fhdx (1.1)
0

reaches 1ts minimum under the condltlon that the maxlmal
deflectlon wo colncldes with the central deflectlon of the
corresponding shell of constant thickness h,. We shall
conflne our attentlon to comparatlvely short shells. In thls
case deflectlon attalns 1ts maximal value at the center of
the shell.

2. Basic equations and assumptions
The equlllbrlum equatlons of a shell element have the form

d—q—zul N L 0 (2.1)
- +—-p= .
dx~ ! 5;2 R P

In the shell theory whlch accounts for moderately large
deflectlons {51. In (2.1) N; and N, stand for the axlal and
hoop membrane forces, respectlvely, whereas 1s the bending
moment.

GCeometrical relatlons may be presented as

2 2
dU . 1 [ dw W aw .
etz (&) 2 P17 52 %0 (22

provlided tre siress-straln state 1s axlsymmetrlc.

The concept of a rlgid-plastic body wlll be used assumlng
the materlal cbeys the Von Mises yleld conditlon. Since the
exact vleld surface in the space of stress resultants has
quite an 1irtrlcate form, it 1s reasonable to Introduce
simpler approximatlons of thls surface. One of the wldely
ussd approxlmatlons 1s {4, 111



vhere

PE = (Mg~ MyNy + My ), PA = (M - Nyly + My ). (2.4)

Here M, 1s the hoop moment.

In (2.3) and (2.4) Ny and My stand for the 11mit load and
moment, respectlvely. In the case of a "sandwlch” shell wall,
NO = 200h, "0 = oohH. where %9 stands for the yleld stress.

A deformation-type theory of plastlclty wlll be used ln the
present study. According to the assoclated deformatlon law
and (2.3), (2.4) we obtaln

"o No
(2.5)

1l 1l
31’-%(2“1_"2), 12=“—g(2u2-“1),

where h? stands for an unknown non-negative multiplier.
It follows from relatlons (2.2) and (2.5) that

M, = 0.5M,. (2.6)

Making use of (2.6) we can glve the equatlon of the yleld
surface (2.3), (2.4) in the form

LN+ N2 - +§H2_1=o, (2.7)
7 5

The both ends of the shell under conslderatlon are assumed
to be hinged. Thus, the boundary condltlons may be presented
as

W(0) = Wy, %% 0) o - U(0) = M(1) = W(1) = U(L) = 0.(2.8)

3. Optimality conditions

It will be convenlent to use the followlng non-dlmenslional
quantltles

M. N,
X 2 h
¢=p B=g. D= V=
(3.1)
2 2
e, N LW N
pP= N“' = R“* 1)

where N, and M, stand for the yleld force and yleld moment of
a shell vhose carrylng layers have thickness h,.
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Introducing the quantity q = m* and meking use of (3.1)

one can cast the equilibrium equations (2.1) into the form
Sown. m

n = m=q q = T +a (p - np), (3.2)
vhere primes denote differentiatlon with respect to the
coordinate ¥.

Eliminating the deformatlon components €5, %, from
the assoclated deformation law (2.5) making use of (2.2) and
(3.1) one obtalns

_ = 7 3omwm

o (2 n,)
wo b2 T 2

(3.3},

where z should be 1interpreted as an additlonal varlable.
According to (2.7) non-dimensional gquantltles satlisfy the
equatlon

nf ERULI (I § m2 - v2 = 0. (3.4)

In order to establish necessary optimality conditlons,let
us introduce the augmented functlonal

3o,
=0 {0 ogni + e - @)+ 00" =y
o 2" M

Sa (p - My)) + Galw - z) + gylz —__MTJ+ -

4 A C!H(Zn.. - fin) 2
- P e U B L
+0d+ 3 - v2)} ds. (3.5)
In (3.5) wo to stand for adjoint variables, ¢ belng the
non-vonstant Lagrange multiplier. The varilables n, m, 4, W,
z, u are referred to as state varlables, whereas v and n,
have been put into the role of control variables.
The functional (3.5) has to be differentlated in the space

of contlnuous state varlables and plece-wise continuous con-
trol varlables. Varlation of (3.5) leads to the adjolint set

N dL , dlL s
¢°=—6“? ¥ = - 5 - géi—.

a (3.6)
% ="-m

, aL
3 = - Fe Vg - -
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and to the condltlons

aL dL (3.7)

gn, T & °

Here L stands for the Lagrangelan functlon

3owmn
L=‘V+¢1q+¢2(zr2n—_11‘)'+ﬂ(l3‘n2))+¢3Z+

o
PO+ AR s T
+ ¢(v2 - n2 + Ny - Ny - % m2). (3.8)

Taklng into account the boundary condltlons for state varl-
ables (2.8) one obtalns the followlng tiransversallty
condltlons

Gpl0) = B (0) = Gp(1) = Pp(1) = By(1) = O. (3.9)

After substltutlon of (3.8) and calculation of derlvatlves
equatlons (3.7) may be converied into

v = (29) 1 3.10)
and

0= --——-———-;3{am2(2n2— ny)%+ Sowin(ngBy+ ¥y) + ny81}3.10)

Substltutlng the quantity v accordlng to (3.10), (3.11)
into (3.4) one obtalns the equatlon

481 3vm (ng 0, + T, + 3w T + By(2n, - 017 (n?

-mny + 0+ g - (2, - ny® =0, (3.12)
which should be referred to as an equatlon for determlnatlon
of the control varlable n, at each node polnt of the mesh.

4. Numerical solution

Employlng the necessary optimality conditlons one <an
transform the posed problem inic a boundary value problem. It

conslsts in the lntegratlon of equatlons (3.0), 13.3), (T.6)
maklng use of (3.1M)-(3.12} accounting Tfor 3¥
requirements (2.8} and (3.9, The method ol

cperators 1s accommodated for solving ihe two-polnt  foundary

value problem.

Toe solutlon atgordthm silebrly 3 fDera from the o sdiloh



was used 1n the case of the shell subjected to the transverse
pressure and tenslon applled at the edges of the shell
{14,15). In order to start with the numerlcal procedure one
has to determine the load-deflexlon relatlon for the assocl-
ated shell of constant thickness. Thls in 1its turn demands
the informatlon about the load carrylng capaclity of the shell
of a constant thickness. For determinatlon of the 1imit 1load
of the shell the lower bound theorem of 1imit analysls 1is
employed. Thls leads to the Iintegration of the set (3.2
where w = O accounting for suitable boundary condltions and
performing maximization wlth respect to the loading
parameter.

for numerical integrailon of the set (3.2), (3.3), (3.6)
the fourth order Runge-Kutta method 1s used. The 1integratlon
1s accompllshed from the left to the right 1in the reglon.
(0,1), preliminarily assigning certain values to n, (0), m(0),
¥.(0}, @3(0), w4(0>. WS(O).Increments to these boundary
values are calculated by means of complementary varlables
X, which satlsfy the equations

Xj = - ) 6)’3 xk; }=1,...,12. (4.1)

The complementary system (4.1) 1s integrated 6 times at each
step of lteratlon from the right to the 1left using the
boundary conditlons xJ(1) =1 and xi(i) =0, where 1 = J},
respectively. )

In (4.1) fk (k =1,...,12 ) stand for the right-hand sldes
of equatlons (3.2), (3.3) and (3.6), whereas yJ (J = 1,...
»12) denote the set of state and adjoint varlables.
Improvements of the boundary values of yJ(O) for Jelo are
¢alculated from the system of algebralc equatlons

3 sH8yy00) = -2y (1); lely, (4.2)
jeIO

were the set I, 1s specified by the Indexes of state
varlables flxed at ¥ = 1 according to (2.8) -and (3.9). The
quariitles z, (1) 1n the right-hand side of (4.2) stand for
the dlscrepancles of the calculated boundary values and the
exact ones glven by (2.8) and (3.9).

5. Discussion

The results of numerical calculatlons are presented 1in
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Flg.1-6 and in Tables 1,2. The curves 1,2 and 3 1n Fig.1-5
correspond to the values of the load Intensity p = 1,34;
p= 1'63;f?d p = 2,04, respectlvely (here a = 4).

4

05

0 0.5 & 1.0 Fig. 1
The optimal thickness distribution of carrylng layers 1s
presented 1n Flg.l. It appears that the optlmal thickness
remarkably depends upon the load Intensity. In the case of
the shells subjected to the transverse pressure and to the
constant edge loading this effect was not observed [14].
Consequently, the optimal thickness distribution hardly
depends upon the membrane forces which have been generated as
the reactions of the supports 1n the present case.
The economy of an established deslgn may be evaluated by
the ratlo

1
e = J hoax, (5.1)

0
where h_ stands for the constant thickness of an assoclated
shell with the same load—deflection dlagram. It means that
under given pressure p, the shells of optimal thickness h and
of the constant thickness h,, respectlvely, have the same
maximal deflexlion w,. The values of the economy coefficient e
as well as the maximal deflexion w, and the membrane force n,
are presented 1n Tables 1 and 2. Table 1 corresponds to the

case @ = 2, Table 2 -~ @ = 4.

In Tables 1 and 2 n_ denotes the membrane force 1n the
corresponding shell of a constant thickness. It 1is worth
mentioning that the tension in a shell of an optimal shape is
smaller than 1n the assoclated shell of a constant thickness.
It appears that the maximal amount of material saving may bs
achieved in the limlt state. In the case @ = 2, one can S5ave
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up 19,1% of the materlal, provided the shell operates in the

1imlt state. Naturally,

by 1increasing load 1intensity the

membrane forces as well as the economy coefficlent increase.
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In Figs 2-5 the lateral deflection, hoop force, bending
moment and axlal deflexion are presented. The contlnuous
lines in Figs. 2-5 correspond to the shell of optimal shape,
whereas the dotted lines are assoclated with the shell of
constant thlckness.

With reference to Figs. 2-5, 11 can be seen that the trans-
verse displacement and bending moment of the shell with
optimal thlckness only slightly differ from those correspond-
ing to the shell of constant thickness. However, the hoop
forces and axlal displacements are essenilally different 1n
these cases. Calculatlons show that the difference between
the corresponding moment distributlons Increases when the
geometr ical parameter o lncreases. On the other hand, the mo-
ment distributlon 1s not very sensitlve to the changes in the
load 1lntensity. Thls was also observed In the case of the
shells loaded by the lateral pressure and axlal tenslon
{14,151,

The results presented in Figs. 1-5 correspond to the so0-
called short shells, hihged at both ends. There- are varlous
reasons why the calculatlons become more compllcated for long
shells. One of them 15 related to the behavliour of the bend-
ing moment distributlon - 1ts minlmum (maximum of the abso-
lute value) 1s withdrawn from the c¢entral cross-section of
the shell. Moreover, the convergence of the calculation pro-
cess will change unfavourably 1f the parameter o Iincreases.
The shells clamped at both ends have been studled in [14].
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1.0
0 1 Flg. 6

It should be emphaslzed that the optlmal solutlons of the
posed problem have been obtalned for the glven values of the
load intenslty p. One can check 1f the deslgn obtalned for
P = p, 15 able to carry the loads for which p < p,. In thls
sase the maxlmal deflectlon of a shell of varlable thickness
is smaller than that of the assoclated shell of constant
thickness. But 1ts load carrylng capaclty (limit load) 1s
greater than the 1imlt load for the shell wlth a constant
thickness.

The load-deflectlon relatlons for shells of constant thlck-
ness are presented 1n Flg. 6. Here o = 8. Llne 1 corresponds
to the present solutlon, whereas 2,3 and 4 are assoclated
wlth the Tresca yleld condltlon. Dlagram 2 was obtalned by
Leplk (181, llne 3 by Duszek (1] and 4 by Lance and Soechting
{r1. It should be noted that the dlfferences between the re-
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sults are not large,although the solutions have been obtained
by using of different approximations of yleld conditioms.

P L) e hy
1,765 0] 0,809 0,186 0,378
1,85 0,209 0,827 0,262 0,443
2,00 0,502 0,850 0,373 0,526
2,15 0,747 0,867 0,454 0,589
2,30 0,966 0,880 0,517 0,640
2,45 1,167 0,891 0,569 0,682
2,60 1,355 0,900 0,612 0,718
2,82 1,616 0,910 0,665 -0,762
P Yo e iy n
1,34 0 0,844 0,260 0,498
1,45 0,413 0,869 0,388 0,573
1,51 0,611 0,878 0,439 0,606
1,63 0,969 0,894 0,519 0,662
1,71 1,188 0,902 0,563 0,692
1,76 1,320 0,906 0,587 0,710
1,82 1,473 0,911 0,613 0,728
1,88 1,621 0,915 0,637 0,747
1,91 1,694 0,917 0,648 0,755
2,04 2,000 0,925 0,692 0,789
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MYHIVBSE3AIIAA BECA MAACTMUECKME IMAMHIPURCKUX
OBO/MOYEK C YYETOM BOJBMMX [POrUEOB

flan Mexxen, Opuit Masx
TapTyCkMA yHMBEpCUTET

PesoMe

lipeicTaBneHa MeTOAMKA PElEHMA 3aJad MMHUMM3ALMM BECa XeGT-
KOTLIAC THECKUX KPYPOBHX LMAMHADHYECKUX OGONOYEK, MATepuan Ko-
TOPHX NOJUMHABTCA YCNOBMI MNACTUYHOCTH MM3ECA M acCOLMMpOBaH-
HOMY 33KOHY AedOpMMPOBaHMA. YUMTHBANTCA YMEPEHHO GONbIME ne-
pevemeHMA. C NOMOMbI BapDUALMOHHWX METOLOB TEODHMM ONTUMANLHOTO
YNpaBieHus 3ajada CBOAWTCA K HeMMHeRHOM KpaeBoR 3ajaye, KO-
TOPad PEMAETCA “UCINEHHO METONOM TUMA CONPAMEHHKWX YpaBHEHWRA.
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AN APPROXIMATE ANALYSIS OF LARGE PLASTIC
DEFORMATIONS OF CIRCULAR AND ANNULAR PLATES

Jaan Lellep and Helle Hein
Tartu University

Abstract. In the present paper an approximate method of
investigation of large deflections of circular and annular
plates is developed. The analysis is based on the vield line
method of Sawczuk {41, which was also applied pvy Kondo and
Pian [3.41. The method is illustrated by a study of circular

and annular plates of piece-wise constang thickness.

Introduction

Geometrically non-linear problems of plastic plates and
shells have become problems of practical interest. Some of
these ways of thelr applicatlon in englneering are related to
design of pressure vessels as well as ship and alrcraft
structures. Large deflectlons of plastic circular plates, the
material of which obeys the plece-wlse linear yleld condition
have been investigated by Onat and Haythornthwalte [5], Lepik
{31, Jones [2], Kondo and Plan (3] and others. An efficient
solution was obtalned by Calladine (1], consldering the plate
to be a three-dimensional body.

1. Governing equations

Let us consider an annular plate of outer radil R and of
Inner radil a which 1s subjected to the uniformly distributed
transverse pressure of intensity P. The outer edge of the
plate 1s assumed to be hinged, whereas the 1inner one 1s
ccmpletely free.

In this paper large deflectlons of c¢ircular and annular
plates will be studled. The plates of constant thickness h as
well as plece-wlse constant thickness wlll be analyzed. In
the latter case h = hy forr € (a,, a +1) vhere J)=0,...,11 and
ap =2, apy, = R. Here a.()=1,...,n) stand for the values of
the radil where the thickness varles rapidly. The quantltles
h, as well as ay are assumed to be glven constants 1in the
present study.

Taking into account the post-yleld behaviour of plasile
plates the membrane forces N, and tending moments M., Mw
will be used 1n order to predict the stress state of the
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plate under consideratilon. Let Y and W denote the 1n-plane

and transverse displacement of the plate, respectlively.
4zsuming *hat the dizulacements do not exceed the order of

the plate thlckness the equatlons of Von Karman theory are

applicable. Thus, the equlllbrium equatlons have the form

{on,}" =
oM (1.1)
[(pml); - my + pnyW 1T+ 2pp = O,
vhereas the deformatlon components may be wrltten as
M u
Fa ='_"Tt"7 ' +']"t\'v"2), 52=-W—z
rs RJ.N., £ RNN* p
(1.2)
M, M,
. - e A, dn - —=
N R* “ N R“ p
where pilwss denole the differentlatlon with respect to the
non-glmensional quantlty p. Here N, and stand for the
1imit load and iimit moment, respectlvely. In the case of
homogeneous cross-sectlon one has N, = ooh*, = ooh‘/4, By

belng the vleld stress and h, the thickness of the plate.
Mmensional and non-dimenslonal quantltles are related by

1,2~ by,2= Ty = ﬁ'l'

»

(1-3)
-y IJ » R-J-.
M_ w' 13 - > p - 2“: a] -

Material of the plate 1s assumed to be an 1ldeal rigld-
vlastilc one (wlthout straln-hardening) obeylng the Tresca
vield conditlon. A slmpllfied analysls will be presented 1n
this paper. The slmplificatlons (in comparlison wlth the exact
theory of plastlc plates) conslst in the followlng. Firstly,
the riact yleld surface 15 replaced by an approximate surface
usinw the concept of the "limlted Interactlon between forces
and woments™. Thls concept was wldely used 1n the 1imit
an3iy51s as well as 1n the large deflectlon theory of plastic
uvlates and shells [6,7). The second simplification 1s related
1o use of the vleld-line theory [3,4,6) which states the
exlstence of a system of hinge clrcles in the plates. Among
these hinges the plates take the forms of truncated cones.

Such an approximatlon of the exact yleld surface assoclated
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with the Tresca yield conditlon will be used, which may be
presented as {Fig.1)

Al b T Mt lmy -7y J=0,...n (1.4)

for the reglon p € D., where D, stands for the interval
(o 'aj+1)' The approximatlon of the yleld surface (Flg.1)
should be handled as the further simplificatlon of the
method of llmlted interactlon (couple of hexagons on the
planes of forces and moments, respectlvely). It was employed
by Kondo and Plan (3,41.

Flg. 1

The relatlons between the stresses and straln components
(1.2} will be stated by the assoclated deformatlon law. A
deformation-type theory of plastlclty 15 used in the present
study. It 15 assumed that the vector of straln components
(1.2) 15 dlrected along the ocutward normal to the vleld
surface prescribed by (1.4), 1T the correspendling stress
point lies on the surface. If ihls cond'tlon 1s not sat-
ssfizd, 2.g. “he 5iress oolnt lies in the Internal reglan of
the surface, the sirain vectior must vanlsh. Thls assoplated
deformailon law may be interpretied in the preseni case as
follows. Applylng the gradlent law wlth respect to the con-
flguration on the m.-n. plane the vector of deformatlon com-
ponents contains the components and # . Simllarly, on the
@m~-N~ plane ihe deformatlon components and 2%, be

oy

P

m

Since the cuter edege f th- nlale 1s hlneed the  boundary

co
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sondltlons mav be sxpressed as
i (1) = wli) = u(l) = 0. (1.5)

In the 5ase of an annular plate at the free 1nner edge one
has

B {(2) = nofa) = q(a) =0, (1.6)
where g stands for the non—dimensional shear force. At the
center of the circular vlate the symmetry consideratlons lead
to the followling conditlons

m. (0 = mz(ﬂ), n, {0} = n2(0). (1.7)

2. Large deflectiions of circular plates

The post-yleld behaviour of a simply supported circular
plate of vonstant ihickness will be examined now (vq = 1).
Let us assume that the plastlc behaviour of the plate can be
quite adequately slmulaied by the mechanism shown in Flg.2.
Thus, ai the positlons ¢ = 0. (1 =0,...,n) will form the
plastic hinge circles. Corresponding deflections are marked
vy w.. The alm of the paper 15 the determination of the
gquantitles w. (1 = O,...,n) Zor each value of the Iintenslty
of lateral loading p > bg» Dy belng the load carrylng
capacity of the plate.

The deflectlon distrubutlon among plastic hinge clrcles
15 llnear with respect 1o the radll o, therefore
w = Da (2-1)

for 0 D., 4 -0,...,0. In (2.1)

Wy T Wy
=ﬁl; J=07-°°,n9 (2-2)
a1 B
where one has to take into account that 2 = o, Opep = 1,
Wasr = 0:
Integration of the equatlons (2.1) leads to the relatlons
W= 0. {p - AJ) (2.3)

for o e Dy 1} = 0,...,n. The integratlon constants A. can be
satisfied taking into account the boundary conditlons (1.5)
and continulty requirements of the deflection w at p = o..
Thus, one has 4. = 1 and
DIty (@.4)
:‘n.-‘l (p’—l J' Lo

&

i

wher £ = N,N-1,.00,10

It 15 vortih emphasizlng that 1n conformity with (1.2) and
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(M

Flg. 2

(2.1) the deformatlon component always vanishes. Thus, the
assoclated deformatlon law ylelds =0, or

u o= - % w’z, (2.5)

which holds good 1in each reglon B, (} = 0,...,n), except at
the boundarles p = 2. () = 0,...,n). &t the hinge clrcles
p = &, the corresponding stress polnt reaches the yleld curve
on the my - plane (Fig.1). Thus, according to (1.4)

ml(uj) =1 - n;(aj)y J = 0»---»“ (2-6)

since the bending moment 1s assumed to be non-negatlve.
The assoclated deformatlon law applled to the configuratlon
on the m~ 10, plane (Flg.1) furnlishes the relatlon

L (2.7)

under the conditlon that the corresponding stress polnt lles
on the yleld curve on the m~ - n, plane. Substltutlon of
{1.2) 1nto (2.7) leads to the equatlon

: u (2.8)

which holds good almost everywhere.

. In order to determine the 1n-plane dlsplacement u one has
to integrate the equatlon {2.5) in each region D. making use
of (2.1), {2.2). Satlsfying the boundary conditlon u(l) =0
and continulty condltlons at p = one obtalns
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be gt (e -ayy) gy @ (o - o) (2.9)
1=T4

for p e Dy; J =0,...,n-1 and for p e Dn

u=-%d (p-1). (2.10)
Substitution of (2.1), (2.9), (2.10) 1nto (2.8) glves

Da
n, = Z; p - °ﬁ+1) + RJ (2.11)

for p € D4y } = 0,...,n. Here R, stand for the followlng
expresslons

T
1 £ (o - . 43R -
R, =m?§" ¢° {0y - 2y4q)5 J = 0,enuyn=1; Ry = 0 (2.12)
S1=7+

As above, we assume hereln that o = 03 @nyq = 1. Since the
stress state corresponds to the parabola on the m- - Ny plane
{Fig.1) making use of (2.11), one obtalns

Pa > L2 La]
my=1-q5 (0 - aj+1)‘ — o Ry (0 - oyyy) - Rj (2.13)

for p e Dﬁ; J=0,...,0.

Taking Into account the expression (2.11)-(2.13) for stress
resultants m., n, as well as the dlsplacement fleld
{2.1)-(2.4) one can solve the equillibrium equations (1.1).
The first of them after substitutlon (2.11) ylelds

ny = [z - J+1] Ryt ol (@.14)

for o e Dy 3 =0,...,n, where B, stand for Iintegratlon
constants. They may be presented 1n the form
By = 0,
(2.15)

By= B g Oyt o) gy TRy = Ry
where 1 = 1,...,n; provided n. 1s contlnuous and the second
symmetiry condlilon In (1.7} 1s satisfled.

The second equatlon in the set (1.1} after substitutlons of

+he quantiiies m-, n., w' according to (2.1), (2.13), (2.14)
glves
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\g‘aR.

CIE I UL o L -
o {2.16)
- 0&!_}1) - R‘; - RJq’J - %p‘ - BJ"D. + p"l-

for p e Da; J =0,...,n. Here €, stand for the previously
unknown constants which may be determlned according to contl-
nuity requlrements and symmetry condlilon (1.7) as follows:

o
o \QJR. - + (!J( QJBJ - QJ_]_BJ_]_)'

where J = 1,...,0.

It 1s worth noting that nelther the boundary condltilon
ml) = 0 in {1.5) nor the requirements (2.6} are used 1in
derlvation of relatlons (2.16), (2.17). Satlsfylng these
gondltlons with the help of (2.16) and (2.14) one obtalns the
following set of non-llnear equatlons

L4z By *Cy -3 -0
(2.18)

Jn}—' s Pyyy ~ 6Ry) ~ Ry - By@y ~ gy *

C. r B. ‘P;an_‘_.l \2
te. ot iE—=* 2 =0,
Gap | Ty
where } = 0,...,n-1. After substltutlon of guantltles 0y, Ra,

B., C;, the equatlons (2.18) serve for determination of
parameters wJ (} =0,...,n}.

3. Large deflections of anmilar plates

Let us conslder now an annular plate hinged at the outer
edge and free at the lnner edge. Let the 1lnnner radll be
oy = o.

Using the same technlque as in the prevlous paragraph, one
can obtaln a result showlng that the relatlons (2.1)-(2.14)
remain valid. By Iintegratlon of the flrst one of the
equilibrium equatlons (1.1) one gets (2.14) where the
integration constant B0 takes the form of
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Bo =- I [ oty ] - Rou, (3.1)

provided that n.{a) = 0. The recurrent relatlon 1in (2.15)
which connects the integration constants B;, (1=1,.
..,i ) remalns valld. Integrating (1.1) and taklng 1nto
account the boundary conditlon (1.6) we can obtaln the
=xbresslon for bendlng moment

. ¢§ 3 PRy o
M=l (0 - @) gy 1P T Oyt - (3.2)
lal
¥ 2 e
1o p* » 2 -
ot {5 - o) - Ry - G-Foo+ Byey + p'l’

where ' - 0,...,n and

: £I-

vp = ot O LR

—m]+Roa+%Roz--§pa3+QoBou. {3.3)

The guantitles 01.....0 ¢an be calculated by means of

n

The plastlicity conditlon (2.6) at the plastic hlnges a.
{3 =1,...,n) and the boundary condition n1(1)=0 gilve a set
»f nonlinear algebralc equations for determination parameters
W, (1 -~0;...,n):

o P
Lt ooy tC-3t pef = 0,

2 P -
TTe (9% TRy ~Ry - B A

S
Ca B, @0 <
\ \ RS ekt _
i el R ol B

Here 3} =0,...,n-1.
4.Circular plates with plece-wise constant thickness

iel us consider a clrcular plate with plece-wlse constant
thlckness. In this case

T = Tay lel
for o e (@,0y,q) where J = 0,...,n and @ = 0, op,4=1. Here

Ty, Te (} =0,...,n) stand for the non-dlmenslonal thickness
1n the reglon o  D..
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The plasticlty conditlon may be written as
ng +m, = J=0,..0m (4.1)

for the reglon p € D. and as

)
>
'
™)
—

~
ns tmo=7

at the boundarles p = ..

The deflectlon distributlon among plastic hinge c¢ircles
will not change, e.g. the relatlons (2.1)-(2.5) remain valid.
Instead of (2.6) we have now '

m (@) = 75 - nflay), (4.3)

where 1} =1,...,n.

It should be mentioned that by the assumptlons made 1n the
present paper about the yleld surface and deformation law,
the non-dimenslonal membrane forces na., n, do not depend
explicitly on the quantitles 7..

Integrating the second equatilon of the equillbrium
equations and taking Into account the expressions (1.7),
(2.1), (2.2), (2.11), (2.14), (2.15), (4.1) one obtalns

o= g P e)T gt (0 )T
(4.4)
oy o° o

i o D _
el el I I A '

L (@]
.

for p € Ds; 3 =0,...,n. Constants C. can be determined
by means of contlnulty reculrements as follows:

:.D ~J
Co =0, Cy oy (g ) tgm @y o)
{ : 2 -~ -~ Dy ) ~
+ ot Gy - ey Ry - Rag) e [ gy
+ l(Dqu - = B l}' (4.5)

where } = 1,...,n.
First one of ihe relatlons for determlnation parameters w.
obtains the form

L2
~ts + 13

n t 12 " 9nBp * Cp -

whereas the other n relatlons colncide with (<.18).

=0, (4.6)
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S. Amuisr plates with place-wise constant thiciness

The previous analysis may be accommodated for the snnular
plates with piece-wise constant thickness. The membrane force
may be expressed as

L4 p B
moegt [z )Ry
for jJ = 0,...,n, where

o ®
BJ = BJ-]. - BJ‘ (¢J_1 + QJ) + IJ- @424y + uJ(RJ-i - RJ)'
The bending moment takes the form

“‘1'73'%(9"’5-&) “49 (9'(134.1) ‘5"[8:‘

o C
- paJ+1) - Rj - RJ(PJ E - gpz - BJ(pJ + 61 + pf;
where J =0,...,n and the Integration constants may be
expressed as

ol

%

Co=-op+gg @-g)¥+  (@-g)?+ (

- o) 4 R5e 4 Rowy F - § po? + gBga,

wuR

ore
Cy CJ_1 *ay (Tj—l - TJ) + I& (ch - ch+1)3 +

-+<f.R. ¢2[c£

Ty )t r g | -y ] * o] - Riy) +

+ k! o + «“ (@R, —
BT Ry T Ry i
The boundary condition m (1) = Q gives

2,00 P pg +c +pot-0
Th*1Z 37 Bpfp* Cp P =

and from the requirements (4.3) follow n other “relations
whilch colncide with (3.4).
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6. Discussion

The results of calculatlons are presented ln Fig. 3-8. Fig.
3 shows the load-deflectlon relatlon for a simply supported
circular plate of constant thickness. In Flg.3 the curves
slgned by 1 and 3 represent the upper and lower bounds
developed by Erkhov and Kislova [7]. Lines 2 and 4 correspond
0 the sclutlons obtalned by Leplk [91, Onat  and
Haythornthwalte [5], respectlvely, for the plates whose
materlal obeys the Tresca yield condition. Erkhov and Klslova
used the approximation of the yleld surface for the Tresca
materials, which corresponds to the method of 1limited
interactlon between forces and moments.

Curve 5 in Fig.3 1s obtalned by the method suggested in the
present paper. It corresponds 1o the kinematlcally admissible
displacement fileld wlth one hinge 1in the center of the plate.
The shaded reglon 1n Fig.3 oresents the reglon of admissible
solutions with two hinges (one of them 1s located at the cen-
ter of the plate). It 1s worth emphasizing that the loccation
of the hinges 1s not unigue. However, the coordinate is
not arbltrary 1n the present case. Restrictlions o the values
of o, are lmposed obllguely; théy are the consequences of the
requirement of statical admissiblility of the solutlon under
consideration. The bounds to the locatlcn of the hlnge clrcle
off the center of the plate are presented 1n Flg.6 for dif-
ferent values of the maxlmal deflection The c<ontlnuous
lines in Fig.5 correspond to the circular plate, the discon-
tlnuous ones to the annular plate with inner radii o4 = 0,1.

Although the quantlty c. may vary 1n qulte a wide range as
shown in Fig.6,. the posslble of locatlon reglon of the
corresponding load-deflectlon curve 1s comparatlvely narrow.
Moreover, on the basis of Fig.6 one may draw a concluslon
that the method suggested ln the present paper leads 1o the
oad-deflection relation which 15 comparatlvely close to the
esulis cbtailned by other authors. At the same tilme the
clution assoclated with one hinge is very slmple.

The moment distributions for solutlons with one  hinge are
presented 1n Fig.4. The curves 1, 2, 3 and 4 correspond 1o
the values of maximal deflecilon vy = 0,5; vy = 23 ¥y = 3 and
Wy = 4, respectively. The iendency of the bending moment 1o
vanish at the center of the plate 1n case the deflection
increases appears 1o be natural because the s5iress stale
tends 1o the membrane state, as shown by Leplk [91.
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-Fig. 5

Deflectlons of the clrcular plate corresponding to the
solutlons wlth two hlnges are shown ln Flg.5. Contlnuous and

02 04 06 0.8 10 oy Flg. 6
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dotted llnes in F1g.5 correspond to the lower and upper
bound, respectlvely, for flxed maxlmal deflectlon.

6

r

5

4

3

25 1 2 3 4 Fig. 7

Slmllar results obtalned for annular plates are presented
in Flg.6-8. Here the lnner radil of the plate 1s o = 0.1.
In F1g.7 there 1s shown the load-deflectlion relatlon obtalned

0.4 07
O—r__.:.-—_ﬁ

Flg. 8
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Fig. 9
from the selutlon without one hinge (curve 1). Hereln 1s
presented the reglon of admissible p - w,; dlagrams also

associated with the mechanism with one hinge. As 1n the case
of the circular plate, the striped region 1s comparatlively
narrow and 1t 1s sltuated not far from the 1line which
corresponds to the sclution without hinges. Curves 2, 3, and
4 calculated 1n (8] present the load-deflectlon relatlons for
annular plates, subjected to the lateral pressure and radial
tension 1n the case of the materlal which obeys the Von Mlises
yield conditlon. Lines 2, 3 and 4 correspond %o the radlal
tenslons 0,5N;, 0,3N, and 0,1N_ , respectlively.

The values of the quantity in the case of clrcular
plates of plece-wise constant thickness corresponding to the
load intensity are presented 1n F1g.9. The results are
obtalned for = 0,5. Here To = 1 and ® = Ty-
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TapTyckufl YHUBEDCUTET

Pesome

Hccneayerca 3ajava  aefOpDMMDOBaHMA KPYFABHX M KOJNbLEBHX
ANACTUH NpY GoNbIMX ApOrubax. MaTepuan RAACTMHH XeCTKO-NJAC—
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OPTIMAL LOCATIONS OF RIGID STIFPENERS FOR A GEOMETRICALLY
NON-LINEAR PLASTIC CYLINDRICAL SHELL

Jaan Lellep and Sander Hannus
Tartu Unlversity

Abstract. An optimal desian method is developed for olastic
cvlindrical shells with stiffeners. The optimal location of
the stiffeners is determined for a shell of the Von Mises
material. Geometrical non—linearitv is taken into account.

The oroblem is transformed intc a boundarv-value oproblem.
which is solved numerically. The numerical results are
oresented for the case when the shell is strenathened with

the aid of one riaid hoon stiffener.
Introduction

One of the possibllitles to lncrease the compllance or load
carrying capaclty of sructures 1s to furnish them with
additlonal rlgld supports. With regard to the cylindrical
tubes subjected to the lnternal pressure loadlng this lmplles
the use of the rigld hoop stlffeners. It 1s reasonable to
determine the positlon of the additlonal supports or
stlffeners so that the optimallty criterlon attalns the
minimum value.

The early works devoted to the determinatlon of the optimal
positlons of additlonal supports by Mréz and Rozvany I[3,41,
also by Leplk (8]. Clnquinl and Kouam [1] studled the plastlc
cylindrical shells with stiffeners in the case of the Tresca
materlal, whereas 1n (7] a shell of maximal load carrylng
capacity of the Von Mises materlal was examlned. Ceometrical
non-linearity 1s taken lnto account in [2,6] assumlng that
the materlal obeys the Tresca yleld conditlon.

1. Basic equations and preliminaries

The behavlour of a rlgld-plastic clrcular cyllindrical shell
of radli R and length 21 1s studied in the present paper. The
internal loading 1s assumed to ¢consist of two components - of
the lateral pressure of Ilntensity P and of axlal tenslon N;.
The left-hand end of the shell 1s bullt in, whereas the rlght
end 1s simply supported.

Moreover, al the positlons x = S,, where } = 1,...,n there
are located absolutely rigld ring supports (rigld hoop
stiffeners).
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The problem conslsts in the determlnatlon of the optimal
positions for additional supports. The optlmality of the
solution is meant 1n the sense of the minlmum of the
criterion

21
J = J wax, (1.1)
0
where W 1s the lateral deflection, Kk stands for a fixed
number (kK > 1). Optlmality criterlon (1.1) may be lnterpreted
as an approximatlon of the criterion

Jq = max  IW(x)| (1.2)
xel0,21]
as shown by Banlchuk (5]}.

Since the use of the optlmallty criterlon (1.2) 1s gqulte
complicated due to the non—dlfferentlabllity of (1.2) ln the
present paper (1.1) will be employed.

The posed problem will be handled as a problem of the optl-
mal control theory, provided SJ (J=1,...,n) are prelimi-
narily umknown parameters. The equatlons which have to be met
by state variables and a control are the corollaries of the
constitutive and equilibrium equatlons of the large deflec-,
tion theory of cylindrical shells.

Material of the shell 1s assumed to be rlgld-plastic one
and obey the Von Mises yleld conditlon 1n the approximated
form

o omyny + n% + % ¥ -1 = o, (1.3)

where 2=N /Ny, m= Ny and M, belng the yleld
load and yleld moment, respectlvely.

Using the equilibrium equatlons and employing the asseci-
ated deformatlon law (the law of gradlentality in the de-
formation-type theory of plasticity) one obtalns the
following set of equatlons (the varlables q and z may be
referred to as additlonal state variables and u stands for
the non—dimenslonal axial displacement):

3uwn. o
m. = Q| q. = n2— n1 + w(P - nz)v
vz, z' - mﬂ%‘_"i},? (1.4)
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2, My ny)
Mos nl °

~

T

u = -

In (1.4) primes denote dlfferentlatlon wlth respect to the
ron—-dimensional coordlnate ¥ and

NA1*
X 0 RP
= I W = . D —
5ﬁ (1.5)
NoW o ug sy
- T oJ—r

Since each part of the shell has to operate ln the plastlc
stage we have to take Into account the restrictlons

P-Py=0, J=0,...n, (1.6)

vwhere p, stands for the llmlt load for thls part of the shell
which 1s located among the supports at ¥ = s, and % = Sy4p
Here 54 = 0 and Sp+ = 2. Evldently, the load carrylng capa-
clty of a cyllndrlcal shell depends upon the internal loadlng
as well as on the parameters 5) and 5341+ For flxed values-sJ
and s " It will be calculated numerlcally.

Thus, the posed problem conslstis 1n the minlmlzatlon of the
functlonal (1.1) accountlng for the differentlal restrlctlons
(1.4) as well as the algebralc restrictlon (1.3) and
inequalltles (1.6). It appears to be convenleni to iransform
(1.8) Into

P —PJ _BJ"= 0, J =0,...,n, (1.7)

vwhere the quantitles 8, wlll be handled as prellmlnarlly
unknown constant parameters.

It 1s reasonable to assume that the statlonary plastic
hinges are located at ¥ = 5y {(j =0,...,n). Therefore, the
corresponding boundary and “intermedlate conditlons may be
wrltten as

m(sJ> =M w(sJ) =0, }J=0,...,n, (1.8)

2 ?

m(s = w(sn+1) = 0. (1.9

n+1!

The hypothesls about plastlc hinge clrcles Introduces the
need for discontlnulites of varlables q and z at % = 5y (3 =
=1,...,n).

2, Optimality conditions

In order %o cbtaln necessary optimality condltlons let us



introduce Lagrangeian multipliers ¢ , ¥« (J =0,...,n) and
adjoint variables ¢; (1 =1,...,5). Using the Lagrangelan
multipliers the functional (1.1) may be presented as

Ju=1 l +¢1(m—q)+¢2'[q --————-———-—-wtp—nz)]+
J=0

. . oWl 2ny)
+ Q)Z(H - Z) + ¢4[Z - Zﬁz_ nl +

+u +§]+¢[n2-n1n2+n§+%n2-l]]df+

+Sv.(p = P« —BJ). (2.1)
J=0

Let us calculate the varlation of the functional (2.1)
denoting the varlations of state variables by om, 0q, ow, Oz,
du, respectlvely. At the same tlme one has to take 1nto
account that the state varlables q, z, and u as well as the
control ones may have discontlinuites at ¥ = sJ J=1,...,n.
Moreover, the parameters s, {J = 1,...,n) as well as p and
8. are not preliminarily fixed. Therefore, one to
dIstlngulsh between the values of weak varlatlon Oy and full
variation Ay of a state varlable y at ¥ = sJ. They are
related to each other as follows:

Ay(gjt) = by(sjt ) + y‘(sJ:)AsJ. (2.2)

Here the signs plus and minus denote” the right and left hand
limits at ¥ = s., respectively.

Determining tne full varlation of the functlonal (2.1) one
obtalns the equation

n Sya
Jzo r e ow + 9gom - 9;00 + 909" + aatny - F20 +
=03y

m + mdw _ _ .
* M%)z, * P3dz + g02” +
. = (20, - Nn-)OW 3n.on,
+ Ggdu’ + R T T + ofgw —————— + (2.3)

n
- p(ny8n, - 2n,0n, - - vom) ldz —Jzovj( bpy + 28408y) = O.

Accordling to (2.3) the adjolnt set has the form
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(b + )
¢1=>%‘ﬂw——§Fﬁ-—+%m,
Q’Z = '¢1.
-1
- k1 4 ‘T‘m_“f[%w‘ + ny9)m + -np). (2.4
Oq = O3 * B2,
= 0.

Since the varlable n, is a control varlable and Py BJ -
parameters one obtalns from (2.3)

ahy + (30 + nyp) + Inygs] + @2y - my) = 0

{2n, n
z M) (2.5)
and
VJBJ = 0' J = 0,-.-,“- (2.6)
Taking into account (2.4)-{2.6) one can present (2.3) as
n
3 E[q:lom + 9,00 + (30w + 9,02 cpscu]?=5 - ] +
3=1 | )
+ 95(2) AQ(2) + 94(2)Az(2) + P5(2)Mu(2) - (2.7)

- 9,(0)A9(0) - 9,€0)8z(0) - ¢5(0)Au(0) = O,

where quadratlc brackets denote the jumps of the correspon-
ding quantltles and the requirements for m and w are met.

Evidently the 1imit loads Py depend on Sy and Sy41-
Therefore

— sy (2.8)

The weak varlatlons of state varlables 1n (2.7) are related
to the full varlatlons as shown 1In (2.2). Consldering the
varlatlons Aq(s,*), Az(s,*), Au{s,*) as Iindependent
quantltles (simllarly Aq, Az and Au are free at the both ends
of the optlmal trajectory) (2.7) ylelds

‘92(53) = 4)4(5J) = Q)S(SJ) =0, }=0,...,n¥. (2.9)

Using the boundary and intermedlate condltlons (2.2) for
the adJolnt varlables as well as the relatlons

bm(sjt) = - q(th\AsJ, 6w(sJ:) - - z(sJ:)AsJ, (2.10)
which are the natural consequences of requiremenis (1.8) the
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equation (2.7) may be transformed into the form
n n
2 [(Dl(sj)q(sj) + q)s(SJ)Z(SJ)]ASJ + ZVJAPJ = 0. (2.11)

Making use of (2.8) one obtains from (2.11)

(2.12)

n
[ospatsy) + egispzisy] + 3 =5 1Py

j=1,...,0.
3. Optimal solution

In order to solve the set (2.12) we have 1o lIntegrate
equations (1.4) and (2.4) making use of the boundary and
intermediate conditions (1.8), (1.9), (2.9) as well as the
requirements (1.3), (1.6), (2.5), (2.6). The numerical
solution procedure may be simplified, since according to
(2.4) and (2.9)

g = 0. (3.1)

Substitution of (3.1) into (2.5) gives the relatlon

_ ooy 300yt mep)

® = (2n- ng)” 7
which should be applied in the right-hané side of the set
(2.4).

The use of (2.12) 1s complicated as for as the Lagrange'lan
multipliers = 0,...,n) are not specifled.It follows from
(2.6) that either », =0 or 6, =0. The latter version
implies that according to (1.7) py = p. In other words the
stress state 1n the correspodlng part of the shell 1is
associated with the 1imit load. However, the problems of the
optimal design of cylindrical shells with additional supports
were studied in (7], assuming that the load intensity equals
the load carrying capacity of the shell. In the present study
the attention 1s focused on the post-yield behaviour of the
shell under consideratlon.

Thus, it 1s reasonable to examine the cases, when py = p
e.g. 6 = 0. Therefore, now vy = 0 and equations (2.12) can be
conver ted 1into

[o,6a6p) + ey pzisp] =0, I =tn . @33

(3.2)

Howeyer, one has to take into account that the possibility
may be reallzed when a part of the shell, say reglon
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(S« 198 } 1s In the 1limit state, but (sJ,sJ+1) 1s assoclated
with finlte deflectlons. In thls case =0 and v, =0.
Thus, we must employ equation (2.12) for determination of the
corresponding Lagrange®lan multipller

The problem 1s completely solved numerically using the
Runge-Kutta fourth-order method for integration of equatlons
(1.4) and (2.4). Specifying sJ(j =1,...,0), (1.4) can be
solved substitutlng, according to (1.3)

- e A . a0

Substituting the values of state varlables as well as ¢ and
n, from (3.2) and (3.4) into (2.4) one can Integrate these
equations. Finally the Aimprovements for coordinates s
(3 =1,...,n) are calculated making use of (2.12) and (3.3),
respecilvely.

4. Discussion

The results are presented for the case n =1 in Fig.1 and
Fig.2. In Flg.1 distributlons of the transverse displacements
are glven. In thls example the following values of the
non—-dimensional parameters are chosen: w=8, p=1.96,
n = 0.2. Curves 1, 2 and 3 correspond to S = 550 S=8
respectively. These values are defined as follows:

c?

0.5

Filg. 1

a)the support 1s located in the center of the shell
(s = 5, = 1.0); b)the location of the support coincldes with
the optimal position assoclated with the mean deflection,

1.e. taking into account criterion (1.1)(s = 5y = 1.03054);
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¢)the optimal locatlon of the support ls determined by means
of the minimum of the maxlimal deflection of the shell
(s = 5, = 1.07291).

Distributions of the bending moments are glven 1in Fig.2.
Here, curves 1,2 and 3 correspond to the cases a), b) and ¢),
respectlvely.

Fig. 2

References

1.Cinquinl C., Kouam M., Optlmal plastic design of stlffened
shells. Int. J. Solids and Struct., 1983, 19(9),
773-783.

2.lellep J., Parametrlcal optimlzation of plastic cylindrical
shells in the post-yleld range. Int. J. Eng. Scl., 1985,
23(12), 1289-1303.

3.Mroz Z., Rozvany G.I.N., Optimal design of structures with
varlable support conditlons. J.Optlmiz. Theory and
Appl., 1975, 15(1), 85-101.

4.Rozvany G.I.N., Optimal design of flexural systems.
Pergamon Press, 1976.

7?7



5.banuuyk H.B., Ontummsauua ¢opM ynpyrux wTen. M., Hayka,
1980.

6. Jlennen fl.A., ONTUMANLHOE DPACMONOXEHWE HOMOJHMTENbHHX ONOP K
TEOMETPUYECKM HENMHERHOR nNNAacTHYECKOR  LMAMHApUYeCKOH
obonouxe. [ipuxkn. wmex., 1985, 1, 60-66.

7.Jlennen fl., Xanuyc C., ONTUMU3ALMUA PAcHONOXEHWA AONONHUTENb-~
HHX ONMOP K NNACTUYECKON LMAMHApUYECKOR obonouke. Yu.
3an. TapTyck. yH-ra, 1988, 799, 21-26.

8.Jenux ., OnTMMAaNbHOE NPOEKTHPOBAHME KOHCTPYKUMA B clydae
AMHAMUYECKOT 0 Harpyxenua. TanaunH, Banryc, 1982.

OMTMMANEHOE PACHONOXEHWE XECTHWX KPYT'OBMX OIOP K T'EOMETPH-
QECKW HEMWHENHIM [IACTHIECKIN [MHIPHIECKWM OGONOTKAM

flan Nexxeu, Caupep XsHuycC
TapTyckuil yHusepcurer

Pesome
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THE ONE-DIMENSIONAL EQUI-STRENGTH PROBLEM FOR
NONHOMOGENEOUS SPHERICAL VESSELS. CYLINDRICAL TUBES
AND ANNULAR DISCS RELATIVE TO ARBITRARY YIELD POLYGON

Kalle Hein and Mati Heinloo
Tartu Unlverslty

Abstract., The desion of nonhomogeneocus equi-strength
spher ical vessels., cvlindrical tubes and annular discs. sub-
jected to guasistatic loads upon the internal and external
radii is presented. The rotation of the tubes and disks
around their axis and the dependence of their physical and
mechanical gualities on radial coordinate is assumed. The
statically allowed limit stress states. determined by the
sides of the arbitrarvy vield polygon. are analyzed in detail.
The equations for determination of the rational distributions
of the Young modulus which guarantee the change from the
elastic state to the plastic one simultaneocusly at all points
of the examined constructions. when their aquasistatic loads

get the limit values have been obtained.
Notation

py — internal pressure;
pp - external. pressure;
6°,0q - radlal and hoop stresses;
- axlal stress component for tube;
— radial displacement;
- radlal coordlnate;
- lnner radlus;
- outer radius;
6° - yleld stress;
v - the Polsson ratlo;
E® - the Young modulus;
h® - disk thickness;
®° - angular velocity for rotating discs and tubes;
TI - inner temperature;
T, - outer temperature;
7 - linear thermal expanslon coefficlent;
T - density;
€.,E€g — radlal and hoop stiraln components;
€, - axlal straln component for tube;

[~ 20 e = I
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T, - temperature 1n the natural state, when the stress and
stiraln components are equal to zero;
It 1s convenlent to introduce the followlng dimenslonless
quantltles:

p
r=—auo
b

]
ul ®
Q

¢ b o ¢
T Tp=— Lily=— -1Lin=7L;
p P
py= 1 py=-2
] o]

1. Introduction

Many of modern methods of regulatlon of the stress state of
nonhomogeneous bodles by speclal distrlibutlon of the qual-
1tles of the materlals open an lmportant irend 1n the optimal
design of nonhomogeneous constructlons. In the first Inves-
tlgations (7, 161 dlstributlons of the materlal's qualltles
that glve prescribed statlcally allowed stresses ln the non-
homogeneous constructlons has been obtalned by means of the
reclprocal method. Some of papers [1, 3-6, 8-10, 12, 14, 15,
171 had determined distrlbutlons of the qualitles for ma-
terlals that guarantee the extreme for set parameter. In a
few of the papers on the stresses lay some additlonal
requirements 1n the optlmal design of the nonhomogenelty. For
example E. P. Kondakov [131 found the dlstributlon of the
Young modulus, that guarantees the constant hoop siresses 1n
cylindrical tube, loaded by internal pressure. K. Heln and M.
Helnloo solved the elasticliy problem wlth the addltlonal
requirement that the stresses satlsfy the Tresca (2, 18-21,
23, 241 or Von Mises (21, 22, 25] yleld condltlons simul-
taneously at all polnts. Thls requirement guarantee the
change of the constructlon from the elastlc state to the
plastlc one slmultaneously at all polnts whlle the quasl-
statlc loads get thelr 1imlt values. Constructlons permittlng
such changes are called equl-strength  constructlons. The
equl-strength rotating discs with regard to the Von Mlses
yileld criterlon were obtalned by Yhe Kal-Yuan and Llu Ping
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{111 by an approprlate cholce of thickness distributlon. The
Investigatlions In papers [2, 18-25] show, that the equi-
-strengtih annular discs, spherlcal vessels and cylindrical
tubes have obvious advantages over "~ analogous homogeneous
construcllons. The alm of this paper 1s to generalize the
results of papers {2, 18-21, 23, 24)] +to the arbitrary
plecewlse linear yleld polygon.

2. Basic equations

Let us assume that the spherlcal vessels, cylindrical tubes
and annular discs are made of an Isotropic nonhomogeneous
linearly elastic material which obeys the linear yleld cri-
terion, corresponding to the sides of arbitrary yleld poly-
gon. We also suppose, that the discs and tubes are rotating
with congtant angular velocity. These constructlons are sub-
Jected to normal quasistatlc loads upon thelr Internal and
external radil in the statlonary temperature fleld. The
physical and mechanical quantities depend on radlal coordi-
nate r.

Under such assumptions the stresses ¢
the following equilibrium equation:

r and %y mist satisfy

op -~ ‘%‘(°e - o) 'E_ O+ wr =0, 63

where for cylinder h" =0, q =1, fordisc q = 1 and for
sphere h" =0, g = 2, o = 0. Here and further the prime de-
notes the derlivatlve on coordinate r.

¥We have the following compatibllity equatlon:

&g — & +rEg =0 (2)
and the Hooke's law
& = ‘%.’_["r_ v(og+ °z)] M

ee = v(°r+ OZ)] + Tﬂv (3\

€ = T[Dz_ V(o + °e)] M

In the case of spherical vessel we must take ¢, = g, ©, =
= By.

]

¥We assume, that the cylindrical tube 1s 1in plane strain
state and annular disk in plane stress state. It means, that
.we have n, = 0 for the disc and ¢, = O for the tube. The
latter condlition glves



o,= v(6.+ 6g) - Enl. (4)

The function T(r) may be determined from the heat conduction
equation

=0
k aF;]
for statlonary temperature fleld which solutlon has the form
T(r) = T~ (T, 1L (5)

for tube and disc and

T(r) = f—ﬂ—_—a)-['l‘ia(l - 1) T - a)] (6)

for sphere, when the heat conduction coefficlent k does not
depend from r.

Let us formulate now the next problem: e Iind such distri-
butions of the qualities for the material that guarantee the
change from the elastic state io plastic one simultaneously
at all points of the construction, while the quasistiatic
siresses achieve their limit values.

According to the statement of the problem the siresses must
satisfy the prescribed yleld condition

£(o.,6g,0,) = 0 (7)

at all values of coordinate r at the moment of change from
the elastic to the plastic state.
Taking into accouni (4) and substitute [ and €g from
(3) into (2) we get the following equation:
4

1+ v*)(oe— 6.) + r[—i— - + v‘—qv')oe— v“or] +

+rl + v~ @Tog- Y (e (1 - glog)) + (8)

+ Lot e g) -0,

Rl

vhere 2 = 1, q = 2, v, 1 =7 for sphere, & =1, ¢
Y= v, n=1, for disk and = = 1 - »*, »"= »/(1 - »), ¢
7= (1 + v)7 for tube.

Thus, for solution of the set problem we have the system of
equations (1), (7) and (8). This system connect elght func-
tions o = cr(r), 6g = oe(r), o =o0(r), h=nh{r), v =ov(r),
E = E(r), v = »(r), n=mn(r) five of which must be described
and three functions can be determined.

1,
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For determinatlion of the dlsplacement u(r) we can use the
following formula:

u(r) = reg(r). (9)

It 1s noteworthy that in several cases we can flrst solve
the system of equatlons (1), (7) and then using the solutlon
of thls system also equatlon (8). It means that the solving
of the set problem can be split up into the problems of de-
termlnatlion of the statlcally allowed stress states satls-
fylng the prescribed yleld condltlon, and of determlnatlon of
the ratlonal distributlons of materlal quallitles. Notice that
the splitting, polnted out above, take place for tubes only
1f, T(r)= 0. For gettlng the unlted solutlon to tubes, discs
and spheres we shall assume that T(r)= 0 for a tube.

We conslder further, that o, w, 71, ¥ are constants h(r) -
the prescribed functlon and we shall find the functlons s. =
= 0.(r), 69 = og(r), E = E(r).

3. Analysis of statically allowed strees states

Modern materlals, which are used in bullding up construc-
tlons, possess a wlde spectrum of plastlc propertles for de-
scriptlon of which varlous yleld conditlens are applled. In
connect with that we shall in-
vestlgate the problem, set for
arbitrary yleld polygon with
the tops 1n the polnts
Al(xl'yi) (=1,2,...,n) on the
plane o., oy (F1g.). Then the
yleld conditlon, corresponding
to the side ApA.,,, where
= X, of yleld polygon,

k+1
has the fellowlng form:
a0, + b, (10)
and
mIN(Xy X)) < 6F < BAX (XX, ). (11)

Here ol and og are the stresses on the slde A A, ., of yleld
polygon, and

K Xe1™ X' K X1 Xg

For Xy, = X, the yleld condltlon has the form
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k
Op - Xg» (12)
and

BIN(YyoYp4q) < Og < BAX(YyoYpyq)- (13)

According to the set problem we suppose that (10), (11)
takes place at the certaln reglon for r. Then substitutlion
(10) to (1) give

= - ur, (14)
where
_ h'r
fk= 1 ak+ m—.
The solutlion of the differentlal equation (14) may be written

- o [ 242 o]

Let us assume that 1nequalit1es (11) take place at r =o
and ry= min(ry \rl ), where r™ (r1 > ) the mlnimum positlve
solution of equatlon bk(r) = max(xk,xk+1) and rl (r1 > o)
the w@inlmum posltlve solutlon of equatlon D (r) =
= mln(xk,xk+i). It ry > i1, then the yleld condition (10),
(11) 1s satisfied v r, rela,1] and from (15) we get the next
connection between boundary values uﬁ(a) and ur(l):

where

spLy) = | { - mr] thar + of(@). (16)

If ry < 1, then the yleld condition (10),(11) will be
satisfied only for v r, re[a.rl}, and (15) will yield

b,
6§(f1)1§(71) = I T}FE - ur]ridr + ugta). 17y
For r > r, one can suppose, that
+1 +1
B9 = = 410t Dyaq» (18)
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and
WAN(Xp 440 Xpyn) = o:fﬂ < BAX(Xp g o Xpy2) s (19)
when Dl;(rl) = max(‘xk'xk"'l) or

ok-1 k-1
Og = ~ 240 * Dgq»

and
min(X,_4.X,) = o¥'1 < max(Xp_4.%),

when o?(ri) = mln(xk.xk+1).
For example, for yleld conditlon (18), (19) one can have

ok« A | IR _or e 4 ol f, (20)

vhere

k41

In (20) we used the condltlon, that
or(rl) = or*i(rl).

The yleld copndltlon (18),(19) takes place for Vv r, rs[rl,rzl
vhere r, = mln(rz.r2 )i+r2 (rp > rl) - the mlnlmum posltlve
solutlon of equatlon op (r) = max(xk+1.xk+2). r2 ra 12 rl)
- the minlmum pesltlve solutlon of equatlon r) =
= BIN(Xp 4 0Xp40) -

It rp, > 1, then the yleld condltlon (10), (11) is satisfled
for vr, relo r1) and the yleld conditlon (18), (19) for v r,

relr,,1] and (17). (20) glve the followlng conmectlon between
oX(2) and e¥*1(1):

b
Lt M) - | [q"—"l - ur]Ik+1dr +
! (21)

qby K k
+ 7 I ,[r_ -w r]rldr +-op () }.

34

Notlce that (21) glves the nonlinear relation between
°r+ (1) and oﬁ(a). because ry depends on oﬁ(a).

If rp =1, then the yleld condltlon (18), (19) 1s satlsfled
for vr, re[rl. r2]. forr > To One can assume, that
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K+l k+2
B9 "= 34a0r * Pyape

and /

c WX o0 Xy ya) - o§+2 - BAX(Xy 5y Xpya),

1 o;+1(r2) = mX(X gy Xep) of (10), (1) if oK*(r,) -
= BIN(Xy g0 Xp o).

So, we can build up the statically allowed stress states,
which satisfy the yleld condition corresponding to the sides
of arbitrary yield polygon, where Xp * Xpyqo for the above
mentioned constructlions.

let us consider now the case, when X, = X.,,. Then the
yield condition has the form (12), (13). Substitution of (12)
into (1) glves

o(r) = x (1 + j) + 5 - (22)

For spherical vessels, cylindrical tubes and circular disks
with constant thickness (h'= 0) under pressures (w = 0),
equations (12), (13) and (22) give, that the yleld conditlon
(12), (13) 1s possible only, if

of(r) = ok (r) = % = ¥y = ¥ypuy- (23)

Notice, that yleld condition (10), (11) contains the case
of (23).

If h'= 0 or (and) w = 0, then, as above, 1t ls possible to
find the segment for coordinate r, where the inequalitles
{13) are correct and continue the bullding up of the static-
ally allowed stress state, when thls segment does not cover
the segment (o,11.

Papers [2, 201 contain the best examples on bullding up the
statically allowed stress states relative to the yleld
condition, which corresponds to the sides of the Tresca yleld
polygon.

4.Determination of rational distributions
of the Youmg modulus

For determinatlon of the raticnal distributlon we can  use
the equation (%) and the displacement centlnulty conditlon

Wiy = o, (24

In the reglon of change of comrdinate 1 owhere there 13 sat-



isfied yleld condltlon (10), (11) or {12), (13) equatlon (8)
glve EkE;1=

(1 + ) (69~ © Ky 5 rp(1 + 0™ qv )o '+ skl + K 1

(25)
Ky

ri(1+v-qv )oe v'e

According to (9) the dlsplacement contlnulty condltlon (24)
has the' form

eg(ry) = &' (ry)- (26)
By substltutlon of g from (3) to (25) we get
K
1 v)sg(ry) - + Mr{ry)
B (PLELT (L) = (27)
B e A 1%
for -the sphere;
k
(rp) ~ vo(ry) + T(ry,)
B {Fg Kk K
= 28
Bysq (T )Eg () E Ty — wF i) + i) (28)
for the disk and
k
- (1 + v)og(r,) - o™(r,)
Eyyq (P )Bg (F) = &k k (29)

1+ »ef ) - oK (r,)
for the tube (T(r) = 0).

Stresses og and og are determlned by (18), (19) or (22), (12)
in the formulas (25)-(29). The formulas (26)-(29) determlne
the jump 1in the values\of the Young modulus by crosslng the
border of change of the yleld condltlon.

Thus, 1f the value E, (o) were known 1t would be possible by
using formulas (25)-(29) to find the ratlonal distributlons
of the Young modulus, which guarantee the above glven statl-
cally allowed stress states when the loads have reached thelr
11mit values.

Many good examples for the ratlonal dlstributlons of the
Young modulus can be found in papers (2),(18) - (21),{23),
{24) the Tresca yleld polygon has been used.
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OJHOMEPHAR TTIPOEMRMA PABHOMPOTHOCTH AAA HRONHOPOMHRHX
CIEPHIRCKUX COCYOB, UMAMHIPHIECKUX TPYE ¥ KPYTVRX JUCKOB
OTHOCUTRABHO TMPOMSBOABHOI'O MHOT'CYTONBHMKA TIAACTHIHOCTH

Kanne Xeitx @ Maru Xeltwaoo
TAPTYCKUA YHUBEPCUTET

Pesome

A8 HEOZHOPORHHX CHEPUYECKUX COCYLOB, BPANAWIMXCA UMIMHLDH-
YECKUX TPYS U KDYTJbX ZMCKOB, NOZBEPHEHHMX KBA3UCTATUHECKOMY
AABJEHWD HA BHYTDEHHEM M BHEDHEM Paguycax pemaeTcs 3ajgaya ob
OMpeAeIEHWN TAKOrO pacnpelelieHWAa MOZYNA DHra, KOTOpPoE PapaH-
THPYET BHMOJHEHME Cpa3y BO BCEX TOYKAX Npeje’ibHOrO Hanpa-
¥EHHOTO COCTUAHWA, COOTBETCTBYWEETO CTODOHaM MPOUBBOJLHOrO
MHOPOYPOJIbHUKA TAACTUYHOCTH.
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The optlmal dlstributlons of Young's modulus whlch guaran-
tee the satlsfactlon of the Tresca yleld crilterlon. simuita-
neously at all polnts in the materlal of the cyllndrical
tubes and the relatlons between the 1lmlt values of the
pressures were presented analytlcally 1In {11. The equl-
strength state for tubes with regard to the Von Mises yleld
criterlon has been examined numerically in (2].

The use of a concrete yleld criterlon depends on the
treatment of the problem. Solving the problem ln the case of
varlous condltlons 1s also of theoretlcal Imterest. So, 1In
thls paper the above mentloned problem has been solved wlth
regard to the conditlon of maximal applled stresses.

1. Basic equations

Let us assume that the cylindrical tubes are made of an
1sotroplic llnearly elastlc materlal which obeys the condltlon
of maxlmal applled stresses. The Polsson ratlo and the
yleld stress are constants whereas Young's modulus 1ls the
functlon of the radlal coordinate.

For nonhomogeneous cyllndrical tubes under quasistatlc
pressures the stresses must satlsfy the baslc equatlons of
the elasticlity theory: Hooke's law, the equlllibrium equatlon

ro} + —0g = ¢ (1)

and the compatlblllty equatlon
F((1 -»)oa —v8") - (6 - 63)

q'= » (2)
r{(1 - v)pe - vor)

where q = 1n E(r). In the present paper ift eqs (1),(2) and 1n
all other formulae the primes denote differentlatlon with
respect to r. We conslder the limlt state of the tubes under
uniformly distributed pressures. Therefore, the boundary
conditlons are

op(@) = py,  (3) 6p{1) = —pa. (4)

The analysls 1s based on the conditlon of maxlmal applled
stresses from which we obtaln the followlng restrictlons

[(2- vio, — {1+ viogl < 2, (5)
(2= w)og - 1+ Wio | < 2, (&)
[{(1- ) {ogt O} ] = 2. "n

These conditlons establlsh that all possible stress states
1le elther within or on yleld surface of the maximal applled
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stresses. If 1n one or two of the conditlons (5)-(7) the sign
of equality 1s valid for all radlal coordinates r, the stress
state lies on the yield surface and the tube 1s fully
plastic.

2..Statically admissible limit pressures
At first, let us assume that conditlon
(2 - o, - (1 -w)sg = 2 (8)

holds good for all radlal coordinates r. On the basis of this
assumption and making use of boundary. conditlon (4), the
equilibrium equation (1) has the following solutlon

6. = (25 - pz)rm - 28, (9

vwhere s = 1/(1 - 2v) and m= (1 - 2v)/(1 + »).The boundary
condition (3) and eq (9) yleld us the following relatlon
between the statle limit lnner and external pressures

Py = 25 + (py- 25)™. (10)

To ensure the admission of the solution, 1t 1s necessary to
require that conditlons (6), (7) should be fulfilled. It 1s
easy 1o show that they are valid 1f

-%s+n) =0 =-%, (11)

where n = (1 - v)s. Using expression (8) for radlal stress,
we can write (11) as

Z<py<2s - el (12)

that gives the bounds of limlt external pressures.

If we examine all possible regime 1ln yleld condltlon
(8)-(8) analogous to this, we obtain, that the problem does
not have a statically admissible solutlon for the regimes

(2-ws. - (1 +9)8g =2, (1-2v)(6.+065) =2, (13)
All other statically admissible solutions can be written as

1
MS(p, + 25) - 2s, (14)
py = when O < p, < 4(n + 5)7S - 25,
25 + od(p,~ 25), (15)

2 —
when 3 < p, < 25 - Jza
and
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1 1

25 +@  (pp - 25), vhen 25(1 - %) <p, s (16)

4 17)

5+ (py - 8)a 2. when 5 - 3 < p.< 5 +

py =

As we see, the problem can not be solved, 1f

1
=
g0 + s5)dtS - 25 < pp 2 § for py > Py (18)
and
gm <pp <58 - gz for py < pp. 19)

Now we can note on the basic of (14) that, if

1
Py = %(n + s)uﬁxs - 25, ,thenpy = %

and if

£, thenp = 2[s + gp(1 - 3s)1.

P2

Therefore, let us consider the tube as a multilayer tube and
assume in one layer there 1s satlsfied one equatlon of yleld
criterion and 1n the other layer the other one with equality
sign for all coordinates r.

The radlus of surface x, which separate tiwo different
regime, 15 determined from condltlon .

P* = go (20)
where p - 1imlt contact pressure of la; rs. Hence, using
\

the relation beiween limlt pressures (14), we get
- o 115
P 2+ L5
X = (21)
§ + 25

Now, laking lnto acceunt po =p and (21), equatlon (15)
gives the following relatlon

n+s m

](p2 - 28) 22)

) [u(% +
v 4 £ _
L + 2™

p': &

o8 g determined by {18).
Similarly, making use of the previous amalysis, we get the
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solutlon for 1nterval (19)

1
s+

= (nz — 8) + &s. (23)
35 - Pg”

The dependence of Py on Py, calculated by the formulas
(14)-(17), (22), (223) are shown in Flg.1 by curves 2-2.
Curves 1-1 which have been
presented previously 1In
{11 correspond to the case
of the Tresca yleld crl-
terion. All calculatlons
have been done for v =
=0.33, o= 0.5. As we see
in Fig.1, there 1s a
region in the case of
which there cannot exist
any equl-strength stress
state. Such an I1nterval
was discovered already 1n
(21. This analytical re-

Fig. 1 sult confirms the plausl-
bility of the solutlons that were got numerically 1n [2].

3. Distributions of Yoimg's modulus

¥e are interested in determining of the distributlon of the
nonhomogeneily - of Young's modulus, which guarantees the
satisfaction of the yleld criterion simultaneously at all
points under the above determined 1limit pressures. For thls
purpose the compatlbllity equation’ (2) will be wused. Adding
to differentlal equation (2) the 1initlal condition q(1) =0
and solving the equatlon, we get the Young modulus
distributlons from the following equation:

E%E = exp q(r). (24)

Py

The varlation of Young modulus with r 1s shown in Fig.2.
Curve 1 corresponds to the case Py = 3.17, py = 3.00; curve 2
- py = 0.03, py = 0.80, curve 3-py = 1.18, py = 1.80; curve 4
- Py = 1.99, py = 2.50.
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ABOUT INTEGRAL OOMSTRAINTS

Heino Relvik
Tallinn Technlcal University

Abstract. In the present paper, the analogues of kinetio
energy will be used Ifor Iforming differential equations of
movement of non-holonomic mechanical systems. An example of
considering the integral constraints between the genoralised
coordinates has been solved.

Let us have the analogue of kinetlc energy (4]

- (-2)
Hot =Em vy-3) = EmDy -3, W
where t
ry= 51(0) + I rldt
and, consequently, 0
ar
1 -
- rl.
Suppose we have succeeded in forming the radlus-vectors
rl =g Jul J (2)
by means of the generallzed coordinates qJ and the veloclty
base Uy ge Then the maln parts

T \

of the integrals

t t t
f= Taghyat - o -9ttt
will give us the maln part of the functlon (1):

L AT @)
where as the second derivatlves from (2) do not depend on
q and the partlal derlvatlves

::l"‘_z,i
= 2 mlai .ulj

will present the sum 3 myay.uy j- Thus we shall get the equa-
tlons
m!—Z,l

= QJ: (J = 1’2""’ S), (4)
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where QJ are the generalized forces

QJ = z
Analogously to (3), putting
*?-3
and
K21 _ -p*2

we shall have ibe equations
2,1 »-2 2,1
i “*~  ab . &K 0. 5
T % Y
Let the lntegrals q. of generalized coordinates q, be con-
nected by means of a linear equation of constralntis

3 * a9y * ... T 395 =0,

where a, ag do not depend on q,. Then anyone of the gq
can be expressed by the others and the result be substituted
into (4). So the number of equatlons (4) will be s-i. ( Be-
sides thls method of direct substltutlon, there will also
exist other ones, for example, the method of Lagrange's mul-
tipllers.)

In practice, the radlus-vectors (2) cannot always be comp-
letely formed. For example. 1ln case of a slmple pendulum

ro=ru,
by r = const all the lnformatlon about movement 1s hidden 1n
u. and the generalized coordinate ¢ (angle of directlon of
the pendulum) 1s 1mplicit. Then we shall turn to the veloclty
1n order to get more information, as 1t will be shown ln next
example.

In order to demonsirate ithe ldea of the equations (4) by
means of a possibly simple example, let the deformable body
be devided lnto only two parts (Flg. 1) with concentrated
masses m, and By. So the body will be presented by a double
pendulum.

Exaxple. Double pendulum.

Let us find the forces ., F5 and F5 which will give the
pendulum such a movement that

®=0Q+ 0.2t. Y (&)

We can see that - Fyup, o= - = Fou, f= F3ﬁ . Ty=
= ru+ rqi.lq,, ry=rig, V= @I, 3y=Te U - rqgﬁrg rg= ru+
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+ 1+ 1qu,) Fg= ru.+ 1), vp= rou * 1&:’50. dg= r‘p'uw—
Srefu, ¥ lcp'u‘P - 1¢?ul.

The equatlon (531 will take the form

Bgf myay. (U, rou ) + moAp. (1, + rou, 1y # l@ﬁ¢)} =

o . -
= : g + + i +
e ['mlv i POy,
. =, - .. ,
o4 ) +Ea0. "'.”T‘ + “?U(p + ].u}. * 1‘?‘&)"'

whele 0y =7, ds = ¢, 9. =1and q, = ¢.
Subsiltutlng the equallty (8) here (e = - 0.21), we shall
get

+imeg + P4 Podaqlu; + lou, + leuP)J

)"
he pevpessary partlal derlvatlves of (7) will glve us the

veee Adse [1,7,300
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= (may + mzaB).Er = [(my+ mz)é + +~?3].ur; {8)
SI nd mzaB.al = ‘ng + ?2 + i"s).al; (9)
6? - (mlaﬂ + mzaB).ruw + mzaB.luQ =

= Umy +my)g + 7y + ?3].ru¢ + (mog + Fpy + fs).luwz (10)
ge - mzaB.lﬁ¢ =gty 4 lug
wWith the ald of (11) the equation (10) will be simplified
and we shall have
(myay + mdg).ig = [(my + my)g + Fy + (12)

Now the equations (8), (8), (11) and (12) will give us a
system with four unknown quantitles o, Fl' fz and F3.
when taken = 2 kg, my, =1 kg, r=1m, 1 =0.5m, 9=
= /3 and $,= O, the equatlons (8), (9), (10) and (11) will
glve us:
(2 + 51n°(0.2)19 + 0.5¢°s1n(0.2) + ¢s1n(0.2)cos(0.2) =
= - 3g sinp + g sln(yp - 0.2)c0s(0.2);

[0.5 + 605(0.2)1¢ - ¢*sln(0.2) + g sin(p - 0.2);

Fa
Fn = @ 51n(0.2) + [0.5 + c0S(0.2)1¢°% + g cos(e - 0.2);
Fy = [3 + 0.5005(0.2)1¢% - 0.5¢ 5In(0.2) + 3g c0s(0.2) +

+0.1987 Fq,

from where
@ = - 0.1442 ¢° - 9.8066 sing 0.9362 cOSY;
Fo = 1.4801 ¢ - 0.1987 ¢° + 9.8066 sin(e - 0.2);
3

F, = 0.1987 ¢ + 1.4801 ¢° + 9.8066 coslyp - 0.2);

Fy = 3.4900 ¢° - 0.0993 ¢ + 29.4200 cosp + 0.1987 Fs.

The solution to this sysiem 1s given on Flg. 2.
For control, one can observe the masspoints A and B
separately with the ald of the iorces Fi' F2 and F3. Then

sing = —r—{2¢°cos¢ - szslnw + Flsinw):
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1 . .
cosP = — (F1c05@ - 29 sinmp - Zwﬁcosw - 28);
® = 21¢°sIn(e - @) - ¢ coslp - P) - mg SLng + Fals

¢3= 20~ ¢ sin(p - @) - wzcos(@ - @) - gcosp+Fyl.
The control wlll glve a good result for the angles ¢ and
P: ¢ = ¢ + 0.2. In general cases, the integral ¢ = ¢ + 0.2t +
+ C, where C will depend on the lnltlal value of ¢ and ¢. 1In
the present example, one can agree that C = 0 and therefore
o =0+ 0.2t
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0B WHTETPANBIHX CBASHX

Xelno PexnmEax
TanNMHHCKUA TeXHUYeCKUR YHMBEPCUTET
Pesume
B craTbe cocTaBieHd auddepeHuMalsibHue YpaBHEHUA ABUXEHUA NPH

NOMONM AHANOTOB KUHETUYECKOR 3Hepruu. JaH npumep, rie Y4TeHu
MHTErpajibHHe CBA3M MEXLY OCOCmMEHHBMM KOOPAMHATAMU.



Acta Bt Commentationes Universitatis Tartuenaia, 939, 1992

OB OAHO [MOCTAHOBKR SAfAYM YCTOWSMBOCTH [RMERHWA
HA OCHOBR YPARHEHWA BOSMOXHOK MOMHOCTH

Apman Xa@rau
T2 AAMHHC KU TEXHMYECKUR YHUBEPCUTET

B ¢TaThe pacCMATPUMBASTCA YCTONNMBOCTL YCTAHOBHBIHXCA XEBH-
meuufi (VI) MeXaHWYECKHX CHCTEM.

Ijia OJyYeHHs ypaBHoHMH APMREHWA X YPaPHeHH# BO3MYESHHOIO
npaxeuua (YBR) HcioJdbsyeTCA YPaBHEHHE BO3MOXHEOS MOMHOCTH
(YPM). Rawnrca npuMmepH, WUNCTPEDYNOHEe NDJYYeHHHE Pe3YJbTaTH.

PaciMOTpUM 3aBavy, B KOTOApPOR HEoOXOAWM:> WCCAeAOBaTb YC-
T:MYULOCThE  YOTAIOBUBEMXCA ABUNXSHUR MEX3HUHYECKOR CUCTEMH B
chy4ae, . korga YBA wMewr nocTosHHMe KO3(dMuMeHTH. ORHUM U3
HEMAIOBAXHHX OOCTOATENLCTB €2 pelieHus ABAfAeTCA BWBOA YBJ w3
YBM. OHO 3aKmO4YaeTCA B TOM, 4YTO B OCHOBE MeToAa YBM nexur
.BHOOP HE3ABUCUMMX CKOPOCTEfR, UMCIO KOTODHX DaBHO UMCHY cCTe-
neHefl CBOGOAM MEXAHMYECKOR cucTemn. 3JTo No3BoadAeT, B CAyvae
HErOJOHOMHOR CUCTEMM, He BBOAMTb YPaBHEHUA HErOJOHOMHX CBfA-—
sefl, KOTOPHEe OKAa3MBamNTCS aBTOMATHMECKU YYTSHHMMM. B ypaBHeHus
ABW¥EHMA OYAYT BXOAMTb TOJbKO HE3aBUCHUMHE CKOpOoCcTH, 2 B YBJA
UX BO3MyImEHUA.

B cTaTbe BBOAUTCS ONpeAeASHHO-TNIONOXUTENbHAA (YHKUMA BO3—
mymeHMR cropocTeR U KoopAMHAT W, NPOU3BOZHAA KOTOpOR no Bpe-—
MEHM paBHABTCSA BHPAXEHWD, NORYYSHHOMY B pe3yibTaTe npeodpa-—
30BaHuMa YBA. OnpeleneHue YCTORMMBOCTM paccmarpuBasmux Yi
38eChb NPUHUMAETCA B BUAE OFPAHUMEHHOCTHU YHKUMM W BC BPEMEHM.
3r0 onpeAeneHMe SKBUBANEHTHO TPEOOBAHUD OFPAHUYEHHOCTU BOBMY-—
meHuit, BXoasmMx B 3TY QyHKuMw. Ecau HalijeHs 3TU BO3MYMEHWA
Kak OQyHKUMM BpeMeHM, YROBASTBOpAWEMEe Mcxozuum YBA, rorza
MOXHO H3ATH YCNOBUA YCTOMYMBOCTM paccCMATPUBAEMKX IBUNEHUR.

OTMeTuM, 4TO NpM TakoM NOAXOAe, 3ajava of YCTOWYMBOCTHU YC—
T3aHOBMBEMXCA JBUXEHUR CBOAUTCA K MCCREAOBAHUD YCTORYUBOCTH
ABUASHMA CUCTEMH NO OTHOMEHMD K YacTU nepemeHHux [5].

1.YpaBHEHMA ABMNEHMA MeXaHW4ecKof CUCTEMM 3anuEDEM B BMAE,
noxydeHHoM u3 YBM Til, KkpaTkui BUA KOTOpOro

{1} = (N3}, . (1.1)

Jlajee no NOBTOPANEMMCA MHAEKCAM NPOU3BOAUTCA CYMMAPOBAaHME,
npeleJil U3MEHEHWA KOTOPHX, KaK Npasuiio, RAWTCA ORZUH pas.
B (1.1) nmeem:
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(1) = (g, V& + YRy o - Qv

vu. T R COOTBETCTBEHHO, AeMCTBUTENbHHE U BO3MOXHME
He3aBUCUMME NapaMeTpH CKOPOCTH;

N N ar
8", L Iy Uyq -Uyy, ~ METPHUECKR TeH3OP; Q;, = _n’l’ -
N dwpy
0000MeHHaA Cuna; » "—_“n ° Uy,,~ CHMBOA Kpucroddena;

oy, ?1' COOTBETCTBEHHO, Macca 1-of To4KM, ee paguyc-—
BEKTOP M NPUAOXEHHAA K Heft cuina; Uy, — Oas3uCHMR BEKTOp,
COOTBETCTBYWHURA CKOPOCTH v®; 7@ - B oomem chayyae KBa3WKOOp-
AuHaTta; a, B, v =1, 2, ..., S; S=n - m n - yucro o606~
MEeHHHX KOODAWHAT; B — YMCRO YpPaBHEHWR HeroOJOHOMHMX CBA3Ef;
S - yucno creneHeft CBOGOAN CUCTEMM.

PazsepHyTHR BuA (1.1) Oyaer:

(B ® *+ Tog.p'™P - Q) 0v™y = 0. (1.2)
YYTaA HE3aBUCHUMOCTL {Vv), NONYHYUM YPaBHEHUA ABMARHUA CUCTEMH
B V¢ *+ Togp ¥° w-q,=o0. (1.3)

YpaBHeHWs YCTaHOBUBEMXCA ABMMEHWR nonyvawrca us (1.3),
CAU YYeCTb MNOCTOAHCTBO LMKAMYECKMX CKOPOCTER U MO3ULIMOHHMX
KOODAMHAT B STOM ABuxeHuu (2], umeem:

P w-gq, -0, (1.4)

npu4eM B KaxioR KOHKpeTHOR 3ajzade cielyeT eme NDUHATL BO
BHUMaHKe (2.19), (2.21) crartbu {7].

PaccMaTpuBaeMan 32ecb 3ajada COCTOMT B ONPEAENEHMM YCAOBMRA
YCTORYMBOCTH YCT2HOBUBEMXCH ABwxeHMR (1.4). CHavana, oOJAHako,
HeOOGX0A¥MO 3anucaTe YBJ ana Gonee ofmeR 3ajauu.

flycte uJacTHHM pemeHueM YypasHeHWR (1.3} OyayT creaywmme
PYHKLUMK BpEMEHU:

vaovat), a5 ¢d-gdit)y, 3=1,2, ..., (1.6

OGOOmEHHHE CKOPOCTM Q- BHpPaxawrcaA 4Yepe® we3aBucuMbe (B
ofueM CRyvae KBa3UCKODOCTH) CKOPOCTH v sunefno:

¢ = a3 v, (1.7)

rae &3 = )P .

Bonee ofmaA 33ajavya 3aKAVYAETCA B MUCCNSROBAHUU YCTORYMBOCTU
LBWXEHMA CWCTeM, oOnpejenAemoro ypasHenuamM (1.5) u (1.6).
00OBHAYMM o OTKIORGMMA Bemwitd vE u g B ABRACTBUTEALHOM
LBUXSHMM CUoTEMH OT pemenukt (1.5 u (1.€) caeaylmuM cOpazoM:



@ = v® - v%1),  (1.8) ) = ¢ - (. (1.9)

Orknonenua &< u ch ABNANTCH BOBMYmPHUAMU, COOTBETCT—
BEHHO, CKOpoCTe ¥ KOOpAMHAT. B JanbHefmeM OYAYT MCNOJL30-—
BaTbCA BO3MYMEHWA He OOCOOCHEHHHX KOODAMHAT ch. 3, B OOEEM
Ccny4yae, KBA3MKOOPAMHAT. CBA3L MEXAY 9TUMU BOBMYMEHMAMM OCY-—
DECTBAASTCA 3HANOPWYHO 3aBUCUMMOCTM (1.7) B Buie:

aqd = aJ aml. (1.10)
2. ToacraBuB (1.8) u (1.10) B (1.1) umm (1.2), noayuum:
B(LTY - (N)) = O(LT) - ND), (2.1)
rae -
B({T) - (N}) = [gpOv + »* 2 2)

an B 4 5 -
+ (Pog.p * Tpg.p)¥ OOV + v“agw
ABNACTCA COBOKYNHOCTbN JMHERHHX uneHoB B YBM B BO3MYMEHHOM

JABUKSHUU.
fipaBas »e 4acTb (2.1)

o((f - ) = + 8T yg p * Ppg.p)V VP +
(2.3)
+ - 07(Qy) + 0, )vP)
COBEPSMT UNEHH BWEE NEepBOro NopaARKa ManocTH. B (2.2) u (2.3)
NPUMEHADTCH CASAYDOME OCO3HAUEHMA MANNX BenuuuH. Hanpumep:
or » 0'(r'(ﬂ v) - BEJlUYUHU COOTBETCTBEHHO, NEPBOrO U BTO—
poro NOpARKA MaNoCTH NDU DABNONSHUU p B PaR (moxpasyme-
BaeTCA, 410 [yg = PO&.”(q"), Yy=1, 2,..., S, unu 7 = a,

cM. (2.19) B [71), Ov — BCE OCTaJjibHHE 4JEeHH OOJNee BHCOKOro
NOPAZKA MANOCTH.

YpaBHeHua nunefHoro npudausenus B cTathax [6,71 noayyamrcs
¥3 (2.1) nyrem oTOpacHB4HUA NPaBOR YacTU U YYETa HE3aBUCUMOC—
™ v MlozcraBMM Tenepb B JNEBYD 4acTh (2.1) BMecro (2.2)
erc Bupaxenue B BuMAe (6.1) craTbu (71, YYTA HE3aBUCUMOCTDL
BO3MOXHHX CKOpoCcTef P, nonyuyuM YBA, cojepxamue 4JeHH
BHCHErO NOPAAKA MAJNOCTU:

Bt "+ Cpyan) '+ S = 0, (2.4)
rae
Cop = 2pg "> (2.5)
ar Te.p)
b . . R
cm} = ((rﬂv.h -r xﬂv (B » + Bn D)v'n VB -
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Q.

J .
= a—a s A, n= 1, 2,..., S, (2.6)
Ov ~ 03Ha4yaeT COBOKYNHOCTb MJNEHOB BTOPOPO W BHEE NOpAZKA
MaJioOCTH, NPeACTAaBAEHHHX B (2.3).

BepHemca Tenepb K pemEHMD UCXOZHOR 3ajaud, T.e. WCCRemo-
BaHW® YCTOMUMBOCTU YCTAaHOBMBEMXCR JABWIeHMA (1.4) B cayuae,

KOrja KoSPPULMEHTH B (2.4) ABJAWTCA NOCTORHHHMU BEMMUMHAMM.

3anumeM KospduumenTy Ga» " YpaBHeHURA (2.4) B Buge:
Cp> = Gy *+ Gav' (2.7) + Seppr (2.8)
rae .
Ga» = Gvu = (Ga» + Gvu)/z. (2.9)
Cp = ~ Gy = (O, ~ cvu)/z, {2.10)
S = Spa = S * (2.11)

S = " Spq = Sy Spa)/2-

(2.12)
YMHOXMB YypaBHeHue (2.4) Ha (Ouv)', CYMMUPYS 1O P M yyTra
(2.7) - (2.12), nonyumm:
W= 0,(81%) "~ (Ggy(8n™) "+ s %) (an”) /2, T(2.13)
rie
¥

(B (OR) " (87P) "+ S onlen®) /2, (2.14)
"gqp:gm' (CM. . 1).

3.7lycte W B (2.14) GyaeT onpeleieHHO-TIONOXUTENLHON dyHKUMEN
B HEKOTOPOR OGNAacTH D U3MEHEHUA CBOMX AEPEMEHHX:

wen® e, v > o, (3.1)
¥, Kak BUZHO U3 (2.14), ofpamaeTrca B HOJNb NpU (an?) "= an’ o:
W(0,0,v%) = 0. s (3.2)

Beezem cregyomee onpejeseHve YCTOWUMBOCTHM YCTAHOBUBIMXCA
aByxeHUR (1.4). i

Iewxenua (1.4) oOyieM HasHBaTL YCTOMUMBHMU B  HEKOTOPOR
ofnacTu D u3MeHenua nepeMeHHHX PyHKUMU W, ecam B 9TOR OGRACTH
ANa JOOOPO HAaNepeh 3aJaHHOrO MNONOMATENLHOPO UMCHA g, Kak OH
M3Ji0 OHO HW OHJC, MOXHO HANTU JZpYroe NONOXUTENbLHOE UWCHO
n{e), Takeoe, YTO AN BCEX BOSMYHMSHHHX ABWXEHUR, OTAMYALEMXCA
oT (1.4), AR KOTOPHX B HavajbHHA MOMEHT BpeMeHM t = tg
BHIOJIHAETCA HEPABEHCTBO

W(tg) < M, (3.3)

6yZeT mpU BCeX t > iy BHUOAHATLCA HEPABEHCTBO

106



¥(t) < g (3.4)

B NPOTMBHOM CJy4ae OHO HeYCToRuMBO.

Ha OCHOBaHMM NPejJIOXSHHOrO ONpeAeNieHUA MONHO CHOpMYIMPOBaTb
CNSAYOMEE YTBEPXIACHME.

Mlycty ycraHoBMBDEECA ABMMEHME (1.4) ycToRuuBo B obnacTu D,
B KOTOpOA BHNOJHAWTCA ycnoBuAa (3.1) M (3.2). [lokaweM, 4To 06
YCTORUMBOCTH STHUX ABUXEHUR MONHO CYAMTL RO PEMeHWD YPaBHEeHWUA

BT T+ S = 0, (3.5)

RONYuYEeHHHX U3 (2.4) nyTem OoTOpacHBaHWA NpaBOfl YacTH.
JeAcTBUTENLHO, MHTErpUpYA (2.13) umeewm:

W(t) - W(ty) = [0, - (Cq,(&®) "+ Speat)/2)an”).  (3.6)

MocKONbKY ZBMMEHWE YCTORYMBO, TO BCErJa MOXHO BHOpaTb E M3
(3.4) HaAcTONLKO ManikM, 4TO nojydyawmeecA N H3 (3.3) n,
COOTBETCTBEHHO, Pa3HOGTb

W(t) - W(t5) = 0. (3.7)

W3 onpezentHHON RONOXUTENLHOCTM $yHkuuM W B (2.14), BuHOOpa
£ B (3.4) M ywera (3.2), clefyer, 4ro BoaMmymenua (8n%) = O M
on® - 0. fogTomy, NpUHMMAA eme BO BHUMaHMEe (3.7), MOXHO B
(3.6) OTOpOCHTL uNeHs BHCHEro mnopaaka wmanocru 0, Ho sTo
9KBMBAJIGHTHO MX  OTOpachHBaHuMmw B ypaBHeHuax (2.4), uTo u
TpedoBaioCh.

O6paTHO, ©CAM COCTaBNEHHAA HAa OCHOBE YpaBHeHu#t (3.5)
PyHxuMA W COZSpPX¥MT TONBKO T& BO3MYREHHMA (Bﬁu)' n o
(ABJAKIMECA DeDEeHUAMM YpaBHEHMR (3.5)), KoTophe OrpaHUuYeHH BO
BPEMEHH, TO B 3STOM cliyqae JaBuxeHMe (1.4) OyaeT YCTOMYMBHIM.
IeACTBUTE IbHO, BHOOPOM HauYalibHHX BO3MYMHEHUR Bno U (Ou“)6
MOXHO JAOOMTbLCA BHRONHEHUA ycnoBuit (3.3) u (3.4).

Takum o6pazoM, B pacCMaTPUBASMOM Clydae, NOCTaBJEHHaA 3ajavya
pemaeTcA ¢ noMompw YpasHewuR (3.5). [lpoBepka 3sTOrv pemeRMA
MOXET OWTb OCYNPCTBJEHA NYTEM NMOACTAHOBKU HaljeHHHX u3 (3.5)
BO3MYmEHUR B (2.4) mam (2.13).

TIpOMNMOCTPUPYEM NONY4SHHNE PE3YAbTATH CASLYNHUMA NIPUMEPaMK.

4. IpvxeHve Tena BOKDYr 3akpenjeHHOR Touku. Cayvafl 3@Anepa.

YpaBHEeHUA JMHERAHOTO MPUSIMAEHMA LJA HBaHHOR 33j3auYM COOTBETC -
TBYOEME YpaBHeHUAM (3.5) yxe HaflgeHn B cTaThe [6]1. OTMeTUM,
YTO B Ha3BaHHOM CTaTbe BOBMYMEHWMA OGOSHAYESHHW B BMie n& M 7%
348Cb XE OHW MMENT, COOTBETCTBEHHO, Bui &1% u (&%) . Toraa
yYpaBHenue (2.13) B 9TOM cayuvae OyaeT:
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W= vheah) T, - 1) e + (1 - 1)) e)R) 2
+ (I3 - Ipvienfen) + 0,
rae Ov— YJieHn 60Jilee BHCOKOrQ NOpAAKa MaNOCTU U
2% = I, (0wl) 2 + Ian) " + 1q00n%) %+ 4 2)
+ oh2(a, - 1) + (1, - I (er)?).

OCmee pemeuue ypaBHeHWR muHeflHOrO npUSAMXEHMA (U3 3TOR X
CTaTbh) UMEET BWA:

t t
ol =+ cit; on? = 2™ : B = 3™ , (4.3)

p = 3, 4, 5, 6, a xopuu xapakrTepucTuueckoro ypaBHEHUA
NIPUHUMANT CJeAYNEME 3HAUSHUA:

2= A=Vl -vT;
= v T T /TI,
A g = VAT (g1 /0, -

HakoHeu, BoO3Mymenua cxopocTeR Haflayrca no fdopmyne (4.5)
crarbu [61:

ovie (anl)"; avi= (an°) - viend; avi= (&nd) '+ viend. (4.5)

Kak u3BecTHo, B 3TOR 3ajaye uUcCleiyeTca YCTORYMBOCTL Bpame-
HUA Tesla BOKPYP OZHOR M3 ero rjaBHMX oce uHepumu. Ana ocu ¢
MOMEHTOM MHEDUUM 11 YpaBHEHUE YCTAHOBMBHEroCcA ABUXEHUA OYAET:
¥ = const, v = v7= 0.

lipu BpameHuu BOKPYP cpeaHed ocu wxepumu I, > L > I3, oamn
KOpeHb B (4.4) OyaeT ¢ nojoxuTesbHoR ZefAcTBUTENLHOR 4YacTbk.
Boamymenua (4.3) ¥ (4.5) OYAyT CO BpEeMeHeM pacT, a ClejoBa-
TEABHO M PyHKuMA W u3 (4.2). KMeeT MeCTO HEYCTOMYMBOCTDL
TaKOrG ABUXEHUA.

PaccMaTpupas xe BpameHWe BOKPYr OCoabmoff uiM Manof ocu
WHEpUMM, U3 (4.4) nosydyaeM ABa HYJEBHX M YSTHDE MHUMHX KOpHA.
Cpeau BozMymeHuR (4.3) ToJbKC BO3pacTaeT CO BPEMEHEM, HO
OHO He BXOIUT B PyHkumw ¥ B (4.2). CrnejoBaTenbHo, B 3TOM
cny4ae W yzoBjeTeopAeT ychnoeuaMm (3.3) u (3.4), ¥ ZBuWxeHue
ABNAETCA YCTORUMBHM. OTMETHMM, 4YTO KaK BUZHO u3 (4.2), 00JAacTh
YCTORUMBOCTY 3TUX IBYX ABUWXEHUMA- GyieT pasauuHof.

5.Kauenue OZHOPOZHOTO 3JUIMACOMAA BPAmMEHUA NO POPUBOHTANbHOR
NACCKOCTH.

B 3ajaye paccMaTpPUBaeTCA KauyeHue 0e3  NpoCKafb3HBaHUA
OJHOPORHOPO 3AMACOMZA BPAMEHUA MO POPUBOHTANBEHOR MJIOCKOCTH
623 Yy4YeTa CONpPOTUBIEHWA KaueHW® U BpaueHuw. OnpeisAANTLA
YCROBUA YOTORMBOCTU ETO YCTAHOBUBEMXCA ABW¥HUA.

(4.4)



NycTb MapaMeTpaM4 3ANMNCOMAA GYRYT Macca M K MOAYOCH a, b =
¢, NpUYEM KX oOTHomenue K = a/b > 1. BeejeM HONYNOABUXHYD
cucTeMy orTcuyeta CXYZ ¢ opramu 1, 3, k, yraosas cKopocTb
KOTOpoR

Q=a7T+¢(Isinar+Kcosn, (5.1)

rae (fur.l) HenoABUNHHA BepTHKajbHWA OpT

NVVV‘QKK(<XN\\\\\\\\\\\\\\\\\\\\\\

dur.1 !

= J sin A+ k cos Al (5.2)

o OTHOMEHUE K BBe,B,EHHoﬂ CUCTEME OTCMEeTa 3IJAMINCOK] WMeeT

yPROBY® CKOPOCTb @, Tak YTO BEKTOp ero MnojHoR yrioso

CKOPOCTH OYZAeT:

#=0+9K=AT+¢ 3 sinar+ (p+qgocos A) k. (5.3)

3a He3aBUCHUMHE NapaMeTpl CKOPOCTH BHOEDEM NpDOSKIMM BEKTOpa
® Ha OCH CXYZ,rorga:

® = + 0] + wqk. (5.4)

M3 cpaBueHua (5.3) u (5.4) uMeeM creiypmee npeodpa3oBaHue
cKropocTeh:
0y= Ay 8= g5in A, wy= @ + oos A;

(5.5)
A= ¢ = m2/sln A, 9 = ¥y - wzctg A.

YpaBHEHUA ABMAEHUA 3JAMNCOKAA Halaem ¢ noMmompy YBM {11:
(I, + My, +2,))w, + M(y,cosA - z,51nA)p,f -
~(I, + Ma®)udoteh + (I, + M%) ujn, = Mg(z,Sink - y,cosA),
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(Iy + HzA)mz - MyAzAm3 + ((Iy + - MzApAslnh)mlmz-

- (I, + MzApAcos)»)mlm3 =0, (5.8)
(I+ Myy)uwg - My,z,uy +M(y,p,s1nh ~b%)w; 0, +My, 00, u5c08A = 0,
PRe BXOZAmMME B YPaBHEHWUA BENIWUMHH BHPAXAWTCA B BUIE:
I, =1, = 0.24(@% b%) = 0.20% (k% 1); k = a/b; I, = 0.4M%;
¥y = bsimA(d + (k%= 1)c0s®n) 0-5; z, = bkZcosA(t + (k- 1) x
x cos?A)"0-5; p,=bk?(1+(k?-1)c0s?n) 1-5, (5.7)

3AeCb Py — PamMyC KPMBM3HM 3JaMnca B niockocTv CYZ B Touke A.

HeoGxoaumbie Zns JafbHeMmMX DacuYeTOB BHPAXEHWA KOIPPULMEHTOB
METPUHECKOTO TEH30pa gog M CHMBOJIOB KpucToddenn » ¥
KOTOPHX MHIEKCH @, B, » = 1, 2, 3, WMEUT BUA:

By1= Iy+ Mlyy *+ 2,05 gpp= I+ Mzy. 833= I+ Myy: 833= 835=
=—MyAzA; F11.1= HpA(yAcosh - zAslnh); F22.1= _(Ix+ Maz)ctgh;
- . = Mb2 . _ .
|r|32.1— 0-512. r'23.1— Mb + 0.512, r'12.2— "ZADASIHK, r'21.2=

=(Iy+ Ma)ctgh, P31 2~ -0.51,, T'y5 5= —(Mzypycosh + 0.51,);

r'21.3= 0.512); r'12.3= HyApAslnh + 0.512; r'13.3=
= My,p,cosh. (5.8)
C y4eToM NOCTOAHCTBA LIMKIMMECKMX CKOPOCTER W, ©5 M MO3ULM-
OHHO® KOODAMHATH A (T.®. =, = = 0), U3 (5.8)

noAy4vM ypaBHEHMe YCTAHOBUBEErocsa ABMXeHMA 3INauMnCoMia.
(I+ W)uymy- (I+ Ma“)uZctgh = Mg(zZySink - yycosh). (5.9)

Ypasrenue (5.3) npelcTaBAfeT ABYXMEDHOE MHOrOOGDa3Me RBMXE -
HURl SIIMNCOMAA B NPOCTPAHCTBE NAPaMETPOB Wy, Wy, A. OTMETHM
CNEAYVIEME BO3MOXHHE CAYYaM ITUX ABUXSHUA:

1) A =0, oy =0, # 0 - 39anMncoui BpamAeTCA BOKPYP
BepTUKanbHOR ocu CZ;

23 = 0.5%, Wy = 0, 0y # 0 - SAMANCOMA BpAmRETCA BOKPYP
BepTUKaneHoh ocu CY;

DA = (0.5%, 0, = 0, Wy # 0 - 3aAMACOME KaTWTCA N0
nACCKOLTH, 0Cb CZ — PODM3OHTANbLHA;

4)Np¥ NpPOMEXYTOUYHOM 3HaueHuu yria A, uedtp C 3snauncouza
ONWUCHBAET OKPYXHOCTb (B MNJOCKOCTH, KOTOpafd NapaijeibHa ONop-—
HOM) pazuMycoMm Pe= (m3yA - wzzﬁ)slnh/wz. Takoft xe pesyaLTar
noay4aeTca M3 ofyOavkosaHHo® B [3], Sonee olume#t 3ajaiM Kave-
HWA TeJa BPaleHWA MO POPUBOHTANbHOR mepOXOBATOM NAOCKOUTH.
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lenbow paHHOR 3ajaun ABAAETCA ONpEAENeHMe YCTNOBUR YCTONMM-
BOCTH ABMAEHMA (5.9) M B YACTHOCTH B cayyasX 1) U 4) npu A =
= 45%

Ins BOCTUREHMA TIOCTABACHHON Uenu BOCTIONbL3YEMCA YPaBHEHWAMM
JvHedHoro npuGauxenna (7). flpumenuB (6.3) ykaszaHHof CTaTbu, €
yuyeroM (5.8) B paHHol 3ajave, TNONYYMM JBa YPaBHEHMUA, KOTOpHE
NocNe 3JEMEHTAPHOTO WMHTEr pUPOBaHMA BARYT:

(81°) = (- 20,01gh + I, (8qq0q + Bpqip)/A)BN, (5.10)

(B1) "= ((gpp(I+ M%)+ 285 (T + Ma?)CtghImy- gyal,0q)0L/A,
Tie BBELEHO O0O3HAYEHHE: A = §os8ay ~ 833830¢

Nipumenue (6.2) Toil xe cTarbu (7],nonyuum eme opHo YBA B
paccmarpuBacMofl 3anave:

811 (81 "= 2(L+ M2 o ctgh(8n) + (I+ W) (wy(dn°) '+
+ug(ond)) + M%)y~ 2(I,+ Ma®)uctgh) (wcteh +

+ I,Mz,p, (0,510A + 0 c0SA)/A) — (I+ Mb°) (u, + (5.11)
+ T Myupy (0;510A + wgc0sA)uy/A) + 0 (L+ Ma?)/sinh -

- Mg(z,cosh + y,sink - py)) = 0,

KYZa HEOOXORMMO MOACTABUTL BHpANEHME ANA (o) wz  (5.10)
0(31%) "+ wg(8F) "= ((1 + I My?/A)e® + w31 goo/A -

Torja mnoayudrca puddepeHumanbHoe YpaBHEeHWe BTOPOTO NOpARKA
OTHOCUTEIbHO BO3MYMEHMUA = OM YcrnoBue ycroHuMBOCTH
zpuxenua (5.9) noNyuuM W3 BHpPAXSHMA TPU bnl, KOTOpOE ROAXHO
OHTL B 3TOM CAY4Yae NONOMMTENbHHM. BBMAY €ro rpoMO3AKOCTH,

BHUYMCIOHMA  YROGHEe  TNPOMIBOAMTL WG JEHHO. Tak Ang
BEPTHKANLHOTO BpameHMA BOKpyr ocu C2 (A = 0) -3anuncoupa, Yy
KoTOpOrO Kk = 2, YCNOBME YCTOAYMBOCTM TAKOTO  ABMAEHMA

NOAYYATCA B BUIe m2 > 15.3g/b, (specb g = 9.81M/02), a ana
yraa A = 45° ananoruuoe ycnosvie GyReT: 18.9@2 + 0.560~ -
-5.26W5005 > 0.57g/b. Takue YCJOBUA MOXHO BWYMCHMTL ANA ANGOTO
yrna A. dyHkuma W B BaHHOM Clyyae GYReT:

2M = gy, (8w 2 + 5, (anl)?,

rae BBURAY (5.10) MCKANYEHH BOBMYmMEHMA (anz)' ] (an3)', a Sl.l
BHpa¥EHue, NOAYYAOMEESA NpH anl B (5.11). Takum oOpazoM,
YCNOBME YCTOWYMBOCTH ABMAEHMA (5.9) MOXHO NPEACTaBUTL B BUAE
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ABOUT THE SETTING UP OP MOTION STABILITY TASK ON THE BASIS
OF POSSIBLE POWER EQUATION

Ariel Haitin
Talllnn Technlcal Unlversity

Summary

The equations of perturbed motlon are dealt with 1n the
present paper. These equatlons have been derlved on the basls
of - the possible power equatlon. Llnear approxlmatlons of
these equatlons have been obtalned 1in artlcles [6,71. A
somewhat different solutlon as compared to the traditlonal
ore has been obtalned for the task, which deals wlth the
stability determination of the statlonary motlon of a mec—
hanical system.
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[IPUMEHEHNE OBOGOEHHEX SYHIIpEE X8R PAOTETA
COCTABHNX BANOK HA YIIPYT'OM OCHBBANNE

Teunapt Apsacos, Asexcauap Coarmo, Eniemml Comomon
TanAMHHCKKA TEXHUYECKMA YHWBEDCHTeT

OGHYHO ANA MAKCUMANLHOIO COKPAmEHMA YMCHRA BHYMGC IMTOSMMEX
onepauuf npu pacyere GanoK, NOABEPranEUMXCA ASRCTeND HArPYROK
PasAMYHOrO BUAA, 2 TaKX¥2e B CHYYAR MSMEHBHMA WECTKOCTH GEMMM
no ee AJMHE WCAOML3YETCA METOA HAYANbLIBIX NapaMeTpos. Oajmmo,
AN Ero peanmsayuu HEoGXORMMO YAOBISTBOPMTL pARY YCauesl,
KOTOpHE B 3HAYWTENLHOA CTENeHW CHUMANT IPHIBKTHBHOCTL ITOr0
meToga. B maHHOA cTaTbe pAcCMATPHBAETCA MBTOR, CBoGCemull or
YKa3aHHHX HEAOCTATKOB — MeTOA OG0oCmeHHNX $ywecpalt(1,3,6].

llpu wuccrepoBaHuMuM M3ruda GanoK NEPEeMEHHON MBCTKOCTH WGBORDL-
30BaHUe OGOGCEEHHMX $YHKUMA RAST BOBMONHOCTL NPOW3BOAWTS APO-
USCC MHTErpUPOBAHUA MUCXOAHOTO AuddepeHLMaRbLHOTC YPaBHOHMA
NPAaKTUYECKU TEMM We Chocodamu, 4YTO M ANA OaNoKk nocTomoR
MCTKOCTUH. UTO KacaeTca COCTABHWX CanoKk Ha YAPYroM OCHOBaMMM,
TO W ANA HUX HOBHE METOAM TEOPMM OCOCEEHHMX $YHKIMA no3ponAwr
APEAENbHO YNPOCTUTL MPOLECC DE@eHUA.

lloka¥er 3TC HAa KOHKPETHMX Npumepax. OARHaKo, npeABapUTe LHO
NpUBEJAEM RPaBUNA WHTETPUPOBAHUA PYHKUMUA, COAEDAARMMX ESAWHWYHYD
dyHKUMD U ABALTA-HYHKUUE. M3BECTHO U3 {71  gopmynma (3)

lcp(x)a(x - ajdx = n{x - a)pfaj; (1)

rae @(X) - HEeKOoTopadA HenpepHBHAA Ha pacCMATpUBAEMOM NpoMe-
xyTke $yHkuMAa; OB(X — a) K (X - a) - npenTa - JYHKIME M
eAKHUuHAA ¢yHKuMa. Kpome TOro, C ROMOHBE HENOCPeACTBEHHOTO
amddeperumMpoBaHua U y4era (UALTpYpReErc CBoAcTBa AenbTa-HYHK-
umue  @(x)-8(x - a) = @la)-B(x - a) Nerko JAoKasaTb chnpa-
BEANMMBOGCTL Caeaywmed dopMynn:
X
I«p(x).n(x)dx = Tz — a) I @ix)dx. (2}
a
Wononssya dopMyns (1) ¥ (2)y.. MOKHC WHTErpUPOBATbL YPAaBHEHUE
Yapyroll iMHUM O3NKKM, He HAKNAZHBaA HA HArPY3KYy U ee XBCTKOCTb
HHK3KUX orpaHddeHud. [ipy 3ToM, Kak W B METOAE HaYaMbHMX
nAapameTpoB, OOGIMA MHTErpan 3ajadd  Oyaer COAEP¥ATb YUC IO
NPOMSBGAEHHX TOCTOAHHHX, paBHOE MNOPAAKY MCXORHOrO awddepeH-
UMANLHOTO YDaBHEHMA.
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dur.1

PaccMOTpMM pEmEeHMe Ha npuMepe KOWCoabHOR Ganku (fur.l). Kax
w3BecTHC, auddepeHumanbHoe ypasHeHWe WU3TUGa OCaiku 3anuck-
BaeTcA B fopme:

EJ(x).y- = M. (3)
floemaa Hayano OTCYETAa HAa CBOGOZHOM KOHUE Ganku, usrudanmuit
MOMEHT U XSCTKOCTL MOXHO 3anucaTh B TakOM BUAS:

]

2
=P, - U - nx - a)lg 7+ qx - a)H, - qalx - PI;
1 - nix - a)l-EJa)la+ (1 - @}l + n(x - a)-EJ(a);

M{x)
EJ(x)

]

rge a= —— ®x -0) =1,

TakuMm o6pas3oM, WcXozHoe auddepeHumancHoe ypasHeHue (3)
MOXHO NPEACTaBUTbL CHISAYVIMUM OGpPa3OM:
2
P.x + qx“/2
EJta)y-(x) = - [t - ntx - a)][ﬂ—‘—.‘f_——ﬂ—i—mg

(4)
+ nx - a)[Ho - Pox - qafx - a/2)].

Ero HENoCpejACTBEHHOE WHTETPUPOBAHUE C Y4YeToM (2) jaeT:

EJ{a)y(x) = - [1 - X - a)]lz_‘—u {‘ﬁi [Po -

r2:P - 2 u,]{i—ﬁ—u[u - @} + ajinjt - @} + al-
(20? +5 - 1% 1+ a)P0a3
-x}+'q(x~a){ >3 - v {5)
12(1 - a) 2(1 -
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(1 - 3a1ga _ _ ARy _
+ {(x - a) {x - a)y*(x )
1-a 4@ ¢ ] + 2

_;g[)u —az(x-a)]‘"(,x—r:'— }+011+CZ'
rae
Cl = Pca‘
1.1 _ _
+ 1 - 0]

'(%——1)]}”3_ 3(1-::1)2“:2 e L

a’
+ 3lg - D22} + 1) - 'lg_ G-1-cp

NOCTOAHHNE MHTErpUPOBaHUA, ONpeAeRSHHNEe W3 HAMANBHMX YCAOBMA
mpux=1y=0, Y= 0.
Ha fur.2 npuseaeHM peay.wra'ru BH‘MC.!II! HpOrNGa Ganxy npu

=23, a=1/2, o = 93 Io-qalz. 3a8CH X ARE
cpaaneum NYHKTUPOM lpmse;euu Pe3yALTATR AAA CAYHas @ = 1,
a 0B 1,0a 1,5a 2,0a
0,5
-~
1,052
1,5

&mr.2

y{x)= %&—a-’v(x)

TakoR wxe pe3yALTAT MOXHO OMAC OM NOAYYMTb, E©CAM BMECTO
YPaBHEHMA (4)BOCNONL30BATLCA AMpfepeHUMaNLHMM YDABHEHMEM :

a?r .
[EJy x)| = q(x). {6)

flpn ncnosib30BaHWM ypaBHEHUA (6) CUA3, NPUROXEHHAA B TOYKE
X = 0, BBOAWTCA B YPaBHEHMe C MOMOELN BMpaxenua P 8(x - 0), a
U3rndanmMi MOMeHT, JeACTBYNEMA B TOHKE X = a, ¢ NOMOWEBLYD
Bupaxeud M 8 (x - a). Toraa BmecTo (3) noayumm:
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d
ax?

EJy'(x)] = - [tno-a) [aPedo0 + MBS x-a). ()

Hurerpupya nanHoe aupdepeHUManbHOe YpaBHEHWE, TPUXORUM K

EJ(X)y (x) = - [1 - nx - a)]qlez -

~ n{x - a)lqa(x - a/2) - “o] - P.ox.

npaBas YacTb KOTOPOrO COBNAjABT C BHPARSHUEM RAA WU3rUGALmETO
MoMeHTa, BXojaAmero B aupdepeHumanbHoe ypaBHenue (1).3gech
YYTBHO, 4YTO N{X) = 7(X - 0) = 1. [locToAHHNE C3 =0u 04 =0,
73K Kak npu X = O nonepeyHas cuna Q(0) = - P,, a usrudawmui
momenT M(0) = O.

flokaxem Tenepb, Kak MOXHO MCNONL30BAaTL OGOOHWEHHHE $YHKLMU
np¥ pacyeTe OGanK¥ Ha yYNpYroM OCHOBaHWM CO CTYNeH4YaTo
MBHAKMEACA MBCTKOCTLL. ByaeM npejanonarath, 4TO 0afka COCTOMT
W3 YYacTKOB, B NpelenaX KOTOPHX MECTKOCTb NOCTOSHHA.

Torza ucxomHoe aupdepeHuManbHoe YpaBHeHME U3ruba Ganku
3aNMmeTCA B TAKOA dopMe:

N N
\[n(x - a,_y) - nix - al)] pr + 4] - N [nx - ayp) -
=T =T
(x)l‘ N"l J
q L r 2
- - al)]T!_l— + Y[c x - Bia - ylﬂ(al)_' -
ul
- 8(x - ai)[ﬁ:{ ¥yfay) - yl+l(a1)]}, &)

rie X - Oe3pa3MEpHas KOOpAMHATa , TNPEeiCTaBiAVEAA COGOR
OTHOMEHME OCEBOR KOODEMHATH K £€ JJNHUHe,
ay - 0e3pa3MepHasi KOOPRMHATa TOYEK COMPAXEHUA COCERHMX
YYacTKOB GanKi,
¥y {x) = Cy8, (kyx) + €8y (kyX) + CaBy(kyX) +

+ C8otkyX) + ¥y (kyX);

Yy (X) = Cyky®y (kyx) + Coky@y (kyx) + Cokygplkyx) +

+ C4k1¢(k1x) + ¥p (kyX)3
dky = g7 » TRe - KO3$PULMEHT BECTKOCTU OCHOBAHWUA;
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1k1x +k1x

e cosk,x; e smklx;

+kix +k1x

“’1,2 =g (coskix + slnkix); qxl 2=8 (cosklx - slnklx)

014

echar  (x) = const, ToO yr(kl") =

Pemenue auddepeHumanbHoro ypasHeHua (B) y(X) BMecTe ¢ ero
NIPOMZBOZHUMM ¥ (X}, Y- (X) M ¥y~ (X) MOXHO 3anMcaTb CIeAYWEMM
oopazoM:

y (x) N
yoop . Xx-a -nx -a Ky X
o [nex - ayp) - nex - ap ety
- {x) =
9; (X) N-1 1
g (xX) _ _ _
mqi (x) nx - ay) - nx 31)] x
qf (X)
|
<[x frago]f pepkfepl]lzl o
Cq
4 Qp4q (2p) gp (ap)
ot Gp+1 (3p) L |9 (@p)
4Eky, . J 9p+1(@p) [ 4exds {9 (3p)
Peitpet 1o o) Plap (ap)

rge T}(x - aN) =0, 'f!(x - ao) =1,

8 $1 82 S2
o] - | o A Ttz M
1% “K18  2KyG,  -2KyB,
e ade e
8 81 82 $2
[ekpg0] = | ¥a® Kia® K Kl
ZRyndy AP0 A S, -y, 6
2Ry ® Kyl Kyl 2,
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B pyySa  Kkpyly dkpyy8;
[Ftpaap)] B2 KpaB2  HKpyyPp dkpaySy
4
B ZKpaSy ERpa®y AkpyqBy
@ Kpyy 8 Zkpyly 4kpyy$y
2 4 20, 20, 2l
0 20, 20ay -200,

Uy Uy -Og Oy
"8 §7% 88 - %y

Uyg = kpay®y = Koy [y = Koy - Ky,
013 = kpayWp = KpPos Uyy = Kp0p -~ Kywos
021 = 8p41Sy ~ kpSys Ulpp = KpyyB) ~ Kpbys

- - kSZ.- - -k B.-
U2z = kpuS, ~ kpSas Ulag = Kpua8 ~ Ky

kpyy® — Kplys Uzp = kpyy®) — Kpys

33 = kpyy®p = kp@oi [l34 = Kpyy®y  Kply,

Uy

Uiy L 1y2 -t ;13 Uy
px . Jps P
8,- - 8 8.~ S
[ctap] [ Teut S % % 275
0 0 0 0
0 0 0 0

e

P ok e P
-~ KWy Kpy— @y Dlgp - Kpyy®y - Rpr— @yl
P41 P+1

) Cp ‘p
U1y = Kpyy®p  Kpr— @pi [ 1y, - Kkpyy®s  kp— B
P+ P+1

B marpuuax [H(ap}] " [G(ap)] HyHxumm . 8, ¢, pun P
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COOTBETCTBYDT apTYMEHTY kpﬂap. a fyHkumu 8,

o u P -

apryMenty Kpap. Hanpumep, @y= @, (Kpyap), ©;= @ (kpap).
- C, OnpeAeNADTCA U3 TDAHU4HMX

Nipou3BONbHLE NOCTOAHHNE
ycnoBuAA Ha KpaAX Ganku.

Ecnu Ganka CUMMSTDMYHA, 2 TaKXe CHUMMETPUYHN HAarpysku u
FpaHuyHNe YCNOBMA, ypaBHeHue (3) MOXeT OWTb RPeospa30BAHO K

donee NPOCTOMY BURY.JNA STOro CREAYET Y4YecTh,

(8) nepenucaHa cReAYDEUM
yl(x) = Clel(ij)

rae
Bl(klx) = chklx.cosklx.

fl(klx) = chkyx-slnkyX,
§2(k1x) = shkyX-coskyX,
o(kyX) = shkyx-cosk, X,
NOCKONLKY PYHKUMUM §1(k

fl(klx) ¥ 8,5(kyX) - Heuer
¥ KOHCTPYKLMH,

o0pa3om:

yro PyHxuuAa

+ ¥ (kyx),

8y = k@ (kyx),
$1 = kyop (ky0),
8, = Ky@ptkyx),
$2 = KBk x),

1)() u

HNEe, TO B Clyyae

@ (kyX)
‘Pz(klx)

d—’z(klx)

'c‘z(klx) - YeTHHe, a DYHKLuK

(10)
‘Tll(klx) = §2_
=3 8.
= cl_ é?.

CUMMETDUM Hal PY3KK
BHOMpaA HauaNo OTCYETa B CepejuHe OGaJnKu,
HeoOxoaumo B dopmyne (10) nonoxurb (:2 = C3 = 0.

Toraa ¢ yyeTOM BBEJEHHWX 0G03HaueHuR ypaBHeHue (3) COXPAHMT

cBoft BMi, a MaTpulsl, BXOjAAEMEe B STO YpaBHeHue,

TakoR dopme:
[i ¢(k1x)] =

8
Ky ®
2y 432
2Ry Oy

f@(kl+lx)] -

16*

8
Kydy
-2K 1§2
-2k3%,

o o o o
o o o o

$1
K141®y
14187
Ki41®2

7 =
~2k141%y
Ky 419y

B3anUMmyTCA b

32
Ky 41 @
2Ky 4,8y
23 14 ®



Py pa1S2 Rpy Py dkpy8

[F(kp+lap)] -1 * P18z ZKpay®y  dkpyS
92 P15t “Rpyy®y  ~4Kpy, B
Rz pe18y “Rpa® 4kpyyS

2kpyyPr  kpPol O Hkpyy® kP¢11
bpoy® ~kpty O kpyydz O
8 - & 0 $2-%2

JpsrRpsy® Kplp® 0 0 JpyyKpyy@e kplp@y

[G(a )] _ Jp418 JpB O O Ipa182™ Ip82
Pl 0 0 0 0
0 0o 0 0

38eCb 06e3 3BEe3J0YKM NANTCA QYHKLUMKM apryMeHTa kP+1aP' a co
3IBEZR0YKOA — apryMenTa kpap.

B KauyecTBe npuUMepa PaCCMOTPUM KOHCONbHY® Ganky (pur.l) Ha
YOpYroM OCHOB3HWM, COCTOAMY® U3 TpeX yyacTkos (fur.3).

Fes3ynpTaThi  BHYMCNEHUMA NporuGéa ¥ M3rUCapmero  MOMEHTa
npuBefeHs Ha fur. 4.

floxoCHHM %2 OO6pa3uM annapaT oCOCmEeHHHX QyHKUMA nprMeHaeTcA
¥ NPU peBeHUM 3334 AMHAMUKK M YCTOMUMBOCTM COOpDYXeHMA, a
TAK¥2 B TEODUM RNACTUH U obonodek [1-61.

HanoxeHHHR B CTaTbe METOA pacyeTa ABRAETCA NEpBHM 3TANoM B
PopMMpOBaAHKMMM  HOBHX  MOAXOAOB B NpEenojaBaHUM  KYpCOB
COTMPOTUBNICHUA MATEPUANIOB U CTPOWUTENLHOR MEX3aHUKM.
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APPLICATION OP GENERALIZED FUNCTIONS FOR THE CALCULATION
OP COMPOUND BEAMS ON THE ELASTIC FOUNDATION

Gennadi Aryaeov, Aleksandr Snitko, Rvgeni Sokolov
Tallinn Technical Universitiy

Summary

In thls paper the calculation of compound beams on the
elastic foundatlon 1s considered. Application of them will
considerably simplify the solutlon of the problem. Numerlcal
example has been glven. Method of calculatlon, proposed 1in
the present paper, will be the first stage in forming a new
approach ln mechanics of deforming bodles.
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